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Because of its multivariate particle suspension approach, the developing class

of fluid has a better level of stability as well as increased heat transfer. In this

regard, hybrid nanofluid outperforms ordinary fluid and even well-known

nanofluid. In a slick environment, we investigate its fluidity and heat transfer

qualities. Nano-leveled particle morphologies, porousness materials, variable

thermal conductivity, slippage velocity, and thermal radiative effects are all

being studied. The Galerkin finite element method is a numerical methodology

for numerically solving the governing equations (G-FEM). For this analysis, a

Powell-Eyring hybrid nanofluid (PEHNF) flowing via a permeable stretchable

surface is used, which comprises two types of nanoparticles (NP), copper (Cu),

and titanium alloy (Ti6Al4V) dispersed in sodium alginate (C6H9NaO7). The heat

transfer ratio of PEHNF (Ti6Al4V-Cu/C6H9NaO7) remained much greater than

that of conventional nanofluids (Cu-C6H9NaO7), with a range of 43%–54%.

When lamina particles are present, the thermal conductivity of the boundary

layer increases dramatically, while spherical nanoparticles have the lowest

thermal conductivity. As nanoparticles are added under their fractional sizes,

radiative heat conductance, and flexible heat conductance, the system’s

entropy increases. The flow system’s ability to transport mass decreases

when molecule diffusivity decreases dramatically. This is theoretically related

to a rise in Schmidt number against molecular diffusivity.
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Introduction

Different simulations, including the regulator rule scheme,

Carreau’s scheme, Cross’ scheme, and Ellis’s scheme, are offered

to shed light on the behavior of HNFs, however, few researchers

have investigated the Williamson liquid scheme (WLS).

Williamson (1929) thought about the flow of hybrid

nanofluids (HNFs) such as (pseudo-plastic liquids), proposed

an equation system to represent the flow of HNFs, and then

empirically verified the results. In an advanced gravitational

investigation, researchers proposed that an echoing level of a

WLS should movement concluded an inspired superficial. A real

fluid has both the lowest and highest operational viscosities that

relate to its molecular structure. The WLS measures together the

lowest and highest thicknesses. During the attendance of

revolution, Said et al. (Said et al., 2021) planned a 3D-class of

HNF to additional upsurge the heat transfer (HT) rate completed

by widening slip. Mandal et al. (Mandal et al., 2022) exploited an

artificial neural network to form investigational statistics. Saha

et al. (Saha et al., 2022) described an investigation of HT and

rheological possessions of HNFs for refrigeration presentations.

Survey studies by Al-Chlaihawi et al. (Al-Chlaihawi et al., 2022),

Kursus et al. (Kursus et al., 2022), Xiong et al. (Xiong et al., 2021),

and Muneeshwaran et al. (Muneeshwaran et al., 2021)

respectively, can be located in this direction, while Dubey

et al. (Dubey and Sharma, 2022) offered a short survey in

HNF on mechanics revisions. Syed and Jamshed (Hussain and

Jamshed, 2021) considered the movement of MHD tangent HNF

via a strained slip’s boundary layer. In accumulation, the

demonstration of the extended HT of tangent hyperbolic

fluids crossways a nonlinearly fluctuating slide containing

HNFs was tested by Qureshi (Qureshi, 2022), Jamshed et al.

(Jamshed et al., 2021a), and Parvin et al. (Parvin et al., 2021).

Puneeth et al. (Shankaralingappa et al., 2021) measured 3D-

assorted convection movement of HNFs of a non-linear widening

surface using a modified Buongiorno’s nanofluids model

(MBNM). Rana et al. (Rana et al., 2021) presented a study of

HNF movement past a perpendicular platter with nanoparticle

aggregation kinematics, the current slide, and important buoyancy

force possessions utilizing MBNM. Mahanthesh et al.

(Mahanthesh et al., 2021) estimated the HT optimization of

HNFs with the help of MBNM. Owhaib and Al-Kouz (Owhaib

and Al-Kouz, 2022) and Owhaib et al. (Owhaib et al., 2021)

employed the concept of MBNM in 3D systems of movement

and HT of bi-directional overextended HNF film showing an

exponential heat generation. Hussain et al. (Hussain et al., 2022a)

characterized a biochemical response and current of HNFs flow-

through solar gatherer as potential solar energy applying the idea

of MBNM. Roşca et al. (Roşca et al., 2021) engaged the movement

and HT of a stretching/shrinking slip by the virtue of MBNM.

Akram et al. (Akram et al., 2022) analyzed the electroosmotic

movement of silver-water HNF controlled by using two altered

methods for NF including the MBNM. Areekara et al. (Areekara

et al., 2022) suggested a study on NFmovement with asymmetrical

heat foundation and representative boundary conditions with the

application by MBNM.

Nanofluids own the characteristics of the non-Newtonian

fluid, together with the viscoelastic properties. Extended

experimental work research is required to develop nanofluid

viscosity models for use in simulation studies (Wang and

Mujumdar, 2008; Bilgili et al., 2021). Therefore, the Powell-

Eyring fluid is considered in the current model, together with

the significance of non-Newtonian fluid properties. This type of

fluid is proposed by Powell and Eyring (Hayat and Nadeem,

2018) in 1944. Moreover, Powell-Eyring fluid is one type of visco-

elastic fluid. Eyring–Powell fluid model implements a higher-

level complicated mathematical framework, but it is found to be

the greater model over previous viscoelastic fluid models. This

model is founded on the kinetic theories of liquids, not on

empirical expressions. In addition, Eyring–Powell fluid model

has Newtonian properties at low and great shear stress. Examples

of Powell-Eyring fluids are polymer melts and solids suspended

in non-Newtonian liquids. The significant implementations of

Powell-Eyring fluid have been observed in engineering,

manufacturing, and industrial areas such as polymers, pulp,

plasma, and other biological technology. However, several

researchers have investigated the properties of non-Newtonian

Powell-Eyring nanofluid (Hayat et al., 2015; Malik et al., 2015;

Hayat et al., 2017). Aziz and Afy (El-Aziz and Afify, 2019) chose

the shooting technique, together with the Buongiorno nanofluid

model to obtain the Casson nanofluid’s numerical solution over a

stretching sheet. At the initial stages of flow (primary and

secondary flow), they concluded that the Hall parameter

upsurges in the convective rate of heat and mass transfer,

together with the drag coefficient. Moreover, the nanoparticle

volume concentration parameter increases for increasing velocity

slip values. Consequently, the Sherwood number is reduced.

Subsequently, the influences on the magnet field and Soret-

Dufour have been reportedly on non-rotational Newton’s

Oldroyd-B nanofluid stream bounded by the stretched sheet

(Ali et al., 2021). This model is also being restricted under the

modification of Fourier’s law. For the step of numerical findings,

the Galerkin-Finite element system was developed.

Porous media models (PMMs), frequently referred to as

porous materials, have pores (vacuums). The thin part of the

material is referred to as the “matrix” or “frame.” Typically, a

fluid is injected into the pores (fluid or fume). Though the

material that makes up the frame is regularly hard, structures
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like foams might profit from the idea of PMM. To apply solar

heat, Jamshed et al. (Jamshed et al., 2021b) employed PMM in

solar aircraft combining tangent HNFs. Using the PMM in HNFs,

Shahzad et al. (Shahzad et al., 2021) developed a comparative

mathematical study of HT. Numerical conduct of a 2D-Magneto

double-diffusive convection flow of HNF over PMMwas provided

by Parvin et al. (Parvin et al., 2021). Faisal et al. (Shahzad et al.,

2022a) reported that using HNFs rather than PMM increased the

thermal efficacy of solar water pumps. Banerjee and Paul (Banerjee

and Paul, 2021) examined the most recent research and

advancements concerning PMM combustion applications. For

pebble-bed devices, Zou et al. (Zou et al., 2022) designed an

explicit system of stone heat in the PMM. PMM substantiation

using stress drip dimensions was suggested by Lee et al. (Lee et al.,

2022). On a constructed soaking soil pile model, Cui et al. (Cui

et al., 2021) investigated a numerical analysis of the solution for

longitudinal quivering of a fluctuating pile based on PMM. A

machine learning approach was taken by Alizadeh et al. (Alizadeh

et al., 2021) to calculate transference and thermodynamic

processes in metaphysical systems HT in HNFs movement in

PMM. A non-homogenous HNF was proposed by Rashed et al.

(Rashed et al., 2021) for 3D convective movement in enclosures

with assorted PMM (AdnanKhan et al., 2021; Adnan and Ashraf,

2022a; Khan et al., 2022a; Alharbi et al., 2022; Ashraf et al., 2022a;

Ashraf et al., 2022b; Adnan and Ashraf, 2022b; Khan et al., 2022b;

Khan et al., 2022c; Murtaza et al., 2022). presented the latest

updating that involves the traditional nanofluids with the features

of heat and mass transmission in a different physical situation.

The rate of HT through a component thickness of a material

per unit area per temperature variation is known as the variable

thermal conductivity (VTC) of that material. Alternatively said,

the VTC is inversely proportional to the temperature capacity.

Gbadeyan et al. (Olabode et al., 2021) studied the effect of VTC

and thickness on Casson NFmovement with convective warming

and velocity slide. Mabood et al. (Mabood et al., 2021) impacted

the Stefan blowing and mass convention on the movement of

HNF of VTC in a revolving disk. Abouelregal et al. (Abouelregal

et al., 2021) checked the thermo-viscoelastic fractional model of

revolving HNFs with VTC owing tomechanical and current loads.

Swain et al. (Swain et al., 2021) utilized the HT and stagnation-

pointmovement of influencedHNFs withVTC. Also, Ahmed et al.

(Ahmed et al., 2021) considered the HT of MHD movement of

HNFs via an exponential penetrable widening arched surface with

VTC. Mahdy et al. (Mahdy et al., 2021) employed the VTC and

hyperbolic two-temperature philosophy throughout the magneto-

photothermal model of semiconductors induced by laser pulses.

Hobiny and Ibrahim (Hobiny and Abbas, 2022) analyzed the

impacts of VTC in a semiconducting medium utilizing the finite

element technique. Ahmad et al. (Ahmad et al., 2022a) studied the

unsteady 3D-bio convective movement of HNFs by an

exponentially widening sheet with VTC and chemical reaction.

Din et al. (Din et al., 2022) assumed the entropy generation from

convective released moving exponential porous fins with VTC and

interior temperature compeers. For more details see Refs (Akgül

et al., 2022; Attia et al., 2022; Ahmad et al., 2022b; Bilal et al., 2022;

Qureshi et al., 2022; Safdar et al., 2022).

A statistical technique called quadratic regression estimation

(QRE) is considered to identify the parabola equation that finest fits

a given collection of data. Finding the equation of the conventional

line thatmost closely fits a collection of information is the goal of this

sort of regression, which is an extension of modest linear regression.

Jamei et al. (Jamei et al., 2022) estimated the thickness of HNFs for

current energy using the QRE. Nandi et al. (Nandi et al., 2022a;

Nandi et al., 2022b) suggested different investigations on HNFs

based on QRE. Bhattacharyya et al. (Bhattacharyya et al., 2022)

introduced a numerical and statistical method to capture the

movement characteristics of HNFs containing copper and

grapheme HNs utilizing QRE. Kumbhakar and Nandi

(Kumbhakar and Nandi, 2022) presented an unsteady MHD

radiative-dissipative movement of HNFs of a widening sheet with

slide and convective conditions employing QRE. Said et al. (Said

et al., 2022) considered the application of the original outline by

collaborative boosted QRE of HNFs. Chen et al. (Chen et al., 2022a;

Chen et al., 2022b) gave a long approximation of the physical

properties of HNFs.

By focusing on the flowing rapidity of a Powell-Eyring HNFs

as well as thermal transmission with changing heat and current

conductance flowing through a stretched permeable material, this

work intends to bridge a gap in the previous survey and fill a

knowledge gap. The flow of nanoliquid was geometrically modeled

using a single-phase nanoliquid. The foundation liquid in the

investigation of copper (Cu) and titanium alloy (Ti6Al4V) hybrid

nanoparticles is sodium alginate (C6H9NaO7). The regulatory

equations of the Powell-Eyring hybridization nanoliquid are

transformed into ordinary differential equations (ODEs). The

influences of porous parameters, thermal radiative fluxing, and

variable thermal conductance are considered in the examination.

Then, the effects of the slippage velocity and nanoparticle shape

factors are probed in flowing and entropy aspects. The obtained

ODEs are solved numerically using the Galerkin finite element

technique and the necessary prevailing parametric parameters.

Numerical results are shown graphically, and comments are built

upon. In-depth research has been done on the possessions of

particle morphologies, the convective slide boundary condition,

the thermal energy movement, and the slippery velocity.

Flow examination

Analysis of movement shows how a superficial moves

horizontally at an accelerating rate.

Uw(x, t) � ex

1 − Ωt
, (1)

where e is the preliminary increasing amount. Solitary slip heat is

Θw(x, t) � Θ∞ + e*x
1−Ωt and based on the suitability, pretend to be
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stable at x � 0, e*, Θw and Θ∞ let the current difference ratio,

surface heat, and free-streaming heat, consistently.

Under the following hypotheses and constraints, the

theoretical framework is selected:

1) Unsteady two-dimensional laminar flowing.

2) Boundary-layer guesstimate.

3) Modified Buongiorno’s structure.

4) Non-Newtonian PEHNFs.

5) Different effects i.e., porous medium, variable thermal

conductivity, radiative flowing, and nanomolecules shaped

influence.

6) Penetrable expanding surface.

7) Slip and convective boundary constraints.

The exact formulary of the stress tensor of fluid follows the

Powell-Eyring relationship is provided as (Aziz et al., 2021):

τij � μhnf(zui

zxj
) + 1

~ζ
sinh−1( 1

ϱ*
zui

zxj
). (2)

Here, μhnf is the mechanical viscosity of PEHNF, and ~ζ and

ϱ* are matter constants. The movement geometric is illuminated

in Figure 1.

Framed model

Classic formulas (Aziz et al., 2021) of a viscidness P-EHNF

beside with entropy assembly befittingly adapted underneath

normal boundary-layer approximations via a penetrable

substantial, porous medium, variable thermal conductivity,

and radiative flowing are

zv1
zx

+ zv2
zy

� 0, (3)

zv1
zt

+ v1
zv1
zx

+ v2
zv1
zy

� ⎛⎜⎜⎜⎝]hnf + 1

ρhnf
~ζϱ*

⎞⎟⎟⎟⎠ z2v1
zy2

− 1

2~βϱ*3ρhnf
(zv1
zy

)2
z2v1
zy2

− μhnf
ρhnfk

v1, (4)

zΘ

zt
+ v1

zΘ

zx
+ v2

zΘ

zy
� 1(ρCp)κhnf [ z

zy
(κhnf*(Θ) zΘ

zy
)]

− 1(ρCp)hnf [zqrzy
], (5)

v1
zC*
zx

+ v2
zC*
zy

� DB
z2C*
zy2

+ DT

T∞

z2Θ

zy2
− k1 (C* − C*

∞). (6)

the suitable boundary conditions are (Aziz et al., 2021):

v1(x, 0) � Uw +Nα(zv1
zy

), v2(x, 0) � Vα,−kα(zΘ
zy

)
� hα(Θw − Θ)C* � C*

w, (7)
v1 → 0,Θ → Θ∞, C* → C*

∞as y → ∞ . (8)

Where a flow speed is of the structure

v⃖ � [v1(x, y, t), v2(x, y, t), 0]. Time is denoted by t, Θ

signifies a fluid temperature. The penetrability of an

expanding plate is symbolized by Vα. Nα is the slip length.

The porousness of NF is characterized by k. The additional

parameters like thermal conductivity of nanosolid and heat

transmission factor are represented by k0 and hf, respectively.

The mongrelized nanoliquid is combined principally with Cu

nano molecules in machine grease standard liquid at a constant

fractional size (ϕCu) and it is put at 0.09 all about the study.

Ti6Al4V NP were put together into HNFs consuming

attentiveness scope (ϕTA).

The combination of nanomolecules in the basefluid runs to a

difference in the characteristics thermophysically. Table 1

summarises the relevant parameters for PENF (Reddy et al.,

2014; Din et al., 2022).

ϕ is the nanomolecules fractional volume factor. μf, ρf,

(Cp)f, σf and kf are dynamical viscidness, density, efficient

heat capacitance, and the electrical and thermal conductance of

the base fluid, correspondingly. The further attributes ρs, (Cp)s,

FIGURE 1
Flow model illustration.

TABLE 1 Thermo-physical properties of PENF.

Aspect Nanoliquid

Viscid (μ) μnf � μf(1 − ϕ)−2.5

Density (ρ) ρnf � (1 − ϕ)ρf − ϕρs

Heat capacity (ρCp) (ρCp)nf � (1 − ϕ)(ρCp)f + ϕ(ρCp)s
Thermal conductivity (κ) κnf

κf
� [(κs+(m−1)κf )−(m−1)ϕ(κf−κs )

(κs+(m−1)κf )+ϕ(κf−κs ) ]
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σf and ks are the density, active heat capacitance, and the

electrical and thermal conductance of nanomolecules,

correspondingly. The physical properties of PEHNF are

defined in Table 2 (Devi and Devi, 2016).

Herein, μhnf, ρhnf, ρ(Cp)hnf and κhnf indicates the

dynamic viscous, density, specific temperature capacitor,

and current conductivity of HNF. ϕ is a fractional size

factor and ϕhnf � ϕCu + ϕTA is the size parameter of solid-

nanoparticle combination. μf, ρf, (Cp)f and κf are dynamic

viscosity, density, specific heat capacity, and the thermal

conducting of the ordinary fluid. ρp1
, ρp2

, (Cp)p1
, (Cp)p2

, κp1

and κp2 are the density constancy, precise

heat competence, and current conducting of the solid-

nanoparticle.

Heat conditional of heat conducting for hybrid nanoliquid

blend is followed as (Jamshed et al., 2021c):

κhnf
* (Θ) � khnf[1 + γ(Θ − Θ∞)(Θw − Θ∞)−1] (9)

The significance of several nanomolecules shaped is

identified as the nanomolecules shaped influence. Figure 2

gives the values of the practical shaped component for

different element shapes are obtained as (Akgül et al., 2022):

Figure 3 demonstrates the themophysical values of the used

materials of HNF.

PEHNF radiative flow only travels a little space resulting in the

thickener of NF. Because this is happening, Rosseland’s guesstimate

for radiative fluxing (Shahzad et al., 2022b), is used in Eq. 5 and it is

given

qr � −4σ*
3k*

zΘ4

zy
, (10)

Where σ* is Stefan-Boltzmann amount and k* is the absorbing

factor.

TABLE 2 Thermophysical properties of PEHNF.

Aspect Hybrid nanoliquid

Viscid (μ) μhnf � μf(1 − ϕCu)−2.5(1 − ϕTA)−2.5

consistency (ρ) ρhnf � (1 − ϕTA){(1 − ϕCu)ρf + ϕCuρp1
}] + ϕTAρp2

Heat capacity (ρCp) (ρCp)hnf � [(1 − ϕTA){(1 − ϕCu)(ρCp)f + ϕCu(ρCp)p1}]
+ϕz(ρCp)p2

Thermal conductivity (κ) κhnf
κnf

� [(κp2+(m−1)κgf)−(m−1)ϕTA(κnf−κp2 )
(κp2+(m−1)κnf )+ϕTA(κnf−κp2 ) ],

κnf
κf

� [(κp1+(m−1)κf )−(m−1)ϕCu(κf−κp1 )
(κp1+(m−1)κf)+ϕCu(κf−κp1 ) ]

FIGURE 2
Standards of the practical shaped element for diverse particle shaped. The material possessions of the crucial sodium alginate (C6H9NaO7) and
the various NP exploited in this research are indicated in Figure 3 (Xu and Chen, 2017; Makinde et al., 2018; Jamshed et al., 2021d).

FIGURE 3
Substance effects of C6H9NaO7 and NPs at 293 K.
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Model solution

Boundary-value problem (BVP) formulas (3–6) are

converted in the definition of the similarity procedure that

converts the regulating PDEs to ODEs. Advancing streaming

function ψ as the next

v1 � zψ

zy
, v2 � −zψ

zx
. (10a)

and similarity transformations are

δ(x, y) � ���������
e

]f(1 − Ωt)
√

y,ψ(x, y) � �������
]fe

(1 − Ωt)
√

xf(δ), θ(δ)

� (Θ − Θ∞)(Θw − Θ∞)−1hδ(Θ − Θ∞)(Θw − Θ∞).
(11)

into Eqs. 3–6. We get

( 1
ϕx1

ϕx2

+ β1
ϕx1

)f‴ + ff″ − f′2 − ξ(f′ + δ

2
f″) − β1β2

ϕx2

f″2f‴

− Γf′
� 0,

(12)
θ″(1 + γθ + 1

ϕx4

PrNr) + γθ′2 + Pr

ϕx3

ϕx4

[fθ′ − f′θ − ξ(θ + δ

2
θ′)] � 0.

(13)

h″ + PrScfh
′ + Nt

Nb
θ″ − Sc 8h � 0. (14)

with

f(0) � S, f′(0) � 1 + εf″(0), θ′(0)
� −Bα(1 − θ(0))f′(δ) → 0, f″(δ) → 0, θ(δ) → 0, h (δ) → 0 as δ → ∞ . }

(15)

where ϕxi
′s; 1≤ i≤ 4 in Eqs. 12, 13 establishes the thermophysical

characteristics of the Powell-Eyring nanofluid.

ϕx1 � (1 − ϕCu)2.5(1 − ϕTA)2.5,ϕx2

� (1 − ϕTA){(1 − ϕCu) + ϕ1 ρp1/ρf} + ϕ
TA

ρp2
ρf

, (16)

ϕx3
� (1 − ϕTA)⎧⎪⎨⎪⎩(1 − ϕCu) + ϕCu

(ρCp)p1(ρCp)f
⎫⎪⎬⎪⎭ + ϕTA

(ρCp)p2(ρCp)f ,
(17)

ϕx4
� ⎡⎢⎣(κp2 + (m − 1)κnf) − (m − 1)ϕTiO2

(κnf − κp2)(κp2 + (m − 1)κnf) + ϕTiO2
(κnf − κp2) ⎤⎥⎦

⎡⎢⎣ (κp1 + (m − 1)κf) + ϕCu(κf − κp1)(κp1 + (m − 1)κf) − (m − 1)ϕCu(κf − κp1)⎤⎥⎦. (18)

Meticulous authentication is done on Eq. 3. Notation ′ is used
for the demonstration of derivatives concerning δ. The

parametric values were defined in Table 3.

It is noticed a variety of factors depend on the similarity

variable ″Ω″ and unsteadiness. Consequently, to acquire non-

similar solutions for the suggested problematic computational

results are processed for local similar considerations.

Drag force and nusselt quantity

The drag force Cf together with a Nusselt amount Nux are

the physical amounts of importance that dominate the light and

can be confirmed as (Aziz et al., 2021)

Cf � τw
ρfU

2
w

,Nux � xqw

kf(Θw − Θ∞) (19)

where τw and qw correspond to the heating flux revealed by

τw � ⎛⎝⎛⎝μhnf +
1
~ζϱ*

⎞⎠ zv1
zy

− 1

6~ζϱ*3
(zv1
zy

)3⎞⎠
y�0

, qw

� −khnf⎛⎜⎝1 + 16
3

σ*T3
∞

κ*]f(ρCp)f⎞⎟⎠(zΘ
zy

)
y�0

. (20)

Employing the dimensionless makeovers (11), one acquires

CfRex
1
2 � [( 1

ϕx1
ϕx2

+ β1)f″(0) − β1β2
3

(f″(0))3], NuxRe
−1
2

x

� −khnf
kf

(1 +Nr)θ′(0).
(21)

Where Nux signifies Nusselt quantity and Cf specify the skin

resistance. Rex � uwx
]f

signifies Rex � uwx
]f

signifies local Reynolds

amount based on uw(x).

Numerical implementation: Galerkin
finite element method

The relevant constraints of the present system were studied

numerically using the finite element technique. The finite

element approach is based on the partitioning of the desired

domain into elements (finite). The FES (finite element scheme) is

covered in this section. Figure 4 depicts the flow chart of the finite

element method. This method has been employed in numerous

computational fluid dynamics (CFD) problems; the assistances of

employing this methodology are discussed further below. II- A

Galerkin finite element manner (G-FEM) is utilized to determine

the solutions of highly elliptic equations (Brewster, 1992) (non-

linear). Using a finite element technique, the domain of the

current exemplary is broken into small parts. G-FEM is used in a

variety of applications, including electrical systems, solid

mechanics, chemical processes, and fluid-related challenges.

The phases of the G-FEM strategy are as next:

Phase-I. Weak form is derived from strong form (mentioned

ODEs), and residuals are computed.
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Phase -II. Shape functions are linearly taken, and G-FEM is

used to generate a weak form.

Phase -III. The assembly method is used to build stiffness

elements, and a global stiffness matrix is created.

Phase -IV. Using the Picard linearizing technique, an

algebraic structure (non-linear equalities) is produced.

Phase -V. Employing the next halting conditions, algebraic

equations are simulated using 10−5 (computational tolerance).∣∣∣∣∣∣∣δi+1 − δi
δi

∣∣∣∣∣∣∣< 10−5. (23)

Additionally, the Galerkin restricted constituent technique’s

watercourse summary is represented in Figure 4.

Code authentication

On the one hand, the validity of the computational technique

was tested by comparing the current method’s performance to

the available data on heat transfer rate in Refs. (Hussain et al.,

2022b; Bouslimi et al., 2022). Table 3 demonstrates the consistent

comparison found across the investigations. The current study’s

provided results, on the other hand, are quite accurate.

Irreversibility analysis (second law of
thermodynamics)

A crucial aspect that interests scientists and researchers is the

reduction of energy resource waste. Therefore, these necessary

outcomes for researchers are gained by enhancing the functionality

of earlier systems. Systems’ entropy creation is examined in order

to achieve energy irreversibility and reduce waste. Design is

prearranged about entropy generation in NFs (Hussain, 2022)

EG � khnf
Θ2

∞

⎧⎪⎨⎪⎩(zΘ
zy

)2

+ 16
3

σ*Θ3
∞

κ*]f(ρCp)f(zΘzy)
2⎫⎪⎬⎪⎭ + μhnf

Θ∞
(zv1
zy

)2

+μhnfv
2
1

kΘ∞
(21)

The irreversibility of thermal transport is represented by the

leading term in the preceding equation, while the frictional and

porous media effects are represented by the following terms. The

nondimensional entropy establishment is prearranged by NG

[(Jamshed and Nisar, 2021; Jamshed et al., 2022a)].

NG � Θ2
∞e2EG

kf(Θw − Θ∞)2. (22)

Eq. 11 is utilized to obtain a dimensionless equation

regarding entropy formation as follows,

NG � Re[ϕ4(1 +Nr)θ′2 + 1
ϕx1

Br

Λ
(f″2 + Γf′2)], (23)

Here, Reand Brindicate Reynolds and Brinkmann quantities.

Λ signs nondimensional current gradient.

Quadratic regression assessment of
frictional force and thermal gradients
of the surface

Quadratic regression analysis (QRA) is the statistical procedure

that was used to test the elements that influence the flow in the

TABLE 3 Explanation of the entrenched control constraints.

Symbol Name Formula Default value

β1 Non-Newtonian Powell-Eyring-I β1 � 1
μf

~ζϱ*
0.1

β2 Non-Newtonian Powell-Eyring-II β2 � U3
w

2ϱ*2 ]fx
0.1

Γ Porous media Γ � ]f(1−Ωt)
ek

0.1

Pr Prandtl number Pr � ]f
αf

6.5

ϕ Volume fraction - 0.18

m Shape factor - 3

S Suction/injection parameter S � −Vα

���
1

]f e

√
0.4

Nr Thermal radiation parameter Nr � 5.33 σ*Θ3∞
κ*]f(ρCp)f

0.3

Bα Biot number Bα � hα
kα

������
]f(1−Ωt)

e

√
0.2

Sc Schmidt number Sc � v
DB

0.3

Nb Brownian motion Nb � τDB(C*
w−C*∞)
]

0.1

Nt Thermophoresis parameter Nt � τDT(EEw−EE∞)
]EE∞

0.3

ε Velocity slip ε � ������
e

]f(1−Ωt)
√

Nα 0.3
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system one at a time. Technically, this process works with the single

key aspect and tends to explore its significance over the flow by

keeping the other constraints as constants. In this section, the

features of frictional force and Nusselt quantity are examined

under Quadratic regression analysis (QRA).

Regarding the frictional factor fx , after testing with

100 combinations of suction (S) and speed slippage constrain

(ε) between 0.2 and 1.1, it was noted that those constraints tend to

resist frictional factors.

QRA for the predicted Cfx owed to pressure influence S and

speed slippage ε variation is delivered by

Cfx(est) � Cfx + h1S + h1ε + h3S
2 + h4ε

2 + h5Sε, (24)

Likewise, towards the Quadratic regression assessment of

Nusselt quantity Nux, time-dependent variant ξ and radiative

variable Nr were tested under 100 consistent values were

presented as

Nux(est) � Nux + p1ξ + p1Nr + p3ξ
2 + p4(Nr)2 + p5ξNr, (25)

with h1, h2, h3, h4, h5 and are the factors of QRA to guide for the

reduced Cfx and Nux, congruently.

Tables 4, 5 illustrate correspondences between the frictional

factor (Cfx) and the Nusselt quantity (Nux) under significant
constraints for β1 = 0.1, β2, = 0.3, , ξ � 0.2, Γ = 0.1, ϕ = 0.18, ϕCu =

0.09, ε = 0.3, γ = 0.2,Nr = 0.3, Bα = 0.3, S = 0.1, m � 3, Pr = 6.5,

Re = 5 and Br = 5. The ideal relative error limits σ1 was deduced

by the relation σ1 � |Cfx(est) − Cfx|/Cfx, similarly, σ2 �
|Nux(est) −Nux|/Nux is employed for the relative error limits

σ2. It can be evident that for the factors S or Nr, both the

frictional factor (Cfx) and the Nusselt quantity (Nux) tends to
reduce the higher values of influencing factors. Variations in the

velocity slip clarify the dominance of speed slippage ε over the
suction factor S in the shear stress manipulations.

Because of the thermal outcome, the thermal slippage

constrain plays a vital role in the heat transference rate.

The reduced frictionless force mechanisms hold an upper

hand over the QRA technique with fast and better

convergence when the optimal regression estimate was

introduced to the process and the percentage difference

tends to be nearly zero.

Outcomes and review

Results of the numerical procedure adapted for the

parametrical studies were showcased and discussed in this

section. Influence constraints like β1, β2, ξ, Γ, ϕ, ε, Nr, Bα, S, γ,

Re and Br were worked over the crucial aspects of flow,

thermal, entropy, and concentration dispersion in the

system. Plots from 6(a)-11(b) for C6H9NaO7 traditional

PENF and Ti6Al4V-Cu/C6H9NaO7 PEHNF tend to visually

illustrate the outcomes and significant impact of such

parameters.

FIGURE 4
G-FEM flow diagram.

TABLE 4 Comparing of −θ9(0) with Pr when ξ � 0, ϕ � 0, ϕhnf � 0, γ � 0, ε � 0, Nr � 0, S � 0 and Bα → ∞.

Pr Bouslimi et al. (Hussain
et al., 2022b)

Hussain (Bouslimi et al.,
2022)

Present Results

72 × 10−2 0.80876181 0.80876181 0.80878120

1×100 1.00000000 1.00000000 1.00000000

3×100 1.92357420 1.92357420 1.92357114

7×100 3.07314651 3.07314651 3.07335681

10×100 3.72055429 3.72055429 3.72055845
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Impact of powell-eyring parameter (β2)
The illustration of the non-Newtonian Powell-Eyring fluid

term (β2) on the model profiles (flow velocity, temperature,

and entropy) against a rising stream term (β2) were depicted in

Figures 5A,B,C. The velocity profile (Figure 5A) is decreased as

the material term increases due to the material term shear

being induced by infinite fluid viscosity. As a result, yield stress

restricts the flow, resulting in a velocity decrement towards the

infinite fluid stream. The heat propagation in the Powell-

Eyring fluid heat propagation was boosted, as shown in

Figure 5B. This effect is caused by the support of the

stretching surface in overcoming the material yield stress

dominance. In addition, temperature-dependent control

fluid viscosity causes the temperature distribution to rise at

various levels. As the Powell-Eyring effect is augmented, the

molecular bond is disrupted, and the particles are allowed to

move freely. As a result, Powell-Eyring ‘s term has a minimal

rising effect Figure 5B. In Figure 5C, the entropy variation is

plotted versus the Powell-Eyring term. Under the increment of

β2, the curves show different patterns. It illustrates an

augmentation near the stretching wall, while a modest

reduction is detected at a distance from it. The reason for

this illustration is that when a large temperature gradient

occurs at the surface, more entropy is produced, causing

higher oscillations in nanoparticle mobility.

TABLE 5 Frictional factor (Cfx) and ideal relative error bound (σ1) for
various values of suction (S) and speed slippage constraint (ε).

S Cfx h1 h2 h3 h4 h5 σ1

0.5 -1.3257 -0.8022 1.6029 0.0250 -1.3232 0.9033 0.0196

1.5 -1.4202 -0.7394 1.7238 0.0421 -1.4197 0.7956 0.0185

2.5 -1.7149 -0.6527 1.9069 0.0829 -1.5819 0.6210 0.0173

3.5 -1.9015 -0.4951 2.2036 0.1901 -1.7452 0.3502 0.0104

FIGURE 5
(A) f′(δ), (B) θ(δ), and (C) NG with diverse β2 values.
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FIGURE 6
(A) f′(δ), (B) θ(δ), and (C) NG with diverse Γ values.

FIGURE 7
(A) θ(δ) and (B) NG with diverse m values.
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FIGURE 8
(A) θ(Γ) and (B) NG with diverse Bα values.

FIGURE 9
(A) f′(δ), (B) θ(δ), and (C) NG with diverse ε values.
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Impact of penetrable material factor (Γ)

The graphical results of permeability parameter (Γ)
against the flow, thermal, and entropy distribution of PENF

(Cu-C6H9NaO7) and PEHNF (Ti6Al4V-Cu/C6H9NaO7) are

presented in Figure 6A–C. Figure 6A shows the descending

behavior of Powell-Eyring ‘s non-liquid flow curve through the

porous medium, resulting in a plate surface while velocity is

dragged. In fact, as the porosity effect enhances, the flow pores

increase significantly, resulting in fewer nanoparticle

collisions and lower heat generation. Viscous force controls

buoyancy, thereby slowing the flow rate. The opposite effect is

portrayed in Figure 6B. As shown in Figure 6B, increasing the

porosity effect enhances the flow temperature. Figure 6C

portrayed the entropy generated NG against (Γ). This

shows an increment near the surface, whereas a slight

reduction is observed away from the surface. This result is

caused by the large temperature difference near the surface,

which causes more entropy to be produced. In industrial

applications, the contribution of the porous medium

permeability is to control the spin coating flow properties.

Greater permeability, which can be depicted as bigger pore

spaces provide better nanoparticle percolation. Besides, this

effect (higher mobility) relates to reduced friction at the

sheet surface.

Diverse nanoparticles shaped parameter
m trace

Finally, the achieved outcome of the impact of the changes

in various parameters and 5 shape nanoparticles by the names

of a sphere, hexahedron, tetrahedron, column, and lamina on

the profile of temperature and entropy have been analyzed and

investigated in Figure 7A,B. In Figure 7A, the influence of the

increment in nanoparticle shape parameter (m) on the profile

of temperature has been depicted, observations show that the

temperature increment because of the ascent in shape factors.

Physically the increment in thermal conductivity and thermal

boundary-layer thickener are the main causes of such an

outcome. Additionally compared to a sphere, hexahedron,

tetrahedron, and column shape nanoparticles, lamina has

engendered more enhancement in the temperature (Pasha

et al., 2022). Besides, the function of temperature for

lamina shape nanoparticles has been continuously more

than that of a sphere, hexahedron, tetrahedron, column

shape nanoparticles, the temperature range in PEHNF

(Ti6Al4V-Cu/C6H9NaO7) case is higher than that of PENF

(Cu-C6H9NaO7) case. The impact of increasing the

nanoparticle shape parameter (m) on the profile of entropy

has been presented in Figure 7B, and measurements

demonstrate that entropy increases as shape factors

increase. It is worth noting that the PEHNF (Ti6Al4V-Cu/

C6H9NaO7) nanofluid phase had a higher initial entropy than

the PENF (Cu-C6H9NaO7) nanofluid phase. Later, when the

shape factor is separated from the stream by a sufficient

distance, it fiercely behaves in the other direction and

influences the entropy rate in the stretching porous device,

as observed.

Impact of the biot number (Bα)

The visualization of the temperature profile against Biot

numbers (Bα) for PEHNF (Ti6Al4V-Cu/C6H9NaO7) and PENF

(Cu-C6H9NaO7) nanoparticles is displayed in Figure 8A. Overall,

FIGURE 10
NG with diverse (A) Re and (B) Br values.
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the enhancing (Bα) rises a temperature. The thermal thin state is

regarding the low Biot number: The condition of uniform

temperature region within the body (nano-polymer surface).

Higher values of Bα indicate the thermal thick state in which

non-uniform of temperature domains occur. The plot of NG

against (Bα)as displayed in Figure 8B discovers that the entropy

profile is insensitive (only slight changes) with the increasing (Bα) at
the stretching surface, compared to the position away from it. It is

found that less enhancement in entropy profile is observed near the

stretching walls. However, a decline in entropy generation is

observed with the growth of (Bα).

Impact of velocity slip variable (ε)

The impacts of velocity slip parameters (ε) on the velocity

field, temperature field, and entropy generation are plotted in

Figure 9A–C, by choosing C6H9NaO7 as the base fluid. The effect

of the strain parameter is reported from the PENF (Cu-

C6H9NaO7) and PEHNF (Ti6Al4V-Cu/C6H9NaO7)

momentum distribution (Figure 9A). This parameter is

obtained from the boundary conditions of the current model.

The gradual increment of the velocity slip enhances the fluid

viscosity, thus decreasing the fluid velocity. The higher

concentration of slip velocity (ε) values lowers the thermal

boundary layer thickness (Figure 9B), which the diminution of

the profile is associated with the Williamson nanofluids. At the

same time, the slip velocity parameter slows the collisions with

molecular diffusion. When the concentration of nanoparticles is

higher in a system, the system is associated with the

instantaneous possessions of thermal convection, transmission,

and kinematic viscosity. Figure 9C shows the plot of entropy

generated (NG) versus (ε). The plot of NG shows an effective

reduction in this profile because the location is far from the plate.

Due to the act of the velocity slip, entropy gradually decreases.

Entropy changes regarding Reynolds (Re)
and brinkman numbers (Br)

The effect of the Reynolds number (Re) on the entropy profile

is shown in Figure 10A when both types of nanofluids are

bounded by the stretching sheet. It is noted that the higher Re

boosts the level of entropy that can be generated in the fluid

system. Figure 10B shows the relationship between the entropy

generation NG and the values of the Brinkman number (Br),

showing that increasing Brinkman number (Br) enhances

entropy generation. Brinkman number (Br) defines the

viscous influence of fluid behavior. As a consequence, high

Brinkman numbers (Br) denotes that fluid friction is the

utmost factor of entropy generation. In both the Reynolds

number and Brinkman number relationship, Cu-C6H9NaO7

nanoparticles are found to have higher entropy level,

compared to Ti6Al4V-Cu/C6H9NaO7 nanoparticles.

FIGURE 11
(A). Concentration h(δ) via Sc (B). Concentration h(δ) via 8.

TABLE 6 Nusselt quantity (Nux) and ideal relative error bound (σ2) for
various values of time-dependent variant (ξ) and radiative
variable (Nr ).

γ Nux p1 p2 p3 p4 p5 σ2

0.04 -1.8017 2.1244 -0.7419 -2.0179 0.1720 -0.3247 0.0043

0.10 -1.6956 2.0156 -0.6276 -1.9856 0.1254 -0.2729 0.0054

0.16 -1.4209 1.8057 -0.4025 -1.7514 0.0982 -0.2088 0.0079

0.22 -1.2023 1.6412 -0.3253 -1.6049 0.0717 -0.1054 0.0090
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Concentration changes regarding schmidt
number (Sc) and chemical reaction
parameter (8)

Figure 11A exhibits dispersal of concentration h(δ) towards
the significant Schmidt number (Sc) which has a vital impact on

it. Technically for the higher Schmidt number (Sc), the progress
in the molecular diffusion tends to get reduced which restricts the

mass transference in the system which can be visualized from

Figure 11A. On other hand, Figure 11B discloses the influence of

chemical reaction constraints on mass diffusion. The effective

chemical reaction process exerts more mass in the system which

makes the mass transference process harder and this may lead to

the deceleration noted in Figure 11B for the higher values of

chemical reaction constraint.

Parametrical study on drag force (Cf ) and
nusselt number (Nu)

The coefficients in the components of the flow and

heat transmission are namely dragged force (Cf) and

Nusselt numbers (Nux), respectively. These parameters

are tabulated in Tables 5, 6 showing their numerical

values. Table 7 shows that a frictional force factor has

non-uniform changes for both of the nanoparticles with

an increasing ε and ξ. Also, it is observed that the drag

force coefficient upsurges with an increment of Γ and ϕ.

Besides, the reduction is remarked with rising ε for both the

case of nanoparticles. Furthermore, the increasing values of

Bα and Nr have no impact on drag force coefficient for both

PEHNF (Ti6Al4V-Cu/C6H9NaO7) and PENF (Cu-

TABLE 7 CfRex
1
2 and NuRex

−1
2 values at Pr � 6.5, β1 � 0.01 and m � 3.

β2 ξ Γ ϕ ϕTA ε γ Nr Bα S CfRex
1
2

Cu-
C6H9NaO7

CfRex
1
2

Ti6Al4V -Cu/C6H9NaO7

NuRex
−1
2

Cu-
C6H9NaO7

NuRex
−1
2

Ti6Al4V -Cu/C6H9NaO7

0.1 0.2 0.1 0.18 0.09 0.3 0.2 0.3 0.3 0.1 1.8921 2.1301 0.5563 1.1216

0.2 1.8562 2.0953 0.5269 1.1033

0.3 1.8134 2.0264 0.4903 1.0761

0.2 1.8921 2.1301 0.5563 1.1216

0.6 1.9309 2.1745 0.5732 1.1905

0.8 1.9647 2.2068 0.5907 1.2351

0.1 1.8921 2.1301 0.5563 1.2516

0.3 1.9163 2.1564 0.5374 1.2167

0.4 1.9357 2.1849 0.5012 1.1856

0.09 1.8089 - 0.4718 -

0.15 1.8454 - 0.5025 -

0.18 1.8921 - 0.5563 -

0.0 - 1.8089 - 0.4718

0.06 - 2.0963 - 1.1091

0.09 - 2.1301 - 1.1216

0.1 1.9728 2.2060 0.6175 1.8116

0.2 1.9359 2.1642 0.5845 1.1520

0.3 1.8921 2.1301 0.5563 1.1216

0.1 1.8921 2.1301 0.6437 1.2372

0.2 1.8921 2.1301 0.6044 1.1530

0.3 1.8921 2.1301 0.5563 1.1216

0.1 1.8921 2.1301 0.5119 1.0906

0.3 1.8921 2.1301 0.5563 1.1216

0.5 1.8921 2.1301 0.5729 1.5238

0.1 1.8921 2.1301 0.5218 1.1016

0.3 1.8921 2.1301 0.5563 1.1216

0.4 1.8921 2.1301 0.5980 1.1464

0.1 1.8921 2.1301 0.5563 1.1216

0.3 1.9127 2.1527 0.5864 1.1504

0.2 1.9432 2.1965 0.6238 1.1714
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C6H9NaO7) nanoparticles. TheNusselt number enhances with an

augmentation ξ, whereas an opposite function is remarked with

the addition of β2, γ and Nr for both PEHNF (Ti6Al4V-Cu/

C6H9NaO7) and PENF (Cu-C6H9NaO7) nanoparticles (Figure 7).

Concluding consequences and
forthcoming course

In this mathematical investigation, the heat transmission in a

Powell-Eyring hybrid nanofluid (PEHNF) model bounded by an

expanding surface is investigated. This model is implemented in a

thermal system, which is inspired by the modified Buongiorno’s

NF prototype. The presence of nanoparticles such as Cu-

C6H9NaO7 and Ti6Al4V-Cu/C6H9NaO7 nanoparticles are

implemented in this model. The influences of porous media,

thermal radiative flow, and variable thermal conductivity are

taken into account in the mathematical model. Furthermore,

the effect of the nanoparticles’ shape factors is determined, and

their impacts can be observed in thermal and entropy aspects. The

numerical solutions for the current mathematical model can be

achieved by following these steps: 1) Apply similarity solution to

convert PDEs to ODEs, and 2) solve the ODEs with Galerkin finite

element plan. The primary outcomes from this investigation are

listed for the profiles such as velocity, temperature, and

concentration, together with the coefficients of drag force and

Nusselt number. These outcomes are listed below:

1) Along the far stream, the velocity field is reduced for the

upsurging Powell-Eyring fluid (β2), porosity (Γ), volume

fraction (ϕ), and velocity slip (ε).
2) The temperature profile of Powell-Eyring fluid for both cases

of Cu-C6H9NaO7 (conventional nanofluid) and Ti6Al4V-Cu/

C6H9NaO7 (hybrid nanofluid) intensifies under the

increment of γ, Γ, ϕand Bα.

3) The temperature distribution is affected by most of the

physical quantities, which denotes that nanofluids have a

high heat exchange rate. This property helps control the

temperature during spin coating processes.

4) The entropy profile against Powell-Eyring fluid (β2), Porosity

term (Γ), volume fraction (ϕ, ϕhnf) and Biot number (Bα)
and shape factor (m) explore dual behavior.

5) The shape of nanoparticles is namely sphere, hexahedron,

tetrahedron, lamina, and column. Among them, lamina has

the greatest impact on the function of temperature and entropy.

6) The ability of the flow system toward the mass transference gets

reduced as the molecular diffusivity drops significantly. This can

be technically connected with the increase in Schmidt number

versus the molecular diffusivity.

7) The remarkable change in frictional force factor for

Ti6Al4V-Cu/C6H9NaO7 and Cu-C6H9NaO7 nanofluids can

be seen, compared to the Nusselt number coefficient for the

porosity and volume fraction.

Future track

These outcomes can be a guideline for the industry and

technology, to choose the appropriate working fluid for improved

productivity in the associated device or prototype Subsequently, this

researchwork can be extended by applying themodel of rotating disk

flow considering ferromagnetic nanoparticles (Jamshed et al., 2021e;

Pasha et al., 2022). The FEM could be applied to a variety of physical

and technical challenges in the future (Jamshed et al., 2022b; Hussain

et al., 2022b; Hussain et al., 2022a).
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