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This paper considers the problem of path choicemodels in transport systems. It is
studied within the wider problem of choice models. The main issues discussed
are the classification of the utility choice model, also considering the non-
random classes as quantum and fuzzy; the specification of path choice with
particular reference to the easy-to-apply models within the assignment model;
and a numerical results comparison in a small test system to allow the results
control in each element and the reproduction. The random, quantum, and fuzzy
utility models are different, and the validity of each must be tested case by case.
With the assumed parameters, the models cover different trends in simulating
paths overlapping. Themodels require application in a real system and calibration
of the parameters with real data.
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1 Introduction

Simulation and transport systems design require matching travel demand with
transport supply sub-models. The travel demand sub-models simulate how user
behavior (and consequently the demand flow) is influenced by network performance.
The transport supply sub-models simulate how performance is influenced by demand flow.
These two sub-models are dependent on each other. In the demand sub-models, user
behavior is simulated, and it is influenced by how the users perceive the utility and how the
analysts model it. Users maximize the perceived utility, and the analysis models user
behavior as accurately as possible. For more details and developments on utility models, see
Ben-Akiva and Lerman (1985), Ortúzar and Willumsen (1994), Cascetta (2009), and
Cantarella et al. (2020).

In a transport utility model, the utility can be deterministic or non-deterministic
(Figure 1). Non-deterministic utility functions can be classified into two categories in
relation to the function associated to each utility (i.e., a probability distribution function
(DF) for random or a fuzzy membership function (MF) for fuzzy): homoscedastic (all the
utilities have the same finite variance) and heteroscedastic (at least one of the utilities has a
different finite variance) with equal or different specifications across users, alternatives and/
or time (varying through a deterministic or stochastic process). Note that variance is a
concept applied in the probabilistic model that can also be transferred to other non-
deterministic models, importing only the mathematical specification and adapting the
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interpretation respecting the real phenomena. The non-
deterministic distribution functions could be disjoint or joint.

The utility is derived from the attributes and parameters. A
deterministic utility model requires all parameters and attributes to
be deterministic. A non-deterministic utility model can be formed
by including at least one non-deterministic parameter or one non-
deterministic attribute. In common applications, the utility has all
deterministic or all non-deterministic attributes. The same
consideration could be made for the parameters. As reported for
the utility, also non-deterministic attributes and parameters could be
homoscedastic or heteroscedastic; with non-deterministic
distribution functions equal or different specifications across
users, alternatives, and time; with disjoint or joint non-
deterministic distribution functions (Cantarella et al., 2020).
From a mathematical perspective, there are no limits to the
combinations of distributions for parameters, attributes, and

utilities. A specific and recent class of models belongs to the field
of hybrid models (Guzman et al., 2021; Kim et al., 2014), which also
consider latent variables and a non-linear utility function. From a
mathematical point of view, these models have non-deterministic
attributes, with or without non-deterministic parameters and non-
deterministic utility.

Figure 2 classifies the possible utility in terms of variances
associated with the parameters and attributes. This is assuming
that the utility does not add any additional uncertainty. If all the
parameters and attributes are deterministic, the utility is
deterministic, and the model is deterministic. If only the
parameters or only the attributes are homoscedastic (and the
other are deterministic), the utility should be homoscedastic or
heteroscedastic in relation to the stability of the characteristic in the
utility specification. The utilities are heteroscedastic if the
parameters and/or the attributes are heteroscedastic.

FIGURE 1
Classification of the choice model.

FIGURE 2
Homoscedastic and heteroscedastic classification in relation to the attribute and parameter typology.
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Utility models are used to estimate travel demand in transport
systems, typically dividing the decision process into subsequent and
conditional decision levels. In the most common demand models,
the main decision levels are relative to whether to travel or not to
travel from an origin, once or with a defined frequency, for a
purpose; conditioned on the decision to travel, a desired
departure and/or arrival time, a destination to reach, a mode and
service or multi-mode and multi-services to use; a path or hyper-
path to follow, assumed given the decisions of the previous levels.
Depending on the problem studied, other levels may be added, some
levels may be deleted or aggregated, and the order may be different.
As an example, consider that in an emergency (Lovreglio et al., 2016;
Russo et al., 2024), the user tries to find a safe destination with an
immediate or non-fixed departure time, with mode and/or path
eventually constrained by an external decision maker.

This paper studies the last level of decision in the common
model, the path choice model. In relation to the contribution of this
paper, the main objective of the paper is to classify, specify, and
compare consolidated and recent models that can be applied within
assignment models and procedures (Di Gangi and Polimeni, 2022)
and that allow the possibility of being calibrated from real data. The
main characteristics required are:

• The possibility of being integrated within an assignment
model and algorithms;

• The ability to model path overlap in assignment models;
• The application in implicit or explicit path enumeration
algorithms;

• The extension to large and real-scale transport systems;
• The estimation of parameters from aggregated or
disaggregated observations.

A comparison of all potential proposed path-choice models is
beyond the scope of this paper. The comparison is not limited to the
class of random utility model (RUM), which is widely applied in
transport systems, not only at the level of path choice but also to the
quantum utility model (QUM) and fuzzy utility model (FUM)
classes. The QUM and FUM encompass additional behavioral
aspects not represented by RUM.

The principal innovation of this paper is the comparison of
some RUM and non-RUM models, with characteristics reported
below, in path choice in a test system. The following points,
which correspond to sections of this paper, summarize the
innovation:

• The methodology for specifying the path choice is defined and
divided into seven macro steps in Section 2.

• The three classes of utility theories and models (RUM, QUM,
and FUM) proposed in the literature are specified and
compared in terms of their assumptions, and the
specifications of the three classes of models are reported in
Section 3, adding the trivial deterministic utility
model (DUM).

• Experiment and compare the results of the specified models in
a small test system in order to facilitate step-by-step
application, enable reproduction of results, and facilitate
comparison of results; the experimentation in the test
system is reported in Section 4.

• The results derived from the application of the models, with
discussion, main conclusions, and some further developments,
are reported in Section 5.

2 Choice model

The choice model can be divided into twomain choice levels: the
choice of the perceived set (or sets) containing the alternatives and
the choice of the alternative from the perceived set (or sets). Each of
the two models, associated to each choice level, requires the
definition of the elementary alternatives, the attribute, the
parameters, and the utility function for each elementary alternative.

The main element is shown in Figure 3 for the definition,
notation, and model specification.

The bullet points in the next two sub-sections refer to the
numbers reported in Figure 3.

2.1 Definition and notation (assumption)

(1.) The simplest alternative is a path k between an origin and a
destination, with no loops. The set Z includes a finite number
of paths. The power set G of Z, excluding the empty set,
includes all possible non-empty subsets I1, . . . Ii, . . . of Z;
these subsets are candidates for user perception.

(2.) In order to consider the two decision levels (perceived set/sets
and alternative), it would be helpful to define four vectors:
• xIi, 8 Ii ∈ G, the attribute vector for each perceived set Ii; it
contains the variables (level of service, criteria,
attractiveness, etc.) that users perceive as defining the set;

• θIi, 8 Ii ∈ G, the parameter vector for the utility for the
perceived set Ii;

• xh, ∀ h ∈ Z, the attribute vector for each alternative h; it
contains the variables (level of service, attractiveness, etc.)
that users perceive as defining the alternative;

• θh, ∀ h ∈ Z, the parameter vector for the utility for the
alternative h.

(3.) It is essential to define a utility function at each decision level
and for each perceived set and alternative:
• uP = [. . ., uP(Ii, xIi, θIi), . . .]’ ∀ Ii ∈G, the vector of the utility
function associated with the perceived sets; each element of
the vector is the utility function uP() associated with the
perceived set Ii, depending on the attributes xIi and
parameters θIi; the utility function for non-deterministic
models includes the parameters of the DF or the parameters
of the MF; for example is, the expected value and the
variance for the Gaussian in a probit RUM; the left,
center, right, and maximum values in a triangular FUM;

• uC = [. . ., uC(h, xh, θh), . . .]’ ∀ h ∈ Z, the vector of the utility
function associated with the alternatives; each element of
the vector is the utility function uC() associated with the
alternative h, depending on the attributes xh and parameters
θh; the utility function for non-deterministic models
includes the parameters of the DF or the parameters of
the MF; for example is, the expected value and the variance
for the Gaussian in a probit RUM; the left, center, right, and
maximum values in a triangular FUM.
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2.2 Model specification (choice)

(4.) The perceived choice set is a subset of G. It is common to
consider only one set, either the set that contains all the paths
(exhaustive approach) or a subset of them (selective
approach). It is reasonable to assume that a user may
perceive more than one choice set. However, in real
conditions, it is likely that a very low number of sets are
perceived. From a mathematical perspective, all the sets can
be considered with a perception rate (reported in Point 5):
greater than zero for the perceived sets and zero for the non-
perceived set.

(5.) The perception rate, pP(Ii|uP), is associated with each
perceived set Ii. The models refer to a given set G, omitted
in the formulas for simplicity’s sake. All perception rates
are greater than or equal to zero (pP(Ii|uP) ≥ 0, ∀ Ii ∈ G),
and the sum of all perceived sets is equal to one
(∑IiЄG pP(Ii|uP) = 1). From a mathematical standpoint,
the perception rate is zero for the sets not perceived by the
users. If only one choice set is perceived, the perception
rate is 1 for that set and 0 for the others. Several types of
models can be adopted to evaluate the perception rate,
some of which are discussed in Section 3.

(6.) The choice rate, pC(h|Ii, uC), is associated with each alternative h
belonging to a perceived choice set Ii. All the choice rates are
greater than or equal to zero (pC(h|Ii, uC) ≥ 0, ∀ Ii ∈ G, ∀ h ∈ Ii).
This is true for all choice sets that are perceived. Furthermore, the
sum of all the alternatives belonging to a given set is equal to one
(∑hЄIi pC (h|Ii, uC) = 1, ∀ Ii ∈ G). Several types of models can be
adopted to evaluate the perception rate, some of which are
discussed in Section 3.

(7.) The alternative choice rate is given for each alternative
(independently from the perceived choice set). In the
general case, the alternative choice rate is evaluated with
Equation 1 from Mansky (1977):

p h | uP, uC( ) � ∑
IiЄG

pp Ii | uP( ) · pC h | Ii, uC( ). (1)

In the particular case that only one set is perceived (i.e., set Ia), the
alternative choice rate is evaluated with Equation 2:

p h | uP, uC( ) � pC h | Ia, uP, uC( ). (2)

3 Main models in path choice

This section presents some models for perception rate and
choice rate evaluation. Each requires a specific utility function
and model that must be specified, calibrated, and validated
(Comi and Polimeni, 2022). The models must take into account
sets and alternatives dependency because a perceived choice set has
common paths, and the paths partially overlap.

3.1 Deterministic utility theory

The choice must be evaluated using a deterministic utility theory
(DUT) and models. In a deterministic model, the user can choose
the path that offers the greatest utility (or the lowest cost). If a path is
used by users, it has a maximum utility. However, if a path has the
maximum utility, it might not be the path chosen, particularly when
there are multiple paths with the same maximum utility. It is evident
that if a path is used, the choice rate is greater than zero; however, a
path with minimum utility could not be used. This is true except
when all paths share the same utility value. In a non-congested
system, given a set of paths, the choice rate exists but could not be a
unique solution.

As an example of a DUT, consider a system with three paths
with utilities 11, 11, and 10. The first two paths have the maximum
utility and can be chosen with DUM. In DUM, all users could choose

FIGURE 3
Architecture of the choice model.
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the first path: the first path is chosen and has the maximum utility,
and the second path has the maximum utility and is not chosen. All
users could also choose the second path, or a subset could choose the
first path, and another subset could choose the second path: the
uniqueness of the solution is not guaranteed.

Given a perceived set of alternatives L, the utility functions u for
a path m belonging to the perceived choice set with utility um follow
for the choice rate pDE (m |u) reported in the Equations 3.a, 3.b:

pDE m | u( ) > 0 → mhas themaximumutility, (3.a)
if m has themaximumutility → pDE m | u( )≥ 0. (3.b)

3.2 Random utility theory

The choice could be evaluated using a non-deterministic model.
The most consolidated approach in the field of discrete choice in
transport systems is the random utility theory (RUT) (Domencich
and McFadden, 1975).

In the context of path choice, RUT (Ben-Akiva and Lerman,
1985; Cascetta, 2009; Tinessa et al., 2023) assumes that for path
choice, in a journey, a user: (a) perceives a set of alternatives; (b)
associates to each alternative a perceived utility; (c) chooses the
alternative of maximum utility; (d) the utility is modeled with a
continuous random variable. Given these assumptions, the choice
rate for an alternative m (it should be a perceived set or a path)
belonging to a set L, given the utility functions u, is evaluated with
Equation 4:

pRU m | u( ) � probability um > un,∀m, n ∈ L( ). (4)

Any probability DF can be used for the parameters, attributes,
and utilities. Some DFs are adopted more frequently because they
have properties that are useful for modeling user behavior and for
utility specification.

Identical and independent Weibull DFs for the utilities allow
specifying the logit model, and the probability can be evaluated in a
closed form. Identical and independent Weibull DFs guarantee that
the maximum utility (also known as satisfaction) has a Gumbel DF.
It does not guarantee that the sum of Gumbel DFs is a Gumbel DF.
Very often, the utility is obtained as a linear combination of the
attributes weighted by the parameters. Therefore, deterministic
parameters (or attributes) and Gumbel DFs for the attributes (or
parameters) do not guarantee that the utility is a Gumbel DF. The
model is only valid for independent alternatives.

Different Gumbel DFs for single alternatives and for subsets of
alternatives introduce a covariance from the alternative belonging to
the same set and the nested logit model with different sub-categories,
some of them are hybrid (Vallejo-Borda et al., 2023) or mixed
(Lovreglio et al., 2016). The introduction of latent variables allows
for the consideration of variables that are not directly observed
(Cantillo et al., 2015; dell’Olio et al., 2023).

Gaussian DFs for the utilities allow the specification of a probit
model. The probability cannot be evaluated in closed form, but it
allows for the modeling of dependent alternatives, and it guarantees
that the sum of Gaussian DFs is a Gaussian DF. It does not guarantee
that the maximum of Gaussian DFs is a Gaussian DF. In this context,

in linear utility specification, the Gaussian DF of the attributes (or
parameters) gives the Gaussian DF for the utility.

The logit and probit family models, based on RUM, are the most
appropriate choice models for path choice. The logit family allows
closed-form evaluation, stability respects utility maximization, and
explicit or implicit path enumeration is adopted. For path choice, the
main models adopted are the path-size (Ben-Akiva and Bierlaire,
1999), C-logit (Cascetta et al., 1996), and link-nested-logit (Vovsha
and Bekhor, 1998), which consider the overlapping effect. The
probit family does not allow for a closed-form evaluation, and
implicit path enumeration is adopted, often with Monte Carlo
simulation algorithms (Sheffi and Powell, 1982).

Other less common models are gammit (gamma DFs for the
utility) and lognormal (lognormal DFs for the utility). These models
guarantee that the DFs are defined only for positive or negative
values of the utility.

3.3 Quantum utility theory

Starting from the hypothesis defined in RUT, the quantum
utility theory (QUT) and models are also based on the
assumption that users make an intermediate choice, that is, based
on criteria, before the final choice (Vitetta, 2016). In this
intermediate choice, the user will select more than one
intermediate alternative due to incomplete information and
interfering perception.

In the path choice model, the RUT operates at an intermediate
level, whereby a criterion is selected (e.g., minimized time), and the
choice rate for an alternative generated with the criterion is
evaluated. In contrast, the QUT operates at an intermediate level,
whereby more than one criterion is selected at the same time (e.g.,
minimum time and minimum cost contemporaneously), and the
choice rate for an alternative generated with the criteria is evaluated.
In this QUT, an interference term r() for each alternative must be
introduced. From a theoretical standpoint, it is set to zero when only
one criterion is perceived at the intermediate level. It should be
noted that in the RUM, more than one criterion can be perceived but
separately from one another; in this case, the choice rate could be
evaluated with nested logit or cross-nested logit models.

In QUM, the choice rate pQU(m | u) is evaluated with
Equation 5:

pQU m | u( ) � pRU m | u( ) + r m | u( ). (5)

The interference term r(m | u) can assume either a positive or
negative value, provided that the sum over all alternatives is zero and
that the choice rate does not result in less than zero or greater than
one (for more detail, see Vitetta (2016) and Di Gangi and Vitetta
(2021)). It is evaluated with Equations 6, 7:

r m | u( ) ∈ −pRU m | u( ), 1 − pRU m | u( )[ ], (6)
Σ
m
r m | u( ) � 1. (7)

For an intermediate decision level with alternatives (i.e., criteria)
c1, c2, , cN, the RU term has the classical conditioned probability
specification given by Equation 8:
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pRU m | u( ) � Σ
c�c1..cN

pRU m | c, u( ) · pRU c | u( ). (8)

The interference term has the specification given in Equation 9:

r m | u( ) � 2 · Σ
c∈c1..cN−1

Σ
c’∈c+1..cN

( pRU m|c, u( )((
·pRU c | u( ) · pRU m|c’, u( ) · pRU c’ | u( ))0,5 · cos θmc,mc’( )))

(9)
The angle θmc,mc’ is the interference angle between each couple

of interfering alternative c and c’ for the alternative m. It is π/2 (and
the cosine is zero) if the two corresponding intermediate levels for
the alternative m are not interfering. If all the intermediate levels for
all the alternatives are not interfering, the sum is zero, and the
interference term is zero; in this case, QUM degenerates in RUM,
and RUM is a particular case of QUM.

If only two alternatives, c1 and c2, are available at intermediate
levels, the interference term is expressed by Equation 10:

r m | u( ) � 2 ·(pRU m |c1, u( ) · pRU c1| u( ) · pRU m |c2, u( )
·pRU c2| u( ))0,5 · cos(θmc1,mc2). (10)

QUMs are more appropriate than RUMs when users do not
have clear information about the alternatives, and the a priori
decision is influenced by the interference between perceptions,
not only the imprecise values of the perceived attributes. The
interference can be reduced by real-time information but may
increase if a detour is required en route (e.g., an accident). In
some cases, it is also possible in the path choice that some
criteria used to generate the perceived path are in conflict, and
the decision is influenced by the opposite criteria to be optimized
(i.e., minimum pollution and minimum travel cost and time).

For more details on the route choice model with QUT, see
Vitetta (2016).

3.4 Fuzzy utility theory

The fuzzy utility theory (FUT) and models assume similar
assumptions of RUT for the user with the difference (assumption
d in RUT) that the utility is modeled with a fuzzy number defined
through a MF (Henn, 2003; Henn and Ottomanelli, 2006). This
assumption allows us to evaluate the rate of choice for each
alternative m belonging to the set L, given the utility functions u,
with the possibility that the alternative has the maximum utility
evaluated with Equation 11:

possFU m| u( ) � possibility um > un,∀m, n ∈ L( ). (11)

InMF, for each path, the utility defined with aMF has a different
meaning with respect to the DF. One model is not a special case of
the other. The MFs give a possibility that can be between zero and
one for each utility value. A user can associate the maximum value of
the possibility with a precise value of the utility. The comparison
between the utilities of the alternatives is in the realm of possibility
theory, where the utility is considered as a fuzzy number. The utility
could be derived from a fuzzy number associated to the whole values
and/or a fuzzy number associated to the parameters and attributes.

For the application of the FUT, the sum of the fuzzy number (of
non-additive and link cost utilities vs. path utility), the comparison of the
utilities of the different alternatives for the evaluation of the possibility,
and the conversion from the possibility to the probability are required.

The addition of two fuzzy numbers A and B, with MF μA(x) and
μB(y), respectively, gives a fuzzy number C with MF specified in
Equation 12:

μC z( ) � μA+B z( ) � sup
z�x+y

min μA x( ), μB y( )( ). (12)

The comparison of two fuzzy numbers (Iskander, 2002) depends
on the MF. Given two triangular fuzzy numbers, A and B, with
characteristics.

• Left values a1 and b1 and right values a2 and b2,
• Main values a and b,
• MFs μA and μB, withmaximum values of the functions θ∈(0,1],

The possibility that A is equal to or greater than B is determined
by Equation 13:

Poss A≥B( ) � θ if a≥ b
Poss A≥B( ) � θ · a2 – b1( ) / a2 – a + b – b1( ) if b≥ a and a2 ≥ b1
Poss A≥B( ) � 0 if b≥ a and b1 ≥ a2.

⎧⎪⎨⎪⎩
(13)

The comparison between two trapezoidal fuzzy numbers of a
trapezoidal fuzzy number and a triangular fuzzy number is reported
by Iskander (2002).

The sum of all possibilities could also be more than one,
considering that there is no axiom, such as probability, that the
sum must be one. For this reason, a transformation from possibility
to choice rate must be introduced (Equation 14) to guarantee that
the sum of all possibilities and all alternatives is one (a method is
proposed by Klir, 1990):

pRU m| u( ) � possFU m|u( )γ /∑
nЄL

possFU n | u( )γ (14)

with the γ parameter being greater than zero.

3.5 Parameter estimation

Very often, in RUM and QUM, the expected value of the utility
and in FUM, the core of the fuzzy number for each alternative m,
Vm, is assumed as a linear combination of measurable transport
service levels and socio-economic variables, x, by means of unknown
parameters, β specified in Equation 15:

vm � Σ
k
βk · xkm. (15)

It is common for the parameters to encompass the parameters of
the DFs in RUM, the parameters of the DFs and the interference
term in QUMs, and the parameters of the MFs in FUMs.

The parameters must be calibrated from real data using
disaggregated or aggregated methods and classical or Bayesian
approaches. Further details can be found in Cantarella and
Vitetta (2023).
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4 Experimentation

This section presents the results of a numerical experiment
conducted in a small test network; it is easier to control the results in
case limits when the paths are defined appropriately. In transport
assignments, the presence of similar cost paths with different levels
of overlap is common. Following the Wardrop (1952) principle,
users cannot reduce their costs by changing their paths unilaterally
in congested conditions. The experiment is designed to compare
different path-choice models and highlight the impact of varying
specifications and assumptions in a small system. The aim of this
paper is not to compare and test all literature models. The aim is to
compare some models for each category, highlighting the pros and
cons of each. It is clear that the results depend on the real case
studied. Figure 4 shows a small test system that allows for the testing
of this similarity and overlapping. It has already been adopted in

many published papers. The network has an origin (A), a
destination (B), an intermediate node (C), four links (1, 2, 3,
4), and three paths (one independent -path I- and two
overlapping with the common link 2 -paths II and III-).

4.1 Deterministic utility

The DUM assumes that users perceive and choose the
alternative with the highest utility (or lowest cost). If only one
alternative has the maximum utility (or the minimum cost), it is the
only choice, and the others are excluded.

If two or more alternatives have the same utility (or the same
cost), the problem is undetermined. This is the case of the text
system shown in Figure 4: all values greater or equal to zero with a
sum equal to 100% are acceptable for these alternatives.

FIGURE 4
Test system.

FIGURE 5
Results in the test system with some RUMs.
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4.2 Random utility

The network shown in Figure 4 is used for the RUMs. Two
different cases are tested: (i) absence of covariance between paths
with logit and probit models (and homoscedastic utilities); (ii)
covariance between paths with C-logit and probit (and
heteroscedastic utilities). The results are presented in Figure 5 for
the four models tested. All probabilities can also be read from the
figures. The probabilities of paths II and III are shown in the figures
for all scenarios, and the probability of path I is 100% less the sum of
the probabilities of paths II and III.

In the first case (i), it is not possible to model the overlapping
effects of the (two) paths in the absence of covariance. In a
homoscedastic logit and probit model, the choice percentages for
the three paths are equal. The 100% rate is divided equally between
the paths. In a logit model, the Gumbel DF is assumed to have the
same parameter (same variance). In a probit model, the same
predefined variance is assumed for all paths. It is assumed that
the expected value of the DF is equal to the path cost for
both models.

In the second case (ii), the two paths can be modeled in the
presence of covariance between two of the three paths. The first
model considered is the probit (P-RUM) model proposed by Sheffi
and Powell (1982). It assumes a Gaussian DF for the paths with an
expected value equal to the path cost, a variance proportional to the
path cost, and a covariance between the two paths proportional to
the common cost of the paths. It is generated with an algorithm with
the assumption that each link follows an independent Gaussian DF
with an expected value equal to the link cost and a variance
proportional to the link cost. The second model is the C-logit
model (C-RUM), which adds a commonality factor term

(Cascetta et al., 1996) dependent on the similarity of the paths to
others to the expected value of the utility. The logit model is
assumed, with a Gumbel DF for all paths with the same
parameter. The expected value is the path cost plus the
commonality factor. It is heteroscedastic because the presence of
the commonality factor introduces a heuristic covariance.

4.3 Quantum utility

The network shown in Figure 4 is used for the QUMs. It has been
tested against the interference term specified by Vitetta (2016). The
interference term for a given origin-destination pair and path m is
given by Equation 16:

r(m u) � β · pRU(m
∣∣∣∣ ∣∣∣∣u) · s – cm / gm( ), (16)

where

• β is a parameter in the range in relation to the level of
interference;

• s = Σh pRU(m | u) · ch / gh;
• gm and cm are the total cost of the path m and m in common
with other paths.

The results are presented in Figure 6 for the three values of the
parameter β. The quantum term models the dependency between
two of the three paths. The model accurately represents the
dependency effects, and the value of the parameter has a
significant influence. Other specifications can be adopted. Di
Gangi and Vitetta (2021) propose a specification depending on
the criteria for generating paths and on the interference angle; the

FIGURE 6
Results in the test system with some QUMs.
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parameters of the proposed specification are calibrated from the
aggregate traffic count.

4.4 Fuzzy utility

The network shown in Figure 4 is used for the FUMs. Two
different cases are tested: (i) no dependency between paths and
(ii) dependency between paths. A triangular MF is considered for
the fuzzy utility. In all cases (the path in the first case and the link
in the second case), it is assumed that the main (or maximum)
value of the MF is in the value of the expected cost; the zero
(minimum) values are assumed on the left to decrease the
expected cost by 50% and on the right to increase the
expected cost by 50%. The maximum value of the MF is 1 in
the first case and depends on the degree of overlap in the second
case. This assumption, which measures the dispersion around the
expected value, can be easily changed, and different percentages
on the right and left can be considered.

In the first case (i), called path-FUM in this application, it is not
possible to model the overlapping effects of the paths in the absence
of dependency. The choice percentages relative to the possibilities
and to the probabilites for the three paths are equal.

In the second case (ii), called in this application C-FUM, the
triangular MF is associated with each link, and it can be
assumed that a triangular fuzzy number is obtained for the
sum of two triangular fuzzy numbers (from link cost to path
cost). The core of the fuzzy number related to the path follows
the C-FUM approach proposed by Quattrone and
Vitetta (2011).

The results are shown in Figure 7 for the two cases tested.

5 Discussions and conclusion

This paper compares some path choice models derived from
random, quantum, and fuzzy approaches. The objective is to
compare the influence of some easy-to-use route choice
specifications in modeling the influence of path overlap; the
specification must be considered in assignment models applied to
real-size transport systems and in real-time computation time. The
section is divided into two main parts: some discussion points
obtained with each model, a comparison of the results, and some
conclusions and indications for further developments.

5.1 Discussion

5.1.1 Deterministic utility
The test is forced in a system with three paths with equal cost.

The problem can assume any value for the choice probability for the
three alternatives as long as the sum is 100%. These values are
independent of the overlapping (link 2). This model is an inaccurate
representation of reality and is not discussed further.

5.1.2 Random utility
The RUMs also give a solution in the case of the same path cost.

If the covariance is not modeled, the choice probability is the same in
the three paths, independently from the overlapping level (h, cost of
link 2): the probability is 1/3, split equally between the three paths.
This model is clearly not an accurate representation of reality.
Modeling the covariances will result in a change to the choice
probability. However, when the covariances are modeled, and the
two paths overlap completely (two of the three paths degenerate in

FIGURE 7
Results in the test system with some FUMs.
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one path), the probability splits equally (1/2) between the
independent and the degenerated path: the choice probability is
1/2 for the independent path and 1/4 for each dependent path that
degenerates in only one path (the sum is 1/2). This type of model
accurately represents reality, as the probability changes in relation to
the overlapping with congruent values at the two extreme
overlapping levels. The C-logit specification tested in this paper
demonstrates an almost linear tendency between the two
overlapping levels, with the probit probably providing a highly
accurate representation of reality.

5.1.3 Quantum utility
In the quantummodel, it is assumed that the interference term is

zero if all paths are not overlapped (in the test system, 1/3 probability
for each path); it increases with the degree of overlap (positive
interference term for the non-overlapped path; negative interference
term for the overlapped path, term increasing with the degree of
overlap). The probability of the overlapped path decreases with the
degree of overlap. The interference parameter β has a different effect
on the decrease, which is not the same as that observed in logit and
probit RUMs. In the complete overlapping case, the choice
probability depends on the interference parameter and is not
necessarily equal to 25% for the two completely overlapped paths.

5.1.4 Fuzzy utility
If the dependency is not modeled (which this paper refers to as a

“fuzzy path”), these models can only give the same value for the
choice possibility and probability in the three paths; this model is an
inaccurate representation of reality. Modeling the dependencies will
result in a change to the choice probability (which this paper refers
to as a “C-FUM”). The probability of each path is dependent on the

level of overlapping and the value assumed by the Klir function. As
with RUM models, the probability decreases with overlapping. As
with QUM, in the completely overlapping case, the choice
probability is not necessarily equal to 25%. It depends on the
Klir parameters. Note that the C-FUM, with a particular value of
the Klir parameter, has the same tendency as the C-logit. Other
specifications must be found for the fuzzy model to represent a
different behavior from that represented by the C-logit.

5.2 Conclusions and further developments

In the considered test system, the two bound values (non-
overlapping paths and fully overlapping paths) are: (a) if the
three paths are not overlapped and have the same cost, they
must have the same probability (1/3); (b) if two of the three
paths are completely overlapped, the network degenerates into
two independent paths with the same cost; in this case, the
choice probability must be 1/2 for one real path and 1/2 for the
two aggregated path, divided by 1/4 for each path.

All the models correctly evaluate case (a). Only RUMs converge
to the expected value for case (b). FUMs and QUMs will correctly
converge to the expected value for case (b) when the appropriate
parameters are calibrated. The results are compared for these models
and reported in Figure 8.

It is not possible to say with certainty whether the modeled value
obtained with RUMs, QUMs, and FUMs is correct or not in line with
reality, given the tendency between the two bound values. The
results reported in Figure 8 show that the tendencies are between
the RUMs link-probit at the top and C-RUM and C-FUM at the
bottom; the QUMs follow the intermediate tendency, as covering the

FIGURE 8
Results in the test system with RUM, FUM, and QUM giving a 25% choice percentage with a complete overlap.
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intermediate tendency not covered by the RUMs specifications
tested. The tendency depends on the context, so obtaining
information about the most realistic models requires comparing
the results with real data observed in the context studied.

A comparison of themodels studied, with the parameters that give a
25% choice percentage with complete overlap, is shown in Table 1.
C-RUM and C-FUM give similar results considering the adopted
statistics. All models are significantly different from the case of the
independent path; the probit (P-RUM) is the model that has the lower
distance with the case of independent paths. Probably, the similarity
between C-RUM and C-FUM is due to the same specification adopted
for the commonality factor and for the small size of the test system
considered with the same total expected cost. Additional research to test
other specifications is required.

The main findings for path choice models are that all tested
models that simulate the overlap can represent the real condition,
but without data, it is not possible to define a priori the model closest
to reality; the parameters in all models play a key role, and they must
be calibrated from real data to obtain results close to reality. In the
overlapping condition, the simpler model is the C-RUM,
considering the simple mathematical form and the possibility of
applying it in implicit algorithms; promising models are FUMs and
QUMs that consider overlapping, as they can allow simulating other
behavior respecting that represented with RUMs.

The models must be included in an assignment model in which
demand mobility is assigned in a supply system in a congested
condition. The assignment in a real-size system requires an easy-to-
use path choice model because it is the core of the model and is
applied many times in the procedure for finding the exact or
heuristic solution. A limitation of this study, to be improved in
future research, is related to the application in a small system; it has
the advantage of being able to control all the results, but it has the
limitation of not being able to find the problem that can arise in a
real large system. This is why one of the first advancements is the
comparison of the model inside the assignment procedure for
comparing running time and extension in a real-size system and
testing the results in terms of flow and performance in relation to
real-observed data and the context (urban vs. extra-urban areas with
different levels of urbanization and number of available paths for
users). In each context, the model that provides the best results will
be the one that meets these criteria.

In terms of running time, the evaluation of path choices is
repeated many times within an assignment procedure. Applying a
simple closed-form specification is preferable, possibly integrated
with implicit assignment algorithms. There are implicit assignment
algorithms for logit, C-logit, and probit models in RUMs. In terms of

running time, a logit model has a mathematical closed form; it is the
fastest, but it does not simulate overlapping. The C-logit model has a
mathematical closed form, and it is intermediate in terms of running
time. The probit model has no mathematical closed form, and it has
the longest running time. The FUMs and QUMs can be solved with
explicit path enumeration, and the running time depends on the
choice set generation algorithm. A research direction could be to
specify implicit algorithms for FUMs and QUMs to reduce
running time.

The research evolution guarantees that the models reproducing
user behavior more accurately will evolve next year. They will have
specifications that are easy to calibrate and validate from real data.
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