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The Cummins equation is commonly applied to describe the motion of floating structures. Because of the convolution term, the efficiency of calculation is low and the error accumulation problems in numerical integration calculation are serious. For those reasons, a dynamic response analysis method of floating structures based on a state-space model is proposed. The method uses the state-space method to replace the force-to-motion relationship of the Cummins equation, that is, transfer function, which transforms the problem of calculating the dynamic response into obtaining the output of the state-space model. The method is easy to implement and avoids the problems caused by the presence of the convolution term.
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INTRODUCTION
With the development of offshore wind power, offshore wind farms extend to deep sea. Considering economy and reliability, the floating offshore wind turbine is a growing trend. In deep-sea areas, the wind, wave, and current conditions are more complex than that of offshore areas, which means that the floating offshore wind turbine should face a hostile environment. To ensure the safety of floating offshore wind turbines, the dynamic response analysis is an important part of the process of design and service stages (Liu et al., 2020).
The dynamic response of floating offshore wind turbines is a complex process, which includes the response induced by wind and waves. To analyze the hydrodynamics of floating offshore wind turbines, the potential theory is usually applied because the viscous effects of large-size floating offshore structures are weak. Under the assumption of a Gaussian wave process, Faltinsen, 2005 used the first-order potential theory to analyze the dynamic response of floating offshore structures, and calculated the dynamic response in the frequency domain. Compared with the time domain method, the frequency domain method has better computational efficiency. However, the limitation of the frequency-domain method, such as energy leakage, periodic hypothesis, and allowing only the stable response calculation, cannot be avoided. To avoid the shortage of the frequency-domain method, Cummins (1962) proposed a time-domain equation (i.e., Cummins equation) to describe the motion of floating structures. The convolution of the retardation function and velocity of floating structures is applied to express the fluid memory effects. Ogilvie (1964) built the relationship between the hydrodynamic parameters and the retardation function, which provided the possibility of using frequency-domain hydrodynamic parameters to solve the time-domain equation. The indirect time-domain method has been widely applied to analyze the dynamic response of floating structures since it was proposed.
However, the convolution item in the Cummins equation is inconvenient for the analysis and design of a motion control system (Fossen, 2002; Perez, 2002). In addition, the convolution item should use the past history of velocity to calculate the radiation force, which leads to low computational efficiency and error accumulation problems (Lu et al., 2019). To overcome the problem, numerous studies have been conducted. Schmiechen (1973) proposed a state-space method to analyze the transient ship maneuvering problem, which introduced a new method to deal with the convolution term. Since then, the state-space method has been widely applied to analyze the dynamic response of floating offshore structures. Taghipour et al., 2008 used the state-space model replacing the convolution term to calculate the dynamic response of floating structures. Chen et al., 2021 used the more efficient state-space model to replace the time-consuming convolution integral in the Cummins equation and analyzed the nonlinear dynamic responses of a point absorber. Wang (2015) applied the state-space replacement method to estimate the response of a floating offshore wind turbine. Zhu et al., 2021 and Chen et al., 2017 adopted the state-space model method to analyze the nonlinear dynamics of float-over deck installation. Guo et al., 2018 used the state-space model corresponding to the retardation function to solve the Cummins equation and applied the method to wave energy conversion analysis.
In this study, a new state-space model method is applied to calculate the dynamic response of floating offshore wind turbines. The method estimates the state-space models corresponding to the transfer function of floating offshore wind turbines, and uses the estimated state-space models to calculate the dynamic response. A spar-type floating offshore wind turbine is applied to investigate the performance of the proposed method. The accuracy and computational efficiency are discussed in the study.
EXCITATION IMPACTING FLOATING OFFSHORE WIND TURBINES
Wind Force
The wind force is the main exciting force acting on floating offshore wind turbines, which affects the dynamic response of floating offshore wind turbines. The blade element momentum (BEM) is commonly applied to estimate the aerodynamic loads of the blades of floating offshore wind turbines. Applying the BEM theory, the thrust and torque of the blade-element can be computed using the following manners (Jonkman and Buhl, 2005):
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where [image: image] is the density of air, [image: image] is the relative wind speed, [image: image] is the number of element blades, [image: image] and [image: image] are the lift and drag coefficients, respectively, [image: image] is the inflow angel, and [image: image] and [image: image] are the chord length and radius of the blade element, respectively. According to the formulas, the wind force impacting the blades can be estimated based on the integral operator.
Wave Force
A floating offshore wind turbine is located in the dynamic ocean, which is excited by sea waves. The JONSWAP spectrum is applied to simulate the irregular wave in the actual ocean. The spectrum is expressed using the following formula (Goda, 1999):
[image: image]
in which
[image: image]
where [image: image] and [image: image] are the significant wave height and peak period and [image: image] and [image: image] are the peak enhancement factor and the peak shape factor, respectively.
Based on the JONSWAP spectrum, the irregular wave can be simulated using the following superposition cosine waves:
[image: image]
where [image: image] is the wave height of the components, [image: image] is the number of cosine components, [image: image] is the representative frequency, [image: image] is the frequency step, and [image: image] is the random phase.
Based on the height and frequency of the wave component, the corresponding wave force is obtained by applying the wave force amplitude operator. According to the principle of linear superposition, the total wave force of the irregular wave can be calculated, which will be used to estimate the dynamic response of floating offshore wind turbines.
DYNAMIC RESPONSE CALCULATION METHOD
Cummins Equation and the State-Space Model
The dynamic motion behavior of floating structures is commonly described using the Cummins equation under the assumption of linear theory, ideal fluid, small wave excitation, and body motion based on the potential theory. The motion governing the equation of floating offshore wind turbines is expressed as follows:
[image: image]
where [image: image] and [image: image] are the mass and added mass matrices of the floating structure; [image: image] is the retardation function matrix; [image: image] is the additional linear damping matrix; [image: image] is the restoring matrix; [image: image], [image: image], and [image: image] are the wave, wind, and mooring forces acting on the floating structure; [image: image], [image: image], and [image: image] are the displacement, velocity, and acceleration vector of the floating structure, respectively.
Implementing the Laplace transform to Eq. 6 and ignoring the initial displacement and velocity, the Cummins equation in the Laplace domain can be expressed as follows:
[image: image]
where [image: image], [image: image], [image: image], [image: image], and [image: image] are the Laplace transform of [image: image], [image: image], [image: image], [image: image], and [image: image], respectively.
Based on Eq. 7, the dynamic response of floating structures in the Laplace domain can be expressed as follows:
[image: image]
where [image: image] is the transfer function, and [image: image] is the Laplace transform of the total external loading.
Implementing the inverse Laplace transform to Eq. 8, the response of floating structures induced by external loading can be obtained as follows:
[image: image]
where [image: image] is the impulse response function and [image: image] is the inverse Laplace transform function of [image: image]. Equation 9 shows that the dynamic response of floating structures can be regarded as the output of a system.
For a linear input-output system, the output of the system can be calculated using the convolution operator of the impulse response function and input. Based on Eq. 9, the ith degree displacement response caused by kth degree external loading is calculated using the following convolution operator:
[image: image]
where [image: image] is the ith row and the kth column element of the impulse response function [image: image], [image: image] is the kth element of external loading [image: image].
The convolution simplifies the process of calculating the dynamic response of floating structures, but the numerical calculation of Eq. 10 has the sample disadvantages to the Cummins equation. Therefore, Eq. 10 is equivalently converted to the state-space model form as follows:
[image: image]
where A, B, C, and D are the matrices describing the state-space model, which is equivalent to [image: image].
Decoupling the Transfer Function Based on Discrete Hydrodynamic Parameters
The Cummins equation is converted to the equivalent state-space model, and the matrices of the state-space model are unknown. To calculate the dynamic response of floating structures, the matrices should be estimated first. The different degree motions of floating structures are coupling, which leads to the impulse response functions being unavailable. The impulse response function and transfer function are Laplace or Fourier transform pairs. To obtain the decoupling impulse response function, the transfer function of floating structures should be first decoupled.
Implementing the Fourier transform to the Cummins equation, the Cummins equation in the frequency domain can be expressed as follows:
[image: image]
where [image: image] is the impedance function, [image: image] and [image: image] are the Fourier transform of [image: image] and [image: image], respectively, [image: image] is the frequency-dependent added mass, and [image: image] is the frequency-dependent damping.
The impedance function is related to the hydrodynamic parameters of [image: image] and [image: image]. The hydrodynamic parameters are usually calculated using the numerical method, which means that the hydrodynamic parameters are a series of discrete matrices. The discrete impedance function can be expressed as follows:
[image: image]
where [image: image] is the ith row and kth column element of the discrete impedance function, and [image: image] is the number of the discrete frequency.
The discrete impedance function can be calculated by Eq. 13. After obtaining the discrete impedance function matrix, the transfer function of floating structures is estimated by applying the reciprocal operator, that is,
[image: image]
Based on Eqs 13 and 14a, the transfer function of floating structures is decoupled. The decoupled transfer function will be applied to estimate the equivalent state-space model.
Estimation of the State-Space Model
After obtaining the decoupled transfer function of the floating offshore wind turbine, the corresponding impulse response function (IRF) can be computed by using the inverse Fourier transform as follows:
[image: image]
where “IFFT” denotes the inverse fast Fourier transform.
When applying complex exponential decomposition to the IRF of floating offshore wind turbine structures, the IRF can be expressed by a finite number of exponential components as follows (Liu et al., 2020):
[image: image]
where N is the term number, [image: image] is the so-called pole, and [image: image] is the corresponding residue.
It is obvious that [image: image] and [image: image] are a Laplace transform pair. Implementing the Laplace transform to Eq. 15, the transform function can be expressed using the following pole-residue form:
[image: image]
Based on the control theory, the transfer function of a system can be expressed with multiple forms, and the different forms are equivalent. For floating structures, the elements of the transfer function correspond to different systems, and the systems can be expressed using a rational fraction. The relative degree of the numerator and denominator is 2 (Lu et al., 2020). In this case, the pole-residue form of the decoupled transfer function can be converted into the rational fraction as follows:
[image: image]
Based on the parameters of the rational fraction, the state-space model corresponding to the transfer function can be obtained, which is expressed as follows (Lu et al., 2020):
[image: image]
in which
[image: image]
where [image: image], [image: image], and [image: image] are the estimated matrices of the state-space model, which are composed of the estimated parameter of the rational fraction.
Dynamic Response Calculation of Floating Offshore Wind Turbines
The governing motion equation of floating offshore wind turbines is converted to a series of state-space models. The problem of dynamic response calculation can be solved by calculating the output of the state-space models. The ith degree of the freedom response of floating offshore wind turbines is calculated using the following formula:
[image: image]
NUMERICAL STUDY
To investigate the proposed method, a spar-type floating offshore wind turbine is selected to analyze the dynamic response, which is shown as Figure 1. The spar-type floating offshore wind turbine is located in the sea area with a depth of 320 m. The total draft of the floating offshore wind turbine is 120 m. The spar-type floating offshore wind turbine structure comprises a 5 MW wind turbine, tower, and spar-type platform. The length of the tower is 67.6 m and the weight is 249,718 kg. The spar-type platform has a length of 130 m, which contains two cylinders and a connection cone, and a mooring system with three catenary lines is applied to moor the spar-type platform. Detailed information on the floating offshore wind turbine can be referred to in Jonkman (2010).
[image: Figure 1]FIGURE 1 | Floating offshore wind turbine: (A) total structure model and (B) mesh model.
Hydrodynamic Parameters
To obtain the transfer function of the spar-type floating offshore wind turbine, the hydrodynamic parameters should be first calculated. Considering that the spar-type floating foundation platform is symmetric, the matrices of hydrodynamic parameters have a symmetric property. The symmetric property simplifies the hydrodynamic parameters, and only the upper triangular matrix elements of [image: image] and [image: image] should be considered when calculating the dynamic response of the floating offshore wind turbine. Because of the symmetry, the surge-surge elements of the hydrodynamic parameters are similar to the sway-sway elements, that is, [image: image] and [image: image]. Similarly, the roll-roll elements are equal to the pitch-pitch elements, the surge-pitch elements are equal to the pitch-surge elements, and the sway-roll elements are equal to the roll-sway elements.
Based on the aforementioned symmetric property, the non-zero-valued hydrodynamic parameters are calculated using SESAM, which are plotted in Figure 2 and Figure 3, and the frequencies range from 0.01 rad/s–4.985 rad/s with a frequency interval of 0.025 rad/s. The hydrodynamic parameters will be applied to estimate the state-space model of the transfer function.
[image: Figure 2]FIGURE 2 | Frequency-dependent added mass of floating offshore wind turbines. (A) A11(w); (B) A15 (w); (C) A24(w); (D) A33(w); (E) A44(w) and (F) A66(w).
[image: Figure 3]FIGURE 3 | Frequency-dependent damping of floating offshore wind turbines. (A) B11(w); (B) B15 (w); (C) B24(w); (D) B33(w); (E) B44(w) and (F) B66(w).
State-Space Model Calculation
Before estimating the state-space model of the transfer function, the transfer function of the spar-type floating offshore wind turbine should be first calculated and decoupled. The viscosity of water is simulated by a linear additional damping matrix. The mooring system restricts the motion of the spar-type floating offshore wind turbine. To simplify the calculation, the mooring force is linearized, which is added to the restoring matrix. In this case, the mass, additional damping, and restoring matrices are listed as follows, which are referred to in Jonkman (2010) and Lu et al. (2020):
[image: image]
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and
[image: image]
Substituting the matrices and hydrodynamic parameters into Eqs 13, 1, the transfer function of the spar-type floating offshore wind turbine is decoupled, and the discrete transfer function is obtained. Based on the discrete transfer function, the parameters of the rational fractions are estimated by substituting the discrete transfer function into Eq. 18. Only [image: image], [image: image], [image: image], [image: image], [image: image], and [image: image] should be calculated, because they are non-zero values and unique. When implementing the inverse Fourier transform transfer function, the corresponding IRF can be calculated using Eq. 1. After obtaining the estimated IRF, the poles and residues of the IRF are computed by applying complex exponential decomposition. When using Eq. 15 to compute the poles and residues, the decomposition orders of [image: image], [image: image], [image: image], [image: image], [image: image], and [image: image] are set as 6, 4, 4, 4, 2, and 2, respectively. In this case, the comparison of the original and reconstructed IRFs is shown in Figure 4, and the good agreements indicate that the estimated poles and residues are equivalent to the original IRFs.
[image: Figure 4]FIGURE 4 | Comparison of the original and reconstructed IRF. (A) h11(t); (B) h15 (t); (C) h24(t); (D) h33(t); (E) h44(t) and (F) h66(t).
Based on the poles and residues, the rational fraction of the transfer function can be obtained using Eq. 17. Substituting the frequencies of the hydrodynamic parameter into the estimated transfer function, the real and imaginary parts’ comparison of original and estimated transfer functions are shown in Figure 5 and Figure 6. The good agreement indicates that the estimated transfer function can be applied to calculate the dynamic response of the spar-type floating offshore wind turbine.
[image: Figure 5]FIGURE 5 | Real-part comparison of the original and estimated transfer function. (A) H11(jw); (B) H15 (jw); (C) H24(jw); (D) H33(jw); (E) H44(jw) and (F) H66(jw).
[image: Figure 6]FIGURE 6 | Imaginary part comparison of the original and estimated transfer function. Dynamic response calculation of spar-type floating offshore wind turbine. (A) H11(jw); (B) H15 (jw); (C) H24(jw); (D) H33(jw); (E) H44(jw) and (F) H66(jw).
Based on the estimated transfer function, the corresponding state-space models can be constructed using Eqs 18, 19. Then, the problem of the dynamic response calculation for floating offshore wind turbines is converted to calculate the output of a series of state-space model systems, which simplifies the calculation.
The spar-type floating offshore wind turbine is excited by the wind and wave force in service. The wind mainly acts on the blades of the floating offshore wind turbine, and the corresponding wind force was calculated by the BEM theory. When simulating wind force, the wind comprises two forms: homogeneous and turbulent. To show the process of the proposed state-space model method simply, the homogeneous wind is applied to the numerical study. The wind acting on the blades is homogeneous with a speed of 11.4 m/s and a wind shear exponent of 0.143. The rotational speed of the wind turbine is 12.1 rpm. Based on the BEM theory, the equivalent forces impacting the top of the tower are calculated, which are shown in Figure 7.
[image: Figure 7]FIGURE 7 | Equivalent wind forces. (A) fx(t); (B) fy (t); (C) fz(t); (D) Mx(t); (E) My(t) and (F) Mz(t).
The irregular wave acting on the spar-type floating offshore wind foundation is simulated using the JONSWAP spectrum. The significant wave height is 6 m and the corresponding spectral peak period is 10 s (Jonkman, 2010). Applying the JONSWAP spectrum, the incident wave can be calculated based on Eqs 3–5, which is plotted in Figure 8.
[image: Figure 8]FIGURE 8 | Incident wave acting on the spar-type floating offshore wind turbine.
The direction of the incident wave is 0. Based on the JONSWAP spectrum, the frequencies and amplitudes of the wave components are calculated using Eq. 5. The hydrodynamic wave excitation per unit amplitude is computed by hydrodynamic software. Applying the principle of linear superposition, the wave forces induced by the irregular incident wave are obtained. Because of 0° incidence, there are only three DOF wave forces, that is, surge, heave, and pitch, which are shown in Figure 9.
[image: Figure 9]FIGURE 9 | Wave force induced by incident waves. (A) f1(t); (B) f3(t) and (C) f5(t).
After obtaining the wave and wind forces acting on the spar-type floating offshore wind turbine, the inputs of the estimated state-space models are obtained. To calculate the dynamic response of the floating offshore wind turbine, the wave and wind forces are substituted into Eqs 18, 20. The outputs of the state-space model are conveniently obtained, that is, the dynamic response. To verify the correctness of the proposed method, the Newmark-β method is also applied to calculate the dynamic response of the spar-type floating offshore wind turbine. The calculated dynamic response comparison of the two methods is plotted in Figure 10, which is in good agreement. The results indicate that the proposed method is able to calculate the dynamic response of the floating offshore wind turbine accurately.
[image: Figure 10]FIGURE 10 | Dynamic response comparison of the Newmark-β and proposed methods. (A) q1(t); (B) q2(t); (C) q3(t); (D) q4(t); (E) q5(t) and (F) q6(t).
The proposed method converts the problem of dynamic response calculation to obtaining the output of state-space models, which avoids the convolution calculation and simplifies the process of the dynamic response calculation. The convolution calculation is usually time-consuming and may introduce calculation errors. To investigate the computational efficiency of the proposed method, the elapsed times of the Newmark-β and proposed methods are recorded. The calculation steps change from 500 to 2,500 with an interval of 500. The comparison of elapsed times is shown in Figure 11. The figure shows that the proposed method significantly improves the computational efficiency of the dynamic response of the spar-type floating offshore wind turbine.
[image: Figure 11]FIGURE 11 | Comparison of the computational efficiency.
CONCLUSIONS
This study proposes a dynamic response calculation method for floating offshore wind turbines. The method decouples the transfer function and converts the decoupled transfer function to a series of state-space models. The problem of dynamic response calculation is transformed into obtaining the outputs of the estimated state-space models. A spar-type floating offshore wind turbine is applied to investigate the performance of the proposed method. The results show that the proposed method can calculate the dynamic response accurately, and the computational efficiency is considerably higher than that of the Newmark-β method.
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