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Symmetry breaking beyond a global U(1) phase is the key signature of unconventional superconductors. As prototypical strongly correlated materials, heavy-fermion metals provide ideal platforms for realizing unconventional superconductivity. In this article, we review heavy-fermion superconductivity, with a focus on those materials with multiple superconducting phases. In this context, we highlight the role of orbital-selective (matrix) pairing functions, which are defined as matrices in the space of effective orbital degrees of freedom such as electronic orbitals and sublattices as well as equivalent descriptions in terms of intra- and inter-band pairing components in the band basis. The role of quantum criticality and the associated strange-metal physics in the development of unconventional superconductivity is emphasized throughout. We discuss in some detail the recent experimental observations and theoretical perspectives in the illustrative cases of UTe2, CeRh2As2, and CeCu2Si2, where applied magnetic fields or pressure induce a variety of superconducting phases. We close by providing a brief overview of overarching issues and implications for possible future directions.
Keywords: heavy fermion, unconventional superconductor, quantum criticality, pairing symmetry, multiple superconducting phases
1 INTRODUCTION
Unconventional superconductivity broadly refers to Cooper paired states which deviate from the Bardeen-Cooper-Schrieffer (BCS) paradigm, either in their pairing interactions or in the related issue of pairing symmetry (Bardeen et al., 1957). It is a field with a history spanning more than four decades and several families of correlated materials. Heavy-fermion (HF) compounds enjoy a certain distinction: The first signatures of unconventional superconductivity were observed in CeCu2Si2 (Steglich et al., 1979), which together with fifty or so other subsequently discovered unconventional superconductors (SCs), belongs to this class (Stewart, 2017). A common feature of these materials is that the electron-electron interactions play a leading role in stabilizing a variety of low-temperature phases (Steglich and Wirth, 2016; Kirchner et al., 2020; Paschen and Si, 2021). Most of these HF compounds are either in the vicinity of or can be tuned near to quantum critical points (QCPs) where pronounced non-Fermi liquid behavior emerges. This can be traced to the fact that correlation effects, like Kondo screening, antiferro-/ferro-magnetic (AFM/FM), and valance fluctuations share similar small energy scales (Coleman and Schofield, 2005; Gegenwart et al., 2008; White et al., 2015; Weng et al., 2016; Paschen and Si, 2021). The interplay between these interaction-induced effects underlies the rich low-temperature physics.
1.1 Quantum criticality and HF superconductivity
This article is primarily concerned with the nature of the superconducting phases and, thus, we will be very brief in discussing the mechanism for HF superconductivity. Many HF superconductors develop at the border of magnetic order in their phase diagrams. Quantum criticality, and the associated strange-metal physics, is thus believed to cause superconductivity. Almost by definition, HF behavior involves Kondo screening, which is most naturally associated with Kondo-exchange interactions between quasi-localized f and more dispersive conduction electrons. HFs exhibit characteristic scales associated with the initial onset of Kondo-singlet correlations, in the form of Kondo temperatures or coherence scales Tcoh (Steglich and Wirth, 2016; Kirchner et al., 2020). As already alluded to, the presence of several small scales in HF materials facilitates tuning in experiment, and is ultimately behind the emergence of rich phase diagrams. A hierarchy of multiple scales also leads to important general conclusions in the context of superconductivity. Indeed, based on the ratio of the critical superconducting and effective Fermi temperatures Tc/TF, many HFs would qualify as high-temperature SCs (Steglich, 2014; Stewart, 2017). In addition, Ruderman-Kittel-Kasuya-Yoshida (RKKY) interactions between local moments, originating from quasi-localized f electron states, are closely associated with Kondo interactions. RKKY and Kondo interactions typically compete, as proposed in the seminal work by Doniach (Doniach, 1977). It has been recognized in recent years that the RKKY-Kondo competition, together with the quantum fluctuations of the local moments, gives rise to a global phase diagram (Si, 2006; Si, 2010; Paschen and Si, 2021). Extensive efforts, both experimental and theoretical, have been directed toward the elucidation of HF quantum criticality (Coleman and Schofield, 2005; Löhneysen et al., 2007; Si and Steglich, 2010; Steglich and Wirth, 2016; Kirchner et al., 2020; Paschen and Si, 2021).
Broadly, two classes of QCPs have been advanced. One class is within the Landau framework where the quantum critical degrees of freedom (DOFs) correspond to the magnetic fluctuations (Hertz, 1976; Miyake et al., 1986; Millis 1993; Mathur et al., 1998; Monthoux and Lonzarich, 2001). In the other, the Kondo effect itself is critical along with the fluctuations of the magnetic order parameter leading to Kondo-destruction (KD) QCPs (Coleman et al., 2001; Si et al., 2001; Senthil et al., 2004; Si et al., 2014; Steglich and Wirth, 2016; Kirchner et al., 2020; Paschen and Si, 2021). For the AFM case, it has been recognized that, even in the order-parameter fluctuation description i.e. nominally the first class, the quantum criticality is actually distinct from the original Hertz-Millis picture and is accordingly labeled SDWr quantum criticality instead (Hu et al., 2021a). Here, the subscript “r” marks the fact that the underlying quasiparticles are highly renormalized by the Kondo effect, which makes the Landau description valid only below a very small energy scale kBTcr*. For scales above kBTcr* but below the bare Kondo scale kBTK, the quantum criticality also involves KD effects. Characteristic features of the KD quantum criticality include dynamical Planckian ([image: image]) scaling and a sudden jump of “large” to “small” Fermi surface (FS) across the QCP. The amplified quantum fluctuations of the KD quantum criticality in the normal state have been shown to drive HF superconductivity (Hu et al., 2021a). Moreover, because of the involvement of the Kondo effect, the spectral weight of the quantum critical fluctuations is large. The resulting superconducting transition temperature Tc is found to be high, reaching several percent of the effective Fermi energy (Hu et al., 2021a).
Experimental evidence for the KD quantum criticality has been extensively reported, especially in compounds such as YbRh2Si2 (Paschen et al., 2004; Friedemann et al., 2010; Prochaska et al., 2020), CeCu6-xAux (Löhneysen et al., 1994; Schröder et al., 2000), CeRhIn5 (Shishido et al., 2005; Park et al., 2006; Knebel et al., 2008), and Ce3Pd20Si6 (Custers et al., 2012; Martelli et al., 2019). In other cases, such as CeCu2Si2, there is evidence for quantum criticality in the form of magnetic order-parameter fluctuations (Arndt et al., 2011; Stockert et al., 2011; Steglich and Wirth, 2016; Smidman et al., 2018) and that, based on the temperature dependence of the spin damping rate and specific heat, Tcr* is about 1–2 K and is indeed small compared to the bare Kondo scale TK of about 20 K (Gegenwart et al., 2008; Arndt et al., 2011; Smidman et al., 2018; Smidman et al., 2022). Related effects on superconductivity, similarly due to quantum criticality are also expected in a number of cases, for example: CeIn3 (Walker et al., 1997), CeRh2Si2 (Movshovich et al., 1996), CePd2Si2 (Grosche et al., 2001), and CeIrSi3 (Sugitani et al., 2006). In this respect, HFs resemble other strongly-correlated materials like the cuprates, where superconductivity appears when AFM order, or the associated Mott insulator, is suppressed by chemical doping. Along the same lines, many Fe-based superconductors in the “1111” and “122” families also reach their highest Tc’s when the AFM order is suppressed. Moreover, non-magnetic quantum criticality in HF compounds, for instance associated with charge instabilities or multi-polar ordering as illustrated by examples covered previously, also appear to drive superconductivity.
We close this subsection with a remark on the energetics. For the heavy-fermion superconductors we will discuss, their normal states are typically at or close to being in the quantum critical regime. This means that their RKKY interaction is on the same order as their kinetic energy. As such, pairing between bands that are separated within the energy width of the RKKY-interaction-induced magnetic fluctuations will be energetically competitive.
1.2 Survey of HF systems with multiple superconducting phases
We now turn to reviewing HF superconducting regimes. Focusing in particular on HF systems with multiple superconducting phases, we show the ways in which the internal DOFs play an important role. A natural starting point is the case of superfluid 3He (Leggett, 1975; Vollhardt and Wölfle, 1990). From a historic perspective, 3He set the stage for Cooper pairing with nontrivial symmetry and (matrix) structure, both of which are associated with multiple superfluid phases. To illustrate, we consider the simplest pairing theories and the emergent conceptual framework. In a Ginzburg–Landau (GL) framework, the order parameter in 3He is believed to preserve separate rotations in real space and spin space, as well as changes in the global phase. The relevant Cooper pairs have total angular momentum and spin 1, corresponding to odd-parity, spin-triplet pairing. The associated degeneracy is lifted in the Balian-Werthamer (BW) pairing state of the superfluid B phase, which is accessible at most pressures in zero magnetic field. In addition to selecting a global phase, the BW order parameter breaks a relative spin-orbit symmetry, by “locking together” the angular momentum and spin DOFs. It has a well-known [image: image] form which illustrates the residual combined SO(3)L+S rotation symmetry. The matrix structure which emerges as a consequence of the symmetry breaking is important for understanding the stability of this phase, and its most remarkable properties. Due to the emerging matrix structure in spin space, the BW phase is gapped, ensuring its predominant stability in the phase diagram, see Figure 1A. Moreover, the same structure leads to nontrivial topology and to the presence of Majorana edge modes (Nagato et al., 1998). In addition to the BW order parameter, a distinct Anderson-Brinkman-Morel (ABM) order parameter is associated with the superfluid A phase, which emerges in a restricted range of higher pressure and temperature in zero magnetic field. The ABM phase further breaks the symmetry by selecting preferred quantization axes for the total angular momentum and spin of the Cooper pair, respectively, with a residual [image: image] symmetry corresponding to rotations about the two axes combined with a change in the overall phase [image: image]. In its simplest realization, the ABM phase can be thought of as a kx + iky form factor multiplied by a trivial matrix corresponding to equal-spin pairing. The ABM order parameter also breaks time-reversal symmetry (TRS) and is one of the first instances of Weyl fermions in the context of condensed matter physics (Volovik, 2003). The phase diagram of 3He is more complex in the presence of a magnetic field, reflecting both the spin structure of the pairing, as well as the effective spin for the Cooper pairs associated with non-unitary order parameters (Leggett, 1975). For an exhaustive discussion we refer the reader to Refs. (Leggett, 1975; Vollhardt and Wölfle, 1990).
[image: Figure 1]FIGURE 1 | Low temperature phase diagrams of 3He (A), and of several heavy-fermion (HF) superconductors (SCs): (B) UPt3 (Huxley et al., 2000), Reproduced with permission from Springer Nature. (C) URhGe (Lévy et al., 2005), Adapted with permission from The American Association for the Advancement of Science. (D) CeCoIn5 (Kim et al., 2016), (E) YbRh2Si2 (Adapted from Schuberth et al., 2016; see also Nguyen et al., 2021), Reproduced with permission from The American Association for the Advancement of Science. (F) PrTi2Al20 (Matsubayashi et al., 2012). Reproduced with permission from The American Physical Society.
UBe13 was the first instance of a solid-state system exhibiting multiple superconducting phases (Bucher et al., 1975). Upon Th substitution at U sites, U1−xThxBe13 showed multiple superconducting phases driven by Th concentration or even temperature (Ott et al., 1985). This discovery further supported the notion that superconductivity could be driven by unconventional pairing mechanisms. A more direct connection between superfluid 3He and unconventional superconductivity was provided by the HF compound UPt3 (Stewart et al., 1984; Adenwalla et al., 1990). Indeed, at ambient pressure and in zero magnetic field, UPt3 has two superconducting phases with decreasing temperature, see Figure 1B (Huxley et al., 2000). In the presence of a field, this compound exhibits no less than five superconducting phases, among which are three flux phases, together with a tetracritical point (Joynt and Taillefer, 2002). While the phase diagram of UPt3 suggests similarities with 3He, most notably spin-triplet pairing, the two systems also differ in ways which are shared by most HF SCs. In the presence of spin-orbit coupling (SOC), the Cooper pairs can be classified according to a symmetry group [image: image](1), corresponding to a finite point-group (PG) together with time-reversal and global phase rotations. The reduced rotational symmetry, as well as the presence of a space group appropriate to crystal structures, are hallmarks of solid-state superconductivity, in contrast to 3He. These effectively limit the pool of valid pairing candidates. Furthermore, the superconducting order parameter, as opposed to a superfluid, couples to electro-magnetic fields, leading to additional superconducting regimes with applied fields. To describe the complex phase diagram of UPt3, several nontrivial pairing candidates have been advanced. Since a comprehensive overview is prohibitive, here we touch upon those salient features which are in line with the presence of order parameters with nontrivial symmetry and matrix structure. In this context, we note that three of the most prominent pairing candidates, the so-called E2u, various spin-triplet, and E1g pairing states belong to multi-dimensional irreducible representations of the PG (Joynt and Taillefer, 2002). Much like in 3He, the degeneracy inherent in these representations is lifted, or is conversely recovered, in the various superconducting phases. For instance, the two-dimensional, odd-parity, pseudo-spin-triplet E2u (Sauls, 1994) pairing state provides a minimal mechanism for the appearance of two superconducting phases at ambient pressure and in zero field. The D6h PG symmetry is broken due to the coupling of the order parameter to a basal-plane weak AFM order. The degeneracy of the two components belonging to the E2u irreducible representation is likewise lifted, resulting in two distinct transitions. The high-temperature phase selects one of the two components of E2u. At lower temperatures, the superconducting order parameter regains a two-fold degeneracy in the form of a superposition of the two components with a ± π/2 phase difference. Although the PG symmetry is preserved within a global phase rotation (Sauls, 1994), the system spontaneously breaks TRS. Remarkably, the two-component, even-parity, pseudo-spin singlet E1g pairing state has a similar predicted behavior, although it differs from E2u in the presence of finite magnetic fields (Joynt and Taillefer, 2002). While deviating to an extent from the order parameters of 3He, many of the pairing candidates in UPt3 nonetheless reflect the intimate connection between symmetry-imposed degeneracy and the emergence of a variety of phases with distinct broken symmetries. In addition, the case of UPt3 incorporates magnetic ordering and applied magnetic fields as crucial ingredients for the stability of multiple superconducting regimes. As one might expect, the behavior of the proposed pairing candidates exhibits considerable complexity in the presence of applied fields. We shall not discuss these important aspects here but instead refer the reader to Ref. (Sauls, 1994; Joynt and Taillefer, 2002). for a greatly expanded discussion on UPt3.
Before moving on to multiple superconducting phases in a number of prominent HF compounds, we further illustrate the extent of superconductivity in the broader HF family. Following the discovery of unconventional superconductivity in CeCu2Si2 (Steglich et al., 1979), several uranium-based superconductors have been subsequently identified, including the already-mentioned UBe13 (Bucher et al., 1975), UPt3 (Stewart et al., 1984), but also URu2Si2 (Palstra et al., 1985), prior to the appearance of the cuprates. Around the year 2000, instances of FM SCs, i.e., URhGe (Aoki et al., 2001), UGe2 (Huxley et al., 2001), and UCoGe (Huy et al., 2007) have been reported. Unlike in Ce, where localized 4f-electrons underlie the Kondo effect, the 5f-electrons in U have more extended orbitals with higher itinerancy. In addition, 5f electrons also have lower symmetry. In U-based compounds, 5f-electrons could also induce AFM, FM, and/or superconductivity. For example, Figure 1C shows the phase diagram of URhGe (Lévy et al., 2005), where coexisting superconductivity and ferromagnetism have been observed. Since the magnetic moment is due to the itinerant 5f electrons, the induced FM order has strong Ising anisotropy. The FM fluctuations favor an equal-spin pairing scenario, which in turn gives rise to strong anisotropic superconducting gap. More strikingly, a field-induced superconducting phase is observed in URhGe, which also implies a field-induced QCP in the vicinity of a metamagnetic transition.
Other HF compounds, such as CeCoIn5 (Kim et al., 2016), YbRh2Si2 (Schuberth et al., 2016; Nguyen et al., 2021) and PrTi2Al20 (Matsubayashi et al., 2012) demonstrate rather unique superconducting regimes (Figures 1D–F). A field-induced “Q-phase” is observed in CeCoIn5, as shown in Figure 1D. This phase was also proposed as a candidate to a Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state (Bianchi et al., 2003), in which the Cooper pairs have residual total momentum. Recent research indicated that this phase could be a pair density wave phase with a spatial modulation of the order parameter (Gerber et al., 2014). Similar superconducting phases have also been proposed in a few other compounds. Substituting Co. with Rh or Ir generates the family of the “115” materials. Here, the interplay between superconductivity and antiferromagnetism has been thoroughly examined due to the availability of high-quality single crystals. Notably, a combined pressure and chemical doping study on Ce(Rh,Ir)In5 reveals how a single superconducting dome splits into two. While the first dome is in the vicinity of an AFM QCP, the other emerges from the heavy-Fermi liquid state without any trace of critical magnetic fluctuations, suggesting that charge/valence instabilities play leading roles instead (Kawasaki et al., 2006). Nevertheless, this picture needs further clarifications as evidence for AFM fluctuations have been observed for pure CeIrIn5 at ambient pressure by Shang et al. (Shang et al., 2014).
The compound YbRh2Si2 is a prototypical HF exhibiting an AFM QCP (Trovarelli et al., 2000; Gegenwart et al., 2002; Custers et al., 2003; Ernst et al., 2011). It has become a canonical case of KD QCP (Si et al., 2001; Paschen et al., 2004; Prochaska et al., 2020) and been discussed extensively as such (Steglich and Wirth, 2016; Kirchner et al., 2020; Paschen and Si, 2021). However, superconductivity in this compound was not detected until recently. Upon being cooled down to the mK range, superconductivity was observed in YbRh2Si2 using magnetic susceptibility (Schuberth et al., 2016) and electrical resistivity measurements (Nguyen et al., 2021). In Ref. (Schuberth et al., 2016), the development of a hybrid nuclear-electronic magnetic order is also observed. It was proposed that the nuclear-spin ordering reduces the primary electronic order, thereby pushing the system closer to the KD quantum criticality, which promotes unconventional superconductivity (Schuberth et al., 2016). Upon replacing the naturally abundant Yb by 174Yb, which has no nuclear magnetic moment, superconductivity is weakened (Nguyen et al., 2021), a result that is consistent with the role played by the nuclear spins. Nguyen et al. furthermore provided evidence for two different superconducting phases in YbRh2Si2 that, in the 174Yb case, splits into two adjacent domes, thus making YbRh2Si2 a new example of a multiple-phase SC (Nguyen et al., 2021). This is an exciting result, suggesting that the pair-breaking effect of the external magnetic field is not as severe as previously thought, and that the innate quantum criticality at the quantum critical field can still nucleate superconductivity (Nguyen et al., 2021). Taken together, these experiments (Schuberth et al., 2016; Nguyen et al., 2021) provide compelling evidence that superconductivity is driven by the KD quantum criticality. Moreover, the high-field superconducting phase was tentatively identified as a potential case of spin-triplet pairing (Nguyen et al., 2021), a result that is supported by the calculations of pairing correlations near the KD QCP of a cluster Bose-Fermi Kondo model in the Ising-anisotropic case (Pixley et al., 2015; Hu et al., 2021b), especially when the Zeeman effect of the external magnetic field is considered (Hu et al., 2021b).
Another example of complex superconducting order in HF is provided by PrTi2Al20 (Matsubayashi et al., 2012; Sakai et al., 2012). Just like a local magnetic moment can be screened by itinerant electrons in a conventional HF compound, the electric quadrupole moment of Pr3+ can in principle be screened by conduction electrons. The f-electrons in PrTi2Al20 belong to low energy, non-magnetic (non-Kramers) Γ3 doublets which further transition into a long-range ferro-quadrupole (FQ) ordered state at low temperatures. Superconductivity appears upon suppressing the FQ order via high pressure. Around 9 GPa, the superconducting transition temperature and the effective masses of the heavy quasiparticles are dramatically enhanced, indicating the presence of a QCP associated with quadrupolar order.
In spite of the multitude of superconducting phases alluded to previously, virtually all HF compounds are expected to share a number of common features, which can also guide our understanding of the pairing mechanisms. We have already mentioned the Kondo-RKKY competition and the resulting quantum criticality in the normal state. As also alluded to earlier, the presence of several small scales in HF materials facilitates tuning in experiment, and is ultimately behind the emergence of rich phase diagrams. We refer to Section 1.1 for further discussions in this regard.
1.3 Orbital-selective (matrix) pairing states
According to the BCS theory, the formation of Cooper pairs spontaneously breaks the U(1) gauge symmetry. Unconventional SCs can further break crystal symmetry (rotation or inversion) and/or TRS. The latter often involves the effective release of additional DOFs, such as spin, orbital, quadrupole, valley et al. Given the success of GL theory within the canonical BCS paradigm, and in the case of superfluid 3He (Leggett, 1975; Vollhardt and Wölfle, 1990), it is not altogether surprising that most studies of unconventional superconductivity in complex, multiband HF compounds have focused on a broad, symmetry-based classification of the pairing states according to the PG. For spin-singlet pairing, the central question typically being asked is whether the pairing state is an (effectively) single band s- or d-wave, with an implicit understanding that the two cases are mutually exclusive. Similar symmetry-based classifications approaches have been adopted for spin-triplet superconductors (Sigrist and Ueda, 1991; Joynt and Taillefer, 2002).
One focus of our discussion concerns the nature of the pairing states when multiple internal DOFs are involved, such as orbitals and sublattices. Such an extension of the set of candidate pairing states, which goes beyond the effectively single-band picture and which has immediate implications for HF superconductivity, has been driven by recent surprising experimental results. A notable case in this respect is that of the alkaline Fe-selenide compounds (Si et al., 2016; Lee 2017). Here, multiple ARPES experiments detected fully-gapped superconductivity (Wang et al., 2011; Xu et al., 2012), normally associated with a fully-gapped s-wave pairing candidate. By contrast, inelastic neutron scattering (INS) experiments detected the presence of a resonance in the spin spectrum (Park et al., 2011; Friemel et al., 2012), which requires a sign-change in the order parameter between different FS sheets. Due to the presence of a small hole pocket near the center of the Brillouin Zone (BZ) (Wang et al., 2011; Xu et al., 2012), the INS experiments would suggest a d-wave pairing candidate instead. As discussed in greater detail below, a remarkably similar experimental picture subsequently emerged in the HF CeCu2Si2.
To address the discrepancy between the experiments, which suggest in turn incompatible s- and d-wave single-band pairing candidates, Ref. (Nica et al., 2017). proposed an s[image: image] pairing candidate by taking into account the multi-orbital/-band nature of the alkaline Fe-selenides. In addition to the usual spin-singlet matrix form, this orbital-selective pairing also incorporates an additional [image: image] matrix form in orbital space, defined for the most relevant dxz/yz orbitals. The [image: image] matrix structure indicates that the pairing has opposite phases in the two orbital sectors, respectively. The additional “s” stands for a standard s-wave form factor. It is crucial to note that s[image: image] still belongs to a single irreducible representation of the D4h PG, much like s- and d-wave effective single-band candidates. As we shall see in subsequent sections, pairing states which incorporate additional (effective) orbital structure much like the s[image: image] candidate have also been proposed for several distinct HFs that involve multiple SC phases.
In the alkaline Fe-selenides, the s[image: image] pairing function does not commute with the kinetic part of the Hamiltonian, thus ensuring that the pairing is equivalent to two simultaneous but distinct intra- and inter-band d-wave components. The corresponding matrix pairing in band space can thus be classified as d + d pairing. Precisely due to the matrix structure, the two d-wave components add in quadrature to produce a full gap. Furthermore, they change sign under a [image: image] rotation. These two aspects ensure that s[image: image] (d + d) pairing can reconcile the experiments in the alkaline Fe-selenides. As for the experimental results, d + d pairing can be extended to HF superconductivity, as discussed in greater detail below.
The matrix structure of d + d pairing in the band basis bears a resemblance to the matrix structure of superfluid 3He-B, defined in a spin basis (Nica and Si, 2021), which hints at a natural generalization of matrix pairing. While the d + d pairing state mixes two distinct d-wave components via a nontrivial matrix structure in band space, the canonical pairing state for 3He-B mixes three distinct p-wave components in a matrix structure which combines equal- and opposite-spin fermions, with the consequence that the FS is gapped in both cases. Moreover, states with a trivial matrix structure in band space, i.e., proportional to an identity matrix, such as a d + id pairing candidates, are conceptually similar to the most basic equal-spin pairing in 3He-A. Thus, 3He in general provides important precedents for nontrivial matrix pairing states. It can guide our understanding of matrix pairing states generalized to orbital/spin-orbital DOFs in crystalline SCs, in spite of the differences in parity, dimensionality, symmetry, and symmetry-breaking.
An important feature of the Fe-chalcogenide (as well as Fe-arsenide) superconductors is that the band width of the magnetic fluctuations is large, typically on the order of 200 meV (Dai, 2015). Such a large bandwith is associated with the large magnitude of the short-range spin-exchange interactions. As a result, the involved interband pairing is expected to be energetically competitive. Indeed, for microscopic models of the alkaline Fe-selenides, the s[image: image] pairing state has been shown to be energetically competitive (Nica et al., 2017).
In the following, we review the recent progress in understanding multiple superconducting phases in HFs, as exemplified by UTe2, CeRh2As2, and CeCu2Si2. We illustrate the remarkable tunability of superconductivity in these compounds and discuss evidence in favor of pairing states with nontrivial symmetry and structure.
2 MULTIPLE SUPERCONDUCTING PHASES IN HEAVY-FERMION SUPERCONDUCTORS
2.1 Pressure and magnetic field induced multiple superconducting phases in UTe2
UTe2 is a recently discovered spin-triplet candidate SC (Ran et al., 2019a). While the superconducting state of UTe2 closely resembles that of FM SCs, e.g., URhGe (Aoki et al., 2001) and UCoGe (Huy et al., 2007), the normal state of UTe2 is paramagnetic (Aoki et al., 2019; Ran et al., 2019a). Nonetheless, the pronounced magnetic susceptibility (along one crystalline direction) and the H/T1.5 scaling of the magnetization provided initial indication for the importance of FM quantum fluctuations (Ran et al., 2019a). Spin-triplet pairing is strongly indicated by the extremely large, anisotropic upper critical field Hc2, possible nodes on the superconducting gap, and the temperature-independent NMR Knight shift in the superconducting state (Aoki et al., 2019; Metz et al., 2019; Nakamine et al., 2019; Ran et al., 2019a; Bae et al., 2021; Nakamine et al., 2021). A nontrivial topology is also suggested by the observation of chiral in-gap bound states from scanning tunneling spectroscopy (Jiao et al., 2020). As expected for unconventional superconductors, UTe2 likely has a nontrivial order parameter. It hosts multiple superconducting phases when magnetic field or external pressure is applied, some of which hold surprisingly high temperature and magnetic field stability. In the scope of this brief review, we focus on the order parameter and on the multiple superconducting phases of UTe2.
The initial specific heat measurements showed a single transition at Tc. However, when the specific heat was measured by means of the small-pulse method, a shoulder-like feature appears at a temperature of about 75–100 mK above the peak in Cp/T (Hayes et al., 2021). This feature is quite sharp and divides the jump in the specific heat into two local maxima in the derivative, d(Cp/T)/dT, representing two thermodynamic anomalies. In principle, the two transitions could be the result of inhomogeneity in the crystals. On the other hand, if there is indeed a multicomponent order parameter, TRS could be broken, which cannot be explained by inhomogeneity. To test for possible TRS breaking in the superconducting state of UTe2, high-resolution polar Kerr effects measurements were performed using a zero-area Sagnac interferometer (Hayes et al., 2021). Initial measurements indicated that without an applied magnetic field, the Kerr signal can be either finite or zero. This observation led to the speculation that TRS breaking domains form spontaneously upon cooling the sample, which can orient in opposite directions and give average signal of zero.
To orient all of the domains in one direction, a small field of +25 G was applied upon cooling the sample, and removed once the base temperature (∼300 mK) was reached. The Kerr angle was subsequently measured as the sample was warmed slowly, and it was found that a positive finite Kerr value develops around Tc in this zero-field measurement. The sign of the Kerr value was reversed with a negative training field (−25 G), indicating that the broken TRS order parameter is analogous to a magnetic moment (Hayes et al., 2021), as shown in Figure 2. As a finite Kerr signal cannot be explained by the inhomogeneity, the combination of the specific heat and Kerr effect measurements point to a multi-component order parameter.
[image: Figure 2]FIGURE 2 | (A). Finite Kerr signal below the superconducting transition temperature of UTe2 indicating time reversal symmetry breaking. (B). Specific heat of UTe2 showing shoulder-like feature at critical temperature. After (Hayes et al., 2021).
2.1.1 Re-entrant superconducting phases in applied magnetic fields
In applied magnetic fields, two independent, high-field superconducting phases were discovered in UTe2 (Ran et al., 2019b; Knebel et al., 2019; Knafo et al., 2021), for a total of three superconducting phases, as shown in Figure 3. This is an example of two field-induced superconducting phases emerging in a single compound, one of which has the highest lower and upper limiting fields of any field-induced superconducting phase: more than 40 T and 65 T, respectively.
[image: Figure 3]FIGURE 3 | Magnetic field–angle phase diagram of UTe2 showing the three superconducting phases SCPM, SCRE and SCFP. After (Ran et al., 2019b).
When the magnetic field is perfectly aligned along the b-axis, zero resistance persists up to 34.5 T at 0.35 K, with a transition from SCPM to SCRE at around 21 T. While evidence from thermodynamic measurements is absent, the transition between two separate superconducting phases is clear when the magnetic field is slightly rotated away from b axis, towards either a- or c-axis, as shown in Figure 3. For example, a small misalignment of less than 5° from the b-axis towards the a-axis decreases the Hc2 value of SCPM to 15.8 T. When the magnetic field is further increased, a field-induced superconducting phase SCRE appears between 21 T and 30 T. Resistance measurements show that this re-entrant phase, SCRE, is present in a small angle range, within 7° when the field is rotated from b-axis towards the a-axis, and within 4° towards the c-axis (Ran et al., 2019b).
The upper-field limit of SCRE of 35 T coincides with a dramatic magnetic transition into a field-polarized phase, evidenced by a magnetic moment change from 0.35 to 0.65 μB. The critical field Hm of this magnetic transition has little temperature dependence up to 10 K, but Hm increases as the magnetic field rotates away from the b-axis to either the a- or c-axis (Ran et al., 2019b; Knafo et al., 2021; Miyake et al., 2019). As Hm limits the SCRE phase, it gives rise to the second field-induced superconducting phase, SCFP, existing in the angular range of θ = 20–40° from the b-axis towards the c-axis. The onset field of the SCFP phase precisely follows the angle dependence of Hm, while the upper critical field goes through a dome, with the maximum value exceeding 65 T, the largest field strength of these measurements. With Tc of 1.5 K, this new superconducting phase largely exceeds the magnetic field range of all known field-induced superconducting phases. Its special angle range is roughly the normal direction of the (011) plane, the easy cleave plane of UTe2, indicating a quasi-2D nature for this superconducting phase. These results are summarized in Figure 3.
2.1.2 Multiple superconducting phases under applied pressure
The critical temperature Tc of UTe2 shows a two-fold enhancement under pressure (Braithwaite et al., 2019; Ran et al., 2020; Thomas et al., 2020). Below 1.31 GPa, Tc forms a clear dome feature under pressure peaked at 1 GPa, where Tc is doubled compared to the ambient-pressure value, reaching 3.2 K. The bulk nature of the SC is confirmed by magnetization data. Specific heat measurements indicate a phase transition from an ambient-pressure superconducting phase to a SC2 phase under higher pressure (Aoki et al., 2020), as shown in Figure 4. A new phase, magnetic in nature, appears above 1.5 GPa, which has been assigned to both FM and AFM order (Ran et al., 2020; Thomas et al., 2020). On one hand, hysteresis has been observed, indicating a possible FM nature. On the other hand, the critical temperature of the magnetic phase is suppressed with applied field in all directions, suggesting an AFM order instead. The shapes of the resistivity curves at the phase transition are also more consistent with antiferromagnetism. The exact nature of this phase needs to be confirmed by additional experiments.
[image: Figure 4]FIGURE 4 | H-T phase diagrams of UTe2 for H//a-axis at several pressures. After (Aoki et al., 2020). Please see main text for a discussion.
A remarkably rich phase diagram emerges when the magnetic field is further applied under pressure. With (externally-applied) pressure, the magnetic field cannot be rotated relative to the sample in-situ. Therefore, only a few magnetic field directions have been explored: along the a-axis, b-axis, and for those special angles where high field induced SCFP appears.
Specific heat and resistance measurements have been carried out under pressure for magnetic fields applied along the a-axis (Figure 4). Within the zero-resistance region, different features in the specific heat curves have been used to delineate phase boundaries between different superconducting regimes. In the low-pressure region, a single superconducting phase was observed under magnetic field. As pressure was increased, SC1 disappeared, in agreement with the zero magnetic field results, and up to three new superconducting phases were observed. One phase only exists in the applied magnetic field along a-axis. Another emerged only at higher temperatures. The phase diagram in the intermediate pressure region, ∼0.5 GPa, resembles that of the UPt3 at ambient pressure (Joynt and Taillefer, 2002). Given the important role of specific heat measurements in determining superconducting phase boundaries, it is conceivable that similar measurements might reveal additional paired phases when the magnetic field is applied in other directions. However, such measurements have not yet been performed. Discussions for other field directions are based mainly on transport measurements.
As already mentioned, when the field was applied along the b-axis, two superconducting phases, SCPM and SCRE were observed, as shown in Figure 5A. SCRE persisted up to the metamagnetic phase transition at Hm. Under applied pressure, Hm remained close to the upper limit of SCRE and was continuously suppressed, even though the critical temperature of SCRE was enhanced (Lin et al., 2020; Ran et al., 2021). Based on tunneling diode oscillator and resistance measurements, the phase boundaries between SCPM and SCRE were determined, which were also suppressed under pressure. To study the evolution of the high-field superconducting phase, SCFP, the magnetic field was applied 25°–30° away from the b axis toward c (Figure 5B). At ambient pressure, two superconducting phases, SCPM and SCFP, were established. Upon an initial increase in pressure, the stability of both superconducting phases was enhanced: the upper critical field of SCPM, Hc2, increased, and the critical onset field of SCFP, which coincided with the metamagnetic transition field, decreased. In an intermediate crossover pressure range, the phase boundary between SCPM and SCFP was no longer visible in the electrical resistance; resistance remained zero up to 45 T at base temperature, which was the largest DC magnetic field available to the experiment (Ran et al., 2021).
[image: Figure 5]FIGURE 5 | (A). H-P phase diagram of UTe2 for magnetic fields applied along b-axis. (B) H-P phase diagram of UTe2 for magnetic fields applied 25°–30° away from the b-axis toward c-axis. After (Ran et al., 2021).
Under pressure, the metamagnetic phase transition remains pinned to the upper limit of SCPM phase. As the pressure further increases, the metamagnetic transition is suppressed, as is the upper critical field of SCPM. But the critical onset field of SCFP starts to increase, and the two superconducting phases are no longer connected above 1.2 GPa. When the metamagnetic transition vanishes under a pressure of 1.4 GPa, SCPM is also suppressed completely. SCFP persists under the highest pressure in these studies. The low- and high-field superconducting phases always exist on opposite sides of the metamagnetic transition HFP, for which a FS reconstruction scenario has been suggested based on thermoelectric power and Hall effect measurements. These imply that the SCPM and SCFP phases which are separated by the metamagnetic transition might exhibit different pairings states that are unique to PM and FP phases, respectively.
2.1.3 Theoretical perspective
The novelty of superconductivity in UTe2 and the complexity of the phase diagram, as a function temperature, pressure, and magnetic fields, preclude a firm consensus on the pairing candidates at this point (Aoki et al., 2022). We will not attempt a comprehensive review of existing theories but will instead briefly cover a few representative studies in an attempt to identify those points which appear to distinguish UTe2 from other unconventional superconductors. Given the strong evidence for spin-triplet pairing, many proposals focus on this case. Even so, two major issues tentatively set UTe2 apart. First, the orthorhombic lattice and the associated D2h PG symmetry restrict the order parameter to one-dimensional irreducible representations. The degeneracy of the order parameters in other spin-triplet candidates, like 3He and UPt3, which can naturally account for the presence of multiple broken-symmetry states, does not seem to hold for UTe2. It should be mentioned that proposals based on accidental degeneracy between one-dimensional irreducible representations, which appear to naturally account for the observation of two superconducting transitions in UTe2 in zero field and ambient pressure, have also been advanced for UPt3 (Joynt and Taillefer, 2002). Secondly, the absence of FM fluctuations and ordering, as determined by inelastic neutron scattering (INS) measurements (Duan et al., 2021), which are expected to stabilize spin-triplet pairing, provides a challenge for theory. Indeed, INS experiments rather point to dominant AFM fluctuations instead. In this regard, UTe2 can also be contrasted to UPt3, where a weak AFM order plays an important role in lifting the degeneracy inherent to multi-dimensional E1g and E2u irreducible representations (Vollhardt and Wölfle, 1990; Sigrist and Ueda, 1991; Sauls, 1994). It is tempting to note that AFM fluctuations in UTe2, as evidenced by INS experiments, and in UPt3, where an incipient AFM order was established, appear to play important roles for both candidates to spin-triplet pairing. Although not conclusive at this stage, this commonality suggests that AFM fluctuations, in the presence of anisotropy inherent to materials with significant SOC, might also provide a pairing mechanism for spin-triplet SCs.
We note that pairing candidates typically take into account the band structure and FS, the low-energy gapped or gapless Bogoliubov-de Gennes (BdG) spectrum, the pairing mechanism, the existence of multiple superconducting phases, and nontrivial topology. In the first category, we note that a number of ab initio studies predict a similar shape of the FS (Ishizuka et al., 2019; Xu et al., 2019; Duan et al., 2020; Miao et al., 2020; Nevidomskyy, 2020), consisting of quasi-2D cylinder-like electron and hole FS sheets, although other shapes were also advanced (Miao et al., 2020; Shishidou et al., 2021). In a related manner, a number of authors proposed non-unitary, mixed-representation, TRS-breaking spin-triplet states (Ran et al., 2019a; Aoki et al., 2019; Hayes et al., 2021) such as B1u + iB3u (Nevidomskyy, 2020) or B3u + iB2u (Shishidou et al., 2021) which can in principle account for the presence of point nodes and topologically nontrivial chiral edge states consistent with experiments. Possible nontrivial topology is further discussed in Refs. (Ishizuka et al., 2019; Shishidou et al., 2021). As noted previously, the quasi-degeneracy of the two components included in these mixed representation states is not guaranteed by symmetry. Nonetheless, such candidates can in principle also provide a resolution to the presence of multiple superconducting phases with applied fields, especially since non-unitary pairing states exhibit nontrivial effective magnetic moments which can couple to magnetism, like in UPt3, at least at the conceptual level. Note that TRS-preserving unitary states have also been advanced (Xu et al., 2019; Ishizuka et al., 2019; Ishizuka and Yanase, 2021). Finally, the interplay between AFM and FM fluctuations leading to triplet pairing has been addressed by a number of recent works (Hu and Si, 2020; Chen et al., 2021; Kreisel et al., 2022).
FM, intra-unit cell exchange interactions within a pair of uranium-“dimer”, have been especially invoked as promoting triplet pairing (Hu and Si, 2020; Chen et al., 2021; Shishidou et al., 2021). This has led to a matrix pairing state via additional effective orbital DOFs due to inequivalent U sites. Starting from the DMFT-derived band structure of the normal state, Ref. (Chen et al., 2021). considered an effective, strong intra-unit cell FM exchange interaction and additional weaker, inter-unit cell AFM exchange couplings as supported by DFT calculations. The resulting spin spectrum in the normal state was found to be in agreement with the AFM fluctuations extracted from INS experiments (Duan et al., 2020; Duan et al., 2021). Following a strong-coupling approach along the lines of an effective, generalized t-J model, it was shown that the intra-unit cell FM dimers promote a spin-triplet pairing state with nontrivial orbital (layer) DOFs. This state also reproduces a resonance in the spin-spectrum, as observed in INS experiments (Duan et al., 2021). In addition, STM measurements also observed anticorrelated modulation between superconducting gap size and Kondo resonance, even within one unit cell (Jiao et al., 2020). Ishizuka and Yanase proposed that applied pressure enhances AFM vs FM fluctuations. The resulting pressure-temperature phase diagram includes an odd-parity spin-triplet state at low pressures, an even-parity spin-singlet phase at intermediate pressures, together with possible mixed odd- and even-parity states in between (Ishizuka and Yanase, 2021).
2.2 Parity transition in the superconducting state of CeRh2As2
The majority of SCs, including HFs, preserve inversion symmetry, which, together with the Pauli exclusion principle, ensures that the Cooper pairs with a singlet (triplet) spin matrix structure must have a corresponding even (odd)-parity wavefunction. Consequently, the pairing states in centrosymmetric SCs can be classified as either even-parity, spin-singlet or odd-parity, spin-triplet. For example, CeCu2Si2 crystallizes in a tetragonal ThCr2Si2-type (I4/mmm) structure with inversion symmetry, see Figure 6 (Kibune et al., 2021), and the Cooper pairing instability is believed to occur in the even-parity spin-singlet channel. However, if the crystal structure lacks a global inversion center, an electronic antisymmetric spin-orbit coupling (SOC) is allowed, which in turn lifts the spin degeneracy, inducing Rashba SOC interaction (Gor’kov and Rashba, 2001). Since parity is no longer preserved, a strong antisymmetric SOC can mix spin-singlet and spin-triplet states. Indeed, such parity-mixed superconducting states have been proposed in many non-centrosymmetric compounds such as CePt3Si (Bauer et al., 2004), CeRhSi3 (Kimura et al., 2007), CeCoGe3 (Kawai et al., 2008). These materials can simultaneously exhibit features associated with both s-wave and p-wave pairing states (Frigeri et al., 2004; Smidman et al., 2017).
[image: Figure 6]FIGURE 6 | Crystal structure of CeRh2As2 (A), CeCu2Si2 (B), and CeRhSi3 (C). To clarify the stacking order, each element is assigned A and B labels. The arrows indicate the cross-section planes of the inversion center. After (Kibune et al., 2021). Adapted with permission from The American Physical Society.
Moreover, for some crystal structures, the paired electrons originate from sites which lack a local inversion symmetry, although a global inversion symmetry is preserved. The recently-discovered HF SC CeRh2As2 (with a CaBe2Ge2-type crystal structure) is one example (Khim et al., 2021). A superconducting transition is observed around Tc = 0.26 K (Khim et al., 2021; Hafner et al., 2022). While the crystal structure of CeRh2As2 is similar to that of CeCu2Si2, the stacking order differs in the two cases, as shown in Figure 6. Due to this, in CeRh2As2, the Ce sites lack inversion symmetry. Furthermore, the space-group of the lattice is non-symmorphic. As in a (globally) non-centrosymmetric SC, the absence of local inversion symmetry generates a local electric field (Kimura et al., 2021). If the spin-orbit interaction is sufficiently strong, the spin degeneracy can be lifted by forming a Rashba spin-texture (Bihlmayer et al., 2015). It has been proposed that the combination of Rashba-type SOC and applied magnetic fields could lead to a change in the parity of the superconducting order parameters in quasi-2D materials, i.e., from even to odd (Yoshida et al., 2012). The observed superconducting states in CeRh2As2 are seemingly consistent with this simple picture. The large value of specific heat jump at Tc confirms that the superconductivity involves heavy quasiparticles.
In the normal state, CeRh2As2 shows characteristic Kondo lattice behavior with TK ≈ 30 K. Low temperature resistivity and specific heat show typical non-Fermi liquid behaviour, indicating that the system is located around a QCP (Khim et al., 2021; Hafner et al., 2022). In addition, the temperature dependence of the NMR relaxation rate demonstrates a singular form for the low-frequency spin dynamics (Kitagawa et al., 2022); the experimental result is compatible with the temperature dependence expected from a KD QCP (Si et al., 2001). All of these observations imply an important role for the AFM fluctuations and Kondo effect in CeRh2As2, which in this respect is therefore similar to many other HF SC.
For H//c, this compound exhibits very high upper critical fields of ∼14 T, more than 20 times larger than the Pauli-limiting field μ0HP ∼ 1.84 Tc ∼ 0.6 T. For H || ab, the upper critical field is around 1.9 T. The large anisotropic behaviour of Hc2, which stands in clear contrast to the case of CeCu2Si2, is however similar to that observed in non-centrosymmetric HF SCs like CeRhSi3. This implies that CeRh2As2 is a quasi-2D SC with pronounced Rashba SOC. Intriguingly, magnetic and thermodynamic probes unveil an apparent first-order transition around 4 T for H || c, as shown in Figure 7. This anomaly also suggests a change in the symmetry of the superconducting order-parameter with increasing magnetic field. In addition to highlighting the absence of local inversion symmetry, recent experiments also uncovered several other intriguing aspects. 2D AFM fluctuations were observed below a Kondo coherence temperature ∼40 K (Kitagawa et al., 2022), with AFM order below Tc. The fact that AFM orders occurs within the superconducting phase is quite unusual, with only few examples among thousands of superconductors, such as pressure-induced coexistence of superconducting and AFM order in CeRhIn5 (Park et al., 2006). In CeRh2As2, this behaviour might be related to the absence of local inversion symmetry at the Ce site, which could induce an effective Zeeman field (Kibune et al., 2021). Slightly above Tc, an additional phase transition to a putative non-magnetic, quadrupole density wave was reported (Hafner et al., 2022). Here, Kondo screening and the crystalline-electric-field both play important roles when it comes to determining the low-energy manifold of the Ce 4f-states. The interplay between superconductivity and quadrupole density waves is still not well understood at this point.
[image: Figure 7]FIGURE 7 | Superconducting phase diagrams of CeRh2As2. (A) H || c. (B) Fits to the upper critical fields based on an even-to odd-parity transition proposal. After (Khim et al., 2021). Reproduced with permission from The American Association for the Advancement of Science.
Much like for UTe2, the multiple-phase superconductivity in CeRh2As2 (Khim et al., 2021) does not yet allow for a robust consensus on the nature of the Cooper pairing. Nevertheless, we mention those aspects which are unique to CeRh2As2 and discuss existing work in this context. The absence of local inversion symmetry provides a natural connection to previous studies of non-centrosymmetric SCs, where symmetry-allowed Rashba SOC terms can lead to a mixing between even-parity spin-singlet and odd-parity spin-triplet states (Bauer and Sigrist, 2012), as already mentioned.
The two inequivalent effective Ce layers in CeRh2As2 (Figure 6) can be considered as two non-centrosymmetric superconducting subsystems. Consequently, these layers provide effective orbital DOFs which allow for the construction of matrix pairing states, by analogy to the [image: image] state discussed in the introduction (Nica et al., 2017; Nica and Si, 2021). Indeed, Ref. (Khim et al., 2021). took this approach. The space of the two inequivalent layers can be denoted by τ0 and the Pauli matrices τi (i = 1,2,3). The putative dominant intra-layer, spin-singlet pairing states are classified as even-parity for τ0 and odd-parity for τ3 (or equivalently τz in Ref. (Khim et al., 2021)) layer dependencies, with equal- and opposite-sign pairing functions in the two layers, respectively. Due to the Rashba SOC, these states amount respectively to pseudo-spin singlet and helical pseudo-spin triplet states. By virtue of the Zeeman coupling and Cooper pair pseudo-spin orientations, the even-parity state is Pauli limited for fields along the c-axis, while the odd-parity state is not. The initial proposal was expanded upon in Ref. (Cavanagh et al., 2022), where the role of the non-symmorphic space group in the context of the Zeeman coupling in the pseudo-spin basis was addressed, together with its consequences for the stability of the even-vs odd-parity states. At the GL level Ref. Schertenleib et al., 2021, considers the Ce layers in CeRh2As2 as two weakly-coupled, non-centrosymmetric superconducting subsystems. For low fields, a predominantly even-parity, spin-singlet pairing state, admixed with a suppressed odd-parity, spin-triplet pairing state with alternating ±π phase along the c-axis, is the most stable candidate. For higher fields, Ref. (Schertenleib et al., 2021). finds instead that an odd-parity, spin-triplet state together with a weaker, even-parity, spin-singlet component is favoured instead. These conclusions are in agreement with the experimental results along the c-axis.
While the studies mentioned up to this point assumed dominant intra-plane SOC, Ref. (Möckli and Ramires, 2022). considered the effects of stronger inter-layer coupling. In addition to the even-odd parity transition for weak interlayer coupling, the authors also find a distinct transition between two odd-parity spin-triplet states in the opposite limit (Möckli, 2022). Finally, we note that CeRh2As2 has also been considered in the context of crystalline topological superconductivity protected by non-symmorphic symmetry in Ref. (Nogaki et al., 2021). Among others, the authors advance the notion that odd-parity pairing states, as required by topological superconductivity, can be realized even in the spin-singlet case, due to the alternating sign of pairing with layer, as proposed for the high-field phase of CeRh2As2.
2.3 Spin and charge instabilities in CeCu2Si2
We have emphasized that superconductivity often develops at the border of charge/spin instabilities. In the vicinity of an AFM order, spin-singlet states are generally favored, ensuring that the angular momentum of the Cooper pairs is even. Therefore, a d-wave pairing state is normally expected in this case, as also proposed for cuprate and organic SCs (Stewart 2017). In CeCu2Si2, the d-wave scenario is supported by the absence of a coherence peak in the spin lattice relaxation rate 1/T1 from NQR measurements (Ishida et al., 1999). INS suggests [image: image]− symmetry (Eremin et al., 2008; Stockert et al., 2011), while the angular-dependent upper critical field measurements indicate dxy symmetry (Yuan et al., 2003; Vieyra et al., 2011). Overall, these studies suggest d-wave symmetry which would typically imply gapless superconductivity. Surprisingly, recent low-temperature specific heat (Kittaka et al., 2014) and London penetration depth (Yamashita et al., 2017; Pang et al., 2018) measurements both indicate fully gapped superconductivity, due to the absence of quasiparticle excitations below ∼50 mK. To reconcile these experimental results, s± and d + d type paring states have been proposed, respectively. A summary of the extensive work on CeCu2Si2, which stretches back for a few decades, is given in Ref. (Smidman et al., 2018; Smidman et al., 2022).
As discussed in a broader context (Section 1.3), including that of the Fe-based SCs, the orbital DOFs can play a leading role for Cooper paring. This is also likely the case for HFs in general, which typically exhibit multiple bands of varying orbital content in the vicinity of the Fermi level. The difficulties in resolving the experimental results in CeCu2Si2 via single-band pairing states naturally suggest that the pool of available candidates must be enlarged. One way of achieving this is to consider the nontrivial effects of additional bands, or equivalently, that of additional local orbital/spin-orbital DOF in the context of pairing states. To illustrate this approach, we review a recently proposed, two-band d + d pairing state, consisting of distinct intra- and inter-band d-wave components in 2D (Nica and Si, 2021). This candidate has provided a resolution to the puzzle raised by the aforementioned experiments in CeCu2Si2 (Pang et al., 2018; Smidman et al., 2018; Smidman et al., 2022). In contrast to single-band d-wave pairing, d + d pairing exhibits a nontrivial matrix structure:
[image: image]
Thus, while the intra- and inter-band components have nodes along the diagonals and axes of the BZ, much like two, distinct simple d-waves, their superposition is significantly different. Most notably, due to the matrix structure, the pairing gap is determined by the addition in quadrature of the two components. Since these are distinct d-waves, for instance [image: image] and [image: image], their nodes overlap only at certain high-symmetry points in the BZ. In general, this leads to a fully gapped FS. However, this pairing state also retains crucial aspects of single-band d-wave pairing. Thus far, the most attractive feature is the change in sign of the intra-band component under C4z rotations, which accounts for the presence of an in-gap resonance in the spin spectrum, as captured by INS experiments in CeCu2Si2 (Stockert et al., 2011) as well as in the alkaline Fe-selenides (Park et al., 2011; Friemel et al., 2012). The d + d pairing state can therefore ‘seamlessly’ combine features associated with either single-band s- or d-waves, considered mutually exclusive in the standard approach. Another important feature of d + d pairing is its relation to microscopic pairing states defined in terms of orbital DOF, which belong to a single irreducible representation of the PG. Two important consequences follow from this statement. First, the two components are not expected to develop independently, as in a multi-gap pairing state (Nagamatsu et al., 2001), implying a single transition to a d + d superconducting state, as for single-band d-wave pairing. The d + d pairing state preserves all of the symmetries of the former. Secondly, both d + d and single-band d-wave pairing states are classified according to the same irreducible representation by hypothesis. Consequently, d + d pairing can coexist with a single-band d-wave pairing, again without breaking any additional symmetries. This includes regimes where d + d pairing is not the strongest superconducting channel; its presence being favored instead by the additional opening of a gap in the BdG spectrum.
While pairing with nontrivial matrix structure provides a new and general way of bypassing the mutually-exclusive nature of single-band s- and d-wave states, its associated pairing mechanisms and regimes of stability are more conveniently considered in an equivalent representation, involving electrons in local orbital/spin-orbital multiplets. These DOFs provide a natural basis for constructing pairing states from correlated electrons subject to strong Coulomb repulsion. As discussed in Section 1.3, the idea is that pairing states with a nontrivial matrix structure in an orbital/spin-orbital basis, which transform nontrivially under the PG, lead to pairing states with nontrivial structure in the band basis, like for the d + d state. This is due to the interplay between the local multiplet structure and the normal-state dispersion. The latter is determined by effective intra- and inter-orbital hybridization terms which generally do not commute with nontrivial matrix pairing states. This ensures the presence of both intra- and inter-band components in the band basis, although the pairing state preserves those features associated with PG symmetry. This was explicitly shown in the context of two-orbital models for the alkaline Fe-selenides (Section 1.3). The equivalence of d + d pairing to a matrix pairing state consisting of an s-wave form factor multiplied by a [image: image] Pauli matrix, defined in the basis of [image: image] degenerate orbitals, was shown in Ref. (Nica et al., 2017). The sign-changing nature of the d + d state is attributed to the [image: image] pairing matrix, which belongs to a nontrivial B1g irreducible representation of the PG. Moreover, this state was also stabilized in a five-orbital model for the alkaline Fe-selenides. A microscopic candidate for d + d pairing in CeCu2Si2 was advanced along similar lines in Ref. (Nica and Si, 2021). By analogy with the alkaline Fe-selenides, this candidate was labeled as [image: image]. It consists of an s-wave form factor multiplied by a matrix defined in terms of Γ7 correlated f-electron and Γ6 conduction electron doublets.
Charge instabilities can also enhance effective pairing interactions (Monthoux et al., 2007). CeCu2Si2 and its isostructural compound CeCu2Ge2 both exhibit a superconducting dome around the border of an AFM QCP, see Figure 8. However, by tuning the samples away from the QCP using pressure, superconductivity is first (completely) suppressed, but subsequently re-emerges to form a secondary dome in the pressure-temperature phase diagram. Several models have been proposed to explain the second dome superconductivity in CeCu2Si2 and CeCu2Ge2 (Weng et al., 2016). The point of these proposals is that pressure induces a change of a Ce valence transition, which is more likely associated with an effective charge instability, instead of spin. A number of experimental results corroborate this picture. These include a reduction in the electronic scattering and a maximum Sommerfeld coefficient around the center of the second superconducting dome, as detected from transport measurements (Yuan et al., 2003; Holmes et al., 2004), and a continuous change in the Ce valence for CeCu2Si2 under increasing pressure, as observed by x-ray absorption spectroscopy (Rueff et al., 2011). Recent research finds additional examples which appear to deviate from the central theme of spin fluctuation-mediated Cooper pairing. For instance, superconductivity and antiferromagnetism can coexist over a wide pressure range in CeAu2Si2 (Ren et al., 2014), with both superconducting and magnetic transition temperatures showing a parallel increase with pressure. The pressure-temperature phase diagram also resembles those of CeCu2Si2 and CeCu2Ge2.
[image: Figure 8]FIGURE 8 | Temperature-pressure phase diagram of CeCu2(Si1−xGex)2, showing two superconducting phases under pressure (Yuan et al., 2003). Reproduced with permission from The American Association for the Advancement of Science.
3 SUMMARY AND OUTLOOK
While single-phase, spin-singlet superconductivity emerging near an AFM QCP still probably provides the most robust understanding of unconventional superconductivity, it is by no means unique, as illustrated in previous sections. For instance, in UTe2, one could argue that the traditional competition between antiferromagnetism and Kondo screening must also include the effects of FM fluctuations. This complicated interplay likely underlies the complex superconducting phase diagram, which includes up to five distinct regimes, as accessed by applying magnetic field and pressure. Furthermore, additional multi-orbital or equivalent microscopic DOFs, which emerge from the interplay of lattice structure and symmetry of the f-electron sites, can significantly enrich the emerging superconducting phase diagrams. In CeRh2As2, magnetic fields can in principle induce a change in the parity of the superconducting order parameter from odd to even, in a scenario made plausible by the lack of local inversion symmetry due to stacking order. The two-domed phase diagram of CeCu2Si2 suggests that spin and charge instabilities can in turn play leading roles in driving multiple superconducting phases in the same compound, as accessed via distinct tuning parameters. In general, we have emphasized how quantum criticality and the associated strange-metal physics promote unconventional superconductivity in heavy-fermion metals. Nevertheless, many aspects of the paring symmetries for these HF superconductors remain to be clarified and further studies are highly desired.
The common multi-orbital/band nature of HFs can play an important role in determining the paring symmetry. Consider such multi-band pairing states such as [image: image] or, equivalently, d + d. In contrast to the intra-band component, the inter-band component in general pairs electrons away from the FS, with a characteristic energy difference determined by the Kondo energy scale. As alluded to in the introduction, and analogous to the case for the alkaline Fe-selenide superconductors discussed earlier, the inter-band pairing is competitive if the pairing interaction is on the scale of the Kondo energy. This is natural, because the heavy fermion superconductors we have covered are either at, or not too far away from a quantum critical point, where the RKKY interaction is expected to be comparable to the Kondo energy scale. This can be seen more explicitly from the experimental measurements of the magnetic fluctuation spectrum. Inelastic neutron scattering experiments, in CeCu2Si2, for example have identified an energy width in the magnetic excitation spectrum that is on the order of the Kondo energy scale (Stockert et al., 2011). A related issue is the anisotropy of the RKKY interactions, which is typically pronounced in HF compounds with strong local SOC. This is important in several ways. The crystal field splits the total-J multiplets of the quasi-localized f-electrons due to strong SOC. The lowest-energy, local manifold determines the nature of the spin-orbital DOFs which can be used to construct unconventional microscopic pairing states with matrix structure. For instance, in CeCu2Si2, the f-electrons are in a Γ7 doublet state. The only allowed, nontrivial, even-parity, matrix pairing state involves additional Γ6 doublets (Nica and Si, 2021). Even when SOC is not dominant, it can lead to a coupling between the orbital and spin DOF of the pairing state leading to nontrivial structure for given spin-singlet or -triplet configurations, as proposed for UTe2 (Chen et al., 2021). Furthermore, an Ising anisotropy of the RKKY interactions due to SOC, can also make spin-triplet pairing states competitive, even in the nominally AFM case (Hu et al., 2021b). While on the topic of the interplay between orbital and spin DOFs, as promoting pairing states with novel properties, we briefly mention that it can also be central to the important family of the ruthenates. We refer the readers to, for example, a number of ongoing theoretical studies (Puetter and Kee, 2012; Ramires, 2021; Lindquist et al., 2022).
Symmetry-protected topological pairing states have also received a great deal of attention in recent years. As noted previously, spin-triplet pairing in 3He has provided important precedents in this context as well, particularly in the case of the gapped and topologically nontrivial B phase with Majorana edge modes, see for instance Refs. (Murakawa et al., 2011; Bunkov and Gazizulin, 2020) and work cited therein, but also as an early realization of Weyl fermions in the A phase (Volovik 2003). There are some similarities between the phase diagrams of 3He and the HF superconductor UPt3 (Vollhardt and Wölfle, 1990; Joynt and Taillefer, 2002). UTe2 has also emerged as a promising HF candidate to spin-triplet superconductivity. Signatures of TRS breaking (Hayes et al., 2021) as well as reports of edge modes (Jiao et al., 2020) have also singled out this compound as a potential realization of topologically nontrivial (chiral) superconductivity (Aoki et al., 2022). CeRh2As2 has also been advanced as a candidate for crystalline topological superconductivity protected by the non-symmorphic space group (Nogaki et al., 2021). The required odd-parity pairing is due to a matrix pairing structure (in an effective orbital DOF) instead of the more traditional spin-triplet candidates. In the context of the much-sought topological superconductivity, the larger space of pairing candidates which goes hand-in-hand with multiple superconducting phases in a number of HFs is very promising, for predicting and ultimately realizing these exotic states. As illustrated by these recent developments, pairing with matrix structure is inherently richer than the effectively single-band candidates (Nica et al., 2017; Nica and Si, 2021).
Although HFs have been the focus of this work, it is important to note that multiple superconducting phases have also been observed in YBa2Cu3Oy (Grissonnanche et al., 2014), LaFeAsO1-x (H/F)x (Iimura et al., 2012), BaTi2(Sb1-xBix)2O (Zhai et al., 2013), and very recently, in the kagome superconductors CsV3Sb5 (Zhang, 2021; Nguyen and Li, 2022) and RbV3Sb5 (Guguchia et al., 2022). As illustrated here, recent advances in experimental techniques have provided a much-improved characterization of sample properties in transport, thermodynamic, and various spectroscopies. In such cases as UTe2 and CeRh2As2, these advances have significantly accelerated the discovery of multiple superconducting phases. This progress has also led to dramatic reversals in so-called “standard” cases. Indeed, owing to the development of precise measurements below 100 mK, a completely new understanding of CeCu2Si2, the very first unconventional superconductor is now emerging, with possible implications for other classes of well-studied superconductors. The great diversity of unconventional superconductors provides unprecedented opportunities for realizing novel pairing states.
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