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Background
Steering-shaped obstacles are extensively used in various thermal engineering applications, including heat exchangers, transformers, semiconductors, microelectronics, chemical sensors, air-cooled engines, gas turbines, automotive radiators, and hydrogen fuel cells.
Aims
The main goal of this study was to examine how key dimensionless parameters—such as the Reynolds number (Re), Richardson number (Ri), Hartmann number (Ha), Nusselt number (Nu), Bejan number (Be), and magnetic field angle (γ)—affect the heat transfer, fluid flow, and entropy generation in a hybrid nanofluid (TiO2−Cu−H2O) system. A mixed convection flow is analyzed inside a hexagonal cavity containing a heated steering-shaped obstacle. The cavity has two moving walls that drive the flow, whereas a magnetic field is applied at an angle. The focus is to reduce entropy generation and enhance thermal performance, which is important for improving the efficiency of advanced cooling systems.
Method and validations
The governing equations and boundary conditions are solved using the Galerkin weighted residual finite element method, with extensive validation against existing results to ensure the accuracy of the findings.
Parameters
In the study, we investigate a range of parameters: nanoparticle concentration (φ) varying from 1% to 5%, Re from 1 to 300, Ha from 0 to 60, Ri from 0.1 to 10, and γ ranging from 0° to 90°.
Results
In the study, we show that lid-driven motion of the top and bottom walls, along with a steering-shaped heated obstacle, enhances heat transfer (HT) and reduces entropy generation(Egen). Thermal performance improves with increasing Ri and Re but decreases with increasing Ha. For fixed Re = 300, at the highest magnetic field strength (Ha = 60), the HT rate reaches its minimum, exhibiting a 22.41% decrease relative to the no magnetic-field condition (Ha = 0). An increase in the Ri number leads to a 68.76% enhancement in thermal performance. At a fixed Ri=10, increasing the Re number from 1 to 300 leads to a 263.83% enhancement in thermal performance. The addition of TiO2−Cu−H2O hybrid nanofluid (HNF) further enhances thermal performance.
Conclusion
In the study, we reveal that mixed-convection (MC) HNF and heated steering-shaped obstacles play a significant role in enhancing HT and reducing Eavg within the cavity.
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HIGHLIGHTS
	• The average Nusselt number (Nuavg) increases by 263.83% as the Richardson number (Ri) increases from 0.1 to 10.
	• Hybrid nanoparticles enhance heat transfer by approximately 6.31%.
	• Due to the Hartman number (Ha, entropy generation decreases by approximately 22.13%.
	• This study applies to advanced cooling systems like air-cooled engines.


1 INTRODUCTION
The efficiency of thermal systems is often limited by the low thermal conductivity of heat transfer (HT) fluids such as water, ethylene glycol, and similar substances. Research workers suggest adding metallic or non-metallic particles (e.g., metal oxides and carbon nanotubes) to base fluids to enhance thermal conductivity as these particles exhibit higher thermal conductivity than the base fluid. Initially, the suspension contains micro- or millimeter-sized particles; however, issues like poor stability, erosion, and clogging arise. As a result, research workers have shifted their focus to nanoparticles (Leong et al., 2017; Rashid et al., 2023a). Studies on natural convection (NC) in cavities filled with nanofluids have been conducted worldwide, as this phenomenon can enhance HT efficiency by reducing heat loss and increasing cooling rates. It has numerous potential applications in areas such as solar collectors, petroleum reservoirs, nuclear cooling, heat exchangers, transportation, electrical machinery cooling, fire engineering, mechanical applications, HT systems, renewable energy systems, underground water movement, and geothermal resources (Saha G. et al., 2023; Kumar et al., 2015; Pavía et al., 2021; Islam et al., 2022; Alobaid et al., 2017; Devendiran and Amirtham, 2016; Mahian et al., 2021; Saha et al., 2024a; Rashid et al., 2023b). Many efforts have been made to gather fundamental data on NC flows and heat transfer in cavities (Saha et al., 2024b; Al-Amir et al., 2023; Mahmud et al., 2024; Jihan et al., 2024; Saha B. K. et al., 2024).
A numerical investigation of magnetohydrodynamics (MHD) NC with the effect of a source and sink was conducted by Ahmad et al. (2024a). They introduced fins that acted as a source and sink, with their aspect ratio affecting HT, mass transfer (MT), and entropy generation(Egen). The results indicated that a higher Rayleigh number (Ra) enhanced HT and MT, whereas the Ha reduced both. Alam et al. (2024) performed a statistical and numerical study within a hexagonal cavity on MHD unsteady laminar NC with a Fe3O4−H2O nanofluid. In this study, we used response surface methodology (RSM) to assess the sensitivity of parameters such as Hartmann number (Ha),Ra, and nanoparticle concentration (φ). The results showed a significant increase in the average Nusselt number (Nuavg) with higher φ,magnetic field angle γ, nanoparticle type, and Ra, whereas Ha and nanoparticle diameter had opposite effects. Saha et al. (2025) investigated HT in a modified tooth-shaped cavity with an Al2O3–H2O nanofluid considering MHD natural convection. Their results indicated that higher Ra and φ improved HT by enhancing the temperature gradient and thermal properties of the nanofluid. Saha T. et al. (2023b) studied MHD NC inside a wavy cavity with a heated fin. Their results showed that streamlines and isotherms varied with fin length, and nanoparticle shape significantly impacted HT, with the Nusselt number (Nu) increasing by 7.65% for blade-shaped nanoparticles and 2.86% for spherical-shaped nanoparticles. A recent study by Jamy et al. (2023) examined conjugate MHD NC in an L-shaped cavity with a thick fin, finding that HT improved for Ra≥10⁴ due to Ha, whereas conduction dominated for Ra≤10⁴.
In many practical applications, NC and external forces contribute to mixed convection (MC). This process is crucial in phase changes and the cooling of electronic devices. The magnetic field plays a key role in electrically conductive fluids and is essential for understanding the dynamics of liquid metals, plasma, electrolytes, and fusion blankets (Colak et al., 2020). Alomari et al. (2024) studied MHD MC in curvilinear lid-driven cavities with carbon nanotubes (CNTs) and an adiabatic cylinder. The results showed enhanced HT and flow with higher Reynolds number (Re) and Richardson number (Ri). Thermal performance increased by 57% as Ri increased from 0.1 to 10 at Re=41 and by 62.5% at Re=200. Higher φ improved HT but reduced circulation, whereas thermal performance decreased by 34.7% as Ha increased from 0 to 62 at Re=200. Al-Khaleel et al. (2024) investigated MHD MC in a lid-driven wavy cavity with Ostwald-de Waele nanofluids. At the highest Re, increasing Grashof (Gr) and Darcy (Da) numbers enhanced Nu by 3% and 19%, respectively, whereas decreasing Ha values increased Nu by 23%. Karim et al. (2024) examined MC heat and MT in a right triangular domain. The outcomes showed that lid direction and Re values significantly influence HT and MT, with lid movement serving as an effective control for flow and temperature distribution. A sensitivity study of MHD MC in a hexagonal cavity using TiO2−H2O nanofluid was conducted by Islam et al. (2023). The results revealed that with increasing Re andφ, the thermal performance of the nanofluid improved, whereas higher Ha reduced it. Furthermore, φ and Re positively influenced Nu, whereas Ha had a negative effect. At Ha=0, the maximum Nu was achieved at Re=200 and φ=0.1. TiO2−H2O nanofluid improved HT by 17.69%, offering insights for designing efficient MC heat exchangers. The influence of various inflow conditions on MC in a T-shaped cavity with TiO2−H2O nanofluid was analyzed by Ruvo et al. (2023). The results revealed that uniform inflow significantly affected HT rates in the cavity, varying with Gr and Re, and nanofluids enhanced HT, especially at Gr > 103 for Ri=1. The study by Habibishandiz and Saghir (2022) investigated MC in a vertical annular porous cylinder with nanofluid and oxytactic microorganisms. Their findings showed that higher Ha reduced HT, and microbes could mitigate this effect.
To enhance the properties of nanofluids, research workers introduced hybrid nanofluids (HNFs) as next-generation HT fluids (Ranga Babu et al., 2017). The synthesis of hybrid nanoparticles improves physicochemical properties that individual components or materials cannot achieve. Many studies have found that the thermal conductivity of HNF is higher than that of single nanofluids (Sajid and Ali, 2018; Saha et al., 2024a). A computational study by Hussain et al. (2021) analyzed the flow of Al2O3−Cu−H2O HNF in a horizontal channel with an open cavity. Their results showed that higher Ri values enhanced HT and Egen. Additionally, increasing Re and φ boosted HT and Egen, whereas the average Bejan number (Beavg) decreased. Khan et al. (2020) studied mixed-convection HT of Al2O3−Cu−H2O HNF in a split-lid-driven cavity with a Y-shaped obstacle. Their findings indicated that the split-lid motion creates symmetrical streamlines and isotherms. The local Nu peaks when the lids meet, whereas Nuavg decreases with increasing Ri values. Malik et al. (Al Kalbani et al., 2020) examined a wavy lid-driven cavity with HNF, and their outcomes showed that increasing Gr,γ,φ, and Re values enhanced flow and HT, whereas higher undulations, cylinder radius, and Ha reduced flow strength.
A numerical experiment on the inner adiabatic rotating cylinder inside a vented cavity with MC of HNF was conducted by Jasim et al. (2021). Their findings indicated that counterclockwise rotation enhanced convective HT, whereas clockwise rotation had the opposite effect. Additionally, for counterclockwise rotation, HT improved as the cylinder moved closer to the hot wall. The maximum HT enhancement, reaching 21% compared to the stationary cylinder, was observed when R = 0.3 and δ=0.5 under the conditions Gr = 104, φ=2%, Re=100, and Ω=5. Akhter et al. (2023) investigated MC HNF in a square cavity with multiple rotating obstacles. Their results showed that HT enhancement reached a maximum of 261.29% with cylinder rotation (ω=0–50; φ=1%; Ha=10), decreasing with higher magnetic field strength. The lowest HT rate, 144.62% lower than that at Ha=0, was observed at Ha=50. The optimal HT, 101.2% higher than that of water, was achieved with 5% hybrid nanoparticles. Mahboobtosi et al. (2023) examined a curved stretching surface with ternary HNF suspended in polymer. Their analysis indicated that increasing φ enhanced Egen and reduced Bejan number (Be) values. They also found that as the curvature range parameter increased, Nu decreased by 37%. A study on the effect of inclination angle, including heat sources and convective boundary conditions, on a porous shrinking surface was carried out by Zainodin et al. (2024). They observed that as φ increased, skin friction increased by approximately 14.79%. Altering the inclination angle led to a 3.28% increase in skin friction and a 0.0068% increase in the HT rate. Furthermore, with an increasing Biot number, HT was enhanced by approximately 174.48%. Ali et al. (2024) investigated MHD MC in an octagonal heat exchanger with HNF. Their findings revealed that thermal performance improved with increasing Re and φ, whereas the opposite behavior was observed for Ha. Additionally, introducing HNF of TiO2−Cu−H2O enhanced the HT capacity of water by 25.75%. A numerical experiment on NC within a hexagonal cavity using MgO−H2O was conducted by Sumeira et al. (Yasmin et al., 2023). Their findings indicated that convection, velocity, and HT were enhanced with an increase in Ra. Furthermore, related literature can be found in the study by Ikram et al. (2024), Ikram et al. (2023), and Ikram et al. (2021). Deebani et al. (2025) conducted a numerical analysis of trihybrid nanofluid flow over an extended stagnation region on a flat plate embedded in a porous medium. The study revealed that the ternary nanofluid significantly enhanced thermal performance, as reflected in the Nusselt number. Specifically, mono-nanofluids containing Go, Ag, and Cu exhibited enhancements of 17.13%, 8.44%, and 19.20%, respectively, whereas hybrid nanofluids demonstrated improvements of 12.67%, 18.13%, and 13.65%, respectively. Raza et al. (2024a) experimentally investigated HT in heat coaxial pipes, demonstrating that incorporating nanofluids significantly improves thermal conductivity, making them effective for electronics cooling, spacecraft systems, and heat recovery applications. An investigation on tetra-hybrid nanofluid flow in a porous channel with stretching/shrinking walls was conducted by Shutaywi et al. (2024). The outcome of the experiment reveals that elevated radiation enhances radiative HT, whereas stretching and shrinking alter boundary thickness, collectively leading to an increased Nusselt number. An experiment was conducted on a trihybrid nanofluid confined between two horizontal coaxial cylinders by Raza et al. (2024b). The experimental results indicate that increasing Ha leads to a reduction in the velocity profile, whereas the temperature profile exhibits an opposite trend. Conversely, higher Re enhances both temperature and velocity profiles. Alhadri et al. (2022) investigated the radiative behavior of a Cu–Al₂O₃–water hybrid nanofluid under the influence of Joule heating and suction over a stretched surface. The incorporation of the Darcy–Forchheimer model accounted for inertial and porous medium effects, enhancing the physical relevance of the study. The result shows that the influences of suction, magnetic field, and permeability parameters are significant. On a shrinking surface, increasing the volume fraction of copper nanoparticles enhanced local skin friction while reducing the local Nusselt number. Furthermore, the study demonstrated that the artificial neural network (ANN) method effectively predicts both skin friction and local heat transfer rates. Deebani et al. (2024) investigated MHD Casson nanofluid flow with convective boundary conditions over a stretching surface. The outcome shows that an increase in the stretching and Casson parameters reduces the temperature profile, whereas higher magnetic, radiation, Eckert, thermophoresis, and Brownian motion parameters elevate it. Skin friction increases with stretching but decreases with the Casson parameter, and the reduced Nusselt number decreases with increasing Eckert, thermophoresis, and Brownian motion parameters but improves with lower radiation effects. Waqas et al. (2025) performed a numerical study to analyze the thermal and mass transport behavior of a Casson fluid within a staggered cavity, subjected to magnetohydrodynamic effects at various inclination angles. The results reveal that increasing Re from 10 to 1000 enhances the Nusselt and Sherwood numbers by approximately 37.4% and 41.8%, respectively, indicating significant improvements in heat and mass transfer. Moreover, entropy generation reaches its peak at an inclination angle of 90°, whereas increasing Ha leads to a notable reduction—approximately 20%—in both thermal and concentration transport rates. A comparable investigation was conducted by Majeed et al. (2025), in which the thermal and flow characteristics of a Casson fluid were examined within a hexagonal enclosure featuring a heated bottom wall and a centrally placed circular obstacle. The results indicate that increases in both Ha and aspect ratio lead to elevated temperature and mass concentration within the fluid domain. Furthermore, the Nusselt number exhibits an increasing trend with higher values of the Casson number, buoyancy ratio, and inclination angle, whereas it decreases as the Lewis number (Le) increases. In contrast, the average mass transfer rate enhances with increasing Casson number, Lewis number, and buoyancy ratio but diminishes with the increases in the inclination angle and Ha. Ahmad et al. (2024b) conducted a comprehensive investigation into the coupled heat and mass transfer driven by NC, along with entropy generation, within a square cavity featuring four diagonally oriented corner fins and a centrally positioned circular obstacle. The study considered the influence of a non-Newtonian (Casson) fluid under the effect of an inclined magnetic field. Their findings revealed that the highest entropy generation occurs near the fin tips and along solid boundaries. An increase in the Casson parameter intensified the flow velocity, temperature distribution, and entropy production. However, the presence of fins introduced greater resistance to fluid motion, thereby reducing the Nusselt number and Sherwood numbers. Additionally, a higher Ra was shown to enhance flow velocity while decreasing Be, indicating a shift toward entropy generation dominated by HT rather than fluid friction. Ahmad et al. (2024a) conducted an investigation on the effects of heat sources and sinks in the presence of a Casson fluid. The obtained results confirm that the inclusion of fins significantly enhances the efficiency of HT systems and influences the development of flow structures. An increase in Ra intensifies both heat and mass transfers, highlighting the dominant role of buoyancy-driven convection. In contrast, an increase in Ha suppresses convective motion, thereby diminishing thermal transport. Moreover, as Le increases, entropy generation associated with fluid deformation becomes more pronounced, which is also reflected in the corresponding variation of Be.
It is worth reiterating that various cavity geometries have been studied, including square cavities with multiple rotating rough cylinders (Akhter et al., 2023) and MC in octagonal cavities with circular obstacles (Ali et al., 2024). The present study introduces a nonrotating steering-shaped obstacle within a double lid-driven hexagonal cavity under the influence of an inclined magnetic field. To the best of the authors’ knowledge, no prior study has explored the combined effects of this specific obstacle shape with magnetic orientation on MC flow and entropy generation in an HNF environment. This unique configuration leads to distinct flow interactions and thermal characteristics that differentiate our model from previous works. The primary objective of this study is to investigate temperature distributions, flow fields, and HT behaviors; minimize Egen; and optimize the thermodynamic performance of HT by evaluating Be for MHD MC flow inside the cavity. The numerical results are expected to provide a valuable reference for future research on MC HT using HNF within a cavity under the influence of an inclined magnetic field.
Focusing on entropy offers a deeper insight into the irreversibilities and energy losses within the system, which is essential for developing more efficient thermal management systems. In this study, we introduce a significant innovation by incorporating double lid-driven walls and a heated, steering-shaped obstacle within the hexagonal cavity. The study is conducted for an advanced cooling component, such as an air-cooled engine, which generates heat that must be efficiently dissipated to prevent overheating. The findings of our study and this design closely align with real-world applications, enhancing the practical significance of the research. Additionally, the study emphasizes the development of thermal management systems.
2 MODEL DESCRIPTION
This study investigates the flow characteristics of HNF within a double lid-driven hexagonal cavity containing a steering-shaped obstacle, as shown in Figure 1. The HNF flow is considered laminar, steady, and incompressible throughout the domain. The upper and bottom walls of the cavity move with a uniform velocity in the positive x-direction, whereas the other walls remain stationary. Additionally, a heated steering-shaped obstacle (Th) is installed inside the hexagonal cavity. All the remaining walls are maintained at a constant low temperature (Tc). The length and width of the steering-shaped obstacle are 0.4 cm and 0.04 cm, respectively. Consequently, the length and width of the entire domain are identical, each measuring 0.8 cm. The magnetic field is inclined at an angle γ, with a constant magnitude of  B0.
[image: Hexagonal diagram with a red cross-shaped structure inside, labeled dimensions of 0.4 centimeters and 0.8 centimeters. Arrows indicate gravitational direction and coordinate axes. Temperature and velocity conditions are noted, with black and red lines labeled \(T_c\) and \(T_h\) respectively.]FIGURE 1 | Geometry of the governing problem.The physical relevance of the parameters used in our simulations is discussed below:
	• Nanoparticle concentration (φ:1%–5%): this range reflects realistic concentrations commonly used in experimental and numerical studies of nanofluids and HNF, where the enhancement in thermal conductivity without causing significant agglomeration or sedimentation is well documented. Concentrations beyond 5% can lead to stability and viscosity issues; hence, we limited the upper bound to ensure physical realism and numerical stability.
	• Reynolds number (Re: 1–300): this range allows us to study flow regimes from creeping flow to the onset of transition in laminar flow. It covers both diffusion-dominated and convection-dominated regimes, which is essential for mixed-convection analysis and for capturing the influence of forced convection in different intensities.
	• Hartmann number (Ha:0–60): the selected range covers both weak and strong magnetic field effects. This is consistent with prior studies in MHD convection, where Ha ≤ 60 is sufficient to observe the suppressive influence of the Lorentz force on flow and heat transfer in enclosures.
	• Richardson number (Ri:0.1–10): this dimensionless number measures the ratio of buoyancy to inertial forces. The selected range effectively captures the transition from forced convection (Ri < 1), through mixed-convection (Ri≈1), to natural convection-dominated flow (Ri > 1). It ensures a comprehensive investigation of different convection regimes relevant in practical applications.
	• Inclination angle (γ:0–90): varying the inclination angle allows us to assess the impact of gravity orientation on heat and fluid flow behaviors. This range covers all relevant orientations from horizontal to vertical, commonly encountered in thermal system configurations such as solar collectors, electronic cooling devices, and building enclosures.

3 GOVERNING EQUATIONS AND BOUNDARY CONDITIONS
For the purpose of enhancing our analysis, we use the continuity, momentum, and energy equations. The governing equations in two-dimensional Cartesian coordinates, based on the previously outlined assumptions, are presented as follows (Malik et al., 2024):
∂U∂X+∂V∂Y=0,(1)
U∂U∂X+V∂U∂Y=−ρbfρhnf⁢∂P∂X+ρbfρhnf⁢μhnfμbf⁢1Re×⁢∂2U∂X2+∂2U∂Y2+ρbfρhnf⁢σhnfσbf⁢Ha2Re×⁢Vcosγ⁡sin⁡γ−U⁡sin2⁡γ,(2)
U∂V∂X+V∂V∂Y=−ρbfρhnf⁢∂P∂Y+ρbfρhnf⁢μhnfμbf⁢1Re×⁢∂2V∂X2+∂2V∂Y2+ρbfρhnf⁢σhnfσbf⁢Ha2Re×⁢Ucosγ⁡sin⁡γ−V⁡sin2⁡γ+ρβhnfρhnfβbf⁢Riθ,(3)
U∂θ∂X+V∂θ∂Y=1PrReKhnfKbfρCpbfρCphnf∂2θ∂X2+∂2θ∂Y2.(4)
The dimensionless parameters presented in Equation 5 serve as the basis for Equations 1–4:
X=xL,Y=yH,U=uU0,V=vU0,P=PρU02,Ri=GrRe2,Re=U0Lϑ,Gr=gβTh−Tcϑ2⁢L3,ϑ=μρ,⁡Pr=ϑα,Ha=B0⁢Lσμ,θ=T−TcTh−Tc,αbf=kbfρCpbf.(5)
Correlations of HNF between nanoparticles and base fluid are depicted in Equation 6 (Ali et al., 2024):
φ=φCu+φTiO2,
ρhnf=1−φρbf+φCuρCu+φTiO2ρTiO2,
ρCphnf=1−φρCpbf+φCuρCpCu+φTiO2ρCpTiO2,
khnf=ksp+2kbf−2φkbf−kspksp+2kbf+φkbf−kspkbf,
φksp=φCukCu+φTiO2kTiO2,
μhnf=μbf1+2.5φ+6.5φ2,
αhnf=khnfρCphnf,
ρβhnf=1−φρβbf+φCuβCu+φTiO2βTiO2,
σhnf=σbf1+3φσsp σbf−1σspσbf+2−φσspσbf−1  φσsp=φCuσCu+φTiO2σTiO2.(6)
The specified boundary conditions for fluid velocity and temperature are detailed in Equation 7:
Top and bottom walls:U=1,V=0,θ=0 Steering shaped obstacles:U=0,V=0,θ=1 Remaining walls:U=0,V=0,θ=0.(7)
Nondimensional parameters:
Nusselt number: local Nusselt number (Nul) along the heated surface can be represented in Equation 8 (Abood et al., 2024):
Nul=khnfkf∂θ∂n.(8)
Nuavg along the heated surface can be represented in Equation 9 (Abood et al., 2024):
Nuavg=1S∫0sNuldn,(9)
where S represents the length of the heated surface and n indicates the direction along this surface.
Entropy generation:
Dimensionless forms of Egen, Eht, Eff,and Emf are represented in Equations 10a, 10b, 10c, 10d, respectively (Hussain et al., 2024; H et al., 2017):
Egen=Eht+Eff+Emf,(10a)
Eht=khnfkf ∂θ∂X2+∂θ∂Y2,(10b)
Eff=∅μhnfμf 2∂U∂X2+∂V∂Y2+∂U∂Y+∂V∂X,(10c)
Emf=∅σhnfσfHa2Vcosγ⁡sin⁡γ−U⁡sin2⁡γ2.(10d)
Here, the irreversibility factor, represented by ∅ in this case, is 10−4.
Dimensionless Eavg (H et al., 2017) can be computed as shown in Equation 11:
Eavg=1v∫Egendv=Eht,avg+Eff,avg+Emf,avg.(11)
Bejan number:
The local and average Bejan numbers are represented in Equations 12a, 12b, respectively (Taghizadeh and Asaditaheri, 2018):
Bel=EhtET,(12a)
Beavg=∫Beldv.(12b)
4 METHODOLOGY
To solve the nondimensional governing Equations 1–4, alongside the specified boundary conditions, the domain of interest is discretized into a collection of finite elements. The numerical simulations were conducted using the finite element method (FEM)-based computational fluid dynamics (CFD) software, COMSOL Multiphysics 6.2. A numerical simulation process is presented using a flowchart in Figure 2a.
[image: Flowchart and diagram related to COMSOL simulation. The flowchart outlines the stages of the simulation process including defining the physical domain, governing equations, boundary conditions, assigning materials, meshing, and validation, leading to simulations with convergence and results. A decision point directs to updating the process if convergence is not achieved. Below, a hexagonal mesh diagram shows a structured mesh with a central cross pattern, illustrating the grid layout for computational analysis.]FIGURE 2 | (a) Flowchart of numerical simulation. (b) Schematic presentation of the grid hexagonal cavity.The second-order Galerkin method, a fundamental approach within FEM, works by minimizing the error between the exact and approximate solutions over the entire domain. It does so by multiplying the residuals of the governing differential equations by a set of predefined weighting functions and then integrating them over the domain. This transforms the governing partial differential equations into a system of algebraic equations that can be solved numerically. This method is adopted due to its high accuracy, rapid convergence, and ability to handle complex geometries and boundary conditions efficiently, which ensures that the approximate solution satisfies the governing equations in an average sense, leading to a stable and accurate numerical solution.
In the fluid domain, as shown in Figure 2b, the computational domain has been divided into triangular mesh elements to discretize the various flow variables within the domain. To confirm the mesh independence of the numerical solution, different grid sizes were utilized to compute Nuavg. However, to enhance numerical stability and mitigate abrupt variations in flow behavior, the cavity’s corners were chamfered. Moreover, a refined mesh was used near these corners and along the solid boundaries to ensure computational accuracy, as depicted in Figure 2b.
5 MODEL VALIDATION
To ensure accuracy, various scenarios have been analyzed to evaluate the accuracy of the present analysis. The numerical results are compared with the results of Malik et al. (2024), who studied mixed convective HT within a wavy cavity, as shown in Figure 3a. Additionally, we investigate HT behavior within a wavy upper HNF filled lid-driven cavity. For further comparison, we utilized the findings of Ali et al. (2024), who examined MC in an octagonal cavity driven by a moving lid. Their study considered two circular cylinders, where the left cylinder was heated, and the right cylinder was cooled. The corresponding results are presented in Figure 3b. In addition, our numerical results are compared with the experimental and numerical investigation was conducted by Chen and Cheng (2004) to examine the combined influence of lid motion and buoyancy on flow dynamics and heat transfer characteristics in a lid-driven arc-shaped cavity under MC conditions, and results presented in Figure 3c.
[image: Five sets of contour plots comparing different studies. 1. The first set shows isotherms and streamlines for the present study and Malik et al., with varying gamma values (0 and 60), depicting heat and flow patterns around a circular obstacle in a wavy channel. 2. The second set shows isotherms and streamlines for the present study and Ali et al., with Reynolds numbers 10 and 100, illustrating thermal and flow behavior around two circular objects. 3. The third set compares a semi-circular contour plot from the present study with an image from Chen et al., highlighting flow patterns in a semi-cylindrical cavity. The image contains two graphs. The top graph (d) plots the average Nusselt number against the number of elements, showing an increasing trend that stabilizes around 24.6. The bottom graph (e) displays the average Nusselt number versus Reynolds number for different nanofluids like TiO2-H2O and TiO2-Cu-H2O, showing positive correlation, with distinct lines and markers indicating various volume fractions.]FIGURE 3 | (a) Our Streamlines and isothermals contours for varying inclined magnetic field and compared with Malik et al. (2004). (b) Our results of Ψ and θ in the cavity, for Ha = 10, φ = 0.02, γ = 0, Pr = 6.9, Ri = 1 compared with Ali et al. (2024). (c) Our Streamline profile for Gr = 105, R = 500, Pr = 0.71 compared with Chen and Cheng (2004). (d) Calculation of the average Nusselt number for the grid independence test. (e) Comparative study of the average Nusselt number of hybrid-nanofluid  TiO2−Cu−H2O) and nanofluid TiO2−H2O for φ=0.01 vs 0.05.6 GRID INDEPENDENCE TEST AND MESH GENERATION
To assess grid independence, Nuavg was computed for Re=300,Ri=10,γ=90 and 0.05, and Ha= 60, using five different grid sizes, as presented in Table 1. Based on the data in Table 1 with Figure 3d, the triangular mesh element GS-7 was selected to discretize the computational domain for the present study. The physical properties of the base fluid and TiO2−Cu−H2O solid particles are provided in Table 2. A comparative study is conducted between HNF and nanofluid, as illustrated in Figure 3e. Taking nanofluid (TiO2−H2O, thermal performance increases by 3.82%, if φ varies from 0.01 to 0.05, whereas considering HNF (TiO2−Cu−H2O, thermal performance increases by 6.31% for varying φ. For Ha=60, φ=0.05,Re=300,Ri=10, and γ=0, the average Nusselt numbers for the nanofluid and HNF are 25.661 and 30.017, respectively. Therefore, it is evident that HT can be enhanced, considering HNF inside the hexagonal cavity.
TABLE 1 | Calculation of the Nusselt number for the grid independence test.	Grid size	Size of the elements	Nuavg	% of increase/decrease
	GS-1	4,076	23.627	—
	GS-2	10,646	24.268	2.710
	GS-3	14,012	24.271	0.012
	GS-4	18,634	24.294	0.094
	GS-5	21,612	24.349	0.225
	GS-6	28,964	24.601	1.034
	GS-7	34,648	24.604	0.012
	GS-8	38,258	24.599	0.020
	GS-9	42,258	24.601	0.008
	GS-10	50,124	24.603	0.008
	GS-11	58,248	24.603	0.000


TABLE 2 | Physical properties of solid particles TiO2,Cu and the base fluid (H et al., 2017).	Parameter	TiO2	Cu	H2O
	ρKg.m−3	4,250	8,933	997.1
	CpJ.Kg−1.K−1	686.2	385	4,179
	kW.m−1.K−1	8.953	401	0.613
	βK−1	0.9×10−5	1.67×10−5	21×10−5
	σS.m−1	3.5×106	5.96×107	0.05
	μkg.m−1.s−1	-	-	8.91×10−4
	Pr	-	-	6.9


7 RESULTS AND DISCUSSION
In this study, we examine how Re, Ri, and magnetic fields affect the temperature distribution, entropy generation, and Be in a HNF enclosed within a hexagonal cavity. The governing equations are solved using the finite element method. The analysis considers several dimensionless parameters, including Ha varying from 0 to 60, γ varying from 0 to 90, Re varying from 100 to 300, Ri varying from 0.1 to 10, and φ varying from 0 to 0.05, while maintaining a constant Pr of 6.9.
Figures 4, 5 illustrate the effects of varying Re and Ri on the flow streamlines and temperature distributions within the cavity. The analysis is performed at φ = 0.04, Pr = 6.9, Ha = 10, and γ=30, using Re values of 100, 200, and 300 and Ri values of 0.1, 1, and 10, respectively. At Re = 100, the flow forms symmetrical, well-organized recirculation zones at the upper and lower ends of the cavity, indicating moderate FC influence. As Re increases to 200, the streamlines become more compact and shift toward the corners, showing enhanced flow velocity and stronger circulatory behavior due to the increased inertia force. At Re = 300, the loops become even tighter and stretch along the walls, whereas the center of the cavity shows less movement. This change happens because Ri = 0.1 is low, indicating that the effect of buoyancy is weak and the flow is mainly driven by the moving walls. As Re increases, the force of the moving fluid becomes stronger, reducing mixing in the cavity and guiding the flow more in the direction of the lid motion.
[image: Contour plots within hexagonal shapes illustrate fluid flow patterns at different Reynolds numbers (100, 200, 300) and Richardson numbers (0.1, 1, 10). Color variations depict changes in flow intensity and direction around a central cross-shaped area.]FIGURE 4 | Streamline contours for different values of Re and Ri, when φ=0.04,⁡Pr=6.9,Ha=10,and γ=0.[image: Contour plots of flow patterns around a hexagonal shape, presented in a 3x3 grid. The top row shows Reynolds numbers (Re) of 100, 200, and 300 for a Richardson number (Ri) of 0.1. The middle row, with the same Re values, is for Ri equals 1. The bottom row is for Ri equals 10. Contour lines and color gradients illustrate variations in flow attributes, with cooler colors indicating lower values and warmer colors indicating higher values.]FIGURE 5 | Isotherm contour for different values of Re and Ri, when φ=0.04,⁡Pr=6.9,Ha=10,and γ=0.At a fixed Ri = 1, which indicates a balanced interaction between buoyancy and inertial forces, the streamline patterns evolve noticeably with increasing Re. At Re = 100, the flow exhibits moderate circulation with strong vortices near the moving upper and lower walls and slight disturbances appearing in the core region, suggesting the onset of buoyancy-induced convection. As Re increases to 200, inertial effects grow stronger, stretching the vortices and inducing additional secondary circulations near the side boundaries, indicating the increasing dominance of FC. At Re = 300, the flow becomes more active and complex, with longer vortices and distinct secondary eddies emerging appearing in the center of the cavity. This shows that stronger FC is pushing the fluid more, whereas buoyancy still affects the flow’s vertical shape. The combined effect of Ri = 1 and increasing Re facilitates stronger fluid mixing, higher circulation energy, and greater asymmetry in streamlines, which are characteristics crucial for improving the thermal transport system.
At a high Ri = 10, buoyancy forces dominate over shear-driven motion, shaping the flow strongly by NC. At Re = 100, large asymmetric vortices are observed on both sides of the inner hot steering-shaped obstacle, with widespread circulation zones indicating the dominance of thermal plumes increasing due to strong buoyant effects. When Re increases to 200, the flow becomes a bit more orderly, but buoyancy is still important. The vortices begin to stretch and move as the faster fluid motion starts to resist the upward movement. At Re = 300, the stronger forced flow pushes the vortices toward the cold walls and reduces the circulation in the middle.
Figure 5 illustrates the influence of isotherm contours on fluid temperature regulation, emphasizing the enhanced HT within the fluid domain as Re and Ri vary.
When Re = 100 is kept fixed, at low Ri = 0.1, the isotherm contours are close to the steering-shaped hot obstacle and mostly go sideways, showing that FC from the moving walls controls the heat flow. The heat is mostly pushed by the fluid’s motion. When Ri increases to 1, the isotherm contour lines start to curve more, and heat starts moving upward due to buoyancy, indicating that both FC and NC are affecting the flow. At high Ri = 10, the isotherm lines distort strongly and increase vertically from the hot obstacle surface, showing that NC is now in control. In this case, heat moves mainly upward because of the temperature difference, and the effect of the moving walls becomes weaker.
At Re = 200, the isotherm contours vary noticeably with increasing Ri. For Ri = 0.1, the isotherms are closely packed and extend mainly in the horizontal direction near the hot obstacle, showing that HT is mainly driven by FC due to lid motion. As Ri increases to 1, the temperature lines start to curve upward, showing that both FC and NC are occurring, and buoyancy is starting to affect the heat movement. When Ri reaches 10, the isotherms curve strongly upward and become more vertical, especially near the top of the hot surface. This pattern shows that natural convection takes over. The hot fluid increases because of buoyant forces, so the moving walls matter less. Clear heat paths form, showing the change from forced flow to mixed flow, and then to flow driven mainly by heat.
At Re=300, the isotherm contours change significantly with varying Ri. At Ri=0.1, the isotherms are significantly aligned with the flow direction, indicating a dominant FC effect where the influence of the moving walls is pronounced, and the thermal layer is minimal. As Ri increases to 1, buoyancy effects become comparable to inertial forces, leading to a more noticeable upward curvature of isotherms and the development of thermal plumes above the hot obstacle characteristic of an MC regime. At Ri=10, buoyancy forces dominate the flow field, causing strong vertical plume formation from the hot surfaces and suppressing the influence of the moving walls. The isotherms become nearly vertical in the core region, reflecting a shift to a buoyancy-driven HT mechanism. This progression highlights the increasing role of thermal buoyancy relative to shear-driven transport with increasing Ri at constant Re.
Figures 6, 7 illustrate the impact of Ha and Re on fluid flow and temperature distributions for a fixed set of parameters: Ri=10,φ=0.04,Pr=6.9, and γ = 30. Now, for Re=100 from Figure 6 at Ha = 0, the flow is predominantly governed by FC from the moving walls, forming strong asymmetric counter-rotating vortices near the hot central obstacle, with vigorous circulation zones at the upper and lower regions. As Ha increases to 30, the magnetic field starts damping the flow, suppressing secondary vortices and causing streamlines to become smoother and more symmetric, particularly near the central core. At Ha = 60, Lorentz forces strongly resist fluid motion, significantly weakening circulation and stretching the streamlines along the flow direction. This shows that the flow is becoming less mixed and is changing from being driven by motion to being controlled by the magnetic field, which is important to determine how heat and fluid move in magnetic convection.
[image: Flow patterns represented by curved lines within hexagons, arranged in a grid of three rows and three columns. Rows vary by Hartmann number (Ha = 0, 30, 60) and columns by Reynolds number (Re = 100, 200, 300). Colored contours from blue to red depict flow intensity, showing variations in fluid dynamics due to changing parameters.]FIGURE 6 | Streamline contours for the different values of Ha and Re, when Ri=10,φ=0.04,⁡Pr=6.9,and γ=0.[image: Hexagonal grid of contour plots showing fluid flow patterns around a cross shape. Each row corresponds to different Hartmann numbers (Ha = 0, 30, and 60), and each column represents distinct Reynolds numbers (Re = 100, 200, and 300). Contour lines and color gradients indicate velocity distribution, with red and orange near the cross, transitioning to blue outward.]FIGURE 7 | Isotherm contours for the different values of Ha and Re, when Ri=10,φ=0.04,⁡Pr=6.9, and γ=0.At Re= 200, the effect of increasing Ha on the streamline patterns is clearly evident. For Ha = 0, the flow structure is characterized by two dominant recirculating vortices in the upper-right and lower-left regions of the cavity due to the stronger thermal plume interactions caused by elevated buoyancy forces. Streamlines near the obstacle are tightly packed and curve sharply around its surface, revealing enhanced convective activity and increased velocity gradients around the heated geometry. Additionally, secondary eddies form near the cavity corners, particularly on the upper-left and lower-right sides, suggesting complex recirculation zones driven by the combined effects of wall movement and buoyant increase of hot fluid. The inclusion of a strong magnetic field (Ha = 30) leads to the suppression of fluid motion and vortex intensity, particularly near the heated obstacle. Compared to the non-magnetic case, the streamline contours become smoother and less tightly packed, indicating reduced flow velocity and weakened recirculatory motion. The top-right and bottom-left vortices persist but are more subdued, and secondary eddies near the cavity corners become less pronounced, demonstrating the stabilizing influence of the obliquely inclined magnetic field. Compared to lower Ha (0,30) cases, the flow structure becomes noticeably more suppressed and ordered as the Lorentz force significantly restrains fluid motion and attenuates both primary and secondary vortices for Ha=60. The dominant circulation cells in the upper-right and lower-left regions persist but exhibit reduced rotational strength and tighter streamline spacing near the cavity boundaries. The flow slows down near the obstacle, shown by the stretched and flat flow lines. This means that the increasing hot flow is weaker and there is less mixing.
At Re=300, the flow dynamics are dominated by strong inertial effects and are significantly affected by varying Ha. In the absence of a magnetic field, the streamlines reveal highly convective flow behavior characterized by two prominent counter-rotating vortices above and below the heated obstacle, induced by the motion of the top and bottom walls. The presence of tightly packed streamlines near the hot central obstacle suggests strong momentum interaction and buoyancy-induced recirculation, particularly in the lower-right and upper-left quadrants, where thermal plumes are distinctly curved due to dominant inertial transport. As Ha increases to 30, the Lorentz force begins to suppress secondary vortical structures and damps the velocity gradients, resulting in smoother and less distorted streamline curvature on the left region, whereas right-side flow becomes more aligned, indicating suppression of chaotic mixing. As Ha increases to 60, the magnetic effect gets stronger. The top and bottom vortices become longer and more stretched in the direction of the flow, with less side movement. This shows that the magnetic field is reducing the flow. The flow lines near the obstacle become less crowded, indicating that heat-driven movement is weaker, and forced flow takes over. The magnetic field, which is sideways, slows the flow down, flattens the swirling areas, lines up the flow better, and reduces spinning, especially in the middle and left parts. In the end, the flow changes from a messy, heat-driven pattern to a smooth, steady pattern controlled by the magnetic field. This shows how movement, heat, and magnetism all affect the flow inside the hexagon area.
Regarding isotherm contours from Figure 7, at fixed Ha = 0 and Re = 100, the isotherms are distributed around the hot obstacle with dense clustering, signifying strong thermal diffusion and dominant conduction. As Re increases to 200, the isotherms become increasingly asymmetric and begin to stretch along the flow direction, especially downstream of the obstacle, indicating enhanced convective HT. At Re=300, this stretching is further pronounced, and the isotherms are tightly packed near the obstacle edges, reflecting thinner thermal boundary layers and more efficient heat.
When Ha=30 is kept fixed, at Re = 100, the isotherms remain closely spaced near the hot obstacle, indicating moderate heat diffusion and relatively weak inertial forces. As Re increases to 200, the influence of advection becomes more apparent, causing the isotherms to distort further downstream due to enhanced fluid motion induced by the moving walls, yet the magnetic damping retains a relatively laminar profile. At Re = 300, the inertial forces overpower diffusive effects, stretching the isotherms significantly in the flow direction and thinning the thermal boundary layers near the obstacle.
In case of fixed Ha=60, at Re = 100, the thermal boundary layer around the hot steering-shaped obstacle is thick, and the isotherms spread due to dominance of conduction and MHD-induced damping. At Re = 200, isotherms begin to compress near the top wall, indicating enhanced advection, whereas some distortion appears at the lower-left region due to inertial forces overcoming magnetic damping. At Re = 300, advection becomes significant, leading to further thinning of the thermal boundary layer at the front face and expansion of isotherms downstream.
Figures 8, 9 illustrate Egen due to heat transfer (Eht), fluid friction (Eff), magnetic field (Emf), and average entropy generation (Eavg) for different values of Ri and Ha. When Ri=0.1, FC is stronger because the lid motion is much greater than the buoyancy force. This makes Eht gather along the flow path, especially near the moving lid walls and the edges of the hot steering-shaped obstacle, showing strong shear-driven HT. Eff is primarily confined to thin shear layers near the moving upper and lower walls and around the sharp corners of the hot obstacle, where velocity gradients are high. Emf due to the magnetic field mainly influences near-wall regions where strong velocity gradients occur, resulting in localized entropy generation confined to the upper and lower corners.
[image: Flow velocity fields in hexagonal geometry, shown for three Richardson numbers: Ri = 0.1, 1, and 10. Each row corresponds to one Richardson number, illustrating flow patterns with blue contour lines.]FIGURE 8 | Effect of Ri on Eht,Eff,Emf, and ET, when Pr=6.9,φ=0.04,Ha=10,γ=30, and Re=300.[image: Comparison of fluid dynamics in hexagonal channels with cross-shaped openings. Four columns labeled \(E_{ht}\), \(E_{ff}\), \(E_{mf}\), and \(E_{avg}\). Rows compare scenarios with Hartmann numbers \(Ha = 30\) and \(Ha = 60\). Contour lines indicate the flow patterns, showing variations in flow and intensity within the structures.]FIGURE 9 | Effect of Ha on Eht,Eff,Emf, and Eavg, when Ri=10,Re=300,γ=30,⁡Pr=6.9,and φ=0.04.At Ri=1, FC and buoyancy are equally strong. This creates a more mixed flow and spreads the heat over a larger area near the obstacle and the boundary walls. The entropy due to Eff expands slightly in the boundary regions, reflecting moderate viscous dissipation, whereas Emf results in asymmetrical entropy contours and becomes more irregular than that at Ri=0.1, especially in the upper half, indicating increased magnetic damping and energy dissipation. Eavg becomes more irregular, distributed more asymmetrically due to complex vortex interactions.
When Ri=10, buoyancy becomes stronger than lid motion. This leads to more symmetric and vertically stretched Eht patterns around the hot obstacle. It shows that NC is now controlling the HT, resulting in a smoother but more upward-directed thermal field. In case of Eff NC enhances internal recirculation zones, leading to more prominent entropy generation not only near the moving boundaries but also around the surface of the obstacle, as stronger flow separation and vortical structures evolve. Moreover, the magnetic field interaction becomes more pronounced throughout the domain, spreading Emf across a wider area, particularly around the obstacle and along vertical flow paths. This trend reveals that as NC intensifies, the Lorentz force enhances viscous braking and thermal damping, thereby amplifying magnetic Emf and disrupting flow symmetry. As NC dominates, buoyancy-driven circulation structures become more prominent, giving rise to vertically oriented entropy patterns around the heated obstacle and the upper boundary layers.
Figure 9 illustrates the effect of varying Ha of entropy generation. At Ha = 30, Eht becomes relatively complex and results in dense contours near the obstacle, indicating stronger convective thermal gradients, which enhances Eht due to faster fluid motion. However, at Ha = 60, the lines become smoother and more spread out, showing that the stronger magnetic field reduces the flow of the fluid. This reduces heat mixing and leads to a flow that is more controlled by diffusion rather than movement. As a result, Eht becomes weaker and more evenly spread, showing how the magnetic field helps control and reduce entropy in MHD thermal systems.
At Ha=30, the flow is more active due to weaker magnetic damping, resulting in stronger velocity gradients near the moving walls and around steering shaped obstacle. This leads to higher viscous dissipation and increased Eff. However, at Ha=60, the stronger magnetic field imposes greater resistance on the fluid motion, especially across the field lines, causing the flow to slow down and velocity gradients to decrease. As a result, Eff becomes weaker and more confined to thin layers near the moving walls, indicating a shift toward a more stable and magnetically controlled flow regime.
At Ha=30, the magnetic field is relatively weaker, resulting in more dispersed and structured Emf zones, particularly near the top and bottom walls where the motion-induced currents interact with the field. As Ha increases to 60, the influence of the magnetic field becomes significantly stronger, leading to damping of fluid motion and suppression of current circulation, which reduces the magnitude and concentration of magnetic-induced entropy. This is evident from the simplified and less intense contour distributions and minimizes average entropy generation. This indicates that less energy is irreversibly lost, improving the overall thermodynamic efficiency of the system.
In this section, we examine the influence of magnetic field inclination on fluid flow behavior and thermal performance. A detailed analysis is conducted to assess the impact of varying magnetic field angles on heat transfer rates and flow characteristics. Figure 10 illustrates the influence of the inclined magnetic field angle (γ) on the streamline patterns, isotherm contours, and total entropy generation within the domain. When γ = 0, the magnetic field is parallel to the flow direction. The Lorentz force is weaker along this direction, so the flow forms stronger re-circulations and complex vortex patterns. Several small eddies clearly appear, especially in the top-left and bottom-right corners. At γ = 90, the magnetic field is perpendicular to the lid motion, and the Lorentz force acts against the flow, greatly reducing the formation of secondary eddies. The flow looks more organized and has horizontal layers.
[image: Six contour plots are displayed in a hexagonal layout, depicting streamlines, isotherms, and total entropy. The top row, labeled \( \gamma = 0 \), shows variations in contours and color gradients for each category, while the bottom row, labeled \( \gamma = 90 \), provides similar visual data but with altered patterns and gradients. Each plot features a central cutout in the shape of a cross. The streamlines are smooth curves, the isotherms show temperature distributions, and total entropy visualizes entropy changes.]FIGURE 10 | Streamline, isotherm, and total entropy generation for the different values of γ, when Re=300,Ri=10,φ=0.05,⁡Pr=6.9, and Ha=10.At γ = 0, the heat spreads unevenly, especially around the surface of the hot obstacle inside the domain. The closely packed isotherm lines near the hot surface of the steering-shaped obstacle show strong HT, and the hot isotherm lines mostly rise upward due to buoyancy force. When γ = 90, the heat pattern changes. The isotherm lines become more twisted around the vertical surface of the steering-shaped obstacle, showing that the magnetic field affects how heat moves. The heat shifts downward in some areas and becomes more uneven. This suggests that the magnetic field changes the flow of heat and reduces the symmetry of the temperature distribution inside the cavity.
From Figure 10, at γ = 0, higher entropy generation appears more clearly near the edges of the heated steering-shaped obstacle. This indicates strong temperature gradients and viscous effects in those zones, which contribute to higher irreversibility in the system. The upper part of the cavity shows more complex structures, where sharp curves in the lines suggest increased fluid motion and mixing due to both NC from the hot obstacle and FC from the moving walls. The center and the lower regions of the cavity have more confined entropy contours, showing that HT is more localized and less chaotic there. The movement of the top and bottom walls enhances the flow near those areas, but the most significant entropy is still generated close to the hot obstacle where the temperature difference is the greatest. At γ = 90, the total entropy generation decreases due to magnetic field suppression.
7.1 Average Nusselt number
The interaction between convective HT and thermal conductivity influences the behavior of Nuavg in relation to Ri and Re, as depicted in Figure 11. From this figure, it can be observed that for lower Re (at Re= 1), Nuavg remains constant at 8.112 despite an increase in Ri from 0.1 to 10. This is expected because viscous forces dominate the flow dynamics, suppressing convective effects. Even as Ri increases significantly, indicating stronger buoyancy forces, the flow remains diffusion-dominated due to low Re, limiting convective HT and keeping Nuavg.
[image: Graph showing the relationship between the average Nusselt number (\(Nu_{avg}\)) and Richardson numbers (\(Ri\)) for different Reynolds numbers (Re). Red line for Re=1 is constant at \(Nu_{avg}\approx 8\). Green line for Re=100, blue line for Re=200, and black line for Re=300 all show increasing trends, with Re=300 having the highest values. \(Ri\) ranges from 0 to 10.]FIGURE 11 | Nuavg for different values of Ri and Re for φ=0.04,Pr=6.9, and γ=30.However, for higher Re (Re= 100, 200, and 300), an improvement in Nuavg is evident, as shown in Figure 11 and Table 6. As flow velocity increases, convective HT is enhanced, whereas higher Ri strengthens buoyancy-driven HT. The combined effect of FC and NC leads to an increase in Nuavg, reflecting improved thermal efficiency. The highest Nuavg value of 29.514 is observed at Re= 300 and Ri= 10.
In contrast, the relationship between Ha and Ri is inverse, as shown in Figure 12 and Table 3. When Ha= 0, Nuavg reaches its highest value of 29.747, whereas at Ha=60, it decreases to 23.08 for Ri=10. A similar pattern is observed across all Ri cases in Figure 11. This occurs because the magnetic field suppresses fluid motion, reducing convective HT. As Ha increases, the Lorentz force dampens velocity fluctuations and minimizes fluid mixing, weakening the convective HT mechanism. Consequently, HT becomes more conduction-dominated, leading to a reduction in Nuavg across all cases.
[image: Line graph showing the relationship between the average Nusselt number (Nu_avg) and the Hartmann number (Ha) for three Richardson number values: red line for Ri=0.1, green line for Ri=1, and blue line for Ri=10. As Ha increases, Nu_avg decreases for all cases, with a more significant drop observed at larger Ri values.]FIGURE 12 | Nuavg for varying Ha and Ri, where φ=0.04,Pr=6.9,γ=30,and Re=400.TABLE 3 | Variation of Nuavg, Eavg, and Beavg for various Ri and Ha, when φ for TiO2−Cu−H2O is 0.04, Re=300, and γ=30.	Ri	Ha	Nuavg	Eavg	Beavg
	0.1	0	18.035	18.572	0.97378
	1	19.577	20.091	0.96093
	10	29.749	30.363	0.94005
	0.1	10	17.311	17.852	0.976
	1	19.232	19.751	0.96204
	10	29.514	30.128	0.94067
	0.1	20	16.074	16.615	0.98107
	1	18.077	18.605	0.96818
	10	28.795	29.405	0.94063
	0.1	30	15.098	15.627	0.98414
	1	16.647	17.175	0.97452
	10	27.636	28.236	0.9388
	0.1	40	14.339	14.853	0.98245
	1	15.441	15.959	0.97553
	10	26.213	26.802	0.93698
	0.1	50	13.722	14.222	0.97685
	1	14.5	15.004	0.97239
	10	24.664	25.24	0.93721
	0.1	60	13.204	13.691	0.96679
	1	13.755	14.246	0.96558
	10	23.08	23.643	0.93965


The effect of an inclined magnetic field is illustrated in Figure 13 and Table 4. The highest Nuavg occurs when γ=0, whereas the lowest values appear at γ=30 for all cases; however, the difference is not significant. Additionally, φ plays a crucial role in determining Nuavg. As φ increases, the thermal conductivity of the fluid improves significantly, enhancing HT efficiency within the cavity. From Table 5, Nuavg is 28.662 for Ri = 10 and φ = 0.01, but when φ increases from 1% to 5%, Nuavg increases to 29.774—an approximate increase of 3.87%. Similarly, for Ri = 0.1, Nuavg improves by approximately 5.61%.
[image: Line graph showing the average Nusselt number (\(Nu_{avg}\)) versus inclined magnetic field (\(\gamma\)). Three lines represent Richardson numbers: red triangles for Ri=0.1, green diamonds for Ri=1, and blue circles for Ri=10. Each line shows slightly varying trends across the \(\gamma\) range of 0 to 90 degrees.]FIGURE 13 | Nuavg for varying γ and Ri for φ=0.04,Pr=6.9,and Re=300.TABLE 4 | Variation of Nuavg, Eavg, and Beavg for various Ri and γ, when φ=0.04, Re=300,and Ha=10.	Ri	γ	Nuavg	Eavg	Beavg
	0.1	0	18.035	18.572	0.97378
	1	19.577	20.092	0.96093
	10	29.749	30.363	0.94005
	0.1	30	17.311	17.852	0.97600
	1	19.232	19.751	0.96204
	10	29.514	30.128	0.94066
	0.1	60	17.955	18.493	0.97419
	1	19.500	20.013	0.96130
	10	29.678	30.290	0.94075
	0.1	90	17.444	17.984	0.97561
	1	19.345	19.864	0.96156
	10	29.599	30.214	0.94047


TABLE 5 | Variation of Nuavg, Eavg,and Beavgfor various Riand φ, when Re=300,Ha=10, and γ=30.	Ri	φ	Nuavg	Eavg	Beavg
	0.1	0.01	16.532	17.030	0.97019
	1	18.542	19.017	0.95513
	10	28.662	29.228	0.93506
	0.1	0.02	16.790	17.302	0.97227
	1	18.773	19.262	0.95755
	10	28.958	29.540	0.93704
	0.1	0.03	17.050	17.576	0.97426
	1	19.003	19.507	0.95983
	10	29.242	29.840	0.93891
	0.1	0.04	17.311	17.852	0.97600
	1	19.232	19.751	0.96204
	10	29.514	30.128	0.94066
	0.1	0.05	17.575	18.130	0.97762
	1	19.461	19.995	0.96404
	10	29.774	30.403	0.94240


7.2 Entropy generation
Eavg is evaluated through irreversible processes such as Eht, Eff, and the magnetic field inside the cavity. Analyzing Eavg allows for assessing system performance, identifying areas of thermal inefficiency, and guiding improvements in design efficiency. Figure 14 examines the influence of Ri and φ on Eavg at constant Re = 300, Pr = 6.9, and γ= 30. As the nanoparticle volume fraction increases (φ = 0.01–0.05), Eavg escalates, indicating potential areas for improving system efficiency. From Table 5, the average Eavg is 17.03 for Ri=0.1, when φ = 0.01, but it increases to 18.130 when φ reaches 0.05—an approximate 6.45% increase in Eavg.
[image: Plot showing Average Entropy Generation \(E_{\text{avg}}\) against Richardson Number \(Ri\). Five lines represent different \(\varphi\) values: 0.01 (red triangles), 0.02 (green inverted triangles), 0.03 (blue diamonds), 0.04 (black pentagons), and 0.05 (orange circles). Each line shows a positive linear trend.]FIGURE 14 | Eavg for different values of Ri and φ, whenPr=6.9,Re=300,and γ=30The effects of Ri and Re on Eavg are illustrated in Figure 15. When Ri=1, Eavg remains unchanged for different Ri values (Ri= 0.1, 1, and 10), indicating the dominance of viscous effects. However, as Re increases to 100, 200, and 300, Eavg increases due to the growing influence of inertial forces, which enhance convective HT and velocity gradients. This results in higher contributions from both thermal and viscous irreversibilities, significantly increasing overall Eavg. From Table 6, for a fixed Ri=0.1, Eavg increases by approximately 112.01%, increasing from 8.4201 to 17.852. Similarly, for Ri=10, it increases by approximately 257.81%, reaching 30.128. However, Table 3 shows the opposite trend: Eavg decreases with increasing Ha for all Ri cases.
[image: Graph showing the relationship between average entropy generation and Richardson number for different Reynolds numbers. Lines for \( Re=1 \), \( Re=100 \), \( Re=200 \), and \( Re=300 \) increase from horizontal to steepest. \( Re=1 \) is flat, while \( Re=300 \) is steepest.]FIGURE 15 | Eavg for varying Re and Ri for φ=0.04,Pr=6.9,Re=300,and γ=30.TABLE 6 | Variation of Nuavg, Eavg, and Beavgfor various Riand Re, when φ=0.04, Re=300,Ha=10,and γ=30.	Ri	Re	Nuavg	Eavg	Beavg
	0.1	1	8.1112	8.4201	0.99777
	1	8.1112	8.4201	0.99777
	10	8.1112	8.4201	0.99777
	0.1	100	12.648	13.121	0.99388
	1	12.825	13.296	0.99324
	10	16.234	16.697	0.98174
	0.1	200	15.197	15.720	0.98846
	1	16.254	16.767	0.98213
	10	23.769	24.340	0.95710
	0.1	300	17.311	17.852	0.97600
	1	19.232	19.751	0.96204
	10	29.514	30.128	0.94066


When Ha=0, the absence of a magnetic force allows more vigorous fluid motion, leading to an increase in Eavg from 18.572 to 30.363 as Ri increases from 0.1 to 10. However, at Ha=60, the Lorentz force significantly suppresses fluid motion and convective HT, minimizing fluid friction irreversibility and limiting entropy generation. Consequently, HT efficiency is reduced, and Eavg decreases under a strong magnetic field.
Inclined magnetic fields also influence Eavg inside the cavity. From Table 4, when γ=0, Eavg is relatively high; however, no significant variation in Eavg is observed for different γ values.
7.3 Bejan Number
The average Bejan number (Beavg indicates whether Egen is primarily due to HT irreversibility (Beavg >0.5) or fluid friction irreversibility (Beavg <0.5). Figure 16 presents the Beavg profiles for various Re and Ri values. When Re=1, Beavg remains high and constant across all Ri values because the flow is dominated by viscous forces, and HT is primarily conduction-driven, with negligible inertia effects. However, at higher Reynolds numbers (Re= 100, 200, and 300), Beavg decreases as convective HT becomes dominant, and inertial forces strengthen. This reduces the relative contribution of Eavg due to fluid friction, which plays a key role in determining Beavg. Consequently, Beavg decreases at higher Re.
[image: A line graph depicting the average Bejan number (Be_avg) on the y-axis versus Richardson numbers (Ri) on the x-axis, ranging from zero to ten. Four lines represent different Reynolds numbers: red triangles for Re=1, green inverted triangles for Re=100, blue diamonds for Re=200, and black circles for Re=300. Each line shows a trend of decreasing Bejan numbers with increasing Richardson numbers.]FIGURE 16 | Beavg for varying Re and Ri for φ=0.04,Pr=6.9,and γ=30.On the other hand, as Ha increases, the magnetic field strengthens, suppressing fluid motion and reducing velocity gradients, thereby minimizing HT. As a result, the dominant source of Eavg shifts toward fluid friction irreversibility, leading to a reduction in Beavg. From Table 3, for Ri=0.1, Beavg is 0.97378, but as Ha increases from 0 to 60, Beavg decreases by 0.71%. Similarly, for Ri=10, Beavg decreases by 0.39%, indicating that HT remains dominant over fluid friction.
φ also affects Beavg by enhancing thermal conductivity. This reduces the dominance of convective HT relative to conductive HT, thereby increasing the contribution of Eavg from conduction. Additionally, a higher φ increases the fluid’s viscosity, leading to greater fluid friction and further contributing to Beavg. From Table 5, for a fixed Ri=0.1, Beavg increases by approximately 0.76%, increasing from 0.97019 to 0.97762 as φ increases from 0.01 to 0.05. Similarly, for Ri= 10, it increases by approximately 0.78%, from 0.93506 to 0.94240, for the same increment in φ.
8 CONCLUSION
A comprehensive numerical analysis on a hexagonal cavity with inner steering-shaped obstacle insertion under MHD MC using TiO2−Cu−H₂O HNF is carried out in the present study. We recognize that the 2D simplification inherently neglects out-of-plane motions and secondary flow structures that can arise due to the cavity’s depth and boundary layer interactions. As such, although the present findings offer valuable qualitative insights and comparative trends, they may not fully capture the complexity of the three-dimensional (3D) behavior. However, in 2D simulation, results indicate that increasing φ, Re, and Ri enhances Nuavg and reduces Beavg. The entropy generation analysis provides insights into system inefficiencies, offering a pathway to optimized design. The effects of Re and Ri on entropy generation and the average Bejan number are evaluated for various irreversibility distribution ratios. Additionally, isotherm and streamline plots are presented to illustrate flow pattern transformations and to elucidate the impact of irreversibility on entropy generation.
	• Egen  increases with Ri and φ, whereas Be decreases with Ri and φ generally. For low values of Re, increasing Ri leads to only negligible changes in both Nuavg and Beavg. In contrast, at higher Re, an increase in Ri results in a significant increase in Nuavg and a marked decrease in Beavg.
	• In the absence of a magnetic field, increasing φ leads to an enhancement in Egen ; however, when a magnetic field is applied, Egen  decreases.
	• Nuavg generally decreases as Ha enhances due to the damping of the fluid motion within the cavity with the magnetic field. However, increasing Ha can play an effective role in controlling the fluid flow
	• For higher values, Ha becomes dominating in the flow regime due to the influence of the Lorentz force. Nuavg decreases by approximately 26%, 29.73%, and 22.42% as Ha increases for varying Ri to 0.1, 1, and 10, respectively. Similarly, when Ha becomes higher, Eavg also decreases by approximately 26.71%, 29.09%, and 22.13%. Beavg shows a slight increase with increasing Ha. It increases by 0.842% and 0.04% for Ri 0.1 and 10, respectively, and remains stable for Ri= 1.
	• At fixed values of Ha = 10, Re = 300, and γ = 30, with increasing φ from 0.01 to 0.05, Nuavg increases by 6.31%, 4.95%, and 3.87% for Ri of 0.1,1, and 10, respectively. Moreover, Eavg shows an increasing trend with increasing φ, which are 6.45%, 5.14%, and 4.02%.
	• At a fixed Ha = 10, Re = 300, and φ = 0.04, Nuavg and Eavg attain their maximum and minimum values when the magnetic field inclination angle γ is 0 and 30, respectively. In contrast, Beavg exhibits the opposite trend, and it is relatively higher at γ = 30 and lower at γ = 0. This indicates that a horizontally applied magnetic field (γ = 0) enhances thermal transport and overall irreversibility, whereas a more inclined field (γ = 30) favors viscous dissipation dominance in the entropy generation mechanism.
	• At a fixed Ha = 10, φ = 0.04, and γ = 30, as Re increased from 1 to 300, Nuavg exhibits significant enhancement by 113.39%, 137.08%, and 263.83% for Ri = 0.1,1, and 10, respectively. Similarly, Eavg increased by 112.01%, 134.56%, and 257.81% for varying Ri, respectively. On the other hand, Beavg decreased by approximately 2.18%, 3.58%, and 5.72%. This decrease indicates a growing contribution of fluid friction irreversibility relative to thermal irreversibility at higher Re values.

8.1 Limitation of the work
The present study investigates specific aspects of HT and Egen under distinct boundary conditions. Although nondimensional analysis is suitable for the scope of this research, dimensional analysis remains essential for addressing real-world applications. Additionally, the methodology used in this study is based on numerical analysis. To deepen our understanding of HT and Egen in the cavity, future research should focus on integrating HNFs, exploring variations in geometries, incorporating discrete heating, and investigating additional phenomena such as 3D geometry with try-HNFs. In the 2D geometry, gravity acts in the y-direction, which is a limitation of the current study. This issue could be resolved by extending the analysis to a three-dimensional geometry. Therefore, the present investigations would not only enhance our knowledge but also offer valuable insights into optimizing thermal management systems and improving efficiency across various practical applications.
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NOMENCLATURE
Cp specific heat capacity (j/kgK)
Nuavg average Nusselt number
Eavg average entropy generation
Egen entropy generation
Pr Prandtl number
Re Reynolds number
Nu Nusselt number
E dimensionless entropy generation
T temperature K
u,v velocity components in x−and y−directions m/s
U,V dimensionless velocity components
x,y dimensional Cartesian coordinates m
X,Y dimensionless Cartesian coordinates
B0 magnetic field
φ volume fraction
Greek symbols
α thermal diffusivity m2/s)
β thermal expansion coefficient k−1)
∅ irreversibility factor
ν kinematic viscosity m2/s)
θ dimensionless temperature
μ viscosity (Ns/m-2)
ρ density (kg/ m3)
g gravitational acceleration (ms−2)
σ electrical conductivity (S. m−1)
k thermal conductivity (W.m−1.K−1
Subscripts
avg average
nf nanofluid
hnf hybrid-nanofluid
bf base fluid
h hot
c cold
l local
ff fluid friction
mf magnetic field
T total
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