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The heat and mass transfer process of the laminar falling liquid film along a vertical heated plate with constant heat flux is studied. Through thermal equilibrium analysis, the energy conservation equation is established and solved by the parametric variation method. The analytical solution considering evaporation is in good agreement with the experimental results. Based on the model, the temperature distribution of liquid film with or without evaporation is obtained. It is demonstrated that the thickness and average temperature of liquid film show decreasing and increasing trends linearly in the flow direction. Along with the increase in the evaporation rate, the average temperature decreases and the share of evaporative heat dissipation in the total heat flux increases, which demonstrates that evaporation is an important physical factor for heat dissipation when the falling liquid film flows on a hot plate.
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INTRODUCTION
Vertical falling film heat dissipation refers to the process in which the film flows from top to bottom under the action of gravity, viscous shear, and wall adhesion, and the heat is transferred from the wall to the film and accompanied by evaporation. It is widely used as an enhanced cooling method in the fields of chemical process, nuclear reactor safety, and fire protection engineering (Yang and Yuen, 2018; Turkyilmazoglu, 2021; Choi and Cho, 2022). In particular, the mixed ferromagnetic nanofluid film and microchannel fluid film show a good application prospect for heat transfer (Tlili et al., 2020; Tlili et al., 2022). For large military platforms, the falling film can be used to reduce the infrared contrast between the warm vertical wall surface and the environment (Peng et al., 2012a; Peng et al., 2012b). In the present work, the authors mainly discuss the related heat and mass transfer problems in the application of liquid film to control or balance the temperature of the large vertical wall to reach or approach that of the background environment.
In recent years, many researchers have studied the flow and heat transfer process of the falling film under different conditions by theoretical, numerical, and experimental methods (Nasr et al., 2017; Malika et al., 2017; Turkyilmazoglu, 2021; Yue et al., 2021). Because of the complexity of the problem, numerical and experimental studies tend to prevail. However, analytical solutions play an irreplaceable role in universality. The following findings are of great significance. Nusselt (1916) made basic research on this topic and gave a series of equations describing the velocity and thickness distribution of the film. Saouli and Aïboud-Saouli (2004) established a theoretical model of laminar flow falling film along an inclined plate by ignoring the inlet effect and gained the velocity and temperature distributions by separating variables. Peng et al. (2012a) and Peng et al. (2012b) derived the solution of liquid film energy equation with constant wall temperature and heat flux using the integral analysis method. Meyer (2014) and Meyer (2015) introduced Laplace transform to solve the problem with constant film velocity for an isothermal or adiabatic wall boundary condition. Gu et al. (2018) analytically treated the energy and absorbate equations of the liquid film by means of integral transforms and obtained the exact series solutions for temperature and mass fraction fields under the assumptions of both the insulated and isothermal wall boundary conditions.
Another problem is the effect of evaporation on falling film heat transfer. According to the best knowledge of the authors, some scholars in this field have not considered the evaporation effect in the study of the above physical processes, which may be a factor that cannot be ignored. In a few relevant studies, the evaporation of binary liquid film was numerically analyzed by Nasr et al. (2011). Assad and Lampnen (2002), Leu et al. (2006), and Leu et al. (2009) established a mathematical model for the evaporation process on a constant temperature vertical plate between liquid film and wall surface. Cherif et al. (2010) conducted experimental studies on natural and forced convection, studying the evaporation of thin liquid films falling on the inner surface of plates in vertical channels. In addition, some studies on film flow have been based on constant film thickness (He et al., 1998; Song et al., 1999; Wang et al., 2000; Cherif et al., 2010; Nasr et al., 2011), which simplifies the problem but deviates from the physical facts to some extent.
Based on the above situation, the purpose of this work is to study the heat and mass transfer process of falling film, considering the change of water evaporation and film thickness, to determine the temperature distribution of the film under constant heat flux boundary conditions. In particular, the effect of film evaporation rate on heat transfer will be analyzed. In terms of application background, as mentioned above, the research results of this study will serve to eliminate infrared contrast between target and background, but this is not the content of this study.
MATHEMATICAL FORMULATION
The physical model for a laminar falling liquid film due to gravity along a vertical plate is illustrated in Figure 1. The plate is subjected to a uniformed heat flux [image: image] as the boundary condition. The liquid film flows down with an inlet temperature [image: image] and an inlet mass flow rate [image: image].
[image: Figure 1]FIGURE 1 | Physical model of flowing liquid film.
Assumptions
For the mathematical formulation of the problem, the flowing simplified assumptions should be considered:
1. The flow is two dimensional and steady state with constant thermal-physical properties because the temperature range is not very large.
2. The flow is laminar, and the surface of the liquid film is non-oscillatory. This assumption is reasonable by virtue of the low velocities associated with the film.
3. The inertial force between liquid film and air is ignored because of the stillness of the air and the low speed of the liquid film.
4. The heat is transferred across the film by conduction only due to the laminar flow.
Liquid film flow model
According to the above assumptions and Figure 1, the Navier–Stokes equations describing the laminar falling film can be reduced to (Nusselt, 1916; Yang and Yuen, 2018):
[image: image]
where [image: image] is the velocity, [image: image] is the dynamic viscosity, [image: image] is the water density, and [image: image] is gravity acceleration.
The momentum equation adopts the boundary conditions of no slip-on wall surface and no stress on film surface according to the assumptions mentioned above:
[image: image]
[image: image]
where Δ is the thickness of the liquid film.
Combining Eqs 1–3, the velocity [image: image], thickness [image: image], mass flow rate [image: image], and mean velocity [image: image] of the liquid falling film can be induced as follows (Nusselt, 1916; Yang and Yuen, 2018):
[image: image]
[image: image]
[image: image]
[image: image]
where [image: image] is the kinematic viscosity of water.
Energy conservation equation with evaporation considered
Considering the limit layer approximation, the energy equation is
[image: image]
where [image: image] is the thermal diffusion coefficient of water.
The total heat load [image: image] of the wall has two dissipation ways: one is convective heat transfer between the liquid film and the wall, and the other is the evaporation of the film surface. The thermal balance in the liquid film is shown in Figure 2 and is expressed as
[image: image]
[image: Figure 2]FIGURE 2 | Energy conservation model of flowing liquid film.
Eq. 9 can be simplified by removing the second term on the left and the first term on the right:
[image: image]
where [image: image] is the evaporation latent heat and [image: image] is the specific heat capacity of water. Since the thermal characteristics of the fluid remain unchanged, the average temperature of the liquid film can be defined as
[image: image]
By substituting Eqs 6, 11 into Eq. 10, the first and second terms on the right side of Eq. 10 may be derived as the function of [image: image] and [image: image]:
[image: image]
[image: image]
Therefore, Eq. 10 can be written as
[image: image]
Furthermore, Eq. 14 is rearranged as
[image: image]
with the boundary conditions:
[image: image].
Here, the evaporation rate of the liquid film is supposed to be uniform. Therefore, the thickness reduction of the liquid film is proportional to the flowing distance x. Eq. 15 is a nonhomogeneous linear differential equation and can be solved by utilizing the parametric variation method:
[image: image]
[image: image]
For the fully developed region of the liquid film with constant heat flux boundary conditions, there is a relationship of [image: image] (Incropera et al., 1996). By introducing the velocity distribution Eq. 4 and a newly defined dimensionless quantity, [image: image], Eq. 8 can be changed into
[image: image]
The boundary conditions of Eq. 18 are
[image: image]
[image: image]
By integrating Y in Eq. 18 and using boundary conditions (Eq. 19, Eq. 20), it can be obtained:
[image: image]
Then, the relationship between bulk and wall temperature is yielded based on Eqs. 4, 21:
[image: image]
In addition, the other form of temperature distribution is gained by substituting Eq. 22 into Eq. 21:
[image: image]
in which [image: image] and [image: image] are obtained from Eq. 16 and Eq. 17, respectively.
Energy conservation equation without evaporation considered
For the case without considering the evaporation process, the liquid film thickness remains unchanged, which indicates that the evaporation rate [image: image] and [image: image]. Then, [image: image] in Eq. 16 and [image: image] in Eq. 17 can be expressed as
[image: image]
[image: image]
Furthermore, Eq. 23 is reduced with Eqs 24, 25 into
[image: image]
which describes the temperature distribution of liquid film without evaporation considered.
Evaporation rate of liquid film
As we know, there exists an analogy between mass transfer and heat transfer (Incropera et al., 1996):
[image: image]
where [image: image], [image: image], [image: image], and [image: image] are dimensionless Nusselt, Prandtl, Sherwood, and Schmidt numbers, respectively. Among the four dimensionless variables, [image: image] is the characteristic length of the liquid film (here is the length of the liquid film), [image: image] and [image: image] are the convection heat transfer coefficient and mass transfer coefficient, respectively, between the liquid film surface and air, [image: image] is the binary mass diffusion coefficient. In addition, n is a constant number, equal to 1/3 for most applications.
Expanding the four dimensionless numbers in Eq. 27, the following relationship can be obtained
[image: image]
where [image: image] is dimensionless Lewis Number and [image: image] and [image: image] are the density and specific heat capacity of air.
The evaporation quality of the liquid film is
[image: image]
where [image: image] and [image: image] are the density of water vapor at water vapor saturation and infinity, respectively and [image: image] and [image: image] are the width and length of the liquid film.
Supposing the thickness reduction of the liquid film is proportional to the flowing distance x, [image: image] can be derived from Eq. 29 as
[image: image]
By substituting Eq. 28 into Eq. 30, the evaporation rate of the liquid film is
[image: image]
Convection heat transfer coefficient between liquid film and wall
The heat transfer coefficient is defined as
[image: image]
If the evaporation effect were not considered, [image: image] will be 0 and [image: image]. Eq. 22 can be simplified by replacing [image: image] with Eq. 17 as
[image: image]
Therefore, the convection heat transfer coefficient without evaporation considered is
[image: image]
If the evaporation effect were considered, the convection heat transfer coefficient [image: image] can be derived from Eqs 22, 32:
[image: image]
where [image: image] is obtained from Eq. 17.
RESULTS AND DISCUSSION
In order to verify the validity, the analytical solutions with and without evaporation were compared with the experimental data of Wang et al. (2000) in Table 1. Tin in Table 1 represents the inlet temperature. Exp-Tout, Evap-Tout, and Non-evap-Tout represent the outlet temperature of in reference experiment, evaporation solution, and non-evaporation solution, respectively. The errors in Table 1 represent the relative deviation of outlet temperature between the evaporation solution and the experiment.
TABLE 1 | Comparison of Tout under different conditions.
[image: Table 1]Table 1 shows that the evaporation solutions established in this article are in good agreement with the experimental values, and the error values are all less than 10%. This emphasizes that, in the field of this study, the evaporative heat transfer of liquid film cannot be ignored unless the requirements for solving accuracy are relaxed.
The model results are compared with the experiment in the data graph form, as shown in Figures 3, 4. These two graphs represent the relationship between Tout and qw. When Tin is almost the same, the outlet temperature Evap-Tout of evaporation solution has a good consistency with Exp-Tout of the experiment, whereas the Non-evap-Tout of the non-evaporation solution has a relatively poor consistency with experiment. In detail, the outlet temperature got by the analytical solution increases strictly linearly with the heat load, whereas that got by the experiment shows an approximate trend like the former. This phenomenon is easy to understand because there are always some measurement errors in the test. For example, in Figure 4, in the two experimental cases with the same inlet temperature of 18.1°C and different heat loads of 20,800 and 21,480 W/m2, the seemingly contradictory outlet temperature intensity is shown, which is 23°C and 22.9°C, respectively.
[image: Figure 3]FIGURE 3 | Comparisons of Tout with Exp. data under Tin = 17.6°C.
[image: Figure 4]FIGURE 4 | Comparisons of Tout with Exp. data under Tin = 18.0°C.
For the application of falling liquid film presented in this article, the heat flux loaded onto the film is set at 20,000 w/m2, and the mass flow rate is 0.3 kg m−1 s−1. Under the same initial and boundary conditions, the final falling film depth will depend on the evaporation rate. By calculating Eq. 31, the evaporation rate dΔ/dx of the liquid film with different air heat transfer coefficients can be obtained. When the values of heat transfer coefficients are 0, 8, 12, and 20 W/(m2°C), dΔ/dx are 0, −3.88e-7, −5.82e-7, and −9.70e-7, respectively. Figure 5 shows that the thickness of liquid film decreases with the increase in x. This figure shows that if the evaporation were not considered, the thickness of the falling film would keep the same; otherwise, that will decrease along with the flow distance. Note that the existence of evaporation does not change the thickness of the liquid film a lot, approximately 0.03%–0.04%.
[image: Figure 5]FIGURE 5 | Thickness of liquid film under different hair.
Figure 6 shows the bulk temperature of the liquid film with different dΔ/dx. Along with the flow distance of film, the bulk temperature increases linearly for both evaporation and non-evaporation solutions. Nevertheless, the temperature decreases rapidly with the increase in dΔ/dx. At the outlet, the temperature with dΔ/dx = 9.7e-7 is 26.03°C, about 2°C less than that of the non-evaporation solution. This confirms the general notion that heat transfer is more efficient in the presence of phase transitions.
[image: Figure 6]FIGURE 6 | Bulk temperature of the liquid film under different dΔ/dx.
Eq. 10 represents the dissipation of wall energy. For the two terms on the right, the first represents the energy taken away by the flow of the liquid film, and the second term represents that by evaporation. Figure 7 shows the relationship between the percentage of energy carried by evaporation and the evaporation rate (dΔ/dx). This figure shows that the share of evaporation energy increases with the increase in dΔ/dx. When the natural convection heat transfer coefficient is 12W/(m2°C), dΔ/dx is −5.82e-7, and the evaporation rate accounts for 14.7% of the total energy.
[image: Figure 7]FIGURE 7 | The evaporation percentage of total energy under different dΔ/dx.
CONCLUSION
The energy conservation equation of falling liquid film is established by thermal equilibrium analysis, and the analytical solutions with and without evaporation effect considered are obtained by means of parameter variational and integral methods. The validity of the analytical solution is verified by comparing it with the experimental data. It is proved that the evaporative heat transfer of the liquid film cannot be ignored unless the requirement of solving precision is relaxed.
In order to obtain the analytical solution, the physical problem is simplified appropriately. For example, the flow is assumed to be laminar flow and is quasi-two-dimensional. Fully turbulent flow and three-dimensional problems will be considered in future studies. In addition, this study applies to the case where there is no liquid film boiling. Therefore, in subsequent studies, the problem of high heat flux needs to be focused.
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NOMENCLATURE
Abbreviations
[image: image] thermal diffusion coefficient (m2 s−1)
[image: image] width of plate or film (m)
[image: image] specific heat for air (J kg−1 K−1)
[image: image] specific heat for water (J kg−1 K−1)
[image: image] binary mass diffusion coefficient (m2 s−1)
[image: image] gravitational acceleration (m s−2)
[image: image] heat transfer coefficient (W m−2 K−1)
[image: image] heat transfer coefficient between film surface and air (W m−2 K−1)
[image: image] evaporation heat transfer coefficient (W m−2 K−1)
[image: image] non-evaporation heat transfer coefficient (W m−2 K−1)
[image: image] evaporation latent heat (J kg−1)
[image: image] mass transfer coefficient (m s−1)
[image: image] length of plate (m)
[image: image] Lewis number
[image: image] evaporation quality (kg)
[image: image] Nusselt number
[image: image] Prandtl number
[image: image] heat flux of wall (W m−2)
[image: image] Schmidt number
[image: image] Sherwood number
[image: image] temperature (oC)
[image: image] the bulk temperature (oC)
[image: image] the inlet bulk temperature (oC)
[image: image] velocity of the liquid film (m s−1)
[image: image] mean velocity of the liquid film (m s−1)
[image: image] coordinate in the flowing direction (m)
[image: image] coordinate in the transverse direction (m)
Greek symbols
[image: image] mass flow rate per unit width (kg m−1 s−1)
[image: image] liquid film thickness (m)
[image: image] thermal conductivity (W m−1 K−1)
[image: image] dynamic viscosity of the fluid (kg m−1 s−1)
[image: image] kinematic viscosity of the fluid (m2 s−1)
[image: image] density of the water (kg m−3)
[image: image] density of the air (kg m−3)
[image: image] density of the water vapor (kg m−3)
Subscripts
[image: image] component of binary mixture
[image: image] air
[image: image] evaporation
[image: image] fluid
[image: image] inlet condition
[image: image] mean; mass
[image: image] non-evaporation
[image: image] wall; water
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No. T'(kg/ms) quw(W/m”) Tin(C) Exp-Tou('C) Evap-T,u (C) Non-evap-T,, ('C) Error
1 0307 13240 179 208 219 231 502%
2 0375 17,420 19.1 21 237 247 675%
3 0375 17,220 188 221 234 243 5.56%
1 0375 17,630 188 22 235 245 553%
5 043 17,850 167 187 208 217 10.10%
6 043 19,460 167 19.1 213 21 1033%
7 045 24,860 179 219 237 245 7.59%
8 047 23,800 175 230 238 236 0.88%
9 047 25,465 177 237 235 242 ~0.85%
10 047 27,200 178 241 240 2438 ~0.42%
1 047 13,950 176 207 204 212 ~1.47%
12 047 20,140 179 25 23 231 ~090%
13 047 21,480 181 29 238 236 ~0.44%
14 047 20,800 181 230 27 234 ~132%
15 047 18,870 175 218 216 23 ~0.93%
16 0474 23,500 176 213 238 236 6.58%
17 0.641 21,710 184 206 219 25 5.94%
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