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The digital green concept refers to the devotion to digital technology,
i.e., techniques of procedures in the area of ecological or sustainable
conservation. It contains leveraging digital techniques, procedures, and new
tools to evaluate environmental problems and promote sustainable
development. The major influence of this article is to evaluate the selection of
the best digital green technology. For this, we aim to propose the idea of Maclaurin
symmetric mean (MSM) operators based on interaction operational laws for
T-spherical fuzzy (TSF) information, such as TSF interaction weighted averaging
(TSFIWA), generalized TSF interaction weighted averaging (GTSFIWA), TSF
interaction weighted geometric averaging (TSFIWGA), TSF interaction MSM
(TSFIMSM), TSF interaction Bonferroni mean (TSFIBM), and TSF interaction
weighted Maclaurin symmetric mean (TSFIWMSM) operators. Some dominant
and reliable properties are also invented for evaluation. Moreover, to address the
best digital green innovation (DGI) among the top five DGls, we illustrate the
procedure of the multi-attribute decision-making (MADM) technique under the
presence of the derived operators. Finally, we demonstrate a numerical example
for evaluating the comparative study between the proposed and existing or
prevailing operators to enhance the worth of the derived theory.

KEYWORDS

T-spherical fuzzy set, Maclaurin symmetric mean, interactive Maclaurin symmetric mean
operators, digital green innovation, decision-making

1 Introduction

The term “digital green sustainable” describes how digital technology and procedures are
used to support environmental sustainability and lower carbon emissions. It includes many
facets of technology with an emphasis on reducing their environmental effect, including data
centers, cloud computing, software applications, and gadgets. The goal of digital green
sustainable practices is to maximize technology’s benefits while reducing its environmental
harm. Organizations and people may help create a digital ecosystem that is more
environmentally friendly and sustainable by using these practices. Moreover, to discover
the best or finest decision from the collection of preferences, the theory of the multi-attribute
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decision-making (MADM) technique is very famous and reliable for evaluating the best pick from the array of choices, where the idea of the
MADM approach is the sub-division of the decision-making procedure. However, in the presence of classical information, we faced a lot of
complications because we have only two possibilities, such as 0 or 1, but not between unit intervals. Therefore, the theory of fuzzy set (FS) was
proposed by Zadeh (1965), which described the membership whose values are contained in the unit interval. Furthermore, many scholars
have raised the question of what would happen if we involved the falsity grade in the FS because the negative or falsity information is an initial
and central part of every real-life problem. Therefore, Atanassov (1986) discovered the idea of intuitionistic FS (IFS). The IFS deals with yes or
no types of theory, with the role that the sum of both degrees in the duplet should be contained in the unit interval. Furthermore, Yager (2013)
improved or modified the theory of Pythagorean FS (PyFS). Moreover, Yager (2016) initiated the idea of q-rung orthopair FS (QROFS) with a
valuable and robust condition such as 0<7" + d" < 1,L€ Z". When there are more than three possibilities, such as when there is voting
between two parties, some individuals choose party A, some choose party B, some damage their vote by stamping both, and others choose not
to vote, structures like IFS, PyFS, and qROPES fail. Cuong and Kreinovich (2014) proposed the picture fuzzy set (PFS) to handle this
information. The PES requires that the sum of the MD, abstinence degree (AD), and NMD must lie within [0, 1]. Decision-makers feel
hesitant to resolve their issues because the sum of MD, AD, and NMD does not contain [0, 1], and PFS fails. Mahmood et al. (2019) proposed
a generalization of PFSs termed spherical fuzzy sets (SESs) which cover those types of information that the picture fuzzy set fails to explain.
For example, we consider the information (0.6,0.5,0.4) where 0 <0.6 + 0.5 + 0.4 = 1.5 > 1. However, 0 < 0.6> + 0.5% + 0.4? = 0.67 < 1, which
shows that the SFS is more easily applicable than the PFS. However, at some point, even the SES is not enough to deal with uncertain
information and 7* + u? + d? exceeds to 1, e.g., we consider (0.8, 0.6,0.4), for which 0.8% + 0.6 + 0.4> = 1.16 > 1, so to overcome this flaw
without any restriction, Mahmood et al. (2019) introduced T-spherical fuzzy sets (TSFS) allowing 0 <v* + u* + d* <1, where ke Z" and
because of such a framework, any information of the type (0.8, 0.6,0.4) can be of use as for I. = 3 we have 0.8° + 0.6 + 0.4 = 0.792< 1. The
impressive literature is discovered in Mahmood (2020); Mahmood and Ali (2020); Akram et al. (2022); Hussain et al. (2022); Khan et al.
(2022).

The most accurate way for an information alliance is an aggregate operator. Numerous writers have presented multiple aggregation
operators over the past 10 years. The average mean (AM) operator is the most commonly used AO since it makes it simple to aggregate all the
different data into a comprehensive form. Several practical AOs have also been developed that are useful for collecting data in ambiguous and
complex fuzzy decision-making contexts, such as geometric mean (GM), Bonferroni mean (BM), and Heronian mean (HM). Other AM AOs
for MADM have been created in past years. Any of the operators mentioned previously do not consider the relationships between the values
being used. To resolve this issue, Yager developed the concept of power AO (Yager, 2001). Power AOs significantly impact the relationship of
the data being aggregated. Maclaurin symmetric mean (MSM) operators in the aggregation theory are one of the research topics that have
gained the most significant interest. The MSM was first proposed by Maclaurin (Jstor, 2022) and later made famous by Detemple and
Robertson (Jstor, 2022). The relationship of numerous input arguments can be overcome by MSM, which defines its characteristics. The
significant difference between MSM and BM is that MSM may represent interactions among more than input data arguments, but BM
cannot. For the given statements, MSM monotonically decreases concerning the parameter value. MSM accepts the fact that opinions are
transformed into crisp numbers.

However, Liu et al. (2020) investigated partitioned MSM operators for MADM applications within IFSs. Qin and Liu. (2014) introduced
IF MSM (IFMSM) operators. In the technology domain, Wei and Lu. (2018) investigated the Pythagorean fuzzy MSM (PyFMSM) operators.
By creating transactional PyFMSM operators for the applications of MADM, Yang and Pang. (2018) also enhanced the efficiency of PYFMSM
operators. For the MADM, Wei et al. (2019) proposed the g-Rung orthopair fuzzy MSM (QROFMSM) operators. At the same time, Wang
etal. (2019) enhanced the concept of the qROFMSM operator. MSM operations for linguistic variables were examined by Liu and Qin. (2017)
using an IF layout, while Qin et al. (2015) introduced the MSM operators in hesitant fuzzy contexts. Further information and applications of
MSM operators are shown in Wang et al. (2018); Yu et al. (2018); Ju et al. (2016); Ullah (2021); Ashraf et al. (2022).

In particular circumstances, the aggregating outcomes from IFS’s traditional operations are illogical, especially when there is zero NMD
of the TSES. Because operations of IFSs cannot consider interactions between truth and non-membership, He et al. (2014b) suggested the
operational interaction laws of IFNs to solve this issue. When the NMD of IFNs is 0, the issues may be resolved, and these rules appropriately
consider interactions between the membership and non-membership functions. Our proposed work is more appropriate than the that of
existing operators because if any of the NMDs is 0, utilizing the existing operators affects all the other NMD values and gives zero aggregated
value, whereas utilizing the proposed work zero does not affect the other ones. In our proposed work, we are using the TSES as it is more
useful than the other extensions of the FS because it gives independency to choose NMD by our own choice between [0, 1] and also to take I of
our choice. There are many extensions of the TSFS to get some more information regarding TSFS from more literature that can be seen here.
Karaaslan and Al-Husseinawi. (2022) presented the concept of hesitant T-spherical fuzzy (HT-SF) set (HT-SFS) by combining concepts of
the HF set and T-SFS, and present some set theoretical operations of HT-SFSs. Ozlii and Karaaslan. (2022) introduced the concept of type-2
hesitant fuzzy set (HFS), which is a generalization of the HFS. The concept of complex T-spherical fuzzy Dombi aggregation operators was
developed by Karaaslan and Dawood (2021).

Green innovation” is the technological innovation that involves energy conservation, pollution prevention, waste recycling, green product
design, or corporate environmental management. Digital technology is crucial for green innovation, and FS theory is typically the best option
when it comes to assessing and modeling human knowledge during the process of digital green innovation (DGI). The purpose of this article
is to discuss new developments in FS models and their use in DGI in engineering processes and practical accomplishments. Green innovation
indicates all forms of invention that minimize green destruction and guarantee that biological supplies are utilized most effectively and
efficiently as possible. A study on DGI can be seen in Yin et al. (2022); Yin and Yu (2022); Dong et al. (2023). Furthermore, fuzzy set theory is
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a valuable and dominant technique for modeling and evaluating human knowledge regarding DGI. Inspired by the aforementioned
information, the major influence of this analysis is stated as follows:

. To derive the theory of GTSFIWA, GTSFIA, TSFIWA, TSFIA, and TSFIWGA operators.
. To discover the idea of TSFIMSM, TSFIBM, and TSFIWMSM operators.

. To expose some valuable properties for the evaluated work.

. To discuss the MADM technique under the presence of the derived operators.

(S I RO S

. To illustrate, a numerical example for evaluating the comparative study between proposed and existing or prevailing operators is applied
to enhance the worth of the derived theory.

The rest of our work is divided into different sections. We primarily introduce the basic ideas of T-SFSs and interaction MSM operators in
Section 2. We introduce the GTSFIWA, GTSFIA, TSFIWA, TSFIA, TSFIWGA, TSFIGA, and GTSFIWGA operators in Section 3. We defined
the TSFIMSM and TSFIWMSM operators in Section 4 and described their properties. Using the proposed operators, we provide a new
MADM technique in Section 5 and step-by-step instructions. In Section 6, we illustrate the effectiveness of the proposed MADM method and
compare it with that of the recent techniques using a real-world application. The conclusions of this paper are presented in Section 7.

2 Preliminaries

Here, we aim to revise the theory of TSF information and its operational laws, such as algebraic and interaction laws, for TSF information.
Throughout the paper, T will denote the indexing term, and R will represent a non-empty set. Furthermore, we have used the v (r), u(r), d (r)
and R for truth, abstinence, falsity, and universal set, respectively, where @ and ® are used for addition and multiplications, respectively.
Definition 1: (Ullah et al., 2018) A TSFS { is expressed by

£={{r,v(r),u(r),d(r))lr € R}. (1)

With a valuable characteristic:

o< +ut +d" <1, ke Z*.
Under the presence of the aforementioned information, we derive the theory of neutral information R, such as

R = {T= (v v d). @

From now onward, the information in triplet £ = (v,u,d) is used as the TSF value (TSFV). Various exceptional cases are stated and
derived; for instance, to put the value of . = 2 in the TSFS, we obtain the theory of the SES to set the value of . = 1 in the TSFS. We obtain the
theory of the PES to set the value of u = 0 in the TSFS, then we obtain the view of q-ROFS, and finally, to set the value of 4 = 0 and |, = 2 in the
TSFS. Then we get the idea of PyFS.

Definition 2: (Garg et al, 2018) Assume any two TSFVs be £; = (v}, u, dy). Then, some operational laws of TSFVs are as follows:

E1 ® E2 = (\t/(vl)k + (Vz)k - (1/1)k (VZ)E)ulqudle)) (3)

fefs = (v At + @) = @)} (@) + (@) - @) (@) ), (4)
Gi= (- a-wiua) %)

@ = (Al - a-wt - a-a), ©)

(£) = (d.u, ). @)

Definition 3: (Naseem et al.,, 2022) Assume any two TSFVs be £; = (v, 1, dy). The score and accuracy values are stated by
s(f) =+ —u' R e [-1,1], (8)
A) = (" +ut +d") € [0,1]. )

Example 1: Let three TSFVs be f; = (0.6,0.5,0.4), f, = (0.5,0.7,0.6), and f3 = (0.7,0.4,0.0), and w = (w1, w5, w3) = (0.25,0.4, 0.35) be the
weight vector where |, = 3.
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Solution: As we know f = w,f; ® waf, ® w3t = (0.61263,0.52906,0). Thus, d; of #; is "0”, that affects all the other d; by using the
previously required operations, and d of f becomes 0, which is illogical. To overcome the drawback of these operational laws, several updated
operational laws for the TSES are given as follows:

Definition 4: Let f; = (v;,u;,d;) and £, = (v3, 45, d>) be two TSFVs, 1> 0. Then, the operational laws can be expressed as follows:

AP ok A+ - v - b,
L@t = . , (10)
\d, + dy — didy — oy — dio)

fhet = ({/ﬁ + 9% =0k — o} — v, + o) —wdud, ) + d} - il ), (11)
2= ({-/1 — == - (- e A - - - (vt+dt))*), (12)
@' =(Va-ay - =@ m) 1= a-upi- a-ay') (13)

The first two equations can be written in the respective ways shown in the following equations:

¢ of, ( 1= =R =) 0D =) - (- Oh+u) (1 - (v;+u;)),)
YA =) (1 =9h) = (1= (b)) (1 - (o4 + b))

3 2 K 2
=1

1=TT0-) \TT(-») -

2
=1

(1= (4 +4))

il

, (14)

[10-%)-

=1 ]

(1-(4+4))

2
=1

for o (VA=) -d)-(1-Ched)) (- i d).
1916, \k/l_(l—uﬁ)(l—ug),\*/l_(1_d§)(1_d§)

- (\[](-a)- (1_(v5+u§+d5)),'1_1:1[(1_@),'1_5[(1_61}). (15)

H 2 2 3 2 3 2
=1 =1

Example 2: Let three TSFVs be f; = (0.6,0.5,0.4), f, = (0.5,0.7,0.6), and f3 = (0.7,0.4,0.0), and w = (w;, w5, w3) = (0.25,0.4, 0.35) be the
weight vector where |, = 3.

Solution: ~ Solving  Example 1 by wusing Definition 3, we overcome the drawbacks and obtain that
f=wf ®wiy ® wsf; = (0.61263,0.58198,0.46232). As min(d,da, d3) = 0<0.46232<0.6 = max(d,,d,,d;). From the perspective of
averages, the outcomes obtained by Definition 3 are more authentic than those of Definition 2.

3 Generalized TSF interaction aggregation operators
In the section on the development of green manufacturing engineering, we concentrate on utilizing the theory IMSM in the environment
of TSF set theory, such as GTSFIWA, GTSFIA, TSFIWA, TSFIA, and TSFIWGA operators. Some dominant and reliable properties are also

invented for evaluated work.

Definition 5: The GTSFIWA operator is particularized by

o w o U 1 N U U 1
GTSFIWA, (£, sy ..., 1,) = (ea?:laqt?) h= (wltf ®who.. .o wqt:) A, (16)

Theorem 1: Using the information in Eq. 16, we derive the following theory, such as
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GTSFIWA, (1,6, . . ., fy) =

\1—(1—111(1—(1—uf)k+(1_(v;w)) ) TT0- () )I/A,

=1

=1 =

= (T -0y 0-Gna ) o TT0 - ) s

Proof: By using mathematical induction, we concentrate to derive the theory in Eq. 17. For this, we have the following procedure. When
q = 2, then

J0-0-(a-ay - a-oi+an))”)
ofi = | - (a-w) = (- G+ d)))T = (- Oh ) |
Y- (=) = (= 6+ d)) )™ = (- O + )™
Y- - a- o)),
anty = | {0 (=) = (= Gh ) ) = (- b+ )™
Y- (=) = (= (b +d)))” = (1= (0 + o)™

Thus,

Y(1-0- =)'+ (-Gl d) ) (- (- + - G5 +))”),
it o ot = | (1= 0=+ (= G a))) (1= (=) (- G5 +))) = (= G+ a)™ (1= G+ a)™). |
(0= 0= = G ed)) (- =)'+ (1 R d)))” = (1= G+ d)™ (- 0L+ )

A A\
(wltl @ wztz) M=

P (= (110 0y [0 (i) ) )

=1 =1

For q = 2, the information in Eq. 17 is valid. Therefore, we assume that the information in Eq. 17 is also accurate for q = p, such as
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p

TI0-G4+a)”
\1_ <1 . (ml (=) (- (e u)))” —f[(l ~( +u”;-))“*f>> ",
I\l ) (1 B <i[(1 ~(1-d) (1= (o +d§-))l)% - ﬁ(1 - +d%.))*wr>) h

1=1
Then, we aim to derive it for q = p + 1, such as

(sfttentt) = (ot 1) (0 ))

\ 1004

w(l-(1—ﬁ<1—<1—wr>*+<1—<v%+%f>>*>“”-ﬁ<l-<vf“+“*>>m>>%’

w(l—(1—ﬁ(l—(1—d;-)%(l—(v;-w;-))‘)“"—ﬁo—(vwdi-))‘“*))/A

§
=1
Hence, the theory in Eq. 17 is also valid for q = p + 1.
Furthermore, by setting the value of the weight vector (é, é ..... %) in the information in Eq. 17, then we obtain the GTSFIA operator, such as
! ! AT Led))E ) )
A (1L (1‘(1‘dr) +(1‘(”I+dT)))“‘H(l‘(”r”%))“ 1
=1 =1

f=1
S 1)
GTSFIA(f1, s, ... 1y) = <e;§ _t5> h =
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Property 1: (Idempotency) Let f = (v, ur,d;) and # = £, then idempotency for GTSFIWA is defined as follows:

GTSFIW A, (1,65, ...,1,) = 1. (19)

Furthermore, by setting the value of A = 1 in Eq. 17, then we obtain the TSFIWA operator, such as

TSFIWA(f, 55, ..., 4) = . (20)

Finally, for A = 1, we use the value of the weight vector (%, %, e %) in Eq. 17, and then we obtain the TSFIA operator, such as

ooy MR P
TSFIA(f1,ts,. .., 1) =a@qlt = . (21)

Definition 6: A GTSFIWGA operator is particularized by

v

ooy 1 e | RN v\ 2 \@
GTSFIWGA, (f1, 65, ..., 1) = X(®'ﬂ=1 (A)T) = X((Atl) ® (\y)" ®...® (M,)"). (22)

Theorem 2: Using the information in Eq. 22, we derive the following theory, such as

- — .
(- TI-0o sy VFl -

GTSFIWGA, (f1,f2, .. .,fy) = \ —11[(1 - (o +u))” : (23)

Proof: Omitted.

Example 3: Suppose five TSFVs be, £; = (0.80,0.50,0.30),f, = (0.40, 0.60,0.70), 3 = (0.85,0.45,0.25), £, = (0.50,0.30,0.00), and 5 =
(0.55,0.55,0.55) and w = (0.25,0.20,0.15,0.10,0.30), by using the suggested operators GTSFIWGA and GTSFIWA and the existing
operator TSF Frank weighted averaging (TSFFWA) to assemble these TSFVs for various A. There are some current approaches to determine
the entire values. Table 1 illustrates the results.

Table 1 is the aggregated matrix of the given TSFVs, which shows that if the NMD of any one of the TSFVs is 0, then by using the
TSFFWA operator, the aggregated value of NMD becomes 0 through all the various values of A as one NMD affect all the other values of
NMD. While utilizing GTSFIWGA and GTSFIWA operators, the aggregated values of NMD through various A are different as it does not
affect any other value of NMD. Table 2 shows the score value by utilizing Table 1.
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TABLE 1 Aggregated matrix of TSFVs.

A TSFFWA GTSFIWGA GTSFIWA

2 (0.97029, 0.40294, 0) (0.84321,0.62488,0.24674) (0.84321,0.67802,0.2384)
4 (0.92712, 0.40478, 0) (0.84321,0.59212,0.25256) (0.84321,0.70648, 0.23307)
6 (0.89103, 0.40553, 0) (0.84321,0.5633,0.25863) (0.84321,0.72196,0.2279)
10 (0.81677,0.4063, 0) (0.84321,0.52194,0.27174) (0.84321,0.72487,0.21797)
12 (0.76813,0.4065, 0) (0.84321,0.51233,0.27889) (0.84321,0.71986,0.21319)
16 (0.6283,0.40692, 0) (0.84321,0.51694, 0.29485) (0.84321,0.70641, 0.20398)

TABLE 2 Matrix of score value s(t).

A TSFFWA GTSFIWGA GTSFIWA
2 0.76224 0.2043 0.19265
4 0.505932 0.20855 0.18302
6 0.353838 0.21104 0.17652
10 0.161517 0.21324 0.1752
12 0.092817 0.21358 0.17746
16 -0.015571 0.21341 0.18305

4 Interaction MSM operators for TSF information

In the section on the development of green manufacturing engineering, we concentrate on utilizing the IMSM theory in the environment
of TSF set theory, such as TSFIMSM, TSFIBM, and TSFIWMSM operators. Some dominant and reliable properties are also invented for
evaluated work.

Definition 7: (Maclaurin, 1729) Suppose f; (=1,2,...,9) and { =1,2,..., 1 be the collection of positive real numbers. The MSM
operator is stated by

L. > ; Hf:llffJ t
[V o 1<l <lh<..<l;<q
MSM© (£, 65,...,f,) = i Cé (24)
With various valuable properties, such as
MSM©(0,0,...,0) =0, (25)
MSM® (1,1,...,1) = 1, (26)
MSM© (£, f,...,£) <MSM© ({1, 1,, ..., £,),if & <F;WA, (27)
mini{f;} < MSM© (£,,£5,. .., ;) <max;{i}. (28)
Furthermore, we expose some special cases of the evaluated theory, such as
While adding ¢ = 1 in Eq. 24, we obtain the AM operator, such as:
ooy o <T< 1&g
MSMW ({6, ...,1,) = <Zl f<a ) =Y (29)
&

While adding ¢ = 2 in Eq. 24, then we obtain the BM operator for p = I. = 1, such as

2 7 2
v v o <l <D< = Iy 1 d v v
MSM® (i,f,,...,1,) = (%)z = < > h tfz) . (30)
q

q(q_ )Illz ]Il#lz
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While adding { = 2 in Eq. 24, then we obtain the GBM operator for p =k =r =1, such as

£ f V 2isi < 7<H3—t’ 1 1 q N
MSM® (£,t,,...,t,) = <hi<h<hzal L™, )y _ ..
(tits D) ( (O q(a-1)(qa-2). Z L,

=1l #1215

While adding { = q in Eq. 24, then we obtain the GM operator, such as

Y v Zl<71<72< <ly<q q:IET 1 .y !
MSM ) (£,6,,.. ) = | == e el A [T5 ) -
q 3

Definition 8: A TSFIMSM operator is stated by

1

L > ¢ fr ¢

TSFIMSM© (1,1, .,£,) = <Zl<“<12<'&l{<qnl_ltl> :
q

Furthermore, we derive that the following theory is valid, such as

Then, we obtain

=1 =1

b
<1sTl<Tz<,.,<Tlsq

.. . (= - — ]
€Blsil<i2<,.,<ilsq®J:1ti, - l_[ H 1 ( '))
1T < <..<lr<q =1

(., (e-a)110-(rea))

1<t <h<..<lrgq \ 7! =1

- I THO-(he))

1<Ti <l <.<lp<q =1

/-~
—
—
|
5
~
|
ksl
~—
—
|
—
=
+
5
SN———
SN———
~_—
N~

s

=
+
S

According to the presence of the theory of the TSFIWA operator, we have

3 L k
(104101 +4)
=1 =1
®J(:ltTJ -
3 K 3 K
3 L

i) i6-)

=1 =1

For { = 2, we have
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(34)
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I (0 TI0-G))) - T TI0-(404)),
(-(i=))- T1 [10-(+4))

2
I
| (eTie-4)-
For { = 2, we obtain the correct result. Furthermore, for we assume that the theory in Eq. 35 also holds for { =k, we have

(e o)

1<l <h<..<l<q =1 =1

2
=1

K

[ (-ae--fi-tea)))

1<t << <ic<q

B, <hy<. <l = - J1 ]_[(1 - (v;- +L¢)
._ ( I <1_ﬁ(1_d;-)_ (1_(v;+d;,))>>
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1<T << <le<q )71 1<l << <Ti<q =1 =1

Then, we prove that the information in Eq. 35 is also valid for { = x + 1; we have

+1y7
O <1, <Ty < <Ten <@t 1,

~ PV
=@, Ty <. <len gq(®_,:1fr, ® tTm)>

q| & K K K

= ®1ef, << <l <q H(l —d{)—l_[(l ‘(”{ +dl})) \ 1—1_[(1‘“":',)> \ 1‘“(*"4’,) ® £,

=1 =1 =1 =1
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K+l >
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1<t < <<l 2q =1

L <1<rl<rzl:[.<7m<q<l i <lj(l _d{) _ij(l _(Vﬁ +d%))>)>

K+1
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.. . )
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Hence, we obtain our required result.

Theorem 3: Here, we derive the theory of the TSFIMSM operator in the presence of TSF information, such as

. Tz . ]'_[J(ZIETI %
TSFIMSM(O(EbEZwu,Eq): 1£|1<lz<...é|é£q i
q

~—
~—

<1 _<_,lj(1 —df) __,Ij(l —(vf +d§])>>>$_

¢ x
-l I < I H(l—(v;+d§))>% »
1<t <h<..<lr<q 1< <D< <lp<ql ! !

Ik (-t ) |

\ 1< <b<.<lr<q I lﬁl(l_(vTt +d§))

Proof: Consider
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Then, we have
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Property 4: When f; =f= (v,u,d), then we have

TSFIMSM® (£,,,,. . ..1,

Proof: Assume that t} =t = (v,u,d), then we have
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Property 5: Suppose f = (1,0) and £ = (0, 1) then

f<TSFIMSM® (f,,f,,...,1,) <t.

Proof: Using Theorem 6, the property of boundedness can be proven.

Few specific cases of the TSFIMSM © operator are discussed as follows:
When { = 1, then TSFIMSM © the operator becomes the TSF interaction averaging (TSFIA) operator in Eq.36. When { = 2, then

TSFIMSM © the operator becomes the special TSF interaction BM (TSFIBM) operator (p = I = 1) as follows:
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1 q
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When ¢ = 3, then the TSFIMSM ©) operator becomes the special generalized TSFIBM operator (p = 1,k = 1,7 = 1) {s:

1

. y 1 }
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where t; = (v, uy,dy ). G, = (0, u5,,d;) and &, = (0, ug,, dp).

When ({ = g, then the TSFIMSM© operator becomes the T-spherical fuzzy interaction geometric averaging (TSFIGA) operator in
Eq. 11.

When every ET = (v, up, dyp) (T =1,2,...,9q) becomes ET = (1,0) (T =1,2,...,q) then

TSFIMSM©(t1, 65, ..., £5) = (1,0).

When every tvf = (v, up, dy) (=1,2,... ,q) becomes ET =0,1)@(=12... ,q)> then

TSFIMSM©(t1, 65, ..., £5) = (0,1).

Definition 9: A TSFIWMSM operator is particularized by

1

SN

v v v ®<”T.A."<®: wity

TSFIWMSM“’(tl,tz,...,tq)=< I=hehs <ég“ (e ')> : (38)
q

Theorem 5: Using the theory in Eq. 38, we derive the following information, such as

1

(4 7 ¢
. y ®, 7 7 T e a® Wy by
TSFIWMSM(O(tl,tz,...,tq):( e S l)) :
q
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TABLE 3 Aggregated results by using different methods.

¢ TSFMSM TSFWMSM TSFIMSM TSFIWMSM

1 (0.55,0.4267,0.1654) (0.8760,0.00021, 0) (0.919,0.545,0.3004) (0.771,0.701,0.354)
2 (0.69509,0.4572,0.17732) (0.8981,0.000124,0) (0.765,0.469,0.2537) (0.666,0.6,0.298)
3 (0.8181,0.29851,0.07312) (0.95686,0.00007, 0) (0.766,0.418,0.2284) (0.608, 0.545,0.269)
4 (0.94578,0.020886, 0.0) (0.9990, 0.000014, 0) (0.921,0.191,0.1167) (0.569,0.509,0.251)
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Example 4: Suppose f, = (0.8,0.5,0.3),f, = (0.9,0.7,0.0),f5 = (0.5,0.2,0.1),£; = (0.4,0.3,0.2) be four TSFVs and
w = (0.15,0.40, 0.25,0.20). Some methods are utilized to calculate the aggregated values. Table 3 and Table 4 show the results.

From the aforementioned information, we noticed that the derived theory has a lot of benefits because the proposed theory is the
modified theory of a bundle of existing knowledge. Furthermore, we aim to prove the supremacy and effectiveness of the derived idea with the
help of comparative analysis.

5 Application in MADM technique

In this part, we describe the exact procedures for a novel MADM method using the suggested operators in a TSF environment. Suppose
{F1,F,,...,F,} be a collection of alternatives, the collection of attributes be {Cl, Chynny Cq} associated with the weight vector

q

(w1, w3, . .., wg), satisfying wy >0 and Zw; = 1. Utilizing TSFV ET- = (%, uy,d; ), the decision maker calculates alternatives concerning
y: j i
=1
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TABLE 4 Aggregated matrix of score values & (f) by using the information in Table 3.

¢ TSFMSM TSFWMSM TSFIMSM TSFIWMSM
1 0.059 0.802 0.69562 0.25813

2 0.107 0.827 0.31279 0.1112

3 0.219 0.862 0.32463 0.068703

4 0.582 0.927 0.7201 0.04928

attribute to form D = (ﬁj)mxn. The proposed multiple attribute decision-making method’s particular steps are listed as follows, along with the

given aggregation operators.

Step 1: While calculating alternatives F; concerning attributes C s the decision makers give TSFV ET- = (v, u;,d;) and formed a decision
matrix as D = (f{j)mxn.The normalized decision matrix is created by transforming the TSF matrix. The higher attribute values are
better if the attributes are beneficial whereas lower attribute values are better if the attributes are cost attributes. The normalized TSF
decision matrix is obtained by converting the cost-type attribute value into benefit-type value, which results in D' = (ﬁ’)mxn.

y {i‘}j forbenifit attribute C; }

i f;j for cost attribute C;

.
where , ;. = (dp, up, ).
J J 7 ]

TABLE 5 T-spherical fuzzy decision matrix.

G (&) C; Ca
F,y (0.80,0.50, 0.30) (0.90,0.70, 0.00) (0.50,0.20,0.10) (0.40, 0.30, 0.20)
F, (0.70,0.40,0.20) (0.50,0.10,0.30) (0.60,0.50,0.40) (0.80,0.70,0.10)
Fs (0.50,0.30,0.40) (0.80,0.60,0.20) (0.40,0.20,0.30) (0.90,0.50,0.20)
Fy (0.65,0.50,0.30) (0.60,0.50,0.10) (0.80,0.45,0.30) (0.75,0.65,0.40)
F5 (0.50, 0.40, 0.60) (0.40,0.30, 0.20) (0.70,0.60, 0.20) (0.60,0.10, 0.40)

As every attribute belongs to the same kind, moving to the next step without transforming is possible.

Graphical Representation Of TSFIWMSM

0.3

0.25

0.2
0.15
0.1
0.05
0 L—
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=1 mE=2 mE=3 mE=4

FIGURE 1
Demonstration of various ¢ using TSFIWMSM in Table 6.
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TABLE 6 Results of various { in the TSFIWMSM® operator.

Ranking
(= 0.25813 0.08209 0.23918 0.14275 0.05022 Fy>F3>F >F,>Fs F,
(=2 0.11112 0.03928 0.12458 0.07182 0.02493 F3>F >F,>F,>F;s Fs
(=3 0.06870 0.02573 0.08416 0.04793 0.01657 F3>F; >Fy>F,>Fs F;
(=4 0.04928 0.01912 0.06353 0.03596 0.01241 F3>F; >Fy>F,>Fs Fs
Step 2: Add alternative ranking values ﬁj = (wj,uTj,de) (i=12..., q,j =1,2,...,m) that have been normalized into collaborative units

fr = (%, 5, dk). If the attribute weights are known, #; are used to aggregate by using Egs 21, 26.
Step 3: Evaluate the score value of #;.
Step 4: Utilizing the score function according to the technique in definition (3), rank #.
Step 5: The optimal alternative should be chosen after ranking the other options using #.

5.1 Application in digital green innovation

Green innovation is a process that involves developing green technologies, products, and processes as well as the accompanying
companies, management, and systems. Digital innovation creates new possibilities for climate change mitigation and adaptation. Based on
the Paris Agreement and the United Nations Framework Convention on Climate Change, a fundamental framework for the world’s response
to climate change has been formed. Green innovation” is technological innovation that involves energy conservation, pollution prevention,
waste recycling, green product design, or corporate environmental management. These innovations can significantly lessen the negative
effects on the environment while also generating value for the company and its stakeholders. How to improve the green competitiveness and
profit of enterprises in the environment of climate change is an important issue. In this case, we need to choose the most talented

Graphical Representation Of TSFIMSM

0.8
0.7

0.6
0.5
0.4
0.3
0.2
0.1

0

F1 F2 F3 Fa4 F5

M=l HE=2 mE=3 mE=4

FIGURE 2
Graphical demonstration of various { by using the data in Table 7.

TABLE 7 Results of various  in the TSFIMSM® operator.

Ranking
(= 0.69562 046773 0.68705 0.56086 0.22611 Fy>F3>Fy>F, >Fs Fy
(=2 031279 0.12983 0.26658 0.1819 0.07227 Fy>F3>Fy>F,>Fs F
(=3 0.32463 0.15368 029714 0.20925 0.08197 Fy>F3>Fy>F, >Fs Fy
(=4 0.7201 0.53496 0.72523 0.61968 0.34646 F3>F >F4>F,>Fs Fs
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TABLE 8 Aggregated matrix of the score value using Tables 6, 7.

Operator
TSFIWMSM® 0.0687 0.0257 0.08416 0.04793 0.01657
TSFIMSM® ‘ 0.32463 0.15368 0.29714 0.20925 ‘ 0.08197

TABLE 9 Ranking of scores utilizing the aforementioned operators.

Operator Ranking of the score

TSFIWMSM® >6 >t >0 >t

TSFIMSM® L>t>t >0 >t

entrepreneurs from a large number of alternative projects to invest in. The criteria and methods presented in this paper are applicable to the
selection of DGI investment projects.

Example 1: Pakistan has been listed as one of the top 10 nations in the world most impacted by climate change. The country’s
environmental sustainability strategy is managed by the government. All people concerned must take responsibility for maintaining the
ecosystem and its resources, both the governmental and private organizations and particular people. To encourage the development of ideas
and solutions for some of the most serious issues we face, the National Incubation Center regularly hosts tech conferences and innovation
challenges. It is an honor to have teamed up with Pak Mission Society to find solutions to issues related to climate change, given the situation
of the environment at the moment. We will be asking Pakistan’s most talented entrepreneurs F,,, = {F 1,F2, F3, F4 F 5} for business ideas based
on these attributes:

Based on the theory, this study constructs a framework system for enterprises to choose DGI investment projects.

C; Green entrepreneurs should also have perceived credibility, bravery, and intellectual abilities.

C;: They also possess planning and time management abilities, which are essential for the profession because they must remember
particular rules and knowledge.

Cj;: They should have effective interpersonal and communication skills and good management and entrepreneurial abilities.

Cy: They must be able to think strategically and work for sustainability and the planet’s future alongside our future generations.

Solving the numerical example using decision-making steps is the best way to get the optimal solution.

Step 1: The TSFV is used to calculate the alternatives concerning the attributes, and the decision matrix D = (FT])5><4 is created and shown in
Table 5.

Step 2: The attribute weight vector is assumed to be. We utilize Eq. 26 to calculate each alternate collective evaluation value. In this case, we
use TSFIWMSM © operator with ¢ = 3.

Figure 1 is the graphical representation of the TSFIWMSM operator using Table 6, which shows that when { = 1, the optimal alternative
is F; and for all { =2, 3, and 4, the optimal alternative is Fj.

Figure 2 is the graphical representation of the TSFIMSM operator using Table 7, which shows that when { =1, 2, and 3, the optimal
alternative is F;, and when { = 4, the optimal alternative is Fj.

Step 3:Eq. 2 can be used to determine the scores s(f;) (i=1,2,...,5) of the TSETWMSM and TSFIMSM operator to obtain Table 8.
Step 4: According to the ranking of scores, ff (T =1,2,...,5) can be ranked as Table 9.
Step 5: Ranking of the alternatives would be

5.2 Parameter sensitivity and comparative analysis

This section discusses the impact factor of various ¢ using TSFIWMSM and TSFIMSM operators. Here, we also discuss the comparison of
proposed operators with existing operators.
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TABLE 10 Ranking of alternatives utilizing the aforementioned operators.

Operator Ranking of alternatives Optimal alternative
TSFIWMSM® F3>F, >Fy>F,>F;s F,
TSFIMSM® Fy>F3>Fy>F,>F;s F

TABLE 11 Influence of the parameter.

Method Ranking

(=31=4 TSFIWMSM F3>F;>Fy>F,>Fs
(=3,1=6 TSFIWMSM Fy>F;>Fy>F,>Fs
(=31=4 TSFIMSM F1>F3>F,>F,>Fs
(=31=6 TSFIMSM Fy>F3>F,>F,>Fs

TABLE 12 Comparison of various proposed and existing aggregation operators.

Ranking Optimal
TSFIA 0.1346 0.037 0.1444 0.055 0.0107 F3>Fy >Fy>F; >Fs F;
TSFIWA 0.1789 0.028 0.1406 0.052 0.01 Fy>F3>Fy4>F,>Fs F,
TSFIGA 0.138 0.038 0.145 0.055 0.011 F3>F, >Fy>F;>Fs F;
TSEIWGA 0.183 0.029 0.141 0.052 0.01 Fi>F3>F4>F;>Fs F,
GTSFIA 0.1303 0.036 0.1442 0.055 0.0263 F3>F,>Fy>F,>Fs F;
GTSFIWA 0.5475 0.091 0.4541 0.185 0.0384 F\>F;>F4>F,>Fs F,
TSFWA 0.2152 0.0376 0.15044 0.0559 0.0126 Fy>F3>Fy>F; >Fs Fy
TSFWG Mahmood et al. (2019) 0.0015 ~0.0006 0.01189 0.0201 ~0.0008 Fy>F3>F >F,>Fs F4
GTSFWG Chen et al. (2021) 0.0197 0.00816 0.01698 0.02572 0.00197 Fy>F >F3>F5>F, F4
TSFWMSM Garg et al. (2022) 0.44209 0.40728 0.42396 0.46983 030623 Fy>F >F3>F;>Fs Fy
TSEMSM Garg et al. (2022) 0.09325 0.03232 0.09417 0.04896 0.00877 F3>F,>Fy4>F, >Fs F;

5.3 Impact of the parameter ¢

In the TSFIWMSM © operator, other ¢ can also be taken into consideration. Table 6 shows the outcomes if other  is taken into
consideration. The ranking for { = 2,3, 4 is similar and Fj is the optimal choice. If { = 1, then F, reduces to the optimal choice and F; reduces
to the suboptimal alternative. In actuality, the TSFIW MSM © The operator becomes the TSFIGA operator when ¢ = 1, and the interrelation
among arguments has not been considered. Outcomes of different rankings are, therefore, valid.

Table 7 shows the outcomes of utilizing the TSFIMSM ) operator in the aggregation technique in Step 2. Utilizing the TSFIW MSM ©)
operator, except { = 1, the optimal alternative is F;, whereas by using the TSFIMSM ) operator, when { = 4, the optimal alternative is F3. As
different attribute weights might reflect the significance of various attributes, the outcomes are valid. Following the actual requirements and
the features of the decision problems, decision makers can choose the attribute weights.

5.4 Sensitivity of the parameter I,

This section examines the sensitivity of the relevant parameter and how it affects the aggregation outcomes. To see the effects, we change
the variable parameter and present the ranking outcomes in Table 11.

The TSFIMSM and TSFIWMSM operators also allow for the consideration of other k. Table 11 shows the outcomes when [ is taken into account.
For { = 3, if we take I = 4, the optimal alternative of TSFIWMSM is F3 and if we take & = 6 and so on, the ranking value is the same and the optimal
alternative is F;. For the TSFIMSM operator when { = 3 we take L. = 4 and so on, the ranking value is the same and the optimal solution is F;.
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Graphical Representation of proposed and existing work
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FIGURE 3
Graph illustrating the comparison between the proposed and existing operator utilizing the information in Table 12.

6 Comparison

The interrelation among membership, abstinence, and non-membership is not considered if operations of TSFVs in Definition 2 are
utilized in the aggregation procedure. In Step 2, the aggregation operations mentioned previously are utilized, and the outcomes are shown in
Table 12.Itis clear from the outcomes that these differ from those of the TSFI operators, including the TSFIA, TSFIWA, TSFIGA, TSFIWGA,
GTSFIA, and GTSFIWA operators, which are displayed in Table 12. With regards to the attribute C,, the evaluation value of alternative F is
(0.90,0.70,0.0), satisfying { = 2 and I, = 9. If the operational laws in Definition 2 are utilized, all of the non-memberships in F; have no
impact on the outcomes in the aggregated operators including the TSF weighted averaging (TSFWA) operator, TSF weighted geometric
(TSFWG) operator (Mahmood et al., 2019), generalized TSFWA (GTSFWA) operator (Chen et al., 2021), generalized TSFWG (GTSFWG)
operator, TSFMSM operator (Garg et al., 2022), and TSFWMSM operator (Garg et al., 2022), which are not reasonable. TSFI operators have
been created to overcome the limitations. As a result, the outcomes obtained by utilizing TSFI operators are more logical. TSFV's are used to
represent the evaluation values, which are more flexible than existing operators to describe uncertain and fuzzy information. Using the MSM,
the relationship between more than two input arguments has been considered. The relationship between MD and NMD has been viewed by
utilizing the new operation laws. Thus, the proposed method can produce more logical and scientific decision-making outcomes.

It is worth noticing that the results obtained using different operators are different. This is because of the nature of the operators and the
parameters involved. For instance, the TSFIA operator has no associated weight vector, while the TSFTWA operator has a weight factor. Similar is the
case with TSFIG and TSFWIG operators. However, the results of Tables 10-12 clearly show that the operators proposed in the paper have better
results because of their advanced nature as the MSM operators proposed in Garg et al. (2022) have certain limitations which were discussed at the
beginning of the paper. Furthermore, we have also compared the proposed work with Spearman’s rank correlation coefficient measures, which was
proposed by Sedgwick [Sedgwick, P. (2014) Spearman’s rank correlation coefficient. Bmj, 349.] in 2014, which is very valuable and dominant
measures based on classical set theory. For these measures, it is not possible to evaluate the proposed types of data because the arranged information
is given in the shape of T-spherical fuzzy numbers, and the existing measure was computed based on the crisp set which is the special case of the
proposed theory, but in the future, we aim to derive it for T-spherical fuzzy sets to improve the worth of the proposed theory.

Figure 3 is the graphical representation of the proposed and existing operators utilizing Table 12, making it easy to understand the optimal
alternative. Figure 3 graphically shows that F3 is the optimal alternative to TSFIA, TSFIGA, GTSFIA, and TTSFMSM. F, is the optimal alternative of
TSFIWA, TSFIWGA, GTSFIWA, and TSFWA, and F, is the optimal alternative to TSFWG, GTSFWG, and TSFWMSM.

6.1 Advantages of the proposed operator

The following section will elaborate on the method’s superiority in dealing with situations of uncertainty by examining its properties in the
context of some previous studies. As we all know, the traditional operator does not consider the interaction between MD, NMD, and AD with ke Z*
of different TSFVs, so they can get unreasonable results in some special cases, especially when abstinence and non-memberships are 0. On the
contrary, the interaction operational rules can consider the interactions between MD, NMD, and AD sufficiently, so the method proposed in this
paper is more reasonable to produce the ranking result because it can overcome the weakness when abstinence and non-memberships are 0. Hence,
in today’s complicated policymaking and risk management-related issues, data aggregation will be managed and useful for dealing with decision-
making issues. The proposed operators reduce to earlier versions if we employ certain cases and are given in Remark 1:

Remark 1: The results obtained in Theorem 3 and Theorem 5 reduce to the framework of
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1) SESs if we place I = 2.

2) PFSs if we place | = 1.

3) qROFSs if we place u(r) = 0.

4) PyFSs if we place u(r) =0 and |, = 2.

5) IFSs if we place u(r) =0 and k = 1.

Because of Remark 1, we claim that the proposed work is more generalized than the previous one and the other fuzzy frameworks cannot
be applied to the current example because of the diverse nature of the information.

7 Conclusion
In this section, we will learn about the following operators and techniques, such as
1. Based on the interaction operations for TSFVs, this research suggested several interaction MSM operators for TSFVs and generalized the
MSM operator to TSFVs. After that, we talked about several of their desirable traits, like idempotency and commutativity.
2. An approach for the MADM problems was also proposed under the consideration of derived operators.
3. We further examined some particular examples of these operators and compared the presented results with those of many existing
operators to justify the validity and supremacy of the stated approaches.
4. While comparing the current operators, we know that the proposed method is more extensive than several other existent methods.
The primary benefit is that they can capture the relationships between several flexible input arguments due to the parameter t. Moreover,
they can consider how the MD, AD, and NMD of TSFVs interact to help solve various issues when one of the NMDs is 0. Using these
operators’ applications in recent studies is necessary to address decision-making issues. In future, we aim to target the derived theory and try
to utilize them in the field of modern information fusion theory, artificial intelligence, machine learning, evaluations about resources and the
environment, and decision-making analysis.
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