
ORIGINAL RESEARCH
published: 15 May 2019

doi: 10.3389/fenrg.2019.00048

Frontiers in Energy Research | www.frontiersin.org 1 May 2019 | Volume 7 | Article 48

Edited by:

Jun Wang,

University of Wisconsin-Madison,

United States

Reviewed by:

Zhitong Bai,

University of Michigan, United States

Limin Liu,

University of California, Berkeley,

United States

*Correspondence:

Zhijian Zhang

zhangzhijian_heu@hrbeu.edu.cn

Specialty section:

This article was submitted to

Nuclear Energy,

a section of the journal

Frontiers in Energy Research

Received: 13 January 2019

Accepted: 30 April 2019

Published: 15 May 2019

Citation:

Li S, Zhang Z, Zhang Q, Hao C and

Zhao Q (2019) Analysis of Categorical

Subgroup Method for Resonance

Self-Shielding Treatment.

Front. Energy Res. 7:48.

doi: 10.3389/fenrg.2019.00048

Analysis of Categorical Subgroup
Method for Resonance Self-Shielding
Treatment
Song Li, Zhijian Zhang*, Qian Zhang, Chen Hao and Qiang Zhao

Fundamental Science on Nuclear Safety and Simulation Technology Laboratory, Harbin Engineering University, Harbin, China

To meet the requirements of one step lattice calculation on resonance effect, a

self-developed design and construction of a resonance treatment code are composed

based on subgroup method and HELIOS-1.11 library. Subgroup fixed source equations

are solved by method of characteristics to get subgroup fluxes, which are subsequently

used to deduce effective resonance cross sections combined with subgroup weights

and subgroup levels. Bondarenko method is employed to handle resonance interference

effect and a resonance category scheme and resonance geometry simplification method

are introduced to improve efficiency. Benchmarks of single pin cells and assemblies of

light water reactor are adopted for numerical validation and the calculating results indicate

that this method can treat resonance effect both precisely and effectively.

Keywords: resonance self-shielding, subgroup method, resonance interference effect, reactor physics, one-step

method

INTRODUCTION

In traditional lattice physics codes, the three-step method and pin-by-pin method are widely
used in light water reactor calculation (Cacuci, 2010). Three-step method firstly adopts detailed
numerical analysis on fuel cell or lattice scale, the regional homogenization is carried out
subsequently and the last step is the diffusion or transport calculation for the whole core.
By contrast, pin-by-pin method has two steps (Choi et al., 2017), namely assembly transport
calculation and a reactor core calculation. However, three-step method and pin-by-pin method
both consider the fuel cell or assembly as a unity, so nuclide reaction inside the fuel area cannot
be taken into consideration in detail. To handle this problem, one-step method without any
approximation for fuel cell and assembly has become the researching focus currently (Downar
et al., 2016). One of the most significant parts of one-step method is treating resonance self-
shielding problem effectively and precisely since it provides material cross section for the whole
calculating process. Traditional methods for resonance treatment are equivalent method (Askew
et al., 1965; Zhang et al., 2015), which is based on the equivalence between heterogeneous and
homogenous problems and the ultra-fine group method with extremely detailed division of groups
(Ishiguro and Takano, 1971). The former method has good efficiency but shows obvious drawbacks
in accuracy and geometry adaptability, while although the latter one has a satisfactory accuracy,
it’s hard to be applied to lattice scale problems since the calculating burden is unacceptable.
Other methods such as embedded self-shielding method and pseudo-isotope-method have been
further developed in recent years, but problems for detailed region in fuel cell is still up in the air
(Liu et al., 2018; Zhang et al., 2018).

In recent years, subgroup method is proved to have advantages in solving complex geometry
problems with high accuracy and also has a good performance for sub-pin scale (Nikolaev et al.,
1971; Li et al., 2018), so it has been one of the research hotspots of resonance treatment. Different
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from traditional method, subgroup method divides the
subgroups by cross section value and the effective resonance
cross section is calculated by subgroup parameters. By combining
with transport module capable of handling problems with
arbitrary geometry, subgroup method can be applied to any kind
of lattice geometry. In this work, subgroup method combing
with method of characteristics is adopted to treat resonance
self-shielding effect.

Subgroup fixed source problems (SGFSP) are established
to obtain subgroup fluxes (Jung et al., 2013), which are used
subsequently to deduce effective resonance cross sections. For
problems with various number of resonant isotopes, resonance
interference effect is taken account by Bondaronko iteration
method (Casal, 1991). In this procedure, while treating current
resonant isotope, cross sections of other resonant isotopes are
firstly considered as hypothetical values and then be updated
by the values of the previous iteration step. It can be seen that
SGFSP and resonance interference effect treatment occupy the
most calculating time so optimizing method has been taken in
this work to improve efficiency. In this case, we use a smaller
number of subgroups in SGFSP for simplification while a larger
number of subgroups in deducing effective cross section to
ensure accuracy, and an extrapolation of relevant data obtained
by SGFSP is used between these two set of subgroups. In addition,
a resonance category is introduced to divide resonant isotopes
into different categories and each category has been assigned
with a representative isotope. SGFSPs are carried out according
to representative isotopes and only interference of isotopes in
the same category are taken into consideration. What’s more,
geometry setting of transport and resonance calculation are
not necessarily to be the same and resonance treatment could
adopt a simpler division with fewer sub-regions to predigest
calculation burden.

In this work, a resonance calculating code is developed
based on the method above and HELIOS-1.11 library. To verify
the calculating results of this work, a series of benchmark
including single cell and two-dimensional lattice released by
Japan Atomic Energy Research Institute (JAERI) is employed for
numerical verification and analysis (Yamamoto et al., 2002), and
the calculating results indicate a good performance of method
introduced in this work. Since this work provides effective
material cross sections for the whole reactor physics calculation
precisely and efficiently, it will serve as an important component
for project of research on key technology of numerical reactor
engineering in Harbin Engineering University. This work will
also be coupled with transient, burn-up, and thermal hydraulic
feedback module developed in this project for the further
researches, which will not be illustrated here since we only
concentrate on resonance calculation in this paper. This work
is a redevelopment of HELIOS-1.11 program as they share the
same neutronic functions. However, Different from HELIOS-
1.11 code, which is written by outdated FORTRAN77 language,
program of this work adapts C language for redesigning since it
is more compatible to different operation systems and has the
direct access to physical addresses as well as hardware operating.
Besides, the resonance treatment procedure is coupled with an in-
house developedMOC transport code rather than CCCPmodule

FIGURE 1 | Subgroup parameters in a resonance group.

used in HELIOS1-11. The independent design and construction
of a completed lattice physics analyze code is realized.

THEROTICAL MODEL

Subgroup Method
Subgroup parameters consist of subgroup level and subgroup
weight. As shown in Figure 1. The resonance group is divided
into 4 subgroups and the subgroup levels indicate the 4 discrete
cross sections from σ1 to σ4, while subgroup weights w1 to w4

stand for the probability of the neutrons from this resonance
group locating in each subgroup respectively. Take the absorption
cross section for an example, if there are I subgroups in resonance
groupg, effective cross section can be shown as follows:

σa,g =

∫

1Ei
σa,i (E) ϕi (E) dE

∫

1Ei
ϕi (E) dE

=

I
∑

i
σa,iϕi

1Ei
Eg

I
∑

i
ϕi

1Ei
Eg

=

I
∑

i
σa,iϕiwi

I
∑

i
ϕiwi

(1)

In Equation (1), ϕi is the subgroup flux. To obtain this value,
subgroup fixed source equations which have the same format as
Boltzmann transport equation are solved. SGFSP can be solved by
any type of transport method, such as method of characteristics.
The deduction process of this procedure is introduced as follows.

In light water reactors, energy of neutrons produced by
fission reaction is relatively high, and nearly up to 99.5% of
these neutrons are among the fast group range (Hebert, 2009).
Therefore, it can be assumed that the fission source of resonance
groups is negligible. In addition, up-scattering effect is also
insignificant in resonance range, so the source term in this energy
range only consists of down-scattering reaction from groups with
higher energy. In this condition, for subgroup i in resonance
group g, a fixed source equation can be written as follows:

� · ∇ϕg,i (r,�) + 6t,g,i (r) ϕg,i (r,�)

=
1

4π

[(

1− λg
)

6s,g,iϕg,i (r) + 6b,g

]

(2)
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In Equation (2), λg is the intermediate resonance factor and 6b,g

is macroscopic background cross section and its definition is
shown in Equation (3), in whichM is the total number of nuclides
types, Nmand 6p,g,mare the number density and potential
scattering cross section of resonant nuclidem respectively.

6b,g=λg6p,g=

M
∑

m

λm,gNmσp,g,m (3)

In Equation (2), scattering cross section are made up by
potential scattering cross section and resonance scattering
cross section, while the latter is only non-zero for resonant
isotopes. However, for simplification, resonance scattering cross
section is also considered to be zero for resonant isotope in
this work as resonance scattering integrals are not stored in
the HELIOS library (Stammal’er, 2008). To compensate for
this approximation, resonance absorption integrals in HELIOS
library is adjusted during the producing process. Therefore,
resonance scattering will not be taken into consideration and
the final fixed source equation can be expressed as Equation
(4). It can be seen that the source item of Equation (4) has
no connection with flux, so it means that SGFSP can avoid
the source iteration process of transport calculation, which will
be much easier and more efficient for MOC module to solve.
When subgroup fluxes are solved by transport module, effective

TABLE 1 | Absorption resonance integral of U-238 in 5.72–7.34 eV and its

subgroup parameters.

(A) VARIATIONS OF ABSORPTION CROSS SECTION

BCS RI BCS RI

4.71E + 00 1.52E + 01 2.72E + 01 1.97E + 02

4.91E + 00 1.62E + 01 4.29E + 01 3.46E + 02

5.35E + 00 1.86E + 01 7.20E + 01 5.75E + 02

6.12E + 00 2.30E + 01 1.27E + 02 8.10E + 02

7.37E + 00 3.06E + 01 2.36E + 02 9.56E + 02

9.38E + 00 4.41E + 01 4.60E + 02 1.01E + 03

1.26E + 01 6.84E + 01 9.44E + 02 1.03E + 03

1.81E + 01 1.13E + 02 3.16E + 07 1.04E + 03

(B) TWO SETS OF SUBGROUP PARAMETERS

M levels M weights N levels N weights

0.00E + 00 −2.88E−01 0.00E + 00 −9.70E−02

1.00E + 01 8.37E−01 4.80E + 00 3.51E−01

5.00E + 02 2.45E−01 4.00E + 01 2.89E−01

2.00E + 03 1.39E−01 2.50E + 02 2.24E−01

1.00E + 04 6.66E−02 7.50E + 02 −3.06E−02

2.00E + 03 1.64E−01

7.00E + 03 1.02E−01

2.00E + 04 −2.59E-03

resonance cross sections can be obtained by Equation (1).

� · ∇ϕg,i (r,�) +
[

6a,g,i (r) + λg6p,g,i (r)
]

ϕg,i (r,�)

=
1

4π
λg6p,g,i (r) (4)

Optimizations for SGFSP
Although solving SGFSP is much less time-consuming compared
with Boltzmann transport equation, it still accounts for the vast
majority of calculating time of subgroup method. Theoretically,
subgroupmethod needs to carry out SGFSPs for each nuclide and
each resonance group respectively, which is very time-consuming
and accounts for the majority of the whole resonance calculating
process. Therefore, the main purpose of the optimizations for
SGFSP is to reduce the total number of subgroup fixed source
equations, and the key part of this procedure is to reduce the total
number of subgroups in all resonance groups.

Learned from the definition of subgroup method, each
resonance group has a set of subgroup parameters and SGFSPs
are carried out group by group. However, from Equation (4), we
find that only subgroup levels are used in SGFSP, while subgroups
weights are only used in the subsequent process of effective cross
section calculation. For subgroups with the same level, no matter
what values their subgroup weights are, they will have the same
solution for SGFSP according to Equation (4). In this condition,
the more subgroups have the same level, the less calculating
burden it will be. If all resonance groups have the same set of
subgroup levels, SGFSP would only need to be carried out in one
resonance group.

In the procedure of generating traditional subgroup
parameters (Cullen, 1977), the fuel is supposed to be composed
of one resonant nuclide R and one moderator nuclideH.
Therefore, the flux of the uniform condition can be written
as follows

ϕg =
λR6p,R + λH6p,H

(

6a,R + λR6s,R + λH6p,H

)=
σb

[

σa,R + λ
(

σs,R − σp,R
)

+ σb
] (5)

In Equation (2), 6a and σa are absorption cross sections,
6p and σp are potential scattering cross sections. In this
condition, the unknown values in Equation (5) are only

TABLE 2 | Resonance categories and representative isotopes.

Category Representative

isotope

Isotopes included

1 U-238 U-238

2 U-235 Mo-95, Tc-99, Pd-108, Xe-131, Cs-133,

U-235, U-236, Pu-238, Pu-239, Pu-240,

Pu-241, Pu-242, Am-241

3 Zr-40 Natural Zr

4 Hf-177 Ag-107, Ag-109, In-113, In-115, Sm-152,

Eu-151, Eu-152, Eu-153, Eu-154, Eu-155,

Gd-155, Gd-156, Gd-157, Gd-158, Dy-160,

Dy-161, Dy-162, Dy-163, Dy-164, Er-166,

Er-167, Tm-169, Tm-170, Hf-177, Hf-176,

Hf-178, Hf-179, Hf-180, Th-232, U-233
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subgroup levels and subgroup weights. As is discussed above,
it should be arranged that every resonance group has the
same set of subgroup levels but different subgroup weights.
In this case, the subgroup level should be pre-specified by
trial and error (Joo et al., 2009), and subgroup weights
will be the only un-known value left. The multi-group
libraries always store resonance integral data, which can be
interpolated with background section and temperature. Take the
absorption cross section for example, by selecting K resonance
integrals of different background cross sections in the library,
the subgroups weights with subgroup number of I can be

obtained through optimum fitting method, which is shown in
Equation (6)

min F (w) =

K
∑

k=1











RIa
(

σb,k
)

−
I

∑

i=1
wa,iσa,iφ

(

σb,k
)

RIa
(

σb,k
)











(6)

On the other hand, observed from Figure 1, the more subgroups
number is adopted, the more precise to describe the resonance
effect. However, it’s not necessary to calculate SGFSP with

FIGURE 2 | Geometry setting for resonance treatment. (A) Boolean value is set to 0, (B) Boolean value is set to 1.

FIGURE 3 | Flow chart of resonance treatment.
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that many subgroups since subgroup fluxes are able to be
interpolated (Park and Joo, 2018). Therefore, a set of subgroup
parameters with fewer group number could be used in
SGFSP to improve efficiency while another set of subgroup
parameters with an extensional number of groups are used
to calculate effective cross section to guarantee the accuracy.
In this work, the number of subgroups in SGFSP is 4 and
the latter one is set to be 7. To determine the subgroup
levels, an iteration process is adopted. First, an initial set of
subgroup levels is selected randomly, such as by geometric
progression. Then the subgroup weighs can be generated
by Equation (6). Through this set of subgroup parameters,
resonance integral can be reproduced and its root-mean-square
error (rmse) compared with the reference value is obtained.
Subsequently, the values of subgroup levels are modified by a
slight increase. If the new rmse also increase then the subgroup
level should be adjusted to be diminished, vice versa, until
the variations of rmse meet the converge criteria, which is set
to be 0.05 and the maximum iteration number is 50. Take
the absorption cross section of U-238 for an example, the
variation of its resonance integral (RI) by background cross
section (BCS) in energy range between 5.72 and 7.34 eV and
temperature of 300K is shown in Table 1A. By comparison,
subgroup parameters of both 4 and 7 subgroups are given
in Table 2.

Observed from Table 1A, absorption resonance integral of U-
238 in this energy range shows a rapid rise by background cross
section, which indicates a significant resonance peak occurs in
this range. In Table 1B, M indicates for subgroup number of
4 and N indicates for subgroup number of 7. It is worthwhile
to mention that if the sum of M or N subgroup weights are
not equal to 1, another subgroup whose level is 0 is added and
its weight is calculated by 1 −

∑

wi. What’s more, it can be
noticed that some subgroup parameters are not physical, such as
0 level, negative weights and the largest M and N level are both
more than the actual largest cross section value in Table 1A. This
phenomenon results from the procedure of Equation (6). Since
it is not subgroup parameters values but the final effective cross
section in Equation (1) that matters, the non-physical subgroup

TABLE 3 | Number densities of nuclides of UO2 and MOX pin (barn/cm).

Isotope UO2 fuel

(900K)

MOX fuel

(900K)

Clad

(600K)

Moderator

(600K)

U-235 1.5122E−3 3.8879E−05 0 0

U-238 2.1477E−2 1.9159E−02 0 0

Pu-238 0 8.3986E−05 0 0

Pu-239 0 2.1706E−03 0 0

Pu-240 0 9.9154E−04 0 0

Pu-241 0 3.6732E−04 0 0

Pu-242 0 2.5174E−04 0 0

Am-241 0 1.0664E−04 0 0

H-1 0 0 0 4.4148E−2

O-16 4.5945E−2 0 0 2.2074E−2

Nat-Zr 0 0 4.3107E−2 0

values are acceptable as long as the accuracy of Equation (1) is
ensured. After SGFSP is carried out by M levels, an extrapolation
method is adopted to get relevant values for N subgroups. The
detailed procedure is shown as follows.

σa =

I
∑

i
σa,iwi

σb,i
σa,i+σb,i

I
∑

i
wi

σb,i
σa,i+σb,i

(7)

Combing Equations (1) and (5), the relationship between
effective absorption cross section and background cross section
can be deduced as Equation (7). After SGFSP is solved and
subgroup flux is obtained, σb,i can be calculated respectively for
4 subgroups according to Equation (8). However, it is not σb,i
that is used in interpolation. In practical heterogeneous system,
there is an equivalence theorem which indicating σb,i should be
augmented by an equivalence cross sectionσe,i. In this way, σb,i =
λσp + σe,i (Stammal’er, 2008). When σb,i is acquired, σe,i can be
calculated just by subtracting λσp from σb,i. Therefore, a set of
σe,i with dependence of σa,ifor 4 subgroups is established and the
interpolation process is carried out between σe,i and ln

(

σa,i
)

.

σb,i =
σa,iϕi

1− ϕi
(8)

Resonance Interference Effect and
Resonance Category
Method above is deduced on the basis that there is only
one resonant isotope existing in the fuel area, which is not
corresponding with actual condition. Traditional fuel used in
light water reactors is composed of different kinds of uranium
isotopes and in the process of burn-up, varieties of heavy
isotopes will be generated and a considerable portion of them
are resonant. Different resonance peaks of different isotopes
will overlap with each other and this phenomenon is known as
resonance interference effect.

Under these circumstances, while calculating the current
resonant isotopes, the impact of resonance peaks of other
resonant isotopes must be taken into consideration and Equation
(7) is modified to capture this influence. Take the absorption
cross section for an example, we define a pseudo cross section

FIGURE 4 | Geometry configuration of single fuel cell.
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σx to represent the absorption contributions of the other
resonant isotopes and the effective cross section can be shown
as Equation (9).

σa =

I
∑

i
σa,iwi

σb,i
σa,i+σb,i+σx

I
∑

i
wi

σb,i
σa,i+σb,i+σx

with σx =

∑

n6=m

Nnσa,n

Nm
(9)

In Equation (9), m represents the resonant isotope in concern
while n means other resonant isotopes. However, since
calculating σx requires the absorption cross section of other
resonant isotopes, whose value is unknown in the beginning, the
Bondarenko iteration process (Cacuci, 2010) will be introduced
in this process. At the very start, σx is assumed to be zero
in Equation (9), then the newly acquired σa will be used
in the second round of calculation and this process will be
repeated to convergence. The convergence criterion is set that
σa should not be different more than 10−3 compared with the
previous iteration. The maximum number of iteration is set to
be 30 and a relaxation factor of 0.5 is applied to accelerate the
convergence process.

However, according to Bondarenko method above, each type
of resonance isotopes should be taken into account and the

number of iterations will sharply increase with the number of
resonant isotopes. During the burn-up process, the calculating

efficiency will become unacceptable. Therefore, there is a critical

need for simplification of the resonance interference effect.

In this work, according to the shape of resonance peak,

different resonant isotopes can be divided into several categories
(Stammal’er, 2008). Isotopes in the same category have similar
property and the isotope with the most prominent absorption

character is chosen as the representative isotope in each category.
As U-238 is the most domain resonance isotope, it is classified
as a single category containing only itself. Other Heavy mass
isotopes and fission neutron productions are specified as a
category due to its absorption or fission characters, and U-235
is assigned as its representative isotope. If Nature Zr is treated
as resonance isotope, particular subgroup parameters can be
used. However, in many cases resonance of Nature Zr does not
matter much so only temperature interpolation is needed to get
its cross section from pre-stored values. For other resonance
isotopes such as control rod materials or strong absorbers like
gadolinium isotopes, they are treated as another category and Hf-
177 is assigned as representative isotope. The detailed resonance
categories and representative isotopes are shown in Table 2. In
SGFSP, only resonant isotopes of the same category will be
treated and the influence of other categories is assumed to be

FIGURE 5 | Errors of U-238 absorption cross section of single cell. (A) UO2 pin, (B) MOX pin.

FIGURE 6 | Errors of U-235 absorption cross section of single cell. (A) UO2 pin, (B) MOX pin.
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insignificant. In addition, isotopes of the same category all adopt
subgroup parameters of representative isotope in SGFSP.

It can be noticed that cross sections in Equation (4) is group
dependent, so there is a group-averaged calculation by weight of
infinitely diluted resonance integrals. For regions with resonant
isotopes, group-averaged calculation can be shown as the left
side of Equation (10) while the right side for regions without
resonant isotopes.

6x =

M
∑

m∈k

G
∑

g
6xgNmRIm,g,∞1ug

M
∑

m∈k

G
∑

g
NmRIm,g,∞1ug

or6x =

G
∑

g
6xgRIr,g,∞1ug

G
∑

g
RIr,g,∞1ug

(10)

In Equation (10), m ∈ k represents the isotopes belonging in
the same category, RIm,g,∞is infinity diluted resonance integral
of group for isotopem, 1ug is the lethargy width of resonance
group g. On the right side, RIr,g,∞is the infinity diluted resonance
integral for representative isotope of the category in calculation.

In this condition, extrapolation variable ln
(

σa,i
)

is also adjusted
by multiplying a modifying factor F toσa,i, which is shown in
Equation (11).

F =

G
∑

g
Rr,g,∞1ug

G
∑

g
Rm,g,∞1ug

(11)

Geometry Setting and Program Design
In transport module, a fine mesh will be set to decompose
the region and each mesh is considered to be a flat source
region, in which the source is assumed to the same (Jung et al.,
2013). As is shown in Figure 2A, each cell is divided into 4

TABLE 4 | Calculation burden of the 73rd path of UO2.

Case SGM ISGM Improvement

SGFSP equation number 570 90 84.2%

Iteration number 2,237 2,089 6.6%

Time (s) 2.488 1.401 35.5%

FIGURE 7 | Errors of Pu isotopes absorption cross section of MOX pin. (A) Pu-239, (B) Pu-241.

FIGURE 8 | Eigenvalue of single call in each burnup step. (A) UO2 pin, (B) MOX pin.
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rings along the radial direction and each ring is also divided
into 8 sectors. According to this geometry, there are 64 flat
source regions containing resonant isotopes, where SGFSP and
Bendarenko iteration will be carried out respectively. For regions
only with non-resonant isotopes, no specific treatment is needed
other than interpolation with temperature. However, on the
beginning of life for a reactor, regions in the same fuel pin
will have exactly the same materials. In this case, it can be
assumed that resonance cross section of a certain isotope will
only vary dramatically along radius due to space self-shielding,
while regions with the same radius will have the same cross
section. Therefore, geometry setting for resonance treatment can
be simplified as shown in Figure 2B, which only reserve the
region decomposition along the radius direction while sectors
along the ring are neglected. Through this simplification, only
8 regions have resonant isotopes and numbers of iterations and
memory usage will decrease dramatically. Calculating process of
this part is shown as follows.

1) Based on the transport module, SGFSPs are solved according
to geometry in Figure 2A to obtain finemesh subgroup fluxes.

2) Ring-wise subgroup fluxes for geometry in Figure 2B are
calculated by volume-weighted method, and subsequent
resonance treatment will all adopt ring-wise geometry to
obtain material cross section.

3) Fine mesh in Figure 2A will continue to be used in the
transport module for eigenvalue calculation. At this time,
sectors in the same ring will have the same cross sections.

In this work, both resonant and non-resonant cross section
treatment will be carried out after completing geometry
treatment of transport module, which will provide all the
geometry information needed in resonance treatment. Geometry
information is defined in transport input file while the material
information is defined in material input file separately. After
SGFSP cross sections are set, fixed source solver of transport
module will be called to obtain SGFSP fluxes, which will be
used afterward in resonance interference and removal correction
to obtain effective material cross sections. The final effective
material cross section will be stored in variables defined
by the transport module when the resonance treatment is
completed. Transport module will continue to carry out the

FIGURE 9 | Geometry configuration of 17 × 17 assembly. (A) UO2 assembly, (B) MOX assembly.

TABLE 5 | Number densities of nuclides of UO2 and MOX assembly (barn/cm).

Isotope UO2-Gd2O3 (900K) Isotope Low pu (900K) Middle pu (900K) High pu (900K)

U-235 1.5122E−3 U-235 4.3463E−05 4.0212E−05 3.8000E−05

U-238 2.1477E−2 U-238 2.1408E−02 1.9812E−02 1.8724E−02

Gd-154 7.1289E−05 Pu-238 3.6652E−05 7.0251E−05 9.3169E−05

Gd-155 4.8938E−04 Pu-239 9.4712E−04 1.8154E−03 2.4075E−03

Gd-156 6.8028E−04 Pu-240 4.3265E−04 8.2927E−04 1.0997E−03

Gd-157 5.2077E−04 Pu-241 1.6026E−04 3.0720E−04 4.0739E−04

Gd-158 8.2650E−04 Pu-242 1.0984E−04 2.1052E−04 2.7920E−04

Gd-160 7.2761E−04 Am-241 4.6536E−05 8.9200E−05 1.1828E−04

O-16 4.5130E−02 O-16 4.6358E−02 4.6338E−02 4.6325E−02
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eigenvalue calculation. By coupling with MOC and CMFD
module, this work is capable to treat 2D or 3D scale problems.
Moreover, as cross section treatment can be handled by each
region independently, the parallel calculation based on domain
decomposition is applied in this work. Flow chart of the whole
calculating process is shown in Figure 3.

NUMERICAL VALIDATION

This work adopts the 47 energy group structure of HELIOS-1.11
(Kim et al., 2015) based on the ENDF VI library, in which the
resonance range is from 1.855 to 9118 eV. Benchmark used in this
work is selected from light water reactors which contains UO2

and MOX fuels with both fuel pin cell and PWR fuel assembly
(Yamamoto, 2004) and subgroup method illustrated in this work
will be used to calculate these problems. It is worthwhile to
mention that HELIOS-1.11 program is applied as a code-to-code
benchmark for the verification of the new developed code of
this work. The reference values of pin cell and lattice problems
are both provided by the report issued by Japan Atomic Energy
Research Institute (Yamamoto et al., 2002).

Single Cell Problems
Single cell problems contain two typical cases. One is a typical
UO2 pin and the other is a MOX pin, number densities of
isotopes contained in these two problems are shown in Table 3.
These two cases have the same geometrical configuration and
dimension, which is shown in Figure 4. In addition, the burn-up
processes of these two problems are also analyzed.

In the first problem, resonant isotopes include only U-238
and U-235 while the latter one also has plutonium and actinium
isotopes. It has a great increment of isotopes accumulated during
the burn up process and more than 100 isotopes would be
generated, and more than 20 of them are resonant isotopes.
Pin-averaged absorption cross sections of U-238 and U-235
of these two cases and Pu-239 and Pu-241 of MOX pin are
shown in Figures 5–7, respectively. Figure 8 gives the eigenvalue
calculated during the whole burn-up process with 73 steps.
The relative error of cross sections and error of eigenvalue
are calculated by Equation (12) and Equation (13) respectively,

where subscript x stands for values calculated by subgroup
method while ref stands for reference value.

Relative Error =
σx − σref

σref
× 100% (12)

Eigenvalue Error =
(

kx − kref
)

× 105 (13)

Learned from Figure 5, improved subgroup method (ISGM)
introduced in this work has a good performance to describe the
variations of U-238 absorption cross section both in UO2 and
MOX pin, of which the largest relative error is <0.6%. It should
be noticed that cross sections with energy range from 5∼7 to
10∼100eV, especially in energy around 6.7 eV, have significant
resonance peaks, so that its error shows amoderate rise compared
with other energy range. In general, ISGM precisely captured
the dramatic change of cross sections as well as resonance
interference effect of U-238.

From Figures 6, 7, it can be seen that ISGM has an obvious
improvement in figuring up cross sections for U-235 and
plutonium isotopes compared with U-238. It is reasonable
since resonance peaks them are not as remarkable as those
of U-238. The largest relative error of U-235 absorption cross
section of UO2 and MOX pin are both <0.3% and errors
are no more than 0.1% in most of the energy range. For Pu-
239 and Pu-240, errors slightly tend to be upward compared
with U-235 since their resonance peaks overlap more intensely
with U-238. However, the largest error of plutonium isotopes
is still <0.5%, indicating a good performance of ISGM for
resonance treatment.

Eigenvalue of the burn-up process is shown in Figure 8.
In this process, as the number of resonant isotopes increases

TABLE 6 | Eigenvalue of UO2 and MOX assembly.

Case UO2 assembly Error (pcm) MOX assembly Error (pcm)

Reference 1.13070 – 1.21156 –

SGM 1.13103 33 1.21086 −69

ISGM 1.13104 34 1.21087 −68

FIGURE 10 | Radial distribution of cross section for 5.72 eV to 7.34 eV of U-238. (A) Gadolinium pin, (B) MOX pin.
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dramatically, influence of resonance category is analyzed. In
Figure 8, SGM indicates for traditional subgroup method
without resonance category and ISGM has adopted resonance
category shown in Table 2. It can be seen that error for k effective
is <10 pcm for UO2 pin in the beginning for both SGM and
ISGM. As the burn-up goes on, errors have an increasing trend
with a downwards in the end. The largest error in the whole burn-
up process is 29 pcm for ISGM while −98 pcm for SGM, which
indicates both methods in this work has a good performance to
treat UO2 problems and its burn-up process. As for MOX pin,
the error becomes a little bit of larger since resonance isotopes
increase. The largest error occurs at the 19th burn-up step with
60 pcm for ISGM while −106 pcm for SGM at the last step,
which is also acceptable. ISGMonly takes resonant isotopes in the
same category into consideration, so that influence of resonance
peaks of other resonant isotopes is neglected, making values of
cross section smaller than that of SGM and this accounts for
the phenomenon that eigenvalue of ISGM is larger compared
with SGM. Table 4 compares the calculating burden of SGM and
ISGM in the 73rd burn-step of UO2. It can be seen that ISGM can
make a considerable reduction of the number of SGFSP equations
and also shows an improvement for resonance iteration number.
The total time for resonance treatment of ISGM is reduced by
35.5% compared with SGMwhile the accuracy is also guaranteed.

Assembly Problem
Assembly problems consist of a PWR UO2 fuel assembly
and a MOX fuel assembly, which are the same geometrical
configuration as a traditional 17 × 17 type PWR fuel design.
The UO2 assembly is composed of UO2 and UO2-Gd2O3 fuel
rods. The geometrical description and the configuration of the
assembly geometry are given in Figure 9A. The MOX fuel
assembly is the same geometrical configuration as the UO2

fuel assembly. Different from MOX single cell, the assembly is

composed of low, middle, and high Pu content fuel rods, which is
shown in Figure 9B. Materials of guide tubes and thimble tubes
of these two assemblies are the same as clad. Besides, the clad and
moderator material are the same as those of single cell problem.
In addition, UO2 in the first assembly is the same as that of
single cell. Isotope number densities of UO2-Gd2O3 and 3 types
ofMOX are shown inTable 5. The aim of these lattice problems is
to examine the ability of the subgroup method used in this work
to capture the resonance effect in strong absorbers and large scale
problems. In the calculating procedure, the boundary condition
is set to be reflective in all four sides.

Due to space self-shielding, fluxes would suffer a sharply
decrease from the pin surface to the inner side, making resonance
cross sections change dramatically along the radial direction even
with the same number density. To describe the detailed cross
section distribution, the Gadolinium pin is divided into 8 equal
volume rings along the radial direction while the UO2 pins have 3
rings. Each ring is also divided into 8 equal volume sectors in the
transport module as fluxes would vary in different region of the
same ring because of the asymmetric configuration of the lattice.
However, as illustrated before, sectors in the same ring would
have the same cross sections despite in reality they are different.
To analyze the influence of this simplification, radial distribution
of resonance cross sections from 5.72 to 7.34 eV of U-238
in Gadolinium pin and high Pu pin are shown in Figure 10.
In this figure, SGM represents for subgroup method with the
same geometry as transport module while ISGM represents for
resonance effect is calculated in ring-wise scale. In addition,
both SGM and ISGM adopts resonance category introduced in
Table 2. The reference value is given by fine mesh identical to
SGM, which is more precise theoretically.

For Gadolinium pin, resonance cross sections will change
more acutely due to the existence of strong absorbers, especially
for regions near the pin surface. It can be seen that even in the

FIGURE 11 | Error distribution of normalized lattice pin power of UO2 assembly. (A) SGM, (B) ISGM.

FIGURE 12 | Error distribution of normalized lattice pin power of MOX assembly. (A) SGM, (B) ISGM.
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TABLE 7 | Calculation burden of UO2 lattice.

Case Time (s) Proportion Memory

(MB)

Proportion

Resonance SGM 22.5 10.1% 228.8 55.5%

ISGM 17.1 7.8% 28.6 13.5%

Transport 202.6 – 183.3 –

same ring, cross sections of the outer-most side vary sharply.
SGM can describe this phenomenon accurately and its cross
section curve is almost entirely coincided. Errors of SGM are
<0.3% in all regions. As for ISGM, it is more like an average
value of cross section in the ring, cross sections in the sector-wise
region will have a larger relative error compared to the fine-mesh
reference value. Calculating results for high-Pu pin have the same
tendency, in which errors of SGM are <0.3% while the largest
error of ISGMwill be more than 5%. The influence of these errors
to eigenvalue and power distribution is shown in Table 6 and
Figures 11, 12, respectively.

Compared with the reference eigenvalue, errors of SGM and
ISGM are both <100 pcm, indicating these two calculating
options can both give an accurate effective multiplication
factor in spite of different cross sections. Particularly, difference
between eigenvalues of SGM and ISGM is negligible as only 1
pcm for both UO2 and MOX assembly. From Figures 11, 12,
errors of pin power distribution are also slight as the largest
one is <1%. For UO2 assembly, pins around Gadolinium pin
have a relatively higher error as strong absorber is harder to
deal with in referred to resonance effect. For MOX assembly,
relative error for pins in the outer side tend to rise as absolute
values of pin power are smaller in this region. In addition,
differences of pin power distribution between SGMand ISGMare
also insignificant with only 0.1% deviation. In general, accuracy
for eigenvalue and pin power distribution of SGM and ISGM
are the same satisfying for lattice physics calculation. Table 7
compares the calculating burden of SGM and ISGM in terms
of time-consuming and memory cost. It can be seen that ISGM
has an obvious improvement in both two aspects as resonance
interference effect and geometry setting are simplified. Only 7.8%
of total time and 13.5% of total memory is needed for ISGM to
provide effective region-wise macro cross sections while accuracy
is also assured. In this case, ISGM is a more appropriate method
to handle the resonance effect both accurately and effectively.

CONCLUSIONS

Subgroup method based on HELIOS−1.11 library is adopted to
develop the resonance calculating code in this work, which is
capable to satisfy the requirement for resonance treatment in
one-step reactor lattice physics calculation. This method could
be combined with the transport module for arbitrary geometry
to get subgroup fluxes for effective cross sections deduction.
Through Bondarenko iteration method, resonance interference
effect is taken into consideration. In addition, a simplified set of
subgroup parameters is used subgroup fixed source problems to
improve efficiency while a detailed subgroup flux is interpolated

to secure accuracy. Moreover, a resonance category is introduced
to simplify the process of resonance interference treatment and a
resonance geometry setting is analyzed to reduce the calculating
burden of time and memory usage. Series of simplified and
original subgroup levels and the integrated resonance category
are detailed illustrated in this work. The main innovation point
of this work is the realization of independent research and
redevelopment of a resonance treatment program, which is
capable to incorporate with the in-house transport and burn-up
code to compose a complete lattice physics analyzing program.
The performance of resonance treatment program is revalidated
by a series of publically released benchmarks. Numerical results
show that methods used in this work have a good performance
in calculating resonance cross sections, the eigenvalue and pin
power distribution accurately and effectively.
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