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The broad development of integrated heat and electricity systems (IHES) improved the
energy utilization efficiency, but it also increased the risk of cascaded accidents and the
difficulty of operation. The security region that defines the permitted operation range is
efficient for the planning and control of IHESs, while the accurate formulation of security
region boundary renders its applications. To address this problem, this article first
proposes a novel equivalent thermal model (ETM) to build the direct connection
between the operations states and the control variables in the heating system. The
ETM directly characterizes the network response to the inputs and accurately
describes the dynamic process in the heat system. On this basis, the method to
construct the security region for IHES is presented considering the thermal dynamics,
where the critical boundary is formulated with a set of accurate hyperplanes. To describe
the thermal dynamics, numerical simulations from different aspects verify the effectiveness
of the ETM. The results of security region indicate that the thermal dynamics influence the
operation security and renewable penetration in the power system significantly.

Keywords: integrated heat and electricity system, security region, thermal dynamics, equivalent thermal model,
security region boundary (SRB)

1 INTRODUCTION

Sustaining development of society and further innovation of energy utilization technology promoted
the cross-cutting and integrated evolution of multienergy fields (Mancarella, 2014; Zhang et al.,
2021a). As an important component of energy system, the integrated heat and electricity system
(IHES) owns the characteristics of low carbon and high efficiency through the energy cascade
utilization and multienergy optimization (Bitar et al., 2011; Ma et al., 2018). Its technical exploration
has become the current research hotspot.

Security and economy are the fundamental requirements for the operation of IHES, which is also
the basis of optimal scheduling and simultaneous control. However, the wide applications of
coupling equipment, such as combined heat and power units (CHPs) and heat pumps, caused deeper
interdependency between the power system (PS) and the heating system (HS), and it increased the
concerns about coordinate operation. On the one hand, the dynamics at HS side (Sanjari et al., 2016;
Cruz et al., 2018), which is also named thermal inertia, provides extra flexibility for the operation of
the PS and promotes the penetration of renewables like photovoltaics (PVs). On the other hand, the
inaccurate quantization of thermal dynamics is more likely to misguide the normal operation of
IHES, thereby threatening the security of PS. Different from the PS, the thermal loads are largely
influenced by the environmental factors, and this further increased the possibility of operational
accidents (Li et al., 2016). A well-known electric and thermal power failure in China during 2012 is
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the consequence of thermal load upsurge and electric line
damage, which is caused by the arctic weather, and influenced
several hundred thousand inhabitants (Sina, 2009). Thus,
accurately describing the response characteristic of the system
state to the external inputs and analyzing the operational security
under different conditions is essential for the future development
of IHES.

Some methods have been proposed to study the feasibility and
security of IHESs containing the operation assessment,
prevention and simultaneous control, and robust planning. In
terms of operation assessment, reference (Wei et al., 2018)
proposed a cascading fault transfer model for PS based on
graph theory and constructed the structure to evaluate the
system vulnerability region. Reference (Yan et al., 2014)
further optimized the evaluation structure combined with the
graph theory with the physical features. In (Jiang et al., 2014; Nan
et al., 2020), the concept of operation security was extended into
integrated gas and electricity system, and the bidirectional
coupling influence was analyzed. In terms of prevention and
control, a steady-state security control strategy was proposed in
(Chen et al., 2020) based on sensitivity analysis. Next, to
formulate the thermal dynamics, reference (Zhang et al.,
2021b) proposed an equivalent model based on the partial
differential equations. Then, the global sensitivity matrix was
built to describe the coupling between electric and thermal states.
Also, a rolling dynamic security control was developed to ensure
the normal operation under uncertainties. As for robust
optimization, a coordinate optimization method was proposed
in (He et al., 2018) for IHES considering the N-1 constraints and
critical equipment accidents, and the multiple uncertainties were
further included in (Li and Xu, 2019).

The literatures above studied the operation of IHES from
different aspects. However, the analysis is conducted through
traverse or optimization with various constraints. The
deficiencies are summarized as follows: 1) The methods above
focus on the specific operation states and are unable to obtain the
operational margin visually. 2) The states proposed by
optimization probably locate at the operation boundary, and
the security cannot be ensured with unexpected deviations. In
contrast, the security region (SR) model formulates the control
strategy by delineating the operation boundary and provides the
feasible operation range visually. Thus, it is an efficient method to
handle the mentioned deficiencies.

Derived from the SR of PS, the SR in IHES is defined as a set of
energy flow injections that satisfies the energy flow equations and
operational security constraints (Liu, 1986). During the analysis
of SR, the SR boundary is critically significant since it restricts the
feasible points and presents the security margin visually. In this
regard, reference (Xiao et al., 2012) adopted the hyperplanes to
approximate the SR boundary and then constructed SR for IHES.
In (Xiao et al., 2017), the convex hull method was used to build
the robust SR for integrated energy system. The SR problem was
formulated into a robust nonlinear programming model and
solved by IPOPT. Despite the normal operation constraints, to
study the SR under different accidents, the N-1 constraints were
considered in (Chen et al., 2017) and (Liu et al., 2020). In
(Jahromi and Bouffard, 2017), the SR in demand spaces with

multiregion transmission constraints was formulated. The
research indicated that the uncertain renewables like wind
power and PV significantly influence the size of SR. On this
basis, (Chiang and Jiang, 2018) characterized the SR of IHES with
optimal energy flow and explored its potential to promote the
renewable consumption. Then, the model was extended into (Wei
et al., 2015), considering the PV uncertainty, and was used for
robust dispatching.

The existing research studies mainly focus on the PS and
integrated electricity and gas system, while the study on IHES is
relatively few. In addition, the regions constructed by the current
literatures are probably different from the real conditions because
the dynamic transmission process is omitted. Also, this may
result in an inaccurate assessment of the operation state.
Moreover, according to the topology analysis, the operation
states in HS are alternately solved through the pipes and
nodes. It is challenging to build a direct connection between
state variables and disturbance in HS, which increase the
difficulty to formulate the SR boundary. To address the
mentioned problems, this article proposes an equivalent
thermal model (ETM) to quantitatively describe the intuitive
relationships between the operation states and external
disturbance in HS. Then, to formulate the accurate SR
boundary, the methods to construct the SR for IHES based on
ETM considering the thermal dynamics are presented. The main
contributions of this article are summarized as the following:

1) An equivalent thermal model is formulated. The model
constructs the intuitive connection between state and
control variables instead of the recursive process in
operation analysis.

2) The approach to constructing the SR of IHES considering thermal
dynamics is proposed. Based on the hyperplane method, the
formulation of security region boundary (SRB) is presented. The
simulation results indicate that the thermal dynamics influence
the SR and PV consumption of IHES significantly.

The remainder of this article is organized as follows. Section 2
describes the modeling of IHES. Section 3 proposes the ETM.
Section 4 constructs the SR for IHES and the corresponding
hyperplane for SRB. Case study and conclusion are given in
Sections 5, 6.

2 ENERGY FLOW IN INTEGRATED HEAT
AND ELECTRICITY SYSTEM

The structure of IHES contains three parts: the PS, the HS, and
the coupling units. Both the energy systems consist of sources,
networks, and loads. The energy flow distribution in PS, HS, and
coupling units are given in the following part.

2.1 Energy Flow in Power System
The power flow balance at buses is expressed as the following: the
energy flow in PS usually describes the active and reactive power
flow distribution. Since that, the PS and HS mainly interacts
through the active power flow, and this article adopts the direct
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current (DC) power flow model to describe the state distribution.
The model is expressed as (Li et al., 2016):

PL,i − PV,i − PG,i � ∑
jϖi

Bij(θi − θj) (1)

Pij � Bij(θi − θj) (2)
θsl � 0 (3)

where PL,i, PV,i, and PG,i denote the active power of load, active
power output of PV, and generators at bus i in PS, respectively; θi
denotes the voltage phase angle at bus I; Bij denotes the
susceptance between bus i and bus j; Pij denotes the active
power flow between bus i and bus j; subscript sl denotes the
variables of the slack bus. Eq. 1 denotes the active power balance
at each bus; Eq. 2 denotes the active power flow balance at each
branch; Eq. 3 indicates that the voltage phase angle at the slack
bus equals to zero. The above equations restrict the output active
power of the generators with the given load distribution.

2.2 Energy Flow in Heating System
The thermal sources and loads in HS are connected through the
supply and return network, and each of the networks demonstrates a
similar structure. As illustrated in Figure 1, the thermal power
produced by the thermal sources are first transferred with supply
water flow by circulation pumps. After arriving the load side, the
consumers exchange the thermal power, and the water flow reflows
into the return network. Next, finally, the return water starts at the
load nodes, transfers to the source nodes, and forms a cycle. Thus, the
energy flow model in HS usually contains the thermal parts and the
hydraulic parts. In this study, to formulate the HS model, the
widespread constant-mass-flow control strategy is adopted. In the
condition, the time-varying requirements of thermal consumers are
satisfied by adjusting the source supply temperature with the fixed
mass flow distribution (Li et al., 2016; Zhang et al., 2021a). Due to the

superior stability, the strategy is mostly adopted in North China and
North Europe.

For simplification, the temperature mentioned in this article is
defined as the temperature mismatch between the absolute
temperature and the ambient temperature, which is expressed
as the following:

T � T′ − Tamb (4)
where T′ denotes the absolute temperature, and Tamb denotes the
ambient temperature. The thermal model describes the
distribution of temperature and thermal power. First, the node
in the HS is modeled as the heat exchanger.

ϕ � Cmnd(Ts,nd − Tr,nd) (5)
In Eq. 5, ϕ denotes the thermal power consumption, which is

positive at load nodes and negative at sources nodes; the
superscripts nd denotes the variables at nodes, and C denotes
the specific heat capacity of water; the superscripts s and r denote
the variables in supply and return networks, respectively. Second,
the node temperature after flow mixing is expressed as the
following:

Tnd
j ∑

i∈Lvj
mbr

i � ∑
i∈Inj

Te,br
i mbr

i (6)

Eq. 6 is an equivalent representation of energy conservation at
nodes, where the superscripts br denote the variables at pipeline;
superscript e denotes the variables at the end of the pipeline, Inj

denotes the set of pipelines that end at node j; Lvj denotes the set
of pipelines leaves from node j. Third, the temperature at the
beginning of pipeline equals to the temperature at the
corresponding node, which is expressed as the following:

Tb,br
i � Tj i ∈ Lvj (7)

FIGURE 1 | Structure of heating system.
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Next, finally, the pipe temperature conductivity equation
describes the temperature distribution along the pipe. Here, we
adopted the widely used node method to formulate the
corresponding equation, and its procedure contains two steps:
1) model the time delay and 2) model the transfer loss.

Since the thermal power is transferred through water flow with
a slow velocity, the adjustment at the pipeline inlet temperature
takes a certain time delay to influence the pipeline outlet
temperature. Thus, the node method discretizes the mass flow
inside the pipeline into different micro elements, and each of the
micro elements takes a different time delay to arrive the pipeline
outlet, as shown in Figure 2 (Li et al., 2016).

The elements in yellow denote the mass flow injecting into the
pipeline at t. The element in blue denotes the mass flow injecting
into the pipeline during a continuous time interval. The figure
indicates that the mass flow injecting into pipeline at t leaves at t-
γt. Next, correspondingly, the mass flow injecting into pipeline at
t-1 leaves at t-φt. For arbitrary pipeline i, its time labels γi,t and φi,t
can be obtained from (Li et al., 2016):

γi,t � min⎛⎝i: s.t. ∑t
k�t−j

mbr
i,kΔt≥ ρAiLi

⎞⎠ (8)

φi,t � min⎛⎝j: s.t. ∑t
k�t−j

mbr
i,kΔt≥ ρAiLi +mi,tΔt⎞⎠ (9)

where A is the cross-section area of the pipeline, ρ is the water
density, Δt is the time length, and L is the pipeline length. On this
basis, the pipeline outlet temperature is formulated as the linear
weighted sum of the temperature series at the pipeline inlet.
Considering the time delay, the pipeline outlet temperature
without transfer loss is formulated as the following:

(mbr
i,tΔt)Te,s,br,wl

i,t � (mbr
i,tΔt + ρAiLi − Si,t)Tb,s,br,wl

i,t−φi,t

+ ∑t−γi,t−1
k�t−φi,t+1

(mbr
i,tΔt)Tb,s,br

i,t + (Ri,t − ρAiLi)Tb,s,br
i,t−γi,t

(10)

(mbr
i,tΔt)Te,r,br,wl

i,t � (mbr
i,tΔt + ρAiLi − Si,t)Tb,r,br

i,t−φi,t

+ ∑t−γi,t−1
k�t−φi,t+1

(mbr
i,tΔt)Tb,r,br

i,t + (Ri,t − ρAiLi)Tb,r,br
i,t−γi,t

(11)

where Ri,t denotes the mass flow injecting into the pipeline i
between t-γt and t; Si,t denotes the mass flow injecting into the

pipeline i between t-φt+1 and t; Te,s,br,wl
i,t and Te,r,br,wl

i,t denote the
pipeline outlet temperature in the supply and return network,
respectively, at t without transfer loss. The expressions of Si,t and
Ri,t are the following:

Ri,t � ∑t
k�t−γi,t

mi,kΔt (12)

Si,t �
⎧⎪⎪⎨⎪⎪⎩

Ri,t φi,t ≤ γi,t + 1

∑t
k�t−δi,t+1

mi,kΔt φi,t > γi,t + 1 (13)

On this basis, the pipeline outlet temperature is further
modified considering the transfer loss, which is expressed as
the following:

Te,s,br
i,t � Ki,tT

e,s,br,wl
i,t (14)

Te,r,br
i,t � Ki,tT

e,r,br,wl
i,t (15)

Ki,t � exp⎛⎝ − λiΔt
AiCρ

⎛⎝γi,t +
1
2
+ Si,t − Ri,t

mbr
i,t−γi,tΔt

⎞⎠⎞⎠ (16)

where Te,s,br
i,t and Te,r,br

i,t denote pipeline outlet temperature in the
supply and return network, respectively; λ denotes the thermal
transfer coefficient.

2.3 Energy Flow in Coupling Units
The PS and HS are usually coupled with the energy cogeneration
and conversion equipment. In this article, the extraction CHP
units and heat pumps are adopted for analysis. Next, the feasible
region is used to describe the relationship between thermal power
and electric power in CHP units and heat pumps. The feasible
region of CHP units is constructed with several extreme points,
whose mathematical formulation is expressed as (Zhang et al.,
2021b):

⎧⎪⎨⎪⎩
0≤PCHP ≤Pmax

CHP

0≤ ϕCHP ≤ ϕmax
CHP

ηCHP,1ϕCHP ≤PCHP ≤Pmax
CHP − ηCHP,2ϕCHP

(17)

where PCHP and ϕCHP are the generated electric and thermal
power of CHP units, Pmax

CHP and ϕmax
CHP are the maximum electric

and thermal power output of CHP units, and ηCHP,1 and ηCHP,2
are the coefficients in CHP units. The feasible region of heat
pump is expressed as the following:

ϕHP � ηHPPHP (18)
where PHP and ϕHP are the consumed electric power and
generated thermal power of heat pump; ηHP is the conversion
coefficient of heat pump.

3 EQUIVALENT THERMAL MODEL

As shown in Section 2, the electric load and sources are directly
connected through the energy flow in Eq. 1. Therefore, adjusting
the source output according to the load distribution is
comparatively easier. However, the thermal source and loads

FIGURE 2 | Flow schematic diagram of pipeline in heating system.
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are connected through pipelines. The states at loads are obtained
using the recursive computation based on Eqs. 6, 7, causing an
implicit relationship between the thermal sources and loads. In
this section, to formulate the direct expression between the
temperatures at thermal sources and nodes, an ETM based on
the node method is proposed, so that the model of HS can be
aggregated like that of PS for further analysis.

Since the HS studied in this article operates at the constant-
mass-flow control strategy, the mbr and mnd in Eqs. 5–16 are
fixed. In this condition, Eqs. 8, 9 can be rewritten as the following:

γi,t � γi, φi,t � φi � γi + 1 (19)
Substituting Eq. 19 into Eqs. 12, 13, we can get the following:

Si,t � Si, Ri,t � Ri, Si � Ri (20)
Based on Eq. 12, Eqs. 10, 11 can be simplified as the following:

Te,s,br
i,t � β1,iT

b,s,br
i,t−φi + β2,iT

b,s,br
i,t−γi (21)

Te,r,br
i,t � β1,iT

b,r,br
i,t−φi + β2,iT

b,r,br
i,t−γi (22)

β1,i � Ki
miΔt + AiLiρ − Si

miΔt
, β2,i � Ki

Ri − AiLiρ

miΔt
(23)

With Eqs. 21, 22, the dynamic thermal conductivity equations
are transformed into the linear equations that directly relates the
pipe inlet temperature series and pipe outlet temperature. Then,
we introduce the following incidence matrixes for simplification.

(1) The incidence matrix that relates the nodes and the
corresponding pipelines leaving from the nodes is defined
as A+. The dimension of A+ is Nd×Np, where Nd and Np

denote the number of nodes and pipelines in HS. The
element in A+ is expressed as the following:

a+ij �
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1 the mass flow leaving from node i
and injecting into pipeline j

0 node i is not releted with
pipeline j topologically

(24)

(2) The incidence matrix that relates the nodes and the
corresponding pipelines leaving from the nodes is defined
as A−. The dimension of A− is Nd×Np. The element in A− is
expressed as the following:

a−ij �
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1 the mass flow leaving from pipeline j
and injecting into node i

0 node i is not releted with
pipeline j topologically

(25)

(3) The incidence matrix that relates the nodes temperature and
the pipeline inlet temperature is defined as Atp. The
dimension of Atp is Np×Nd. The element in Atp is
expressed as the following:

atpij �
⎧⎪⎨⎪⎩

1 node j is the inlet of pipeline i
0 node j is not releted

with pipeline i topologically
(26)

It should be noted that the mentioned incidence matrixes A+,
A−, and Atp are constant in HS with constant-mass-flow strategy.
However, all these matrixes demonstrate different values in
supply and return network. Thus, in this study, As,+ and Ar,+,
As,− and Ar,−, and As,tp and Ar,tp are different constant matrixes.

With the incidence matrixes As,+ and Ar,+, the mass flow leaving
from the nodes can be reformulated as Eq. 27 in matrix form.

Ds,+ � As,+mbr +mnd, Dr,+ � Ar,+mbr −mnd (27)
The mass flow injecting into the nodes can be reformulated as

Eq. 28 in matrix form.

Ds,− � As,−diag(mbr), Dr,− � Ar,−diag(mbr) (28)
where diag in the above equations refers to the operation that
transforms a vector into a diagonal matrix. Reformulating the
temperature equation with Eqs. 27, 28, we can get the following:

Ds,+Ts,nd
t � Ds,−Te,s,br

t , Dr,+Tr,nd
t � Dr,−Te,r,br

t (29)
Besides, Eqs. 21, 22 can be rewritten as the following:

Te,s,br
t � β1T

b,s,br
t−φ + β2T

b,s,br
t−γ , Te,r,br

t � β1T
b,r,br
t−φ + β2T

b,r,br
t−γ (30)

β1 � diag(β1,i), β2 � diag(β2,i) (31)
Substituting Eqs. 30, 32 into Eq. 29, we can get the following:

Ds,+Ts,nd
t � Ds,−(β1Tb,s,br

t−φ + β2T
b,s,br
t−γ )

� Ds,−β1A
s,tpTs,nd

t−φ + Ds,−β2A
s,tpTs,nd

t−γ
(32)

Dr,+Tr,nd
t � Dr,−(β1Tb,r,br

t−φ + β2T
b,r,br
t−γ )

� Dr,−β1A
r,tpTr,nd

t−φ + Dr,−β2A
r,tpTr,nd

t−γ
(33)

Defining Hs1=Ds,−β1A
s,tp, Hs2=Ds,−β2A

s,tp, Hr1=Dr,−β1A
r,tp,

Hr2=Dr,−β2A
r,tp, Eqs. 33, 35 can be expanded as the following:

⎡⎢⎢⎢⎢⎢⎣D
s,+
g 0 0
0 Ds,+

d 0
0 0 Ds,+

l

⎤⎥⎥⎥⎥⎥⎦⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ts,nd

t,g

Ts,nd
t,d

Ts,nd
t,l

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ � ⎡⎢⎢⎢⎢⎢⎢⎣H
s1
11 Hs1

12 Hs1
13

Hs1
21 Hs1

22 Hs1
23

Hs1
31 Hs1

32 Hs1
33

⎤⎥⎥⎥⎥⎥⎥⎦⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ts,nd

t−φg,g
Ts,nd

t−φd,d
Ts,nd

t−φl ,l

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ ⎡⎢⎢⎢⎢⎢⎢⎣H
s2
11 Hs2

12 Hs2
13

Hs2
21 Hs2

22 Hs2
23

Hs2
31 Hs2

32 Hs2
33

⎤⎥⎥⎥⎥⎥⎥⎦⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ts,nd

t−γg,g
Ts,nd

t−γd,d
Ts,nd

t−γl ,l

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(34)

⎡⎢⎢⎢⎢⎢⎣D
r,+
g 0 0
0 Dr,+

d 0
0 0 Dr,+

l

⎤⎥⎥⎥⎥⎥⎦⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Tr,nd

t,g

Tr,nd
t,d

Tr,nd
t,l

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ � ⎡⎢⎢⎢⎢⎢⎢⎣H
r1
11 Hr1

12 Hr1
13

Hr1
21 Hr1

22 Hr1
23

Hr1
31 Hr1

32 Hr1
33

⎤⎥⎥⎥⎥⎥⎥⎦⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Tr,nd

t−φg,g
Tr,nd

t−φd,d
Tr,nd

t−φl ,l

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ ⎡⎢⎢⎢⎢⎢⎢⎣H
r2
11 Hr2

12 Hr2
13

Hr2
21 Hr2

22 Hr2
23

Hr2
31 Hr2

32 Hr2
33

⎤⎥⎥⎥⎥⎥⎥⎦⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Tr,nd

t−γg,g
Tr,nd

t−γd,d
Tr,nd

t−γl ,l

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(35)

where the subscripts g, d, and l denote the source nodes, branch
nodes, and load nodes in HS, respectively; Tnd

g , Tnd
b , and Tnd

l are
the node temperature vectors at source, branch, and load nodes,
respectively.

Frontiers in Energy Research | www.frontiersin.org August 2022 | Volume 10 | Article 9452315

Wang et al. Security Region Analysis

https://www.frontiersin.org/journals/energy-research
www.frontiersin.org
https://www.frontiersin.org/journals/energy-research#articles


According to the topology of HS shown in Figure 1, the mass
flow leaving from sources must equal to its injecting mass flow.
Thus, Ds,+

g in Eq. 35 must be 0. Besides, the mass flow cannot
leave from the branch nodes and inject into the source nodes nor
leave from the load nodes and inject into branch nodes through
the pipelines. Therefore,Hs1

23 andH
s1
33 must be 0. Since the source

nodes are equivalent loads and the load nodes are equivalent
sources in the return network, Dr,+

l , Hr1
21, and Hr1

31 are also 0. On
this basis, the latter two rows in Eq. 35 can be rewritten as the
following:

Ts,nd
t,d � (Ds,+

d )−1(Hs1
21(Ts,nd

t−φg,g + Ts,nd
t−γg,g) +Hs1

22(Ts,nd
t−φd,d + Ts,nd

t−γd,d))
(36)

Ts,nd
t,l � (Ds,+

l )−1(Hs1
31(Ts,nd

t−φg,g + Ts,nd
t−γg,g) +Hs1

32(Ts,nd
t−φd,d + Ts,nd

t−γd,d))
(37)

Also, similarly, the former two rows in Eq. 36 can be rewritten
as the following:

Tr,nd
t,d � (Dr,+

d )−1(Hr1
22(Tr,nd

t−φg,d + Tr,nd
t−γg,d) +Hr1

23(Tr,nd
t−φd,l + Tr,nd

t−γd,l))
(38)

Tr,nd
t,g � (Dr,+

g )−1(Hr1
12(Tr,nd

t−φd,d + Tr,nd
t−γd,d) +Hr1

13(Tr,nd
t−φl ,l + Tr,nd

t−γl ,l))
(39)

Eqs. 37–40 are the equivalent aggregation of the thermal
model in HS, which combine the states at source nodes and
the other nodes. As a result, the influence of adjustments at the
sources on the other nodes can be directly reflected.

4 SECURITY REGION OF INTEGRATED
HEAT AND ELECTRICITY SYSTEM

In the IHES, the electric and thermal states are determined by the
output of generators and coupling units. To ensure the
operational security, the operators need to adjust the
controllable states to restrict the controlled states within a

FIGURE 3 | Structure of integrated heat and electricity systems in case study. (A) Structure of power system. (B) Structure of heating system.
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feasible range. Defining x as the controllable states, y as the
controlled states, f as the equality equations that determines the
SRB, g as the inequality equations that determines the SRB, the SR
of IHES is constructed below.

4.1 Model of Security Region
In the PS, the controllable states refer to the active power output
of the generators, while the controlled states refer to the active
power consumption of electric loads, the active power output of
PVs, the active branch power flow, and the bus voltage phase

FIGURE 4 | Parameters in heating system.

FIGURE 5 | Simulation results in heating system.
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angle (Chen et al., 2017). The SR in PS with DC power flowmodel
is expressed as the following:

{ xe � (PG), ye � (PV,PL,Pij, θ)
SRe � {ye: f e(xe, ye) � 0, ge(xe, ye) � 0} (40)

The equality equation fe contains Eqs. 1–3. The inequality
equation ge contains the constraints on the active power output of
generators and PVs, the active power flow on the branches, and
the phase angles, as shown below.

Pmin
G ≤PG ≤Pmax

G , 0≤PV ≤Pmax
V ,

Pmin
ij ≤Pij ≤Pmax

ij , − π ≤ θ ≤ π (41)

In the HS, the controllable states refer to the thermal power
output of the heat pumps and CHPs, while the controlled states
refer to the node supply and return temperature. The SR in HS
with ETM is expressed as the following:

{ xh � (ϕCHP, ϕHP), ye � (Ts.nd,Tr.nd)
SRh � {yh: f h(xh, yh) � 0, gh(xh, yh) � 0} (42)

The equality equation fh contains Eqs. 5, 37–40. The
inequality equation gh contains three parts: 1) thermal comfort
constraints of load supply temperature; 2) thermal security
constraints of return temperature and source supply
temperature; 3) thermal power constraints of source output;
the ramping rate constraints of CHP units, which are shown
in Eqs. 44–47, respectively.

Ts,nd,min
l ≤Ts,nd

l ≤Ts,nd,max
l , Ts,nd,min

d ≤Ts,nd
d ≤Ts,nd,max

d (43)
Tr,nd,min ≤Tr,nd ≤Tr,nd,max, Ts,nd,min

g ≤Ts,nd
g ≤Ts,nd,max

g (44)
ϕmin
g ≤ ϕg ≤ ϕ

max
g (45)

−δϕmax
CHP ≤ ϕCHP,t − ϕCHP,t−1 ≤ δϕ

max
CHP (46)

where ϕmin
g and ϕmax

g denote the minimum and maximum output of
thermal source; Ts,nd,min

l/d/g and Ts,nd,max
l/d/g denote the minimum and

maximum supply temperature at the load/branch/source nodes;
Tr,nd,min and Tr,nd,max denote the minimum and maximum return
temperature; δ denote the ramping rate of CHP units, which is 0.05 in
this article. The SR for IHES is the intersection of the SRs of PS and
HS with the constraints on the coupling units considered. The model
of SR for IHES is expressed as the following:

SRIHES �
⎧⎪⎪⎨⎪⎪⎩

(yh, ye):
f e(xe, ye) � 0, f h(xh, yh) � 0, f cp(xh, yh, xe, ye) � 0
ge(xe, ye)≤ 0, gh(xh, yh)≤ 0, gcp(xh, yh, xe, ye)≤ 0

⎫⎪⎪⎬⎪⎪⎭
(47)

where fcp contains the equality constraints in Eq. 18, and gcp
contains inequality constraints in Eq. 17.

4.2 Formulation of Security Region
Boundary
The SRB corresponds to a set of critical operation points where
one of the inequality constraints becomes equality constraints,
while the other inequality constraints are satisfied. Since the
constraints in (47) are linear, the SRB can be obtained by
solving the upper and lower boundaries with linear
programming. In this article, Matlab 2018b is used for
programming, and Cplex 12.9 is used for problem solving.

5 CASE STUDIES

To verify the effectiveness of the proposed method, a modified
system is studied to investigate the SR of IHES. The IHES
contains a modified IEEE 30-bus system and four independent
HSs. Three PVs are integrated into the PS at buses 3, 9, and 10.
The four HSs and PSs are coupled with 2 CHP units and 2 heat
pumps. The four HSs demonstrate the same structure but
different parameters. The diagram of the IHES is shown in
Figure 3 and all the parameters are given in (Baidu, 1234).

TABLE 1 | Computation time comparison.

Scenario HS1-ETM (s) HS1-NM (s) HS3-ETM (s) HS3-NM (s)

1 0.0047 0.012 0.0049 0.010
2 0.0056 0.010 0.0054 0.0098

FIGURE 6 | Security region comparison between the proposed method
and hyperplane method.
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The curves of ambient temperature, PV output, the upper and
lower boundaries of node temperature in HS are shown in
Figure 4. The simulation contains two aspects: 1) verify the
accuracy of the proposed ETM and 2) analyze the influence of
thermal dynamics on SR of HS. Next, to verify the accuracy of
ETM, the recursion-based node method (NM) in (Li et al., 2016)
is used as reference in Section 5.1.

5.1 Accuracy of the Equivalent Thermal
Model
In this section, the proposed ETM is compared with the
recursion-based NM to verify the effectiveness. Two

systems (HS1 and HS2) are simulated in two scenarios,
including the following: scenario 1) Δt = 10 min; scenarios
and 2) Δt = 5 min. The results are shown in Figure 5. As
shown the figures, with the given boundary conditions, the
results by ETM and NM are the same regardless of different
simulation steps. This is understandable because the ETM is
derived from NM without any simplification. However, to
obtain the explicit expression of the load temperature, the
ETM directly relates all the node temperature. As a
consequence, the recursion is no longer needed during
computation. The comparison regarding the computation
time is given in Table 1, which further indicates the
superiority of the ETM in efficiency.

FIGURE 7 | Security region in power system and integrated heat and electricity systems.
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5.2 Influence of Thermal Dynamics on
Security Region of Power System
This section aims to verify the accuracy of the proposed SRmodel and
analyze the influence of thermal dynamics on SR of PS. First, we
compare the calculated SR with the hyperplane method proposed in
(Li et al., 2020). The results are shown in Figure 6. As shown in the
figures, the results by the proposedmethod andhyperplanemethod are
almost the same. The area of SR for generator 1 and 2 and generator
1 and 13 by two methods is 2,149MW2 and 1,189MW2, respectively.
This is understandable because the proposed method is completely
linear.With the proposedmethod, no approximation or simplification
occurs during the SR construction. Thus, the SR boundary governed by
Eq. 47 is essentially a set of multivariate linear equations, which is the
same with the traditional hyperplane method.

Then, we performed the analysis to investigate the SR in IHES.
The analysis contains two aspects: 1) analyze the influence of thermal
dynamics, as shown in the comparison of Figures 7A–D; 2) analyze
the influence of PV integration, as shown in the comparison of
Figures 7C–F. From the figures, it is obvious that the combined
operation shrinks the size of the SR in PS, since additional constraints
from HS are added into the SR formulation. To ensure that the node
temperature in HS satisfies the thermal comfort, the PS is required to
increase the minimum active power generation and decrease the
maximum active power generation. The size of SR in PS shrinks up to
15.6% in average. From Figures 7C–F, the observation exists that
significant changes occur on the SR of IHES when the system is
integrated with PV. The uncertain generation of PV is usually
considered as an equivalent PQ bus with negative active power
consumption. Next, the PV integration decreases the active power
consumption in the whole system so that the generators can provide
the active power in a wider range. As a consequence, the SR of IHES
expands in both 2-dimensional and 3-dimensional space.

6 CONCLUSION

In order to explore the combined analysis of PS and HS
integration, this study studies the operational security of the

IHES based on SR. First, an ETM is proposed to build the direct
relationship between the source states and load states in HS,
with which the response to load fluctuation can be constructed
at generators. On this basis, the SR of IHES, considering the
thermal dynamics, is constructed, including the recognition of
controlled/controllable variables and the formulation of the
SRB. Next, finally, the influence of PV uncertainty on the SR
of IHES is further analyzed. Case studies indicate that the
proposed ETM is efficient for heating system analysis, and
the combined operation of PS and HS will shrink the size of
SR due to the additional constraints from HS side. Besides, the
PV uncertainty demonstrates significant influence of the SR of
IHES and is likely to increase the size of SR by providing extra
generation capacity. The integration of large-scale heating
systems and the dynamics from coupling equipment side will
be the future research focus to explore the influence of the
thermal dynamics on the PS.
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NOMENCLATURE

Abbreviations
IHES Integrated heating and electricity system

PS Power system

HS Heating system

ETM Equivalent thermal model

CHP Combined heat and power

PV Photovoltaic

SR Security region

DC Direct current

NM Node method

Indices
L/V/G Subscript of load/photovoltaic/generator in PS

nd/br Superscript of node/pipeline in HS

s/r Superscript of supply/return network

b/e Superscript of beginning/end of the pipeline

Lv/In Set of leaving/injecting pipelines

e/h/cp Subscript of variables in PS/HS/coupling units

g/d/l Subscript of source/branch/load node in HS

Parameters and Variables
P Active power

θ Voltage phase angle

Pij Active/reactive power at electric branch

T’/T Absolute/relative temperature

Tamb
Ambient temperature

m Mass flow rate

ϕ Thermal power

A/L/λ Cross-section area/length of pipeline

C/ρ Specific heat capacity/density of water

φ/γ Time labels in node method

Rt Injected mass flow between t and t-γt

St Injected mass flow between t and t-φt+1

Δt Time interval

K Transfer coefficient in node method

η Coefficients in CHP and heat pump model

β Coefficients in ETM

A+/−/tp
Topological incidence matrix in ETM

D+/−
Mass flow matrix leaving from/injecting into nodes in ETM

H+/−
Mass flow matrix leaving from/injecting into nodes in ETM

H1/2
ij Coefficient matrixes in ETM

x/y Controllable/controlled state

f/g Equality/inequality equations in IEHS

δ Rampling rate of CHP unit
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