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The operational uncertainty of the power system is significantly increased by the high
penetration of renewable energy and diversification of load behavior, which have aroused
the novel research on stochastic steady-state security assessment (SSSA) urgently when
the operational condition gets worse and contingency happensmore frequently. First of all,
a novel contingency analysis model has been proposed based on chance constrained
optimal power flow (CCOPF) in this work, which is able to give a comprehensive
consideration on conventional generator outage, uncertainty of system operation and
load shedding of interruptible loads (ILs). Moreover, the proposed model is very practical
and can be solved much efficiently by an iteration method so that the purpose of secure
system operation after contingency can be better realized. Second, to further enhance the
steady-state security of the system, a novel pricing method for ILs has been developed
here. In addition, a composite contingency ranking index has been also established to
reflect the severity of generator outage more accurately. Finally, extensive study results
based on a modified IEEE-39 test system have demonstrated the validity of the proposed
model, which can hold a good balance amongst security, economy, controllability, and
maneuverability.

Keywords: stochastic steady-state security assessment, uncertainties, chance constrained optimal power flow,
generator outage, load shedding

1 INTRODUCTION

In recent years, power fluctuation caused by high penetration of renewable energy and diversification
of load behavior has significantly increased the operational security risk. Especially, system
contingency occurred much more frequently during the golden development period of
renewable generation (2015 Renewable Energy Data Book1), which means large-scale utilization
of renewable energy has indeed given a remarkable rise to the frequency of system contingency to
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some extent. Meanwhile, the electric utilities tend to operate the
system close to its limitation in context of liberalization market
(Seyed Javan et al., 2013), together with constant growth of
electricity consumption but delayed construction of power
infrastructure, which further expose the operational security
issues of the power system. Therefore, for a power system
which has high percentage of uncertainties and deteriorated
operational conditions, a novel stochastic steady-state security
assessment (SSSA) method is urgently required to evaluate
system security level much more accurately and to put
forward reasonable measures to deal with potential contingency.

The contingency situations considered in SSSA generally
contain the outage of the generator and branch
(i.e., transmission line or transformer) (Sunitha et al., 2013;
Varshney et al., 2016; Roberto and Patelli, 2018; Huang et al.,
2019). Most studies focus on branch outage only (Sunitha et al.,
2013; Varshney et al., 2016; Roberto and Patelli, 2018), some
studies take both into consideration (Huang et al., 2019), but few
studies mainly focus on generator outage (Eygelaar et al., 2018).
However, compared to branch outage, much more tougher
challenges are brought to operational security by generator
outage because of its higher probability and much more
serious influence (Eygelaar et al., 2018), especially in stochastic
situations. Therefore, this paper concentrates on the impact of
generator outage in stochastic SSSA.

As an important alternative to conventional fossil energy,
wind power generation technology becomes relatively mature,
which is much more suitable for large-scale development and
operation; thus, it occupies a high percentage amongst the
renewable energy. System spinning reserve has been sharply
reduced as more conventional generators are replaced by wind
turbines, which results in larger power shortage after generator
outage. In most existing studies, power shortage can only be
balanced by conventional generator adjustment with low cost
(Duan and Zhang, 2014; Negnevitsky et al., 2015). However, rated
capacity and ramp rate limit its applicable situation. Thus, some
studies employed load shedding (Negnevitsky et al., 2015) or
energy storage (Pudjianto et al., 2014) technology to deal with
power shortage, but they hardly investigate from the perspective
of SSSA. Meanwhile, the cost of energy storage is relative high in
that the life cycle of energy storage is relatively short (Khodadoost
Arani et al., 2019) and large-capacity storage technology is still
not mature (Álvaro et al., 2019). Therefore, load shedding based
on interruptible loads (ILs) is a great approach owing to its fast
response speed and comparatively low cost.

A major feature of wind power generation is that the output
power will change randomly in a large range (Zhu et al., 2018),
which further exacerbates the fluctuation of the power shortage.
Moreover, the uncertainties of wind generation and load (Ahmad
et al., 2018) will result in probabilistic operational conditions,
whichmeans it is necessary to adopt stochastic methods for SSSA.
These stochastic methods such asMonte Carlo Simulation (MCS)
are still based on deterministic power flow (PF) models, which
can be divided into a direct current (DC) model (Negnevitsky
et al., 2015) and alternating current (AC) model (Sunitha et al.,
2013; Duan and Zhang, 2014). The calculation speed of the DC
model is relatively fast owing to its linear model. However, the

information of bus voltage magnitude and branch reactive flow is
neglected, which leads to relatively poor accuracy. Meanwhile, the
nonlinear AC model can cover the system information
comprehensively. The contingency analysis model can be also
divided into a conventional probabilistic power flow (PPF) model
and stochastic optimal power flow (OPF) model according to
whether involving an optimal method or not. Inequality
constraints in the latter model make control variables or state
variables within or slightly exceed their limit, which can
coordinate the security and economy of system operation.
Therefore, the focus of this work is SSSA based on stochastic
AC-OPF in combination with load shedding, whose
characteristics will be introduced in detail in the following.

The stochastic OPF models generally include the probabilistic
OPF (POPF) model (Jia and Zheng, 2017), robust OPF (ROPF)
model (Yang et al., 2016), and chance constrained OPF (CCOPF)
model (Roald et al., 2015; Roald and Andersson, 2018). The
distributions of state variables and control variables can be
obtained by the POPF model, while in ROPF, constraints must
be satisfied in the worst operational scenario and the results of
variables are intervals. The common inequality constraints in the
POPF model are transformed into chance constraints in the
CCOPF model, which allow system variables within or slightly
exceed their limit to coordinate security and economy. Moreover,
the results of the CCOPF model are deterministic, which is much
more likely to be accepted by system operators. On the contrary,
the results of POPF and ROPF are not deterministic, and the latter
one probably leads to immeasurable cost. Therefore, CCOPF can
be regarded as an optimization model that achieves a good balance
amongst security, economy, and applicability of power system
operation. To the author’s limited knowledge, few studies consider
and discuss load shedding-based CCOPF (CCOPF-L), not even to
mention making its results as evaluation indicators and response
measures for SSSA.

To address the issues mentioned above, a novel SSSA model is
proposed based on AC-CCOPF. The proposed model gives a
comprehensive consideration of conventional generator outage,
uncertainty of system operation, and load shedding of ILs,
especially under stochastic situations, i.e., stochastic SSSA. The
main contributions of this paper are threefold:

1) To take various operational factors into account and make
it much more practical than the conventional DC model, a
load shedding-based AC-CCOPF model for stochastic
SSSA is proposed, and also, it can be solved efficiently
by an iteration method with full use of probabilistic
characteristics

2) To further enhance the steady-state security level after
contingency, a novel pricing method for ILs is developed
based on their contribution to system security, which can be
treated as a preprocessing step for the proposed model
mentioned above

3) To quantify the generator outage severity more accurately, a
novel contingency ranking index to give a comprehensive
consideration on the cost is established, which can better
balance power shortage and the overload situation of branch
MW flow/bus voltage magnitude after contingency

Frontiers in Energy Research | www.frontiersin.org March 2022 | Volume 10 | Article 7702132

Zhou et al. SSSA Via CCOPF-Based Load Shedding

https://www.frontiersin.org/journals/energy-research
www.frontiersin.org
https://www.frontiersin.org/journals/energy-research#articles


Moreover, there are some common advantages of the
proposed CCOPF model for stochastic SSSA. First, the
overload probability of operational parameters can be
controlled after each contingency. Meanwhile, compared to
deterministic SSSA, the CCOPF-based N-2 criterion makes a
reasonable compromise between economy and security, where
the N-1 criterion is not sufficient to guarantee the security while
the N-2 criterion is too costly. In addition, the defense measures
obtained by the proposed method have a great maneuverability
even in stochastic situation.

The remaining sections of this article are organized as follows.
Section 2 introduces several common stochastic SSSA methods.
In Section 3, the stochastic SSSA method based on the CCOPF
model with load shedding is formulated and its solving procedure
is also presented. In Section 4, some comparisons are made
among SSSA methods introduced in Section 2 and the proposed
method. Finally, some conclusions are drawn in Section 5.

2 TRADITIONAL SSSA OF POWER SYSTEM

SSSA focuses on whether the power system possesses an ability to
reach a new secure steady state for a pre-selected contingency,
which neglects the transient procedure in essence. The general
framework of SSSA (Hatziargyriou et al., 1994) contains
contingency definition, contingency analysis, and contingency
ranking. Due to the existence of power fluctuations of wind
generation and load consumption, it becomes necessary to
adopt the stochastic method for contingency analysis, and a
detailed process of stochastic SSSA is summarized in Figure 1.

As shown in Figure 1, the stochastic SSSA majorly consists of
three steps, and their features are introduced. The first step
determines the target contingencies, and the generator outage is
selected here. The second step contains the core of stochastic SSSA,
as well as more scenarios covered in it compared with deterministic
SSSA. Actually, the contingency analysis constitutes the most
central focus of this paper, which is presented in detail in this
section and the next section. In addition, the sampling method for
covering stochastic scenarios and the compositive ranking index to
capture the system security comprehensively are also research
focuses, and they will be introduced in Section 3.4 and Section
3.5, respectively. The last step is to evaluate the severity of
predefined contingencies particularly and rank contingency
based on the corresponding results of the second step.

First, all stochastic SSSA methods are based on the
deterministic PF equations. The pre-contingency state of the
system is the base case, in which there is no failure, while the
wind generation and load consumption are both forecasted
values. AC PF Eq. 1a at the base case are briefly introduced
here. Assume that the total bus number in the power system isN,
and each bus has a traditional generator, a wind power generator,
and a load. Buses without generation or load can be handled by
setting the respective entries to zero, and the buses with multiple
entries can be handled through a summation.

P(0)
gi + P(0)

wi − P(0)
di − V(0)

i ∑N
j�1
V(0)

j (Gijcosθ
(0)
ij + Bijsinθ

(0)
ij ) � 0 (1a)

Q(0)
gi + Q(0)

wi − Q(0)
di − V(0)

i ∑N
j�1
V(0)

j (Gijsinθ
(0)
ij − Bij cos θ

(0)
ij ) � 0

(1b)
where P(0)

gi , Q
(0)
gi , P

(0)
wi , Q

(0)
wi , P

(0)
di , and Q(0)

di denote the active and
reactive power of the traditional generator, wind power generator,
and load at bus i, respectively. Gij and Bij are the real and
imaginary parts of the element at the ith row and jth column of
the admittance matrix. V (0)

i is the voltage magnitude at bus i, and
θ (0)
ij denotes the phase angle difference from bus i to j. Superscript

“(0)” indicates it is relevant to the base case. Eq. 1a need to be
satisfied all the time. However, there will be a power shortage after
generator outage together with the power fluctuations. Thus, the
following work focuses on how to effectively and economically
restore the power shortage in a stochastic context.

We define that Cm represents the bus set of target tripping
generators. When the mth contingency occurs, the total power
imbalance can be determined by the following equation:

Δ~P(m) � ∑
f

P(0)
gf +∑N

i�1
(P(0)

wi − ~P
(m)
wi )

−∑N
i�1
(P(0)

di − ~P
(m)
di ), ∀ f ∈ Cm, (2)

where the symbol “~” above each variable represents a random
variable, which is impacted by the power fluctuations. The
superscript “(m)” corresponds to the mth contingency. Thus,
Δ~P

(m)
is the power shortage of the mth contingency, majorly

arisen from the output reduction of tripping generator as well as
power fluctuations. The meanings of ~P

(m)
wi and ~P

(m)
di can be

FIGURE 1 | The process of traditional stochastic SSSA.
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known by the similar way. Proposing a measure to balance the
power shortage effectively and economically is an important
component of the second step in SSSA, and the corresponding
three common methods in stochastic context are introduced in
the following subsections.

2.1 Stochastic SSSA by the Use of
PPF-Based Generation Adjustment
Power shortage in traditional stochastic SSSA is mainly balanced
by adjusting the output of conventional generators (Duan and
Zhang, 2014), which can tackle power fluctuations by MCS. The
participation factor α (m)

i of the remaining generator at bus i after
the mth contingency, responsible of eliminating power deviation,
can be determined according to its original output at the base
case. Therefore, the active power output of each traditional
generator can be updated by Eq. 3 after the mth contingency.

~P
(m)
gi � 0 ∀ i ∈ Cm (3a)

~P
(m)
gi � P(0)

gi + α(m)
i Δ~P

(m)
, ∀ i ∈ GθV, i ∈ GPV, i ∉ Cm (3b)

α(m)
i � P(0)

gi / ∑N
j�1,j ∉ Cm

P(0)
gj ∀ i ∈ GθV, i ∈ GPV, i ∉ Cm (3c)

where ~P
(m)
gi represents the active power output of the traditional

generator after contingency. GθV and GPV denote the swing bus
and PV buses sets, respectively. Eq. 3a shows that the output from
the tripping generator is zero after contingency. Hence, the PF
equation of the system can be represented as follows:

~P
(m)
gi + ~P

(m)
wi − ~P

(m)
di − ~V

(m)
i ∑N

j�1
~V
(m)
j (Gijcos~θ

(m)
ij + Bijsin~θ

(m)
ij ) � 0

(4a)
~Q
(m)
gi + ~Q

(m)
wi − ~Q

(m)
di − ~V

(m)
i ∑N

j�1
~V
(m)
j (Gijsin~θ

(m)
ij − Bij cos ~θ

(m)
ij ) � 0

(4b)
~P
(m)
gi � 0 ; ~Q

(m)
gi � 0 ∀ i ∈ Cm (4c)

In essence, the calculation based on Eq. 4a can be regarded as
PPF analysis, which is normally realized by repeating the
deterministic PF calculation. Correspondingly, the stochastic
SSSA method introduced in this section can be abbreviated as
“PPF-G” in this article. However, the drawback of this method is
that the adjustable power of generator output will be restricted by
ramp rate and capability in practice, while the method in Section
3.2 with IL to balance the power mismatch can get rid of such
restriction.

2.2 Stochastic SSSA by PPF Based Load
Shedding
We assume that the maximum adjustment of each traditional
generator after contingency was 3% (Polymeneas, 2015) of its
output power at the base case due to its restricted adjustment
ability, and the total adjustable power of generators ΔP(m)

G after
the mth contingency can be denoted by the following equation:

ΔP(m)
G � 0.03∑N

i�1
P(0)
gi ∀ i ∉ Cm . (5)

When Δ~P
(m)

is no more than ΔP(m)
G after themth contingency,

only traditional generators participate to share the power
shortage as depicted in Eq. 3a. Otherwise, all the operating
generators’ active power outputs are first increased by
0.03 P(0)

gi , and ILs are in charge of balancing the residual
power shortage according to their capacities.

α(m)
ILi � Pmax

ILi /∑N
j�1
Pmax
ILi (6a)

~P
(m)
ILi � α(m)

ILi (Δ~P
(m) − ΔP(m)

G ) (6b)
~Q
(m)
ILi � ri ~P

(m)
ILi (6c)

where α (m)
ILi is the participation factor of IL at bus i. Pmax

ILi and
~P
(m)
ILi represent the IL capacity and load shedding amount at bus i,

respectively. ri denotes the constant ratio between the reactive
and active power of load at bus i, which implies that the power
factor of IL at bus i remains unchanged. Consequently, the PF
Equations 4a,b after contingency can be replaced by Equations
7a,b when the power shortage is balanced by both generators
and ILs.

~P
(m)
gi + ~P

(m)
wi − ~P

(m)
di + ~P

(m)
ILi

− ~V
(m)
i ∑N

j�1
~V
(m)
j (Gijcos~θ

(m)
ij + Bijsin~θ

(m)
ij ) � 0 (7a)

~Q
(m)
gi + g ~Q

(m)
wi − ~Q

(m)
di + ~Q

(m)
ILi

− ~V
(m)
i ∑N

j�1
~V
(m)
j (Gijsin~θ

(m)
ij − Bij cos ~θ

(m)
ij ) � 0 (7b)

where ~P
(m)
ILi and ~Q

(m)
ILi present the active and reactive power of IL

to be cut. Therefore, the calculation based on Eq. 7a can be
regarded as PPF analysis as well. Accordingly, the stochastic SSSA
method introduced in this section can be abbreviated as “PPF-L”
in this paper.

The adoption of the ILs to be cut in the PPF-L model canmake
the off-limit amplitude of the operating parameters after
contingency smaller than that in the PPF-G model, and the
consideration on a finite ramp rate of the generator makes
SSSA results closer to the actual situation. However, the
operating parameters could still exceed the limits in a few
cases; especially, the off-limit probability is completely
uncontrollable. Therefore, the POPF with consideration of
load shedding is introduced in the following to balance the
power vacancy, which keeps the operating parameters from
violation after contingency.

2.3 Stochastic SSSA by POPF-Based Load
Shedding
Both the PPF-G model and PPF-L model introduced above
are relevant to PPF problems in essence, and the POPF model
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in this section can be established by replacing each
deterministic PF calculation in the PPF problem with the
deterministic OPF calculation, solved still in combination
with MCS. The POPF problem contain ILs to eliminate the
power imbalance after a contingency can be represented by
the following equations:

min ∑N
i�1
(ai(~P(m)

gi )2

+ bi ~P
(m)
gi + ci) +∑N

i�1
CILi

~PILi (8a)

~P
(m)
gi + ~P

(m)
wi − ~P

(m)
di + ~P

(m)
ILi − ~V

(m)
i ∑N

j�1
~V
(m)
j (Gijcos~θ

(m)
ij + Bijsin~θ

(m)
ij )

� 0

(8b)
~Q
(m)
gi + ~Q

(m)
wi − ~Q

(m)
di + ~Q

(m)
ILi

− ~V
(m)
i ∑N

j�1
~V
(m)
j (Gijsin~θ

(m)
ij − Bij cos ~θ

(m)
ij ) � 0 (8c)

Pmin
ij ≤ ~P

(m)
ij ≤Pmax

ij (8d)
Vmin

i ≤ ~V
(m)
i ≤Vmax

i (8e)
~P
min

gi ≤ ~P
(m)
gi ≤ ~P

max

gi (8f )
Qmin

gi ≤ ~Q
(m)
gi ≤Qmax

gi (8g)∣∣∣∣∣~P(m)
gi − P(0)

gi

∣∣∣∣∣≤ΔPgi (8h)
0≤ ~P

(m)
ILi ≤P

max
ILi (8i)

~Q
(m)
ILi � ri ~P

(m)
ILi (8j)

The objective function Eq. 8a is to minimize the cost of active
power output of the traditional generator and IL curtailment after
contingency. ai, bi, and ci are defined as the quadratic, linear, and
constant cost coefficients for traditional generation cost. Both
equality constraints and inequality constraints are used for all the
sampling scenarios considering the power fluctuations. (Eqs 8b,c)
are equality constraints in terms of AC PF equations. Eq. 8
indicate the limits of branch active PF, bus voltage magnitude,
and active and reactive output of the generator, respectively. (Eq.
8h) signifies that the change of generator output between the base
case and post-contingency state is limited due to the restricted
adjustment ability, while Eq. 8i denotes the limits of the IL. In
addition, Eq. 8j indicates that the power factor of load remains
unchanged. Solving the POPF problem, Eq. 8, based on ILs, the
probabilistic distributions of load curtailment, bus voltage, and
branch active power after the mth contingency can be obtained.
Hence, such a stochastic SSSA method can be abbreviated as
“POPF-L” in the following discussion.

Since the relationships for the samples after contingency are
independent in the POPF-L model, the load shedding scheme
would vary sharply along with the power fluctuations, which is
complex and cumbersome for the system operator. This indicates
that the effect of the same load shedding on the off-limit
situations of variables depends on operating conditions after
the same contingency; that is, the selection of different ILs to
participate in balancing power shortage will have a significant

impact on the security of the power system. In addition, the
economic cost of satisfying the constraints by the use of POPF-L
in stochastic scenarios after contingency is also unattainable. To
keep a trade-off between the operation economy and security of
the power system, a stochastic SSSAmethod based on the CCOPF
problem for balancing such fluctuating power shortage with
controllable off-limit probability and relatively low operation
cost will be introduced in Section 3.

3 STOCHASTIC SSSA BY CCOPF BASED
ON LOAD SHEDDING

ILs are the primary sources to balance power shortage after
contingency, so they are treated as the control variables to
minimize the objective function value in both the POPF-L
model and CCOPF-L model introduced in the following for
stochastic SSSA. The “unit price” of each IL can directly affect
the final load shedding strategy and indirectly affect the off-limit
situations of some variables, which can reflect the security level of
the system in operation. Thus, it is necessary to properly
determine the corresponding “unit price” of each IL according
to its influence on the system security. Therefore, the calculation
method for “unit price” of each IL is defined and proposed first in
Section 3.1, while the modeling and the related solving process of
the CCOPF-L model are introduced in Section 3.2 to Section 3.4.
In addition, the ranking index (RI) for the stochastic SSSA
method is presented at the end of this section.

3.1 Contribution Index and “Unit Price” of
Each IL
To make full use of the ability of IL to maintain system security
after contingency, it is necessary to carry out a security
assessment for each IL in advance. For this purpose, a
contribution index (CI) is introduced to evaluate the
importance of each unit load shedding to the system
security with respect to branch active PF. The relationships
between bus injection powers and bus voltages can be
expressed as follows:

[ΔP
ΔQ

] � [H N
J L

][Δδ
ΔU

], (9)

where H, N, J, and L are the elements of the Jacobian matrix
and Δδ and ΔU denote the change vectors of voltage phase angle
and magnitude, while ΔP and ΔQ indicate the mismatch vectors
of bus injected active and reactive power. The relationships
between branch powers and bus voltages can be described as
follows:

[ΔPB

ΔQB
] � [T1 T2

T3 T4
][Δθ

ΔU
], (10)

where T1, T2, T3, and T4 can be obtained by the relationships
between branch powers and bus voltages, while Eq. 11 can be
obtained by combining Eq. 9 with Eq. 10.
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[ΔPB

ΔQB
] � [T1 T2

T3 T4
][H N

J L
]−1[ΔP

ΔQ
]

� [ SPB,P SPB,Q
SQB,P SQB,Q

][ΔP
ΔQ

]. (11)

Equation 11 represents the effect of changed injection power
on branch power variation. Load curtailment mainly decreases
the injected power, which will directly affect the branch active
power. The small values of SQB,P and SQB,Q indicate the influence
of injection power on branch reactive power is low enough to be
negligible, and its impact on bus voltage can be neglected in a
similar way. Thus, the CI of each IL bus, i.e., CIisec, can be defined
according to its total effect on all the branch active powers.

CIisec � ∑
j∈SB

(ωj((SPB,P)(j,i) + ri(SPB,Q)(j,i)))/Pmax
Bj , ∀i ∈ SIL,

(12)
where the subscript “(j, i)” of SPB,P and SPB,Q signifies the item
located at the ith column and jth row of the corresponding matrix;
ωj denotes weight coefficient of branch j which is defined by its
load rate after contingency. SB represents the branch set of the
system, and SIL denotes the bus set of ILs. Pmax

Bj represents the
transmission capacity of branch j. Since the relationship between
the injection power and branch power will change with the
contingencies, the influence of removing the same amount of
the same IL on different contingencies is also different; thus, the
specific CI of each bus depends on the contingencies.

We assume that the “unit price” range of load buses is
[Cmin

IL , Cmax
IL ] based on the actual situation. To reflect the

security via the objective function for each contingency, the
“unit price” of the load bus with the maximum CI is Cmin

IL ,
while with the minimum CI corresponds to Cmax

IL , so the “unit
price” of IL buses can be defined in what follows:

CILi � Cmax
IL − Cmax

IL − Cmin
IL

max(CIsec) −min(CIsec) (CIisec −min(CIsec)).
(13)

According to the pricing methodmentioned above, the higher the
system security becomes with a unit IL removed after
contingency, the lower the corresponding “unit price” of that
IL will be. Therefore, the problem of minimizing the objective
function value is equivalent to the problem of maximizing the
system security to withstand a contingency. In general, the “unit
price” can be regarded as a pretreatment for guaranteeing system
security after contingency, the purpose of which is to highlight the
involvement level or the security weights of ILs even in
combination with the actual “unit price.”

3.2 Modeling of CCOPF Based Load
Shedding
In response to the abovementioned problem of volatile IL
shedding schemes in the POPF-L model, CCOPF just makes
some adjustments to the IL shedding strategy in order to deal with
power fluctuations, which makes the violation probabilities of

system operating parameters acceptable. The CCOPF-based load
shedding can be built and represented by the following equations:

min ∑N
i�1
(ai(P(m)

gi )2 + biP
(m)
gi + ci) +∑N

i�1
CILiPILi (14a)

~P
(m)
gi + ~P

(m)
wi − ~P

(m)
di + ~P

(m)
ILi

− ~V
(m)
i ∑N

j�1
~V
(m)
j (Gij cos~θ

(m)
ij + Bij sin~θ

(m)
ij ) � 0 (14b)

~Q
(m)
gi + ~Q

(m)
wi − ~Q

(m)
di + ~Q

(m)
ILi

− ~V
(m)
i ∑N

j�1
~V
(m)
j (Gij sin~θ

(m)
ij − Bij cos ~θ

(m)
ij ) � 0 (14c)

Pr(~P(m)
ij ≤Pmax

ij )≥ 1 − εL (14d)

Pr(~P(m)
ij ≥Pmin

ij )≥ 1 − εL (14e)

Pr( ~V(m)
i ≤Vmax

i )≥ 1 − εV (14f )

Pr( ~V(m)
i ≥Vmin

i )≥ 1 − εV (14g)

Pr(~P(m)
ILi ≤P

max
ILi )≥ 1 − εIL (14h)

Pr( ~Q(m)
ILi ≤Q

max
ILi )≥ 1 − εIL (14i)

Pmin
gi ≤ ~P

(m)
gi ≤Pmax

gi (14j)
Qmin

gi ≤ ~Q
(m)
gi ≤Qmax

gi (14k)∣∣∣∣∣~P(m)
gi − P(0)

gi

∣∣∣∣∣≤ΔPgi (14l)
As shown in Eq. 14a, the objective of the model is to minimize the
cost of forecasted active power generation, i.e., P (m)

gi and IL
curtailment after contingency, so it is a deterministic value even
under the influence of power fluctuations. Equation 14a are the
chance constraints of branch active power, voltage magnitude,
and ILs. εL, εV, and εIL denote the acceptable off-limit probability
of the inequality constraints for the responding parameters, and
the smaller these values are, the higher the security of the system
will be guaranteed, which can be set according to the actual
requirements. Thereby, this model for SSSA can be abbreviated as
“CCOPF-L” herein.

Compared with the POPF-L model, CCOPF-L allows a certain
probability to exceed the limit, which avoids the huge economic
cost on excessive system security to some extent. In addition, the
operation process is closer to practice by determined control of
ILs; thus, the stochastic SSSA method based on the CCOPF-L
model makes more practical sense.

3.3 Solution of the CCOPF-L Model
From the modeling perspective, CCOPF-L transforms the
inequality constraints of POPF-L into chance constraints, and
it also makes the final result a deterministic value and the solving
process more complex. The reformulation of the chance
constraint Eq. 14d is taken as an example. When the bus
power injections deviate from the initial base value, the branch
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active power flows in the system vary accordingly. The power flow
on branch i − j can be regarded as the sum of the power flow at
the base operating point P0

ij and a deviation ΔPij:

Pij � P0
ij + ΔPij. (15)

In combination with Eq. 11, the active power flow deviations can
be represented as follows:

ΔPB � [ SPB,P SPB,Q ][ΔPΔQ] � ΛL[ΔPΔQ]. (16)

The chance constraint (Eq. 14d) in Section 3.2 can be
replaced by

Pr(P0
ij + ΛL(ij,·)[ΔP;ΔQ]≤Pmax

ij )≥ 1 − εL . (17)

We assume that both ΔP and ΔQ are aero-mean random variables
with covariance matrix ΣINJ ∈ RNINJ×NINJ indicating the
uncertainty level of deviation. By applying the properties of
random distribution, (17) can be rewritten as

P0
ij + F−1(1 − εL)

����������������
ΛL(ij,·)ΣINJ(ΛL(ij,·))T

√
≤Pmax

ij . (18)

Furthermore, Eq. 18 can be rearranged as

P0
ij ≤P

max
ij − F−1(1 − εL)

����������������
ΛL(ij,·)ΣINJ(ΛL(ij,·))T

√
, (19)

where F−1 is the inverse function of variable cumulative
distribution. For the lower bound of active apparent power
flow, the similar result can be derived as inequality constraint
Eq. 20, and chance constraint Eqs 14e can be reformulated by the
similar method.

P0
ij ≥P

min
ij − F−1(1 − εL)

����������������
ΛL(ij,·)ΣINJ(ΛL(ij,·))T

√
. (20)

Note that the term F−1(1 − εL)
���������������
ΛL
(ij,·)ΣINJ(ΛL

(ij,·))T
√

keeps always
positive when εL < 0.5. This term represents a tightening for
constraints (19) and (20), meaning a decrease in the available
capacity. This decrease can be regarded as the uncertainty
margin, which is necessary to keep the branches secure with a
probability 1 − εL. According to Roald and Andersson (2018),
the stochastic programming can solve the uncertainty margin.
Taking voltage constraint as an example, a Monte Carlo
simulation can determine the voltage distribution function.
The base voltage of bus i is Vi(x), the upper (1 − εV) and lower
(εV) quantiles of the distribution are denoted by V1−εV

i (x) and
VεV

i (x), respectively, and the upper and lower voltage
uncertainty margins of bus i can be calculated by λUV,i � V1−εV

i −
Vi(x) and λLV,i � Vi(x) − VεV

i . Similarly, the uncertainty
margins of other chance constraints can also be obtained by
this simulation method.

Applying the analytical reformulation to all chance constraints
and using the definition of the uncertainty margins from the work

of Roald and Andersson (2018), Eq. 14a can be reformed as Eq.
21a below

min ∑N
i�1
(ai(P(m)

gi )2 + biP
(m)
gi + ci) +∑N

i�1
CILiPILi (21a)

P(m)
gi + P(m)

wi − P(m)
di + P(m)

ILi

−V(m)
i ∑N

j�1
V(m)

j (Gij cosθ
(m)
ij + Bij sinθ

(m)
ij ) � 0 (21b)

Q(m)
gi + Q(m)

wi − Q(m)
di + Q(m)

ILi

−V(m)
i ∑N

j�1
V(m)

j (Gij sinθ
(m)
ij − Bij cos θ

(m)
ij ) � 0 (21c)

Pmin
ij + λLL ≤P

(m)
ij ≤Pmax

ij − λUL (21d)
Vmin

i + λLV ≤V
(m)
i ≤Vmax

i − λUV (21e)
Pmin
ILi + λLIL ≤P

(m)
ILi ≤P

max
ILi − λUIL (21f )

Qmin
ILi + λLILri ≤Q(m)

ILi ≤Qmax
ILi − λUILri (21g)

Pmin
gi ≤P(m)

gi ≤Pmax
gi (21h)

Qmin
gi ≤Q(m)

gi ≤Qmax
gi (21i)∣∣∣∣∣P(m)

gi − P(0)
gi

∣∣∣∣∣≤ΔPgi (21j)
The detailed steps of an iterative procedure for solving the
CCOPF-L problem are given in what follows:

The second step, i.e., contingency analysis, in Figure 1 of the
traditional stochastic SSSA is replaced with more details in Figure 2.
The difference of the four contingency analysis methods lies in the
treatments of balancing power shortage after contingency. The
improved sampling method and composite ranking index are
described in detail in the following, while the contingency
ranking results are shown in Section 4.2.

3.4 Improved Sampling Method
The sampling method is used to generate samples to describe
uncertainties of wind power and load power, which is needed
for all the four power balance methods in stochastic SSSA. In
practical application, the solution speed of SSSA is required to
be high, but the solution time increases with samples.
Therefore, the selection of reasonable and effective samples
is crucial to improve the efficiency of stochastic SSSA.
Compared with MCS, Latin hypercube sampling (LHS) can
cover a much larger sampling space of the input random
variables with the identical sample size, and also, it is more
robust, so it is selected as the sampling method in this paper. The
procedure of LHS can be divided into two main steps including
sampling and permutation. The cumulative distribution function
(CDF) FK of input variable X1, . . . , XK ranges from 0 to 1, which
is divided into NC (NC is also called as the sample size) non-
overlapping intervals of equivalent length, i.e., 1/NC. One
sampling value is generated from each interval by choosing the
midpoint; then, the sample value is obtained through the inverse
function of FK. So, the nth sample of XK can be determined as
follows:
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xKn � F−1
K (n − 0.5

NC
). (22)

The LHS method changes the order of sampling values of each
random variable by permutation, making the correlations tend to
theoretical values. Common permutation methods include
genetic algorithm (Xu et al., 2017), Cholesky decomposition
(Cai et al., 2013), and ranked Gram–Schmidt
orthogonalization (Owen, 1994). Cholesky decomposition is
selected herein owning to its slight computational burden, and
the steps of such permutation can be summarized as follows:

It is worth noting that the solution of Dset is obtained through
NATAF transformation, and the solution is referred to a fast
method (Lin et al., 2020).

3.5 Ranking Index of SSSA
The composite security index defined as Eq. 23 (Sunitha et al.,
2013) can be used to describe the security level of the power
system after contingency, which covers the impact of the off-

limit amplitude and off-limit probability of both branch active
power and voltage magnitude. Two types of limits are defined
herein, i.e., security limit and alarm limit, to get a reasonable
composite index. The security limit denotes the maximum
limit, while the alarm limit provides alarm zones adjacent to
the security limit.

PIc � ⎡⎢⎢⎣∑NC

n�1
⎛⎝∑N

i�1
(du

vi,n/gu
vi)2h +∑N

i�1
(dl

vi,n/gl
vi)2h +∑NB

j�1
(dpj,n/gpj)2h⎞⎠⎤⎥⎥⎦ 1

2h/NC,

(23)
where d u

vi,n/ d
l
vi,n and dpj,n denote the normalized limit violation

beyond the alarm limit for upper/lower voltage and branch active
PF, respectively, which can be obtained by Eq. 24a–c. g u

vi , g
l
vi and

gpj are normalization factors for these variables in Eq. 25a. h is
the exponent used in the hyper-ellipse equation, and its value is
chosen as “2” since the approximation of hyper-box to the hyper-
ellipse will not be significantly improved beyond “h = 2” (Sunitha
et al., 2013). NC is the quantity of samples. Thus, as the mean

Procedure: solving the CCOPF-L problem

1. NC scenarios are generated to capture uncertainties, and the “unit price” of each IL after the mth contingency is calculated by Eqs 9–13
2. The uncertainty margins are initialized, and λL(0)L � λU(0)L � λL(0)V � λU(0)V � λL(0)IL � λU(0)IL � 0 and iteration count k = 1 are set; the generation of outage generator is zero. The
load power and wind power output are set to the predicted value, and the upper and lower limits of all the traditional generator output are increased and decreased by 0.01 P(0)

gi

to relieve some power imbalance arisen from the contingency
3. AC-OPF is solved, the deterministic AC-OPF defined by Eqs 21a–j is conducted with fixed λ(k−1), and solutions of branch active power, voltage magnitude, and IL
curtailment for the forecasted operating point can be obtained
4. Generators output limits are adjusted, for the PV bus, and we increase the upper limits and decrease the lower limits of all the traditional generator output by 0.02 P(0)

gi to
depress the power fluctuations.
5. ACPPF is solved, deterministic PF is conducted forNC samples considering the power fluctuations, and then, the statistical data of voltagemagnitude, branch active power,
and load curtailment are recorded.
6. The uncertainty margins of the current iteration are determined by the corresponding probabilistic distributions of variables. Then, the maximum deviation in the uncertainty
margins of ILs is evaluated with the last iterations, i.e., ηL(k)IL � max{|λL(k)IL − λL(k−1)IL |} and ηU(k)IL � max{|λU(k)IL − λU(k−1)IL |}.
7. Checking convergence: the maximum change is compared with the stopping criteria ηL(k)IL ≤ η̂LIL and ηU(k)IL ≤ η̂UIL. If the criteria are satisfied, the calculating procedure
terminates. If at least one stopping criterion mentioned above is not satisfied, the iteration count is made to k = k+1, while decreasing the upper limits and increasing the lower
limits of generator output by 0.02 P(0)

gi and moving back to step 3.

FIGURE 2 | Contingency analysis with the CCOPF-L method.

Procedure: permutation

1. Input variables X1 , . . . , XK are sampled to build the sample matrix S
2. A random sequence matrix A is generated, andWA is the corresponding correlation coefficient matrix of A. IfWA is positive definite, it can be decomposed by the Cholesky
approach: WA � RART

A , where RA is a lower triangular matrix
3. The specified correlation coefficient matrix is Wset, and Rset is its lower triangular matrix
4. DA � R−1

A and Dset � RsetDA are set, the original sample matrix S is sorted according to Dset, and then, a desired sample matrix Sset can be obtained
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value of calculation on these samples, PIc can be obtained for
each contingency.

du
vi � {(Vi,n − Fu

i )/Vd
i ; if Vi,n >Fu

i

0; if Vi,n ≤Fu
i

(24a)

dl
vi � {(Fl

i − Vi,n)/Vd
i ; if Vi,n <Fl

i

0; ifVi,n ≥Fl
i

(24b)

dpj � {(∣∣∣∣Pj,n

∣∣∣∣ − PFj)/baseMVA; if
∣∣∣∣Pj,n

∣∣∣∣>PFj

0; if
∣∣∣∣Pj,n

∣∣∣∣≤PFj

(24c)

where Vi,n and V d
i indicate the practical and desirable voltage

magnitude at bus i, respectively. F u
i and F l

i denote the upper and
lower alarm limits of bus voltage. |Pj,n| and PFj are the absolute
value and alarm limit of active PF, respectively.

gu
vi � (Vu

i − Fu
i )/Vd

i (25a)
gl
vi � (Fl

i − Vl
i)/Vd

i (25b)
gpj � (Pu

j − PFj)/baseMVA (25c)
where V u

i and V l
i are the upper and lower security limits of bus

voltage, while the security limits of PF is represented by Pu
j .

“baseMVA” is the base power of the system.
The system is considered insecure if one or more bus

voltages or branch active flows exceed their security limits
and in the alarm state, if one or more bus voltages or branch
active flows exceed their alarm limits without exceeding
their security limits. If none of the voltages or branch
active flows violates an alarm limit, the system is
considered secure. Seen from the definition of the
composite security index, the system would fall into one
of the three states as follows:

1) Secure state if PIc � 0; 2) alarm state if 0<PIc < 1; and 3)
insecure state if PIc > 1.

The cost of balancing power shortage in contingency relevant
to generator outage, as shown in Eq. 26a, is mainly composed of
two parts, i.e., generator output adjustment cost Eq. 26b and IL
curtailment cost in Eq. 26c.

C(ΔP(m)) � C1(ΔP(m)
g ) + C2(ΔP(m)

IL ) (26a)

C1(ΔP(m)
g ) � ∑N

i�1
(ai(P(m)

gi )2 + biP
(m)
gi + ci)

−∑N
i�1
(ai(P(0)

gi )2 + biP
(0)
gi + ci) ∀i ∈ N, i ∉ Cm (26b)

C2(ΔP(m)
IL ) � ∑N

i�1
CILiΔP(m)

ILi ∀i ∈ N (26c)

where CILi and ΔP(m)
ILi represent the unit cost and shedding

amount of ILs after contingency. It is worth noting that the
cost of balancing power shortage varies with power
fluctuations.

With consideration of load shedding for the SSSA, the
security index of some severe contingencies will be relatively
small, but with expensive cost to remove power mismatch.
Therefore, the cost of balancing power shortage after

contingency should be combined with the composite
security index to form the contingency ranking index
(i.e., RI). Since the cost value of balancing power shortage
in contingency is relatively large compared with the security
index, it is divided by 50000 to make it in the same order to
the value of the security index; the two entries are multiplied
by 0.5 and summed to obtain the comprehensive contingency
ranking index as follows:

RI � 0.5 × PIc + 0.5 × C(ΔP)/50000. (27)
Based on it, the top ten contingency ranking results obtained by
the four methods mentioned in this article are shown in
Figure 11.

4 CASE STUDY

The modified 39-bus New England system, as shown in Figure 3,
is selected as the test system, and the details of relevant
parameters are accessible from MATPOWER 6.0 (Zimmerman
et al., 2011). In order to facilitate the simulation and analysis, a
few modifications have been made to the original test system. The
conventional generators of bus 30, 32, and 33 are replaced with
the wind power generators, and the negative reactive load of bus
24 is changed to a positive one. In the subsequent tests, the
deterministic PF and OPF calculation are conducted by the use of
MATPOWER, while the PPF, POPF, CCOPF, and stochastic
SSSA are implemented in the MATLAB platform (MATLAB
User’s Guide, 1995).

For each conventional generator in the system, a quadratic
cost function is used, and the parameters are given in Table 1.
The column “Bus” represents at which bus this generator is
located. The columns “a,” “b,” and “c” represent the quadratic,
linear, and constant term of the generation cost function,
respectively. The minimum value of each load in NC samples

FIGURE 3 | A modified 39-bus New England system.
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is regarded as its capacity of IL in the stochastic context, and the
corresponding data are available in Table 2. The column “NIL”
represents the serial number of IL, and the column “Bus”
indicates at which bus this IL is located. The column “Pmax

ILi ”
denotes the capacity of IL. The column “ηdi” denotes the power
factor of IL, which remains unchanged for each load in all
samples such that the reactive power of each load can be
calculated according to its active power.

The N-1 and N-2 contingencies in terms of traditional
generator outage are considered as a focus in this paper. The
detailed relationship of contingency numbering (CN) and
corresponding contingency composition is listed in Table 3.

It is assumed that the prediction errors of load consumption
and wind generation are all subject to normal distribution and
their standard deviations are the percentage of the predicted
values, which are set to 2 and 5%, respectively. In this assumption
on the stochastic modeling, the fluctuations between wind power
and load power are independent of each other. We assume that
the correlation coefficient between any two loads is 0.5. The

correlation coefficient of the corresponding wind power
fluctuations of bus 30 and bus 32 or 33 is set to 0.2, while
that of the wind power fluctuations between bus 32 and bus 33 is
set to 0.6 due to their adjacent locations. In addition, the
acceptable off-limit probability of chance constraints is
uniformly set to 0.025 in the subsequent tests.

4.1 Validity of Improved Sampling Method
Used for Stochastic SSSA
All the N-1 and N-2 contingencies relevant to generator outage
are selected to confirm the validity of the improved sampling
method for an efficient solution of the CCOPF-L problem, and
the composite security index PIc as defined in Section 3.3 is taken
for comparison. To calculate PIc value, the alarm and security
limit for lower bus voltage are set to 0.94 and 0.92, while 1.06 and
1.08 are selected for upper bus voltage; 95 and 105% of the
capacity limits are chosen for branch power flows. The PI r

c values
received from 10000 samples in MCS are appointed as a reference
for checking accuracy, whilst PI lhs

c and PI crs
c denote the results

obtained by means of LHS and MCS with 1,000 samples,
individually. Relative error for security metric and running
time of different methods are shown in Figures 4, 5,
respectively. ξ crs

PI , ξ
lhs
PI , and ξ r

PI denote the relative errors of
PI crs

c , PI lhs
c , and PI r

c , separately, while t crs, t lhs, and t r

correspond to their running time.
For the contingencies studied, all the ξ lhs

PI values are within
2.2%, while the maximum ξ crs

PI value with the identical sample
size is up to 70%, as investigated from Figure 4. These results
confirm the validity and accuracy of the LHS method with 1,000
samples, while the MCS needs to increase by nearly 10 times of
the sample size to achieve the same accuracy level. For most
contingencies, the values of t crs and t lhs are close to each other,
while the value of t r is far more than that of t crs and t lhs seen
from Figure 5. In fact, the value of t r is ranging from 6 to 22 times
that of t lhs. This lies in that the running time of CCOPF is
depending on both sample size and iterations; even so, under the
same accuracy requirement, its solution speed can be improved
by about 11 times with LHS in general.

In order to further confirm the numerical stability of the LHS
method and study the influence of sample size on the iterations
during solving the CCOPF-L problem, 10 groups with different
sample sizes from 1,000 to 10000 are selected for analysis on
contingency 16 as an example. The PIc values obtained by these
10 different sample sizes are basically the same, as indicated by

TABLE 1 | Cost of conversational generators.

Bus a (/(MWh)2) b (/MWh) c (/h)

31 0.0015 9.5 800
34 0.00175 10.5 600
35 0.00175 9.5 800
36 0.0015 10.5 600
37 0.00175 10.5 600
38 0.0015 9.5 800
39 0.0015 012 8.5 900

TABLE 2 | Data for interruptible loads.

NIL Bus Pmax
ILi (MW) ηdi NIL Bus Pmax

ILi (MW) ηdi

1 1 89.31 0.91 11 21 256.76 0.92
2 3 302.94 1.00 12 23 232.84 0.95
3 4 463.64 0.94 13 24 289.71 0.96
4 7 218.94 0.94 14 25 210.16 0.98
5 8 491.70 0.95 15 26 131.35 0.99
6 12 7.92 0.10 16 27 262.07 0.97
7 15 298.39 0.90 17 28 189.65 0.99
8 16 308.15 0.99 18 29 266.37 0.99
9 18 147.39 0.98 19 31 8.59 0.89
10 20 632.73 0.99 20 39 1,037.04 0.97

TABLE 3 | Information of contingency relevant to generator outage.

CN Bus of
the outage generator

CN Bus of
the outage generator

CN Bus of
the outage generator

CN Bus of
the outage generator

1 31 8 31, 34 15 34, 36 22 35, 39
2 34 9 31, 35 16 34, 37 23 36, 37
3 35 10 31, 36 17 34, 38 24 36, 38
4 36 11 31, 37 18 34, 39 25 36, 39
5 37 12 31, 38 19 35, 36 26 37, 38
6 38 13 31, 39 20 35, 37 27 37, 39
7 39 14 34, 35 21 35, 38 28 38, 39
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the results in Figure 6, and the standard deviation of these 10
groups of results for PIc is 0.0022, so the LHS method with 1,000
samples is sufficient to make the results accurate and robust.
However, there is no evident monotonic relationship between the
sample size and the iterations, while the iterations does not exceed
10 times generally. The LHS method with 1,000 samples is used
uniformly for the four SSSA methods introduced above to
efficiently capture the power fluctuations under the stochastic
environment in the remainder of tests.

4.2 Performance Comparison of
Probabilistic SSSA Methods
To compare the direct influence of four methods on the steady-
state security of the power system, the off-limit situations of
branch active power are first analyzed for contingency 26. Notice
that Figure 7 only lists the distributions of the overload branches,
so there is no subfigure for the POPF method since it can
effectively get rid of the over-limit. The number of subfigures
in Figure 7 for PPF-G (“black”), PPF-L (“blue”), and CCOPF-L

(“green”) models is seven, two, and three, respectively, which
respond to the quantity of overload branches. The red vertical line
for each subfigure represents the capacity of the branch active
power; thus, the area ratio beyond this value corresponds to the
off-limit probability.

As also seen from the subfigures mentioned above, no matter
from the off-limit quantity, amplitude, and probability for
branches, the overall violating situation is the most serious
when the PPF-G model is adopted, of which the maximum
off-limit amplitude of branch 26 is 362.42 MW, and its off-
limit probability is 100%. Compared with the PPF-G model,
the number of overload branches relevant to the PPF-L model has
been reduced from seven to two with much lower off-limit
amplitude. However, the off-limit probability of branch 26 is
still 100% even if the PPF-L method is adopted, which indicates
that load shedding can relieve the off-limit amplitude and
probability of branches to some extent, but the system cannot
reach a new secure steady state after contingency 26. Through the
optimization of the load curtailment with the CCOPF-L model,
the off-limit amplitude and violation probability of branches is
within 143 MW and 5%, respectively, while the number of off-
limit branches is only one more than that of the PPF-L model. To
further compare the influences of the four stochastic SSSA
methods on the system security suffering from contingencies,
the overall off-limit situation of bus voltage magnitude and
branch active power for all the contingencies considered in
this article is analyzed in the following.

The out-of-limit situation of branch active power and bus
voltage magnitude is shown in Figures 8, 9, respectively. Methods
1 to 4 correspond to the SSSA method which adopts POPF-L,
CCOPF-L, PPF-L, and PPF-G models, respectively. The detailed
explanation of CN can be found in Table 3. Each method
corresponds to two rows of data along the axis “Method” in
Figure 9, which cover the off-limit situations of the lower and
upper voltage. The average off-limit probabilities of the branch
active power and bus voltage are denoted by “avePr(Pout)” and
“avePr(Vout) in Figures 8B,9B,” respectively, while their
maximum ratio of off-limit amplitude is denoted by
“max(Pout)” and “max(Vout) in Figures 8A,9A.” The
contingencies related with generator outage at bus 39 are
divergent when the PPF-G model is taken, so the
corresponding values in Figure 8 and Figure 9 are set to zero.

Regardless of the branch power or the bus voltage, the off-limit
situation using the PPF-G model is the worst for the convergent

FIGURE 5 | Running time of different sampling methods.

FIGURE 6 | PIc values of using CCOPF-L based on LHS with different sample sizes for contingency 16.

FIGURE 4 | Security index error of different sampling methods.

Frontiers in Energy Research | www.frontiersin.org March 2022 | Volume 10 | Article 77021311

Zhou et al. SSSA Via CCOPF-Based Load Shedding

https://www.frontiersin.org/journals/energy-research
www.frontiersin.org
https://www.frontiersin.org/journals/energy-research#articles


contingencies. In particular, themax(Pout) value of contingency
26 in Figure 8A is up to 0.6040, which is consistent with the result
in Figure 7, while most branches in the system cannot withstand
such a high overload rate. The max(Vout) value of the lower
voltage for contingency 12 in Figure 9A is 0.0476; i.e., the lowest
voltage is only 0.8924, which is likely to result in voltage
instability or even voltage collapse. Compared with the PPF-G
model, the PPF-L model alleviates the overload situation of the
branch for the contingencies as shown in Figure 8, and it also
effectively addresses the issue of low bus voltage seen from
Figure 9. Even so, for some severe contingencies, especially
when there is a non-convergence issue adopting the PPF-G
model, entailing the system security cannot be guaranteed as
well. Therefore, the IL curtailment scheme needs to be further

optimized. When the CCOPF-L model is adopted, the off-limit
amplitude and its average violation probability of the bus voltage
and branch active power are both small and even close to zero in
some contingencies, which can meet the actual engineering
requirements. Moreover, the forecasted costs of the CCOPF-L
and POPF-L model are comparable to each other, which can be
demonstrated by a cost comparison test as shown in Figure 10.

Figure 10 depicts the cost range for handling power mismatch
after contingencies using different SSSA methods with power
fluctuations consideration. The same color corresponds to one
method, and the dotted line corresponds to the cost at the base
case, while the two unmarked lines for the same color,
respectively, represent the upper and lower cost in case of
considering power fluctuations. It is worth noting that the

FIGURE 7 | Active power distributions of overload branches for contingency 26 using different methods.

FIGURE 8 | Out-of-limit situation of branch active power. (A) Maximum out-of-limit situation of branch active power. (B) Average out-of-limit situation of branch
active power.
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optimized result of CCOPF-L as defined in Eq. 14a is a
deterministic value, but it needs adjusting the load shedding
strategy slightly to deal with power fluctuations, which will
produce certain adjustment costs, so its cost discussed herein
is also a range. The cost of some contingencies for the PPF-G
model is set to zero due to the divergence issue. In general, the
larger the power shortage after contingency occurs, the higher the
operating cost will be, so the overall costs of N-2 contingencies are
always higher than those of N-1 contingencies.

As indicated by Figure 10, the PPF-G model has the lowest
forecasted cost and a small range of cost. This phenomenon can
be explained by the lower unit cost of the conventional generator
compared with the “unit price” of IL. Since IL curtailment is used
for the other three methods for contingency analysis, making the
cost range and forecasted cost for the same contingency to be in a
similar order of magnitude, they are worthy to be compared in a
further step. For a contingency, there are the maximum
forecasted costs amongst the three methods, while the
maximum value of most contingencies belongs to the PPF-L
model in Figure 10. The IL for power imbalance is not optimized
using the PPF-L method, so part of the contingencies, e.g.,
contingency 13 and 22, will lead to large upper operation cost
in response to power fluctuations. However, the cost range is
slightly small for the CCOPF-L model, since this method will not
result in much more operation cost, especially when the power
fluctuations are significant.Meanwhile, the POPF-Lmethod can also

lead to huge cost ranges after some contingencies, e.g., contingency 7
and 16, just in order to fully satisfy the inequality constraints of Eq. 8.
Therefore, considering the cost to balance power shortage, the PPF-
G model is the cheapest while the PPF-L model is the most
expensive, in which the POPF-L model is the second most
expensive and the CCOPF-L model is the second cheapest.

Since the introduction of load shedding can change the system
security level after contingency through its impact on the off-limit
situation as shown in Figures 8, 9 , the PIc values of some serious
contingencies will be lower than those of some less-serious
contingencies; e.g., the PIc value of contingency 1 (with one
tripping generator) is larger than that of contingency 12 (with two
tripping generators) adopting the PPF-L method. Therefore,
ranking contingency only according to the PIc value is
unreasonable. In addition, the cost for balancing power
shortage can reflect the severity of contingency to some extent.
Therefore, using the contingency ranking index RI as introduced
in Section 3.5 to evaluate each contingency, the issues mentioned
above will be addressed, and the contingency ranking results can
be obtained more comprehensively as in Figure 11.

The horizontal axis in Figure 11 represents the rank order based
on theRI value, while the value on each bar denotes the CN defined
in Table 3. The PPF-G model cannot rank all the contingencies
considered in this article since some contingencies are divergent,
which is one of the reasons leading to its ranking results differing so
much from those of the other three methods. The specific
contingency ranking results are different amongst the other
three methods with IL curtailment, but their top ten
contingencies’ sets are almost the same, so the ranking results
based on the RI value have a certain credibility degree.

The following conclusions can be drawn in this section from
the analysis mentioned above. The significant drawback of the
PPF-G model lies in the off-limit situation after contingency is so
serious that it threatens the system security, and the analysis on
some severe contingencies is even divergent. In addition, the
output of the generator is limited by its adjustment rate and
capability in practice, so the PPF-G model is eliminated. Despite
that the introduction of IL curtailment can make the power

FIGURE 9 | Out-of-limit situation of voltage magnitude. (A) Maximum out-of-limit situation of voltage magnitude. (B) Average out-of-limit situation of voltage
magnitude.

FIGURE 10 | Cost range of balancing power shortage.

Frontiers in Energy Research | www.frontiersin.org March 2022 | Volume 10 | Article 77021313

Zhou et al. SSSA Via CCOPF-Based Load Shedding

https://www.frontiersin.org/journals/energy-research
www.frontiersin.org
https://www.frontiersin.org/journals/energy-research#articles


system more secure right after contingency, the load shedding
scheme without optimization such as the PPF-L model still makes
the off-limit situation unacceptable for a few severe
contingencies, and the economics of this approach are not
encouraging as well. In summary, from the perspective of
system security and cost range after contingency, the
performance of the POPF-L and CCOPF-L model for SSSA is
worthy of further study.

4.3 Comparison of Load Shedding Scheme
and Running Speed for Optimal Stochastic
SSSA Methods
The comparison of the load shedding scheme between CCOPF-L
and POPF-L models can be conducted from the perspective of
practicality and maneuverability. Figure 12 shows the distribution
of load shedding schemes of four contingencies, obtained bymeans
of the POPF-L and CCOPF-L models, respectively.

In general, the POPF-L model employs more ILs to balance
power shortage arisen from contingencies, and the curtailment
amount of ILs varies widely with power fluctuations, which can
lead to a large operation cost range as shown in Figure 10, while
the results of employing the CCOPF-L model are the opposite as

shown in Figure 12. Taking contingency 17 in Figure 12B as an
example, when both POPF-L and CCOPF-L models are used, ten
and seven ILs are required to balance power mismatch,
respectively, while the total change range of their curtailment
amounts is 3,023.7 MW and 538.9 MW for all the sampling
scenarios. This phenomenon can be explained based on the
models. The objective values should be kept minimum, and
the constraints should be satisfied for all the sampling
scenarios when the POPF-L model is taken; thus, the load
shedding results could vary sharply. Once the CCOPF-L
model is adopted, the objective value should be the minimum
only for the forecasted state and the inequality constraints can be
violated for a certain probability. Thus, the IL curtailment
schemes for sampling scenarios can be obtained by a slight
adjustment around that of the forecasted state. Compared with
the POPF-L model, the CCOPF-L model employs fewer ILs with
narrower load shedding range, which is more beneficial for
managing the ILs against contingencies in practice.

In addition, it should be pointed out that the results of several
scenarios are divergent from experiments for the POPF-L model.
In other words, the load curtailment scheme cannot satisfy all
inequality constraints encountering some extreme sampling
scenarios, while the off-limit situations of such severe

FIGURE 11 | Contingency ranking of top ten according to different methods.

FIGURE 12 |Optimal load shedding schemes of different contingencies. (A)Optimal load shedding schemes of contingency 1. (B)Optimal load shedding schemes
of contingency 17. (C) Optimal load shedding schemes of contingency 23. (D) Optimal load shedding schemes of contingency 28.
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scenarios using the CCOPF-L model are slight and the results of
all the scenarios are convergent. Based on the analysis mentioned
above, it can be found that using the CCOPF-L model to depress
power shortage after contingencies is relatively reasonable and
acceptable in operation and management, which is more feasible
and practical. In addition, the performance of the two methods
can be further compared in terms of running time as follows.

It can be seen evidently from Figure 13 that the running speed
of the CCOPF-L model is much faster than that of the POPF-L
model for SSSA. This phenomenon can be explained according to
the solution processes. The OPF problems should be solved NC
times for one contingency using the POPF-Lmodel, which is time
consuming. However, the solution of the CCOPF-L model is an
iterative process, which requires solving one OPF problem and
NC ordinary PF equations for each iteration, and the iterations of
most contingencies does not exceed 10 as obtained in Figure 6.

Except for several contingencies, the running speed of the
CCOPF-L model is 3–10 times faster than that of the POPF-L
model; thus, the CCOPF-L model is more efficient and suitable
for practical operation. In addition, the total running time of the
POPF-L model is 2,127.6 s for all contingencies, while the
CCOPF-L method takes 726 s, of which the later one is
feasible for day-ahead and even hour-ahead SSSA. If parallel
computing is adopted, it can be also applied to the security
assessment of a larger system within an acceptable time.

Combined with the SSSA methods mentioned above, it is
revealed that the CCOPF-L model can achieve excellent
performances in operation, management, and running speed
for SSSA with generator outage. In addition, it is worth
highlighting that the CCOPF-L method can also well balance
the operation security and economy after contingency through
the chance constraints. Therefore, the CCOPF-L model proposed

FIGURE 13 | Running time of the two OPF-based methods.

FIGURE 14 | The PIc values obtained with different IL unit prices.

FIGURE 15 | Off-limit probability of branch power with different contingencies.
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in this article is the best option, which is an effective and credible
model, for stochastic SSSA accounting for generator outage and
various uncertainties. To get a better understanding on the
CCOPF-L model for SSSA, other related properties are
presented in the following.

4.4 Other Properties of Stochastic SSSA
Method Based on CCOPF-L
In order to verify that the pricing method of IL introduced in
Section 3.1 is conducive to improving the system security, the
unit price of ILs determined according to load capacity and
randomly generated is also adopted to solve the CCOPF-L
model, and the corresponding PIc values are PIcapc and PIrandc
separately, which are compared with the PIsecc value calculated by
the method in Section 3.1.

As shown in Figure 14, when the “unit price” defined in
Section 3.1 is adopted, the PIc value of the system after
contingency is always the lowest compared to the other two
methods, and the PIc value is maintained within 0.3. When the
other two prices are adopted, the PIc value fluctuates greatly with
contingency, and some PIc values become greater than 1; that is,
the system is in an insecure state seen from the definition of PIc in
Section 3.5. Therefore, using the pricing method defined in
Section 3.1 does help improve the system security after
contingency.

To prove the controllability of the off-limit probability of
chance constraints for the CCOPF-L model, the bus voltage or
branch active power with different acceptable violation
probabilities should be analyzed. Since the off-limit amplitude
of bus voltage is less than 1% of the standard value, its impact on
the system security can be ignored. While the off-limit amplitude
of branch active power is mostly between 2 and 10% of the
tranmission line capacity, the analysis only focuses on the branch
power. Taking congtingency 24 as an example, the allowable off-
limit probability of branch power is set as 0.01, 0.02, 0.03, 0.04,
and 0.05, individually, with remaining conditions unchanged,
and the results are shown in Figure 15.

The results of Figure 15 indicate that the off-limit probability
is within the set confidence range, which verifies that the
proposed CCOPF-L model for SSSA can effectively control the
off-limit probability of branch active power. It is worth noting
that the lower the allowable off-limit probability is, the more the
branches may undergo off-limit, and vice versa. This can be
explained as that the reduction of the preset off-limit probability
will inevitably make the overload power of the branches with
higher off-limit probability to be shared by the remaining
branches with lower off-limit probability.

5 CONCLUSION

In this article, a novel load shedding-based AC-CCOPF model is
presented for stochastic SSSA, which can give a comprehensive

consideration of conventional generator outage, uncertainty of
system operation, and load shedding of ILs. Besides, extensive
study results verify that the preprocess of unit price for ILs
developed by this paper can indeed enhance the steady-state
security level after contingency. Moreover, the generator outage
severity can be quantified much more accurately through the
contingency ranking index in terms of the cost, and it can be
used to improve the balance power shortage and overload
situation after contingency established in this article.

The load shedding of ILs makes the overload situation about
branch active flow/bus voltage magnitude after contingency
much more slight. In addition, the overload probability of
these parameters can be controlled by the use of chance
constraints. Compared to the three other models for stochastic
SSSA as introduced in this article, the security level of the
proposed CCOPF-L model after contingency is much higher
than that of the PPF-G model and PPF-L model, and the
quantity and range of ILs are both smaller than those in the
POPF-L model. Meanwhile, the CCOPF-L model-based
stochastic SSSA which employs the LHS sampling method can
meet the need of computation speed requirement in practical
application, which is much faster than the POPF-L model. In
summary, CCOPF-L model-based stochastic SSSA proposed in
this article can hold a great balance amongst security, economy,
controllability, and maneuverability.
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