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This study presents the first comprehensive numerical simulation of heat and
mass transfer in fractal-like mixed convective nanofluid flows. The flow of non-
Newtonian nanofluids over flat and oscillating sheets is modelled mathematically,
and a finite difference scheme is used to solve this model. The two-stage scheme
can tackle fractal and fractal stochastic mathematical models of partial differential
equations. The consistency in the mean square is proved, and Fourier series
stability analysis is adopted to find stability conditions for fractal stochastic partial
differential equation. The scheme is applied to solve the unsteady Casson
nanofluid flow over the flat and oscillatory sheet, which affects thermal
radiation, heat source, and chemical reaction. The existence of the solution is
also provided for the Navier-Stokes equation of the considered flow model using
fractal time derivative. The graph illustrates that the proposed fractal technique
achieves faster convergence than the Crank-Nicolson approach. Applications in
energy systems, materials science, and environmental engineering are just a few
of the domains that could benefit from a better understanding of mixed
convective nanofluid flows with fractal features, and that is what this research
study hopes to accomplish. Scientists and engineers may better develop efficient
and environmentally friendly systems by simulating and analyzing these
complicated processes with the suggested finite difference technique.

fractal stochastic scheme, consistency in mean square sense, heat and mass transfer,
existence of solution, stability

1 Introduction

Fluid dynamics have always been one of the most fascinating topics in the field of
science. This area mainly studies different types of liquids or gases and their flowing
condition in further investigations. There are three subparts to fluid dynamics: fractals,
stochastic, and non-Newtonian flow. These subdivisions are now inspiring new research
areas with the potential to have a range of practical and engineering uses.

Fractal fluid flow can be explained as a fluid system’s self-similar fragmented patterns
and structures. Many natural and artificial systems showed fractals, including weather,
stream, internet connectivity, and blood vessel networks in biological systems. It does not
matter what magnification or loss of detail you choose; they will let you find the exact shape
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FIGURE 1

Comparison of the fractal and fractal stochastic models using
a=05p=314=L1,=07Pr=1,Rd=01Q=01Nb=
0.1, Nt=0.1,Sc=1y=0.1
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FIGURE 2

Comparison of the fractal proposed and fractal Crank-Nicolson
schemes using « = 0.5, =3, =11, =0.7,Pr =1, Rd=0.1,Q =
0.1, Nb=0.1,Nt=0.1,Sc=1,y=0.1

several times. Using the rule for limited design, impracticable shapes
can be constructed from the principles of fractal fluid flow.

Fractals have an enormous role to play in fluid mechanics. A
study that identifies the number of fractals almost widely known by
the public proves an essential part of fluid flows, such as combustion
(Sreenivasan, 1991), irregular flow (Sreenivasan and Meneveau,
1986; Gouldin, 1987; Ueki et al., 1999; Mazzi and Vassilicos,
2004; Cintosum et al, 2007), and fluid mechanics in general
(Anwar, 2019; Anwar, 2020; Ahmad Sheikh et al., 2021; Anwar
et al., 2024).

Various exciting properties of fractals have been found relative
to fluid dynamics in recent years. A numerical study of the Navier-
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Stokes equations resulted in a few researchers (Lanotte et al., 2015)
investigating the intermittency’s origin in an incompressible,
homogeneous, and isotropic turbulent flow. Another had also
been carried out (Lanotte et al, 2016) for incompressible,
homogeneous, and isotropic turbulent flow. This is achieved by
solving the Navier-Stokes equations using a restricted set of Fourier
modes, which are part of a fractal set characterized by dimension D.
The term “incompressible” refers to a substance or material
exhibiting negligible change. The Navier-Stokes equations
represent an incompressible fluid’s dynamic motion or flow.
These equations express the unknowns of velocity and pressure
as functions of both spatial and temporal variables. As mentioned
earlier, the solution to the equations enables predicting the fluid’s
behaviour, contingent upon understanding its initial and boundary
conditions. The above equations are important as fundamental
models within mathematical physics (Lukaszewicz et al., 2016).
Although numerous research investigations have yielded critical
preliminary stages and approaches, their answers remain one of
applied mathematics’s most fundamental and challenging problems.
Among these methods are fractal geometry and fractional calculus.
Most of the solutions of the resulting fractional equations of motion
are not trivial, even though the fractional nonlocal approach is very
inspiring and has many exciting features, especially in continuum
mechanics (Rasheed and Anwar, 2018; Hussain et al., 2021),
2021a; Ali 2021b), and

magnetohydrodynamics (Song and Em Karniadakis, 2019), etc.

et al,

hydrodynamics (Ali et al,

Therefore, it is necessary to make solution estimations
using numbers.

The study’s objective (Kumar et al., 2014) is to present a novel
analytical and approximation method for solving the time-fractional
Navier-Stokes equation (NSE) within a cylindrical conduit. The
suggested methodology integrates the Adomian decomposition
(ADM) and the Laplace transform (LTM). Analytical solutions to
the time-fractional Navier-Stokes equations are established by
modifying the reduced differential transform method and
developing a new iterative Elzaki transform method, both of
which are shown in (Wang and Liu, 2016). In reference (Khan
et al., 2009), the use of the Caputo fractional derivative is employed
to investigate the Navier-Stokes equation with fractional orders
(HPM) and

variational iteration method (VIM). These approaches provide

using He’s homotopy perturbation technique

novel avenues for addressing NSE, although they are limited in
several technical respects.

Fractal calculus, first introduced in (Parvate and Gangal, 2009;
Gangal et al, 2011; Parvate and Gangal, 2011), provided more
possibilities and feasible solutions to NSE in (Pishkoo and Darus,
2021). Since the Hausdorff fractal dimension has been shown to
have a significant role in the NSE-governed flow of viscous
incompressible fluids (Scheffer, 1978; Babin and Vishik, 1985;
Shah and Abdeljawad, 2024), this makes intuitive sense. In
(Kukavica, 2009), weak solutions of the NSE in a space-time
fractal domain with finite dimensions were investigated. Using
stochastic differential equations driven by Levy processes, the
authors of (Zhang, 2012) explain a stochastic Lagrangian particle
route method to NSE in detail. In (Constantin et al,, 1985),
approximate solutions of NSE in terms of time are provided for
fractal dimensions, while in (Hinz and Teplyaev, 2015), NSE on one-
dimensional topological fractals is studied using Hodge theory. In
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FIGURE 3

Effect of Casson parameter on velocity profile for the fractal
model using A; = 0.5,4, =0.7, Pr =1,Rd=0.1,Q =
0.1, Nb=0.1L,Nt=0.1,5c=1y=10=0

(Yang et al,, 2020), the pullback attractors for 2D non-autonomous
incompressible NSE with constant delay terms were investigated,
and their limited fractal and Hausdorff dimensions were
determined. The NSE was also investigated in fractal dimensions
of invariant sets (Chepyzhov and Llyin, 2014). In (Mahalov et al.,
1990), we derive estimates for the Hausdorff and fractal dimensions
of the NSE global attractors based on the spiral and regulating
physical parameters. Fractals and fractal dimensions are significant
to these and other studies in fluid mechanics.

On the other side, stochastic fluid flow explores the world of
chance and uncertainty in fluid systems. Fluid behaviour under
varying forces or situations can be analyzed and predicted using
probabilistic and statistical ideas. Stochastic modelling has proven
beneficial in the face of difficulties in predicting weather and
analyzing the behaviour of fluid particles in turbulence.
Improvements in forecasting, risk assessment, and policymaking
in domains as disparate as climate science and the stock market can
be traced back to the lessons learned from research into
stochastic fluid flow.

Of all the deterministic equations in physics that hide
unpredictability, the most famous one is the Schrodinger
equation. No mathematical probability theory can account
for the inherent randomness in a quantum physics lab.
Regardless of this seeming contradiction, Quantum Theory
has produced a robust set of tools for controlling specific
types of randomness, namely the departure from classical
motion equation solutions. Does this classical/quantum link
affect the Navier-Stokes and Euler equations? The two
hydrodynamic equations differ significantly from the ones
mentioned earlier. Euler Equation, even though representing
“dry water” (Von Neumann) is already very complicated. At
this moment, there seems to be no proof that it refrains from
producing singularities. The comparison, as mentioned above,
however, has the potential to provide some intriguing details
regarding the turbulence development process.
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FIGURE 4

Effect of thermal mixed convection parameter on velocity profile
for the fractal model using =3,1, =0.7,Pr =1,Rd=0.1,Q =
0.LNb=01,Nt=0.1,S5c=1y=10=0

There are several entry points for uncertainty, including

faulty initial conditions. Here, statistical methods are
considered: one looks at the development of a probability
measure over time-based on the pertinent physical beginning
facts and initiated in the 19th century (see, among many others,
(Vishik et al., 1979; Marchioro and Pulvirenti, 1984). Stochastic
diffusion processes have been devised for several kinds of
Langevin including  equilibrium and

dynamics, non-

equilibrium dynamics, including Kraichnan’s model in
turbulent advection (for instance, see (Gawedzki et al., 2008)).
To learn more about how numerical models could contribute to
uncertainty, check out (Palmer and Williams, 2008; Crisan et al.,
2019) about climate modelling.

Stochastic partial differential equations (SPDEs) are another
well-known way to include stochasticity into the Navier-Stokes
equation by including random forces. There is a mountain of
material on the subject since the first seminal mathematical work
on it (Bensoussan and Teman, 1973). Turbulence has been used to
study stochastic Lagrangian models of the Langevin type, which
incorporate smooth Lagrangian trajectories and random velocities.
However, it is essential to note that such models are not commonly
employed in this field (Pope, 1994).

Recently, D. D. Holm developed stochastic advection through
Lie transfer (Holm, 2015). Since this is an Eulerian method, the
resulting equations of motion are SPDEs.

It would be impossible to provide a comprehensive list of all the
stochastic approaches that may be used to analyze fluid dynamics.
Only a small subset of topics and supporting references have been
selected. It is worthwhile to highlight a few interesting probabilistic
representation equations. Solutions to partial differential equations
are typically represented in stochastic analysis as the expected values
of functionals of stochastic processes. This method has been used for
a long time and is also investigated for fluid dynamics. In (Busnello,
1999), for example, a probabilistic description of the vorticity field is
presented; in (le Jan and Sznitman, 1997), branching processes and
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FIGURE 5

Effect of heat source parameter on a temperature profile for the
fractal model using f=3,1, =0.7,Pr =1,Rd =0.1,4; =10,Nb =
0.1, Nt=0.1,Sc=1y=10=0

the Fourier transform are used for analysis; and in (Constantin and
Iyer, 2008), Lagrangian diffusion processes are employed.
Non-Newtonian fluids, particularly those with yield stress,
can describe their behaviour using the Casson fluid flow
mathematical model. The rheological properties of such fluids
can be described by the Casson equation, which British
rheologist Sydney Goldstein Casson developed. Non-
Newtonian fluids, Casson fluids,

complicated flow properties than Newtonian fluids, which

such as have more
show a linear relationship between shear stress and shear
rate. Casson fluids are distinguished by their dual nature as
an elastic solid and a viscous liquid.

Food processing, medicines, paints, and drilling fluids are just a
few industries that can benefit from Casson fluid flow. It is essential
to optimize production processes and create effective transportation
networks by having a firm grasp on the flow behaviour of
Casson fluids.

The flow of Casson fluids in various geometries and under
various situations is studied by researchers and engineers using
numerical simulations and experimental methods. Predicting
flow behaviour, calculating pressure drops, and building
suitable apparatus for handling Casson fluids all benefit from
these findings.

Coating applications benefit significantly from Casson
multiphase suspensions due to the many engineering uses for
thick multiphase flows, such as in the chemical and textile
industries (Batra and Jena, 1991). In addition, the worst-case
scenario of magnetized multiphase flows is used to validate the
prior work. The circulation of blood via the body’s arteries is a
well-known example of the Casson fluid flow model (Srivastava
and Saxena, 1994), among other cutting-edge applications of this
model (Das and Batra, 1993). Several newly developed and
repurposed delivery systems use this technique, one of which
is conveying cells to the brain. Non-Newtonian fluids are seeing
increased use in engineering and production. Biomechanics and
polymer processing heavily use the Casson fluid model (Dash
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FIGURE 6

Effect of radiation parameter on a temperature profile for the
fractal model using =3,1, =0.7, Pr =1,Q=0.1,144 =10,Nb =
0.1,Nt=01,Sc=1y=10=0

et al.,, 1996) to depict non-Newtonian fluid dynamics (Eldabe
et al., 2001).

One category of non-Newtonian fluids whose features
include yield stress is the Casson fluid model. Jelly, honey,
sauce, concentrated fruit liquids, soup, etc., all feature Casson
fluid as an ingredient. In addition, it has many other expanding
uses in various industries. The non-Newtonian fluid’s dynamic
and complicated character and interactions make its study more
challenging. The zero shear stress at infinite viscosity of Casson
fluid classifies it as a dilatant fluid. If the yield stress exceeds the
applied stress, the fluid exhibits solid-like behaviour; conversely,
if the yield stress is lower, the fluid demonstrates liquid-like
characteristics. The Casson fluid model equation was initially
introduced by Casson in his work (Casson, 1959). This model’s
creation drew the attention of numerous scientists intent on
finding a solution to the issue. The movement of Casson
nanofluid along the stretching sheet was analyzed by Abbas
and Shatanawi (Abbas and Shatanawi, 2022). In their study of
Casson nanofluids with convective boundary conditions,
Nadeem et al. (Nadeem et al., 2013) emphasized the role
played by magnetic hydrodynamics. Brownian motion and
thermophoresis were also brought up for discussion. At a
stretching sheet, Oyelakin et al. (Oyelakin et al, 2016)
investigated the time-dependent flow of Casson fluid. Thermal
radiation, slip, and convective boundary conditions were
investigated. Brownian motion and thermophoresis were also
shown to have an impact. By considering chemical reactions and
buoyancy effects across the wedge, this study aims to analyze the
flow properties of a Casson liquid in a two-dimensional (2D)
laminar continuous flow via a stretched porous wedge (Hussain
et al., 2023). Casson micropolar fluid flow at a curved surface was
considered by Amjad et al. (Amjad et al., 2020). They talked
about Brownian and thermophoresis motion in induced
magnetic hydrodynamics. Triple solutions of Casson nanofluid
were examined by Lanjwani et al. (Lanjwani et al., 2021) at the
vertical nonlinear stretching sheet. Several researchers have
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investigated how different physical characteristics change when
the flow assumption is made with artificial neural networks (for
example, see Refs. (Shafiq et al., 2022; Colak et al., 2022; Shafiq
et al.,, 2023)).

We began an exciting adventure into complexity,
uncertainty, and fluid flow interactions as we investigated
fractal, stochastic, and Casson fluid flow. Scientists and
engineers are deciphering the complexities of fluid dynamics
through cross-disciplinary study and novel applications,
thereby expanding the boundaries of human understanding
and propelling progress that could change many other fields.
We explore these fascinating areas further to learn more
about them and use their enormous potential for the greater
good of humanity. This study hints at a complex and niche
area of computational fluid dynamics and heat transfer,
particularly relating to nanofluids and fractal stochastic
processes. Some real-world uses and ramifications of this

study are as follows:

1. This study can potentially improve the design of heat
shields, thermal protection systems, and cutting-edge
cooling methods for spacecraft and aeroplanes used in
the aerospace industry, where extreme temperatures are
often experienced.

2. The fractal stochastic component of this study has potential use
in weather prediction and climate simulation. Accurate and
precise climate models and weather forecasts can be provided
by comprehensively understanding heat and mass transfer in
the intricate turbulent context.

3. Nanofluids are specific colloid suspensions with the particles
(in nanoparticle form) carefully spread uniformly in the base
fluid. The study presented here can provide detailed
information about the process. It can, therefore, be helpful
in the field of nanofluid technology for a significant
understanding of heat and mass transport.

This study can be beneficially employed across various industrial
fields and applications. For instance, in technological, engineering,
medical, and environmental science, this study can be implemented
to advance the efficiency and performance of various systems and
devices in the field of cooling systems. Moreover, this needs to be
considered for elaborative analysis in spacecraft, industry,
electronics, etc.

In literature, much work exists on solving the flow problems
over some surfaces. However, this work considers a stochastic model
using the fractal time derivative. The model has been solved by the
finite difference scheme that solves the given Equation in two stages.
The solution is found first on arbitrary time and then on the next
time level. For this work, the iterative method solves those difference
equations obtained by applying the proposed fractal scheme to the
considered flow model. The iterative technique employs a single
initial approximation and determines the answer of the subsequent
iteration by considering the solution computed during the
previous iteration.

To conclude, in our paper, we have to introduce fractal
characteristics with numerical simulation for the first time in
the study of the mixed convective nanofluid flow. We are unaware
of any other research incorporating fractal and fractal stochastic
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mathematical models in examining non-Newtonian nanofluid’s
heat and mass flow on a flat surface and an oscillating sheet. Our
fractal approach projects evidence of faster convergence
compared to the traditional Crank-Nicolson solution
technique. Our two-stage finite difference scheme can also use
the fractal framework for the standard linear equation problem.
We are also studying the unsteady Casson nanofluid flow in the
presence of thermal radiation, an extensive heat source, and a
reacting, homogeneous and endothermic chemical reaction. Our
findings are not limited to heat and mass transference in
nanofluid, as we believe it would benefit various energy

systems, materials, and the environment.

2 Proposed computational scheme

A numerical scheme will be proposed to solve fractal SPDEs.
The scheme will be a predictor-corrector type scheme, with the first
stage as the predictor and explicit scheme. The scheme is the
explicit-implicit scheme. For proposing a scheme for partial
differential equations (PDEs), consider the FPDEs as follows:

av v
— =F|v,— 1
ot <V ay2> W
where 0 <a < 1.
Let the first stage of the scheme be expressed as:
"
LR SR i P
7= et (5) @

Where At is the temporal step size.
The second stage for discretizing the time variable of Eq. 1 can be
expressed as:

n+l n _\ n+l
s Loty ar (o & YL (S
V! —10(1{‘+9vi )+Att};‘*[a(at“ i +b Py i+c o)
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Where a,b and c are unknown parameters. For finding a, b and
¢, re-write Eq. 3 as:
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Substituting expression for v/*! and (§/ :M into Eq. 4, it

is obtained
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When comparlng the coefficients of At( ) (At)z(atz) and
(Ar)? (atg) on both sides of Eq. 7 gives

1
=37 )
n+l
2
b=— ©)
1 tl—a
=g (10)

Therefore, Eq. 2 and (3) using (8), (9) and (10) gives the
numerical scheme that discretizes the fractal time variable
of Eq. I.

The scheme given in (2) and 3 can be extended from fractal PDE
(1) to fractal stochastic PDE.

dv = G(v, 05 v)dt* + odW (11)
is
T = 0 4+ MG (V) (12)
1 tl «
il = — (v +9v"“)+At— [aG(v”” 0 V) 2L
10 t) o
£l 7 13
+HG (707 2+ G (5,07 ) ] (13)
o
O,(Wn+1 _er)
For G = 0,,v scheme (12) and (13) is given as:
W)+ v
A B (8 st B (14)
(Ax)*
o 1 (v + 97*1) + At o tiu? Vi 2ot
! 10 ! tl-e a (Ax)?
Lpb (a2 B (v 2w e
« (Ax)? « (Ax)?
+0AW
(15)

where AW ~ N (0, VA?).

Egs. 14 and (15) give the time and space discretization of
fractal stochastic Eq. 11 where G = 0,,v. To find the consistency
and stability of fractal stochastic Equation, consider the
following Equation:

dv = d, 0, vdt* + ovdW (16)
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The time and space discretization of Eq. 16 using the proposed
scheme is given as:

20
RN PN 4 el kS (17)
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Theorem 1. The numerical scheme given in (17) and 18 is
consistent in the mean square sense.

Proof: Let P be a smooth function, then
(n+1)At
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(A )2
Ax) —2P (nAt,iAx) + P (nAt, (i — 1)Ax))

. w2 (n+1)At .
E|L(P)}-LIP| =E|-d, P, (s,iAx)ds
nAt

(n+1)At
- O'J p
nAt

. At o«
(Ax)* the

(s,iAx)dW (s)

1-a
[u t”T“dl (P((n+1)At, (i+1)Ax)

—2P((n+1)At,iAx) + P((n+1)At, (i- 1)Ax))

1-a
+(b+3) b g (P (nit, (i+1)A%)
10/ «

—2P (nAt,iAx) + P (nAt, (i—1)Ax))
7l-a

+c tT (P((n+1)At, (i+1)Ax)

—2P((n+1)At,iAx)+P((n+ DAt (i - I)Ax))]
2

+0P (s,iAx) (W ((n+1)At) - W (nAt)) (21)
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Eq. 21 can be expressed as:

E|L(P) -1 P[

<2d°E

()AL
[J P, (s,iAx)ds
I

At

At o«
(Ax)? tl-e

l1-a
{utt”ﬁ” (P((n+1)At, (i+1)Ax)

—2P((n+1)At,iAx) + P ((n+1)At, (i- 1)Ax))

1-a
+<b+3) L (P (nAt, (i+1)Ax)
10/ «

—2P (nAt,iAx) + P (nAt, (i—1)Ax))
7l-a

+ctn
«

q (P((n+1)At, (i+1)Ax)

2

—2P((n+1)At,iAx) +P((n+1)At, (i— I)Ax))}]

2

(n+1)at
+20°E I [P (s,iAx) =P (s,iAx)]dWs)

At

(22)

Using the inequality
2n

EUZ g (s, k)dW (s)

t
<(t—t. Y n(2n- 1)}”} E{|f (s, [ }ds
to
(23)
Inequality (22) can be written as
E|L(P) - L'P[’

<2diE

(n+1)At
[J P, (s,iAx)ds

At

- (AA;)Z tf {“t’l‘*T (P((n+1)At, (i +1)Ax)

o
—2P((n+ 1)At,iAx) + P((n + D)At, (i - 1)Ax))

9\t " .
+(b+—) " (P(nAt, (i + 1)Ax)
10/ «

—2P(nAt,iAx) + P (nAt, (i — 1)Ax))

fl-a

te— (P((n+1)At, (i + 1)Ax)

—2P((n+ 1)At,iAx)

+P((n+ DAL, (i - 1)Ax))}}”z

(n+1)At
+2(TZJ E{|P(s,iAx)|*}ds (24)

nAt

Now when At — 0,Ax —» 0 and (nAt,iAx) —
E|L(P)! -
scheme is consistent in the mean square sense.

(t,x) then
LIP|* — 0. Therefore, the proposed fractal stochastic

Theorem 2. The numerical scheme (17)-(18) is conditionally
stable for Eq. 16.
Proof:  The
Von
techniques. By using this criterion, the transformations are

stability analysis study will employ

either Neumann or Fourier series analysis

given as
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D; Ewrl ily V _ Eneilw
_ En (i1) Iu/ vn+1 — En+lezlu/ (25)
n+1 (z+1)1|4/
v1 =FE

where I = V-1
We obtain the following result by substituting certain
transformations from Eq. 25 into Eq. 17.

Em—l e,‘ Ty _

= E"e'V + dl

( (i+1)I

- 2™ + FIET (26)
Division of both sides of Eq. 26 by eI¥ which yields

E™ = E"+dd, (2cosy - 2) E" (27)

where d = (A )Z

Re-write Eq. 27 as

E™' = E"(1+2dd, (cos y — 1)) (28)

Substitute some of the transformation from Eq. 25 into Eq. 18
and divide the resulting Equation by &% gives

E = (E” +9E™")

1 -

+ d— a(2cosy - 2)E"+1 bt +b(2cosy - 2)E" i

lfzx
re(2cosy —2)E" ]+0E"AW (29)

Putting Eq. 28 into Eq. 29 and re-arranging the resulting
Equation gives

1 -«

1- Zda "“ L (cosy - 1)] EM = [1—10 (10 + 18dd, (cos y — 1))
+2bd (cosy — 1)
+2£d e — (cosy —1)(1 +2dd, (cosy - 1))
+0AW]E” (30)

The amplification factor can be expressed as

En+l

= (31)

Sl Q1

Where a=1+ gddl (cosy —1) +2bd (cosy — 1) + 2cd E:fz
(cosy —1)(1+2dd, (cosy — 1)) +cAW

1 -

b—1—2ad ”“ 2 (cosy - 1)

Re-write Eq. 31 as

(32)
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FIGURE 7

Effect of Brownian motion parameter on a temperature profile
for the fractal model using = 3,1, =0.7,Pr =1,Q =011, =
10,Rd=0.1,Nt=015c=1y=10=0

1+ gddl (cosy —1) +2bd (cosy — 1)
A-a

2 +2cd;7 (cosy —1)(1 +2dd, (cosy - 1))

1-2ad

e
=l (cosy — 1

2

| oAW
+E el
|1 —2ad 7k (cos y — 1)|

th

1+ gddl (cosy —1) +2bd (cosy — 1)
fa
+25dt17*“ (cosw —1)(1 +2dd, (cosy - 1))

Let 1 e <1
1 - 2ad 3 (cosy—1)

o 3

and | =
|1 - 2adk (cosy — 1)‘

The inequality (33) can be expressed as

n+1

En

E <1+MAt (34)

Therefore, the proposed scheme is conditionally stable.

3 Problem formulation for fractal
stochastic fluid flow

Think about the Casson fluid’s flow over the sheet as laminar,
incompressible, unsteady, and one-dimensional. The sheet is
moving with velocity. u. cos(awt*) or u. sin(awt*). The abrupt
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FIGURE 8

Effect of thermophoresis parameter on a temperature profile for
the fractal model using f=3,1, =0.7,Pr =1, Q=0.1,1; =1.0,Rd =
0.LNb=01,5c=1y=10=0

displacement of the plate induces the motion of the fluid. The
x*— axis is taken along the sheet and y*— axis is perpendicular to
the sheet. The fluid moves in a positive x*-axis. Consider a
situation where a magnetic field is applied in a direction
perpendicular to the sheet. Consider the effect of thermal
radiation, heat source, chemical reaction, and fluid flow. The
governing equations that describe fluid flow phenomena can be
mathematically stated as:

our _ <1 +l>va ”*+g[30 (T-Te) + 9B, (C—Co)  (35)

ot B) dy*
oT T 9T 3C Dy [T\ 1 9g,
e (P o (ae) ) s
+ Loy (36)
Pp
aC C Dr T K (C— Cu)? (37)

- Bay*z i Too 0y
Subject to the boundary conditions

u=U,T=T,C=Cyxwheny* =0 } (38)

u* = 0,T - Ts,C — Co for y* — 00

where u* is the horizontal component of the velocity, 8, and f3,
represents the thermal expansion and solutal expansion, g is the
gravity, o is thermal diffusivity, T,, and C,, are temperature and
concentration on the sheet, T, and C,, represents ambient
temperature and ambient concentration, k; is the dimensional
reaction rate.

For making Eqs (35-38) dimensionless, consider the following
transformations

u* w T-T C-C,
=—y=qyht=wth0= = =
=Y \/;y @ T.-T. % C,-C.

(39)

Substituting the transformations into Egs. (35)-(38) gives
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FIGURE 9

Effect of Brownian motion parameter on concentration profile

for the fractal modelusing p = 3,4, =0.7,Pr =1,Q =0.1,4; = 0.5,Rd =
0.1, Nt=01Sc=1y=10=0
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FIGURE 10

Effect of reaction rate parameter on concentration profile for the
fractal model using f=3,1,=0.7, Pr =1,Q=0.1,14 =0.5,Rd =
0.L,Nt=0.1,Sc=1,Nb=0.1,0=0

ou 1\ *u
$_<1+B>aiyz+kog+ll¢ (40)

1 30 4R; d° ?
W_190 4R 90 2% N (2 e @
dt P, dy?> 3P, 0y dy dy dy

9 193¢ N,30
S L Iy
o 5.0 N,oy2 ) (42)

subject to the dimensionless boundary conditions

u = cos(at)orsin(at),0=1,¢ =1 } (43)

u—0,0-0,¢—-0

where f is the Casson parameter, A. is thermal mixed convection
parameter, A; denotes solutal mixed convection parameter, R; is
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radiation parameter, N;, represents the Brownian motion
coefficient, N, represents thermophoresis coefficient, P, is the
Prandtl number, S, denotes Schmidt number, Q; is the heat
source parameter, and y is the dimensionless reaction
rate parameter.

The fractal stochastic system can be expressed as;

du = [(1+%)ayyu+/l.,0+/ll¢]dt“+oldw (44)

1 4
do = [P_ (1 + ng)any + Nbayeay¢ + Nt(aye)z + Q19:|dtzx
+02dW (45)
1 N, 5
d¢ = *ayyﬁb + 76)/)/0 —y¢° |dt* + 03dW (46)
S N,

Theorem 3. Let us consider a set B that is closed, bounded, and
convex in a Banach space. L, ((0,¢) x Q) and Let V' be a continuous
function that maps the ball B onto itself. If the image of the ball
under the transformation V' is pre-compact, then V possesses at least
one fixed point.

The statement of the above Theorem can be seen in
(Igbal, 2011).

To prove the existence of a solution, consider only the stochastic
form of Eq. 44 as

du = [(1+%>ayyu+)»°9+)tl¢]dt+aldw (47)

where W represents the Wiener process.
Eq. 47 can be written as a Volterra integral equation if v is twice
differentiable with respect to the L,-norm.

t

M—_— H<1 +%>ayyu+)t.,9+)tl¢]dr+01dw (48)

Eq. 48 can be expressed in operator form as

t

T=v.(x)+ H<1 +%>ayyu+)tee+al¢]dr+ cdW  (49)
0

The following method is used to establish the existence of a
fixed-point operator, v. The previously mentioned Theorem
3 will be used for this purpose. The Theorem guarantees that
each subset is convex, closed, and bounded in the function space.
A fixed point operator will be integrated for small random
variation dW. For best perturbation, the space L,[0,(],{ =
[t — 0] will be adopted.

Next a ball B, (v.) is constructed which is bounded, closed, and
convex and it is centred at the given initial conditions as
L, function.

For doing so

B, (v.) = {veLy [0, v = v.llp, o <7} (50)

This implies [[|[v], o0l <7+ ve..
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u(t,y)

FIGURE 11

Mesh plot for fractal stochastic model using a = 0.5, = 3,1, =
0.5Pr=1,Q=01M=1Rd=01,Nt=0.1,Sc=1y=01Nb=
0.1, 0 = 0.3,up = cos(0.5t)

u(t,y)

FIGURE 12

Mesh plot for fractal stochastic model using a« = 0.5, =3, A, =
0.5,Pr =1,Q=0.L1; =1,Rd=0.1,Nt=0.1,5c =1,
y=0.1,Nb=0.1,0=0.3,up = cos(3t)

The subset mentioned above, which is bounded, convex, and
closed, exists within an infinite-dimensional space, rendering it non-
compact. To utilize Theorem 3, it is necessary to establish two
conditions:

i. T: B, (v.) = B, (v.)
ii. T(B,(v.)) is pre-compact.

Now
t
IT = velz, 00 = ||j0 [(1+ é)ayyu + 1.0+ A pldt + 01dW||
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t

1
LS J. [(1 + B) ||"yy||L2 g T
0

t
¥ |a1|j Wl 0 dW

0

T - v,

Ol 00+ ||¢|le [o,(]]dT

IT - v.

t
Lz[o,(]sj [(1 +%>k2 +A. (r+c)+ A (r+c2)]dr
0
t
+|01|de
0

IT - v.

Log S [<1 +%>k2 +A (r+c)+A (r+c2)](

+|o [ (W () - W(0))

(51)

Since W (t) is the finite random number, so

IT-v.

L0 S [(1 + %)kz +A.(r+c)+ A (r+cz)]{+ lo11B,¢
(52)

For self-mapping

[(1 +%>k2 +A (r+c)+ A (f+C2)](+|‘71|ﬁ1(Sr

L .
This implies { < WDk (reen)+hs (ree) o B,
If a solution to the problem exists, it exhibits continuity within

the given interval;

r

(1 +%)k2 +A. (r+c)+M(r+c)+lolB

0,

The following approach is employed to establish the pre-
compactness of T.

t 1
IT: (&) = Ti (), o0 < L [(1 + B)”"w ”Lz g T A8l 00+ A4 ||¢||L1 [o,(]]dT
+|ol|r aw
t
(53)

1
T3 (&) =Ti (D), 0,0 < [(1 + B)"Vyy"LZ oat A0, 0, + M ||¢”L2 [0,11] (8 —1t)
+lo (W (8) =W (1))

1
IT: () = Ti (t)lliy 100 < [( 1+ B)"VWHLZ gt Al o +M ||‘45||L2 [0,(]] (ti—t)
+lo1 1B, (8 —t)
(54)

If t - t,,T(¢t) = T;(t1). Thus T; has a uniformly convergent
subsequence T, of T;. So, T'(B, (v.)) is pre-compact. Thus, there must
exist a fixed point function T; of T; which is also the solution of Eq. 47.

4 Results and discussions

A fractal stochastic scheme is proposed. The scheme is two-
stage, and its stability and consistency are proven. The finite
difference scheme finds the solution of the fractal stochastic
problem on each grid point. The scheme is conditionally stable,
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FIGURE 13

Contour plot for fractal stochastic modelusinga = 0.5, = 3,1, =
0.5,Pr =1,Q=0.11 =1,Rd=01,Nt=0.1,5c =1,
y=0.1,Nb=0.1,06 =0.3,up = cos(0.5t)
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FIGURE 14

Contour plot for fractal stochastic modelusinga = 0.5, = 3,1, =
0.5 Pr=1,Q=01M=1Rd=01,Nt=0.1Sc=1y=

0.1, Nb=0.1,0 = 0.3,up = cos(3t)

so the step sizes are restricted. The scheme can be used to solve
fractal and stochastic problems. Given the implicit nature of the
second stage of the scheme, it is necessary to employ an iterative
method to solve the difference equation derived from the suggested
scheme. Determining the stopping criteria for fractal problem-
solving is contingent upon evaluating the norm of the difference
between two solutions computed during consecutive iterations. In
the context of stochastic problems, the practice of employing the
averaged answer arises when the code is executed multiple times.

Eqs (44-46) using boundary conditions (43) solved by the
proposed scheme. Figure 1 shows the comparison between
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fractal and fractal stochastic models. The coefficient of the
Brownian motion term is chosen to be the same for all three
Eqs (44-46). The decay in velocity occurs due to the decay of the
fluid. With the decay of fluid, the diffusion process of fluid also
gets altered.

Figure 2 shows the comparison of existing and proposed
numerical schemes. Upon examination of Figure 2, it becomes
evident that the proposed scheme exhibits a higher convergence
rate than the preexisting Crank-Nicolson scheme when applied to
the fractal model. Figure 3 displays the Casson parameter’s effect
on the fractal model’s velocity profile. The velocity profile
by the The

increment in the Casson parameter produces decay in the

decreases incrementing Casson parameter.
coefficient of diffusion term, and due to this decay of diffusion
process in the fluid, the velocity of the fluid decays. This decay is
due to the complex interaction between temperature gradient
forces and fluid velocity.

The effect of the thermal mixed convection parameter on the
velocity profile is displayed in Figure 4. The velocity profile is
enhanced by raising the thermal mixed convection parameter.
The temperature gradient is one of the forces in the mixed
convection flows that can be responsible for the rise and fall of
the flow velocity. Due to the boundaries, the figures give an
overwhelming response for the extended time, thus giving a
detailed idea of how the features and the system operate.

Figure 5 shows the change in the temperature distribution
profile due to the heating source parameter. Here, we can see that
the profile’s temperature increases with an increment in the
heating source parameter. Now, the fluid is being heated with
radiation from a heat source. In other words, the heat flow of the
fluid increases with the incident radiation power. Therefore, the
temperature profile of the fluid graph is also increasing. Figure 6
shows the influence of radiation parameters on the temperature
profile. As can be observed from the figure, the temperature profile
of the fluid is facing an increasing trend due to the increase in
radiation parameters. An increase in incoming radiation flux
increases the heat flux, thus raising the temperature profile.
Figure 7 shows the influence of the Brownian motion parameter
on the temperature profile. The motion of the hot particles is now
generally increasing the temperature profile of the fluid. The
correlation between the temperature profile and the variation of
the thermophoresis parameters is shown in Figure 8. As the values
of the thermophoresis parameters rise, so does the temperature
profile. Accelerating the thermophoresis parameter results in an
enhanced rotational process whereby heated particles are
transported more rapidly from the plate to the vicinity of the
plate and vice versa. As a consequence of the progressive
advancement of this cycle, particles with higher thermal energy
migrate towards distinct regions within the fluid, resulting in an
elevation of the fluid’s temperature.

A correlation between the temperature profile and the variation
of the Brownian motion parameter is seen in Figure 9. As the
Brownian motion parameter is increased, the concentration profile
decreases. Figure 10 shows the impact of the reaction rate parameter
on the concentration profile. The concentration profile diminishes
due to the augmentation of the response rate parameter. The
growing reaction rate parameter enhances the conversion of one
substance into another, and the concentration profile decays. Figures
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11, 12 show the fractal stochastic velocity profile mesh plots and
Figures 13, 14 displays the contour plots for fractal stochastic
velocity profile for the case of flow over an oscillatory sheet using
cosine boundary conditions. The effect of boundary conditions over
a long time can be seen in mesh plots. The complete discussion
shows that each figure’s detailed analysis clearly indicates the type of
The
numerical scheme we gave has proved effective, as we could

mixed convective nanofluid flow with fractal features.

validate the results with the help of these figures.

5 Conclusion

To better understand the fractal stochastic heat and mass
transfer in mixed convective nanofluid flow, we propose a
thorough numerical model in this work. The complex
relationship between convective flow, nanofluid properties,
and the randomness of heat and mass transfer within the
system was effectively simulated and examined using the finite
difference method. We suggest a finite difference scheme, a
numerical technique for approximating derivatives in
differential equations, to solve the equations numerically. The
approach uses difference equations to approximatively calculate
the spatial derivatives by discretizing the computational domain
into a grid. Nanofluid flow behaviour can be simulated, thereby
predicting heat and mass transfer characteristics. A two-
dimensional mathematical model of such a boundary layer
flow has been presented in this work. It is a time-dependent
model that involves the flow over the plates. We introduced the
mathematical heat and mass transfer model for boundary layer
flow over the flat and oscillating sheets by considering the
Nanofluids fluids  with
nanoparticle suspensions, and their response under mixed
studied. The

between forced convection and natural convection is known as

fractional time derivative. are

convective conditions has been interaction
mixed convection. The temperature or concentration gradient
condition produces natural convection in the fluid. Because of
their unusual characteristics and interactions with the fluid,
nanoparticles bring a new layer of complexity to the system.
The proposed scheme has solved the problem, and the following

concluding points are found,

i. The fractal scheme under consideration exhibited a higher
convergence rate than the fractal Crank-Nicolson scheme.

ii. Increasing the Casson parameter in the fractal mathematical
model causes the velocity profile to decay.

iii. The fractal model’s increasing heat source, thermal radiation,

thermophoresis, and Brownian motion factors enhance the

temperature profile.

iv. The concentration profile underwent decay due to the

increasing values of the Brownian motion particle and the

reaction rate parameter.

Our study highlights the significance of incorporating fractal
stochastic heat and mass transport in the simulation of mixed
convective nanofluid flows. Nanofluid properties’ elaborate and
ever-changing nature and the influence of fractal stochastic
phenomena create a multifaceted and dynamic system that opens
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up novel possibilities for scientific investigation and future
The establishes
fundamental basis for future inquiries and advancements in

technological ~ progress. present study a
nanofluid dynamics and heat transfer.

Still, it is essential to discuss certain limitations of our work (Arif
et al., 2023; Nawaz et al., 2024a; Nawaz et al., 2024b). Assumptions
made based on the mathematical models might oversimplify the
real-world scenarios. Although we took a numerical approach,
future studies may need to elaborate on the models, keeping real-

life scenarios in mind.
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