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Second-order Stokes wave-
induced dynamic response and
instantaneous liquefaction in a
transversely isotropic and
multilayered poroelastic seabed

Zhiqing Zhang1, Bohao Zhou2, Xibin Li1* and Zhe Wang2*

1School of Landscape Architecture, Zhejiang A & F University, Hangzhou, Zhejiang, China,
2Institute of Geotechnical Engineering, Zhejiang University of Technology, Hangzhou,
Zhejiang, China
The ocean waves exhibit obvious non-linearity with asymmetric distribution of

wave crests and troughs, which could induce significantly different effect on

the seabed compared to the commonly used linear wave theory. In this paper, a

semi-analytical solution for a transversely isotropic and multilayered

poroelastic seabed under non-linear ocean wave is proposed by virtue of the

dual variable and position (DVP) method. The ocean wave and seabed are,

respectively, modelled using second-order Stokes theory and Biot’s complete

poroelastodynamic theory. Then the established governing equations are

decoupled and solved via the powerful scalar potential functions. Making use

of the DVP scheme, the layered solutions are finally gained by combining the

boundary conditions of the seabed. The developed solutions are verified by

comparing with existing solutions. The selected numerical examples are

presented to investigate the effect of main parameters on the dynamic

response of the seabed and evaluate the corresponding liquefaction

potential. The results show that the anisotropic stiffness and permeability,

degree of saturation and stratification have remarkable influence on the

dynamic response and liquefaction behavior of the seabed. The present

solution is a useful tool to estimate the stability of transversely isotropic and

layered seabed sediment in the range of non-linear ocean wave.

KEYWORDS

transverse isotropy, multilayered poroelastic seabed, non-linear wave, dynamic
response, liquefaction
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1 Introduction

With the increasing utilization of land-based resources, people

have begun to turn their attention to the oceans and promote the

development of offshore drilling rigs, offshore wind turbines, even

the wind power generation in deep water environments (Jouffray

et al., 2020; He et al., 2022a; He et al., 2022b). As the main deep

foundation elements for marine structures, the vibration

characteristics of monopiles under mechanical and seismic loads

have received detailed investigations in recent years (Chen et al.,

2022a; Chen et al., 2022b; Zhang et al., 2022). It should be pointed

out that harbor oscillations induced by infragravity waves or

transient wave groups (Gao et al., 2017; Gao et al., 2020; Gao

et al., 2021) can interrupt the normal operation of docks, cause the

extreme movements of moored ships, and even give rise to the

break of mooring lines. Moreover, liquefaction of the seabed

induced by sea wave (Jeng, 2015) can cause the destruction of

offshore structures, which further affects the safety of human

operations in ocean and even leads to accidents (e.g., oil spills)

with a negative impact on the marine ecosystem (Soto et al., 2014;

Joydas et al., 2017). The United Nations aimed to achieve

considerable progress in science and technology areas to

generate safe and clean oceans from 2021 to 2030 (Ryabinin

et al., 2019). The seabed would liquefy when it is subjected to wave

loadings or seismic loadings, and it was found that the liquefaction

mechanism for the seabed under wave and earthquake actions is

similar (Ye et al., 2018). Considering that the waves are the most

frequent load over the seabed in the ocean environment, the

dynamic response and liquefaction behavior of the seabed under

wave loadings are the key factors in the design of

marine structures.

Since the middle of the last century, scholars began to

investigate the dynamic response of the seabed under wave load.

Due to complexity of the problem, researchers attempted to

present the explicit closed-form solution for the wave-induced

seabed response based on the quasi-static (QS) governing

equation, such as general consolidation equation of Biot (1941)

or storage equation of Verruijt (1969). Yamamoto et al. (1978)

and Madsen (1978) derived their analytical solutions for the

dynamic response of poroelastic seabed under linear wave.

Following the work by Yamamoto et al. (1978), Okusa (1985)

further considered the effect of seabed saturation and obtained the

analytical solution for unsaturated seabed. In addition, various

waved-induced seabed response problems have been investigated

in terms of the QS governing equation (Mei and Foda, 1981; Hsu

et al., 1993; Tsai and Lee, 1995; Jeng and Seymour, 1997; Kitano

and Mase, 2001). In view of QS governing equation disregarding

the accelerations of the pore fluid and soil skeleton, the subsequent

studies mainly based on the fully or partly poroelastodynamic

theory by Biot (1956), Biot (1962) and Zienkiewicz et al. (1980).

Sakai et al. (1988) considered the effects of the acceleration of pore

fluid and solid and the gravity, and derived the analytical solution
Frontiers in Marine Science 02
of the seabed response under small amplitude wave. Jeng et al.

(1999); Jeng and Rahman (2000); Jeng and Zhang (2005) used a

partly dynamic (PD) formulation in their study and found that the

dynamic response of the seabed under certain combinations of

different wave and seabed conditions differs significantly from that

without considering inertial items. The similar conclusions

about the contribution of inertial items can also be found in

Yuhi and Ishida (1998) and Quiuqui et al. (2022), who employed

the fully dynamic (FD) formulation to solve the related problem.

To enhance the practicability of the simplified solutions in

engineering, Ulker et al. (2009) presented the scope of

application of FD, PD and QS formulations in the frame of

linear wave theory. Besides, Le Méhauté (1976) provided

the scope of application of different wave models corresponding

to different types of ocean waves and seabed conditions.

The dynamic response of the seabed under different types of

wave loadings has been studied in detail, such as cnoidal

wave (Hsu et al., 2019), second-order Stokes wave (Jeng and

Cha, 2003) and the combination of wave and currents (Qi

et al., 2020).

Seabed tends to exhibit anisotropy and stratification due to

the long-time natural sediment process. The researchers

gradually paid their effort to seek the influence mechanism of

material anisotropy and stratification on the dynamic response

of the seabed. Jeng and Seymour (1997) studied the

influence of hydraulic anisotropy on the waved-induce seabed

response, however the soil is limited to isotropic medium.

Gatmiri (1992) carried out the numerical analysis of the

dynamic response of sandy seabed considering material

anisotropy, and found that the effect of anisotropic parameters

on the dynamic response of seabed is significant. Hsu and Jeng

(1994) developed an analytical solution for the wave-induced

response of the seabed by modelling the seabed material as

transversely isotropic (TI) medium. Subsequent study on TI

seabed also showed the significant effect of anisotropy on the

dynamic response of the seabed (Yuhi and Ishida, 2002). For the

layered seabed, Yamamoto (1981) analytically studied the

response of multilayered poroelastic seabed to wave and found

that the instabilities can be prevented by covering the bed by a

layer of concrete blocks or rubble. Ulker’s studies on two-layer

seabed (Ulker, 2012a; Ulker, 2012b) indicated that material

layering has great influence on the dynamic response of the

seabed. However, the propagating matrix of the field quantities

in his study is too cumbersome, hence the theoretical solution

only models the seabed as a two-layer structure. Li et al. (2020)

employed the DVP method to establish the propagating

matrix among different layers, which greatly improved the

computational efficiency. It is noted that DVP method is

very powerful and stable, and has been applied in different

study areas, such as geophysics (Zhou et al., 2021), time-

harmonic load buried in layered poroelastic medium (Zhang

and Pan, 2020), moving load over layered poroelastic medium
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(Liu et al., 2022), and rigid disc resting on layered subgrade

(Zhang and Pan, 2023), etc. Besides, Chen et al. (2022) employed

the global dynamic stiffness matrix method to handle the layered

structure. The comparison among different propagating matrix

methods was reviewed by Pan (2019), which could give better

understanding for the researchers to attack the layered problem.

Researchers have found from observations of waves on the

sea surface that climatic factors generally cause the wave to

show the non-linearity (Lauton et al., 2021). Jeng and Cha

(2003) derived the analytical solutions for the dynamic

response of a homogeneous seabed to second-order Stokes

wave. Zhou et al. (2011) obtained the solution for a two-layer

isotropic seabed under the action of second-order Stokes wave.

By modelling the seabed as an elasto-plastic material,

Chen et al. (2019) numerically analyzed the dynamic

characteristics of a homogeneous TI poroelastic seabed under

second-order Stokes wave. From previous works, the dynamic

response of TI multilayered poroelastic seabed under non-

linear wave has not been reported yet. Hence, the objective of

the present study is to develop a semi-analytical solution to

systematically investigate the dynamic response and

liquefaction potential of TI multilayered poroelastic seabed

under second-order Stokes wave. To achieve this end, we

decouple Biot ’s complete dynamic equations for TI

poroelastic medium using powerful scalar potential functions

expressed in the (u, p) form and gain the general solution for

any homogeneous layer. Then we utilize the DVP method to

derive the semi-analytical solutions for the layered seabed.

Finally, the influence of the main soil parameters on the

dynamic response and liquefaction behavior of seabed under

both non-linear and linear waves is analyzed in detail.
2 The boundary-value problem

As shown in Figure 1, the second-order Stokes waves

propagating over a TI layered poroelastic seabed with a rigid

impermeable bottom is considered in the present study. The

layered seabed is arranged from the top surface to the bottom of

the seabed in the order of layer 1 to layer n. Following

Li et al. (2020), the coordinate z is vertically upwards with the

negative value below the mudline, hence the thickness of layer j

(1≤j≤n) can be denoted by hj=zj-1-zj. Each layer is assumed to be

composed of homogeneous TI poroelastic material and the

interfaces between adjacent layers are perfectly connected.

Moreover, the wave-height, wavelength and depth of sea water

are denoted by H, L and d, respectively.
2.1 Governing equations

Following Biot (1962) and Zienkiewicz et al. (1980), the

equations of motion for the poroelastic medium can be
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sij,j = r€ui + rf €wi (1)

− p,i = rf €ui +
rf
f

€wi +
rf g
ki

_wi (2)

where the subscript index following a comma and dot above a

symbol indicate the derivative with respect to a spatial

coordinate and time, respectively; sij is the total stress

tensor; p is the fluid pressure; f is the porosity; wi=f(Ui-ui)

is the average displacement component of the fluid relative

to the solid in which ui and Ui are the displacement

components of the sol id skeleton and pore fluid ,

respectively; r=(1-f)rs+frf is the density of the solid-fluid

mixture with rf and rs being the densities of fluid and solid,

respectively; ki is the permeability coefficient (or called

hydraulic conductivity coefficient) in the ith direction; g

indicates the acceleration of gravity.

Following generalized Hooke’s law, the stress-strain

relationship under plane strain condition can be written as

sxx

szz

sxz

p

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

=

A11 A12 0 M11

A12 A22 0 M33

0 0 A33 0

M11 M33 0 M

2
666664

3
777775

ux,x

uz,z

ux,z

z

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

(3)

in which

A11 = C11 + a2
1M;A12 = C13 + a1a3M;A22 = C33 + a2

3M;A33 = C

M11 = −a1M;M33 = −a3M; z = − ∂wx= ∂ x + ∂wz= ∂ zð Þ
(4)

a1 = 1 − C11+C12+C13
3Ks

;a3 = 1 − 2C13+C33
3Ks

M = 1−f
Ks

+ f
Kf
− 2C11+C33+2C12+4C13

9K2
s

� �−1 (5)

where ai (i=1, 3) and M are the Biot’s effective stress

coefficients and Biot’s modulus, respectively; C11, C12, C13,

C33, C44 are the elastic constants, and the relation between

the elastic constants and engineering parameters is listed in

Appendix A; Ks and Kf are bulk moduli of solid skeleton and

the pore fluid, respectively.

When seabed is in the unsaturated state with very small

amount of gas, the following relation holds

1
Kf

=
1
Kw

+
1 − Sr
Pw0

(6)

where Sr is the degree of saturation; Kw is the true bulk modulus

of elasticity of water which is generally selected as 2×109Pa;

Pw0=rfgd is the absolute pore-fluid pressure with d being the

depth of the sea water.
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2.2 Continuity conditions

As already mentioned, we have assumed that any layer

interface of the multilayered seabed is perfectly connected.

Hence, the continuity conditions on z=zf can be written as

(i=x, z; j=x, z)

ui(zf+) =  ui(zf−);sij(zf+) = sij(zf−);

wz(zf+) = wz(zf−); p(zf+) = p(zf−)
(7)
2.3 Boundary conditions

1) Boundary conditions at the seabed
surface (z=0)

Based on the linear wave theory proposed byWang (2017), it

is known that the pressure on the seabed surface is maximum

when the wave is at the crest and vice versa. According to the

study by Jeng and Cha (2003), the dynamic wave pressure at the

seabed surface (z=0) under the action of second-order Stokes

wave can be expressed as

pb(x, t) = Re o
2

m=1
Pme

im kx−wtð Þ (8)

in which

P1 =
rf gH

2 cosh kdð Þ (9)
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P2 =
3
4
gwH

pH
L

� �
1

sinh 2kdð Þ
1

sinh2 kdð Þ −
1
3

� �
(10)

where i=(−1)0.5 is an imaginary number; k=2p/L is the

wavenumber (L=wavelength); w=2p/T is the angular frequency

of wave with period T. It is stated that we solve the problem in

the complex variable domain to facilitate the derivation, hence

we only take the real part of the complete solutions. Earlier study

(Wang et al., 2005) has shown that the dispersion relation of

second-order Stokes wave is consistent with linear wave, and w
can be calculated iteratively from the following equation

w2 = gk tanh kdð Þ (11)

At the top surface of the seabed, the vertical effective stress

and the shear stress are commonly assumed to be zero.

Therefore, the boundary conditions on the top surface of the

seabed can be written as

s 0
zz = txz = 0; p = pb(x, t Þ  at z = z0 = 0 (12)
2) Boundary conditions at the seabed bottom
For the seabed of finite thickness with a rigid and

impermeable bottom, the boundary condition can be

expressed as

ux = uz = wz = 0 at z = zn = −h (13)
FIGURE 1

Interaction between the ocean wave and TI layered poroelastic seabed.
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3 Semi-analytical solution for the
multilayered poroelastic seabed

3.1 General solution to the
governing equations

Since the wave-induced response of the seabed is periodic,

we express the field quantities in the form of complex variables

as

ux x, z, tð Þ
uz x, z, tð Þ
wx x, z, tð Þ
wz x, z, tð Þ
p x, z, tð Þ

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

= o
2

m=1

u(m)
x x, z, tð Þ

u(m)
z x, z, tð Þ

w(m)
x x, z, tð Þ

w(m)
z x, z, tð Þ

p(m) x, z, tð Þ

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

= o
2

m=1
Re

�U (m)
x zð Þ

�U (m)
z zð Þ

�W(m)
x zð Þ

�W(m)
x zð Þ

�P(m) zð Þ

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
eim(kx−wt) (14)
where m=1, 2 represents the response caused by the first-order

and the second-order waves, respectively. �U (m)
x , �U (m)

z , �W(m)
x ,

�W(m)
z and �P(m)are the magnitudes of the dynamic response

induced by the wave loading. To facilitate the derivation for

the solution of the layered system in the following section, the

stress components (e.g., szz(x, z, t), txz(x, z, t)) should also be

expressed as the similar complex variable form. It is noted that

the solution in the complex variables domain can be solved first,

then taking the summation of the real part of each order results

in the final solution.

Substituting Eq. (14) into Eq. (2), the following relations can

be derived

�W(m)
x = ikm�P(m) − rf m

2w2 �U (m)
x

� �
d (m)
1 (15)

�W(m)
z =

∂ �P(m)

∂ z
− rf m

2w2 �U (m)
z

� �
d (m)
3 (16)

where
d (m)
1 = (rf m2w2=f + imwrf g=kx)−1;

d (m)
3 = rf m

2w2=f + imwrf g=kz
� 	−1

(17)

Combining Eqs. (1), (3), (14)-(16) and eliminating wx and

wz, we have
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a(m)
1 + C44D

2 ika(m)
2 D ika(m)

3

ika(m)
2 D a(m)

4 + C33D
2 a(m)

5 D

ika(m)
3 a(m)

5 D −a(m)
6 − d (m)

3 D2

2
664

3
775

�U (m)
x (z)

�U (m)
z (z)

�P(m)(z)

2
664

3
775

=

0

0

0

2
664

3
775

(18)

where D is the differential operator (i.e., D=∂/∂z); a(m)
i (i=1-6)

are the coefficients with being defined as

a(m)
1 = rm2w2 −m2k2C11 − d (m)

1 r2f m
4w4; a(m)

2 = m(C13 + C44);

a(m)
3 = d (m)

1 rf m3w2 −ma1;

a(m)
4 = rm2w2 −m2k2C44 − d (m)

3 r2f m
4w4;

a(m)
5 = d (m)

3 rf m2w2 − a3; a
(m)
6 = 1

M − d (m)
1 m2k2

(19)

The potential function �F(m)(z) is introduced, which has been

successfully applied to the dynamic response of the seabed under

linear wave (Li et al., 2020). The aforementioned field quantities

can be expressed in terms of potential function as

�U (m)
x (z) = −ik a(m)

2 a(m)
6 + d (m)

3 D2
� �

+ a(m)
3 a(m)

5

h i
D �F (m)(z)

�U (m)
z (z) = a(m)

6 + d (m)
3 D2

� �
a(m)
1 + C44D

2
� �

− a(m)
3

� �2
k2

h i
�F (m)(z)

�P(m)(z) = a(m)
5 a(m)

1 + C44D
2

� �
+ a(m)

2 a(m)
3 k2

h i
D �F(m)(z)

(20)

It is noted that the introduced potential function

automatically satisfies the first and third equations in Eq. (18).

Substituting Eq. (20) into Eq. (18), the final form of the

governing equation can be written as

r(m)
1 D6 �F(m)(z) + r(m)

2 D4 �F(m)(z) + r(m)
3 D2 �F (m)(z)

+ r(m)
4

�F(m)(z Þ ¼ 0 (21)

where r(m)
i (i=1-4) are coefficients, whose detailed expressions

are given in Appendix B.

Through some algebraic calculations, the solution of Eq. (21)

can be given as

�F(m)(z) =o
3

i=1
A(m)
i el

(m)
i z+B(m)

i e−l
(m)
i z (22)

where ± l(m)
i (i=1-3)aregiven inAppendixC.ThevaluesofA(m)

i and

B(m)
i (i=1-3) are to be determined by the boundary conditions.
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Substituting Eq. (22) into Eq. (20) and performing some

algebraic calculations, the general solutions of displacements,

pore pressure and stresses in any homogeneous layer under the

action of second-order Stokes wave can be expressed as

u(m)
x (x, z, t) =o

3

i=1
c(m)
i A(m)

i el
(m)
i z − B(m)

i e−l
(m)
i z

� �
eim(kx−wt)

u(m)
z (x, z, t) =o

3

i=1
j(m)
i A(m)

i el
(m)
i z + B(m)

i e−l
(m)
i z

� �
eim(kx−wt)

p(m)(x, z, t) =o
3

i=1
x(m)
i A(m)

i el
(m)
i z − B(m)

i e−l
(m)
i z

� �
eim(kx−wt)

w(m)
z (x, z, t) =o

3

i=1
h(m)
i A(m)

i el
(m)
i z + B(m)

i e−l
(m)
i z

� �
eim(kx−wt)

(23)

s mð Þ
xx (x, z, t) =o

3

i=1
ikmC11c

(m)
i + C13l

(m)
i j(m)

i − a1x
(m)
i

� �
A(m)
i el

(m)
i z − B(m)

i e−l
(m)
i z

� �
eim(kx−wt)

s mð Þ
zz (x, z, t) =o

3

i=1
ikmC13c

(m)
i + C33l

(m)
i j(m)

i − a3x
(m)
i

� �
A(m)
i el

(m)
i z − B(m)

i e−l
(m)
i z

� �
eim(kx−wt)

t mð Þ
xz (x, z, t) =o

3

i=1
C44 ikmj(m)

i + l(m)
i c(m)

i

� �
A(m)
i el

(m)
i z + B(m)

i e−l
(m)
i z

� �
eim(kx−wt)

(24a)

s 0
xx mð Þ(x, z, t) =o

3

i=1
ikmC11c

(m)
i + C13l

(m)
i j(m)

i

� �
A(m)
i el

(m)
i z − B(m)

i e−l
(m)
i z

� �
eim(kx−wt)

s 0
zz mð Þ(x, z, t) =o

3

i=1
ikmC13c

(m)
i + C33l

(m)
i j(m)

i

� �
A(m)
i el

(m)
i z − B(m)

i e−l
(m)
i z

� �
eim(kx−wt)

(24b)

where c(m)
i , j(m)

i , x(m)
i and h(m)

i (i=1-3) are the coefficients given

in Appendix D. It is noted that the effective stresses in Eq.

(24b) are derived via the relations between total stress and

pore pressure.
3.2. Solution of multilayered seabed

We adopt the dual variable and position (DVP) method

(Pan, 2019; Liu et al., 2022) to expand the single-layer solution to

the multilayered solution. It is stated again that the layered

solution corresponding to different m will be solved separately

and then be superposed together to gain the complete solution.

To facilitate the derivation, eim(kx-wt) is suppressed, and the

vectors and diagonal matrices are defined as
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U(m)(z) = ½�U (m)
x (z), �U (m)

z (z), �W(m)
z (z)�T;

T(m)(z) = �t (m)
xz (z), �s (m)

zz (z), �P(m)(z)
h iT

(25)

E(m)
1 (z) = diag½el(m)

1 z , el
(m)
2 z , el

(m)
3 z�;

E(m)
2 (z) = diag e−l

(m)
1 z , e−l

(m)
2 z , e−l

(m)
3 z

h i
(26)

where �t (m)
xz (z)and �s (m)

zz (z)are the stress magnitudes.

Then the single-layer solution for jth layer can be rewritten

in terms of matrix form as

U(m)(z)

T(m)(z)

" #
=

M(m)
11 M(m)

12

M(m)
21 M(m)

22

" #
E(m)
1 z − zj−1

� 	
0

0 E(m)
2 z − zj

� 	
2
4

3
5 K(m)

+

K(m)
−

" #

(27)
where ½M(m)
ij � is the 3×3 submatrix of 6×6 matrix M(m), the

elements of which are given in Appendix E.

Substituting z=zj−1 and z=zj into Eq. (27), the solutions for

the top and bottom interfaces of jth layer can be written as

U(m) zj−1
� 	

T(m) zj−1
� 	

" #
=

M(m)
11 M(m)

12 E(m)
2 hj

� 	
M(m)

21 M(m)
22 E(m)

2 hj
� 	

2
4

3
5 K(m)

+

K(m)
−

" #
(28)

U(m) zj
� 	

T(m) zj
� 	

" #
=

M(m)
11 E(m)

1 −hj
� 	

M(m)
12

M(m)
21 E(m)

1 −hj
� 	

M(m)
22

2
4

3
5 K(m)

+

K(m)
−

" #
(29)

By eliminating the unknown vectors K(m)
+ , K(m)

− and making

use of DVP method, the relation for the layer j can be expressed

as

U(m)(zj−1)

T(m)(zj)

" #
=

N(m)
11 jð Þ N

(m)
12 jð Þ

N(m)
21 jð Þ N

(m)
22 jð Þ

2
4

3
5 U(m)(zj)

T(m)(zj−1)

" #
(30)

where

N(m)
11 jð Þ N

(m)
12 jð Þ

N(m)
21 jð Þ N

(m)
22 jð Þ

2
4

3
5 =

M(m)
11 M(m)

12 E(m)
2 hj

� 	
M(m)

21 E(m)
1 −hj

� 	
M(m)

22

2
4

3
5

M(m)
11 E(m)

1 −hj
� 	

M(m)
12

M(m)
21 M(m)

22 E(m)
2 hj

� 	
2
4

3
5−1

(31)

After gaining the layer-matrix relation for layer j+1, utilizing the

continuity conditions Eq. (7) andmaking some algebraic operations

leads to the recursive relationship from jth layer to (j+1)th layer

U(m) zj−1
� 	

T(m) zj+1
� 	

" #
=

N(m)
11 j : j+1ð Þ N

(m)
12 j : j+1ð Þ

N(m)
21 j : j+1ð Þ N

(m)
22 j : j+1ð Þ

2
4

3
5 U(m) zj+1

� 	
T(m) zj−1

� 	
" #

(32)
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in which

N(m)
11 j : j+1ð Þ

h i
= N(m)

11 jð ÞN
(m)
11 j+1ð Þ

h i
+ N(m)

11 jð ÞN
(m)
12 j+1ð Þ

h i
I −N(m)

21 jð ÞN
(m)
12 j+1ð Þ

h i−1
N(m)

21 jð ÞN
(m)
11 j+1ð Þ

h i
N(m)

12 j : j+1ð Þ
h i

= N(m)
12 jð Þ

h i
+ N(m)

11 jð ÞN
(m)
12 j+1ð Þ

h i
I − N(m)

21 jð ÞN
(m)
12 j+1ð Þ

h i−1
N(m)

22 jð Þ
h i

N(m)
21 j : j+1ð Þ

h i
= N(m)

21 j+1ð Þ
h i

+ N(m)
22 j+1ð Þ

h i
I − N(m)

21 jð ÞN
(m)
12 j+1ð Þ

h i−1
N(m)

21 jð ÞN
(m)
11 j+1ð Þ

h i
N(m)

22 j : j+1ð Þ
h i

= N(m)
22 j+1ð Þ

h i
I −N(m)

21 jð ÞN
(m)
12 j+1ð Þ

h i−1
N(m)

22 jð Þ
h i

(33)

where I denotes the identity matrix.

After obtaining the recurrence relation Eq. (32), the dynamic

response of the layered seabed can be solved according to the

boundary conditions. For the seabed of finite thickness, the

boundary conditions in Eqs. (12) and (13) can be rewritten as

T (m)(z0) = ½0, −a31P
(m), P(m)�Tat z = z0 = 0 (34)

U (m)(zn) = 0 at z = zn = −h (35)

where the subscript 1 in a31 denotes the layer number; P(1)=P1
and P(2)=P2.

In order to solve the dynamic response at arbitrary depth

z=za (say in layer j, see Figure 1), we further divide the

homogeneous layer j into two sublayers, i.e., sublayers a1 and

a2 on the top and bottom parts, respectively. We propagate the

recursive relation Eq. (32) from layer 1 to sublayer a1 and from

sublayer a2 to layer n, which yields the global matrix as

U(m) z0ð Þ
U(m) zað Þ
T(m) zað Þ
T(m) znð Þ

2
666664

3
777775

=

−I N(m)
11 1 : a1ð Þ 0 0

0 N(m)
21 1 : a1ð Þ −I 0

0 −I N(m)
12 a2 : nð Þ 0

0 0 N(m)
22 a2 : nð Þ −I

2
66666664

3
77777775

−1

− N(m)
12 1 : a1ð Þ

h i
T(m) z0ð Þ

− N(m)
22 1 : a1ð Þ

h i
T(m) z0ð Þ

0

0

2
66666664

3
77777775
(36)

Till here, the solutions for the filed quantities corresponding

to different m are gained. Then taking the summation of

solutions corresponding to m=1 and 2 yields the final

solutions. It should be pointed out that for the homogeneous

TI poroelastic seabed, the analytical solution can be easily

derived by combining the boundary conditions in Eqs. (12)
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and (13), and general solution in Eqs. (23) and (24). In addition,

if the seabed is actually a layered half-space, we only need set the

nth layer with a very large thickness to gain the half-

space results.
4 Numerical results and discussions

4.1 Verification of the present solution

In order to validate the reliability of the present solution, two

cases corresponding to single-layer and multilayered seabed

under linear wave are considered first. In the comparison, we

take the amplitude of the pore pressure |p| and vertical effective

stress |s′
zz| as the analyzed physical quantities. That is to say, |p|

and |s′zz| are the maximum value of p and s′zz , respectively. The
variable used for normalization is defined as p0=rfgH/(2cosh
(kd)). For the single-layer seabed (e.g., graveled seabed), the

solution of Jeng and Lee (2001) and the reduced one of the

present study are compared with using the following parameters:

T=15 s, d=20 m, H=2 m, h=20 m, v=1/3, f=0.35, Sr=0.95-1.0,
r s=2650 kg/m3, r f=1000 kg/m3, kx=kz=1×10

-1 m/s,

Gh=Gv=5×10
7 N/m2. Moreover, the following poroelastic

properties a1=a3 = 1 and M=Kf/f are used in the present

solution. Figure 2 shows the comparison of the present

reduced solution with that by Jeng and Lee (2001) for a

homogeneous isotropic and poroelastic seabed subjected to

linear wave. In order to gain the reduced solution for linear

wave, we need to fix P2 = 0 and thus m=1. Notice that the

complete Biot’s poroelastodynamic theory are considered in

both studies. It is observed from Figure 2 that the solution of

the present study is in good agreement with that of Jeng and

Lee (2001).

We further consider a two-layer seabed under linear wave

and compare the reduced results from present study with those

by Hsu et al. (1995) as shown in Figure 3. The parameters used

for verification are: T=10 s, d=20 m, H=6 m, L=121.12 m, kz2 =

10-3 m/s, h1 = 10 m and h2 = 40 m. The remaining seabed

parameters, except for permeability coefficient, are the same for

both two layers and taken as v=1/3, f=0.3, Sr=0.975, rf=1000 kg/
m3, rs=2000 kg/m3, Gv=Gh=1×10

7 N/m2, a1=a3 = 1 and M=Kf/

f. It can be seen from Figure 3 that the results from the reduced

solution of present study agree well with those of Hsu et al.

(1995). It can be concluded from above two cases that the

present solutions are applicable for both the single-layer and

multilayered cases.

The present solution is further compared with the existing

one for a homogeneous, isotropic and poroelastic seabed under

nonlinear wave. In the comparison, the parameters are: T=10 s,

d=10 m, L=240 m, H=0.08tanh(kd) m, h=50 m, v=0.333, f=0.3,
r s=2650 kg/m3, r f=1000 kg/m3, kx=kz=1×10

-3 m/s,

Gh=Gv=1×10
7 N/m2, a1=a3 = 1 and M=Kf/f. Figure 4 shows
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the comparison of the present reduced solution with that by

Zhou et al. (2011) for a homogeneous, isotropic and poroelastic

seabed subjected to second-order Stokes wave. |uz| in Figure 4

denotes the amplitude of uz. It can be observed from Figure 4

that the results from the present study have good agreement with

those from Zhou et al. (2011).
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4.2 Numerical analysis

It has been mentioned in Li et al. (2020) that the linear

wave-induced dynamic response of a finite-thickness seabed is

dependent on the properties of the soil, and anisotropic

stiffness and permeability have significant effect on the
FIGURE 3

Comparison of pore pressure of a layered isotropic poroelastic seabed under linear wave.
A B

FIGURE 2

Comparison of the present solution with existing one for a homogeneous isotropic and poroelastic seabed under linear wave: (A) pore pressure;
(B) vertical effective stress.
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seabed response. However, the dynamic response of the

anisotropic seabed under non-linear wave is still unknown.

Therefore, in the subsequent study, we will analyze the

dynamic response and liquefaction behavior of single-layer

and multilayered anisotropic seabed with different anisotropic

parameters and degree of saturation and subjected to non-

linear wave. The basic poroelastic properties and wave

conditions used in the following analysis are listed in

Table 1, and it should be pointed out that all parameters are

taken from this table if there is no further statement.

Figure 5 shows the comparison of the induced pressures

induced by non-linear wave (i.e., second-order Stokes wave)

and linear wave at the seabed surface. It can be observed that

the wave loading by non-linear wave is different with that by

linear wave. Compared to linear wave, the wave loading by

non-linear wave shows higher/sharper wave crest and lower/

flatter wave trough, and takes on more evident characteristics

of asymmetric distribution. As a result, fully understanding the

difference in the induced filed quantities (e.g., pore pressure,

vertical effective stress) by linear and non-linear waves for

different soil properties is of great importance. In the following

parts, based on the input data given in Table 1, the influence of

anisotropic stiffness, anisotropic permeability, degree of

saturation and stratification on the vertical distribution of

maximum pore pressure |p|, vertical effective stress |s′
zz| and

shear stress |txz| are analyzed for both linear and non-linear

waves. Unless otherwise stated, the solid and dash line denote,

respectively, the response of non-linear and line waves in

Figures 6–14.
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4.2.1 Influence of soil properties
Figure 6 illustrates the influence of anisotropic stiffness on the

dynamic response of the seabed under non-linear and linear waves.

The anisotropic stiffness is commonly portrayed by two anisotropic

moduli ratios, i.e., Eh/Ev and Gv/Ev with reference modulus Ev. For

non-linear wave, the maximum pore pressure |p| decreases

(increases) with the increase of Eh/Ev (Gv/Ev), while the maximum

vertical effective stress |s′zz| shows the opposite changing trend.

Moreover, the effect ofGv/Ev is more pronounced than that of Eh/Ev,
FIGURE 4

Comparison of the present solution with existing one for a homogeneous, isotropic and poroelastic seabed under second-order Stokes wave.
TABLE 1 The basic poroelastic properties and wave conditions.

Wave characteristics Value

Wave period T 12 s

Wave height H 8 m

Water depth d 0.125L m

Soil characteristics Value

Seabed thickness h 24 m

Density of soil skeleton rs 2650 kg/m3

Density of pore fluid rf 1000 kg/m3

Degree of saturation Sr 0.975

Porosity f 0.35

Poisson’s ratio nh=nv 0.4

True bulk modulus of elasticity of water Kw 2×109 Pa

Bulk modulus of soil skeleton Ks 3.6×1010 Pa

Permeability coefficient kx 10-4 m/s

Shear modulus Gv 5×106 Pa

Young’s modulus Ev 1.4×107 Pa
fron
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FIGURE 5

Comparison between the induced pressures by second-order Stokes wave and linear wave at the seabed surface.
A B

D E F

C

FIGURE 6

Influence of anisotropic stiffness on the dynamic response of the seabed under non-linear and linear waves: anisotropic moduli ratios Gv/Ev in
(A–C) and Eh/Ev in (D–F).
Frontiers in Marine Science frontiersin.org10

https://doi.org/10.3389/fmars.2022.1082337
https://www.frontiersin.org/journals/marine-science
https://www.frontiersin.org


Zhang et al. 10.3389/fmars.2022.1082337
especially for the influence on the maximum shear stress |txz|. It can
be also observed that, for both the non-linear and linear waves, the

changing trend of field quantities is similar except for the different

amplitude. That is to say, for fixed anisotropic moduli ratio, |p|, |s′zz|
and |txz| by non-linear wave are greater than those by linear wave

within the observed depth range.

As known to us, the marine sediments exhibit obvious

anisotropic permeability in nature and a small amount of gas

is common to be observed in those bulk materials. The

anisotropic permeability ratio kz/kx is commonly introduced to

characterize the anisotropic permeability, while the degree of

saturation Sr is defined as the ratio of the volume of water to the
Frontiers in Marine Science 11
total volume of void space to intuitively reflect the content of gas.

To clearly reflect the influence of kz/kx and Sr, the seabed is

assumed to be composed of isotropic poroelastic material.

Figures 7, 8 depict the influence of anisotropic permeability

and degree of saturation on the dynamic response of

homogeneous isotropic poroelastic seabed, respectively. It can

be seen from Figures 7, 8 that kz/kx and Sr have marked influence

on the distribution of the pore pressure and vertical effective

stress. Under the action of linear or non-linear wave, |p| (|s′zz| )
increase (decreases) with increasing kz/kx or Sr. However, the

effect of kz/kx and Sr on |txz| is relatively small, particularly |txz| is
not very sensitive to Sr. Similar to the influence of anisotropic
A B C

FIGURE 7

Influence of anisotropic permeability on the dynamic response of homogeneous isotropic seabed under non-linear and linear waves. (A) pore
pressure; (B) vertical effective stress; (C) shear stress.
A B C

FIGURE 8

Influence of degree of saturation Sr on the dynamic response of homogeneous isotropic seabed under non-linear and linear waves. (A) pore
pressure; (B) vertical effective stress; (C) shear stress.
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stiffness, |p|, |s′zz| and |txz| by the non-linear wave are greater

than those by linear wave in the observed depth range.

In practical engineering, the stratification is the intrinsic

behavior of the seabed due to the long-time sedimentation

process of the soil. To study the effect of stratification, a

typical two-layer TI poroelastic seabed with different stiffness

is constructed. The thicknesses of two layers are fixed at h1 = 8 m

and h2 = 16 m, respectively. The specific parameters used in

calculation for plotting Figure 9 are Ehi/Evi=0.8, Gvi/Evi=0.6, kzi/

kxi=1 and Sri=0.975 (i=1, 2), and the left parameters are selected

from Table 1. As shown in Figure 9, under the action of the non-

linear wave, |p| (|s′
zz| ) decreases (increases) roughly with

increasing Ev1/Ev2 above the layer interface, while they show

the completely opposite changing trend below the layer

interface. |txz| decreases with increasing Ev1/Ev2, and there

exists a difference in the changing rate above and below the

layer interface. Moreover, the amplitude of induced field

quantities by non-linear wave are still larger than that by the

linear wave. Therefore, it could be concluded from Figures 6–9

that the maximum pore pressure, vertical effective stress and

shear stress by non-linear wave are higher than those by linear

wave due to the larger wave crest of non-linear wave.

4.2.2 Analysis of liquefaction
Hsu et al. (1995) reported that that the liquefaction criterion

based on effective normal stress may not be valid when effective

stress is low. Hence, the 3-D liquefaction criterion proposed by

Hsu et al. (1995) is employed in the present study with being

defined as

−
1 + 2K0ð Þ

3
gs − gwð Þz ≤ − pb − pð Þ (37)
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where K0=v/(1−v) denotes the lateral earth pressure coefficient at

rest. gs and gw denote the unit weights of the seabed soil and

water, respectively. pb and p denote the wave pressure at the

surface of the seabed and the wave-induced pore pressure at

depth z in the seabed, respectively. This calculation method

considers the left and right sides of Eq. (37) as the initial vertical

effective stress and the excess pore pressure, respectively. Eq.

(37) indicates that when the excess pore pressure is greater than

the initial vertical effective stress, liquefaction of the seabed will

potentially occur. In the following part, the liquefaction zone for

different parameters under both non-linear and linear waves are

analyzed in detail.

The liquefied zone in a homogeneous TI poroelastic seabed

for different anisotropic moduli ratios under both linear and

non-linear waves is shown in Figure 10. The anisotropic ratios

Eh/Ev and Gv/Ev have significant influence on the maximum

potential liquefaction depth for two kind of waves. The

maximum liquefaction depth increases with increasing Eh/Ev
or decreasing Gv/Ev, which indicates that it is necessary to

consider the anisotropy of the seabed to accurately judge the

liquefaction potential. Moreover, for the same material

parameters of the seabed, the maximum liquefaction depth

induced by the non-linear wave is markedly lower than that

by the linear wave. However, the liquefaction width by the non-

linear wave is wider than that by the linear wave. This

phenomenon could be due to the fact that the wave trough of

the non-linear ocean wave is much lower and flatter than the

linear wave.

The liquefaction zone in a homogeneous isotropic

poroelastic seabed for various anisotropic permeability ratio is

shown in Figure 11. It can be seen from Figure 11 that the

anisotropic permeability makes great contribution to the
A B C

FIGURE 9

Influence of modulus ratio Ev1/Ev2 on the dynamic response of the TI poroelastic seabed under non-linear and linear waves. (A) pore pressure;
(B) vertical effective stress; (C) shear stress.
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liquefaction potential. When kz/kx=1, the liquefaction depth in

the seabed is the biggest. As kz/kx decreases (e.g., kz/kx<1), the

liquefaction depth shows little decrease and liquefaction width

shows obvious increase. Through detailed calculation, when kz/

kx further decreases to 0.0001, the liquefaction depth shows

negligible variation indicating there exists a critical value for kz/

kx. However, when kz/kx increases (e.g., kz/kx>1), both

liquefaction depth and liquefaction width markedly decrease.

Through further calculation, when kz/kx=10 (the result is not

given in the figure), the non-linear wave no longer produces
Frontiers in Marine Science 13
liquefaction and the liquefaction zone produced by the linear

wave tends to zero. This phenomenon may be due to the fact that

the pore pressure is hard to develop in the soil with better

permeability, thus the vertical effective stress makes the

controlling contribution. It could be concluded that increasing

the vertical permeability of the seabed will greatly reduce the

probability of the occurrence of liquefaction.

Figure 12 shows the liquefaction zone in a homogeneous

isotropic poroelastic seabed for various degree of saturation. As

reported in past studies, when Sr=1 the subgrade would not
A B

D E F

C

FIGURE 10

Liquefaction zone in a homogeneous TI poroelastic seabed for various anisotropic moduli ratio: (A) Eh/Ev=0.5, (B) Eh/Ev=1 and (C) Eh/Ev=1.5 with
fixed Gv/Ev=1/2.8; (D) Gv/Ev=0.1, (E) Gv/Ev=1/2.8 and (F) Gv/Ev=0.6 with fixed Eh/Ev=1.
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A B C

FIGURE 11

Liquefaction zone in a homogeneous isotropic poroelastic seabed for various anisotropic permeability ratio: (A) kz/kx=0.1, (B) kz/kx=1 and (C) kz/kx=5.
A B C

FIGURE 12

Liquefaction zone in a homogeneous isotropic poroelastic seabed for various degree of saturation: (A) Sr=0.95, (B) Sr=0.975 and (C) Sr=0.99.
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A B C

FIGURE 13

Liquefaction zone in a two-layer TI poroelastic seabed for various Ev1/Ev2: (A) Ev1/Ev2 = 0.5, (B) Ev1/Ev2 = 1 and (C) Ev1/Ev2 = 1.5 with fixed Ehi/
Evi=0.8, Gvi/Evi=0.6, kzi/kxi=1, Ev2 = 1.4×107 Pa.
A B C

FIGURE 14

Liquefaction region in a two-layer TI poroelastic seabed for various kz1/kz2: (A) kz1/kz2 = 0.1, (B) kz1/kz2 = 1 and (C) kz1/kz2 = 5 with fixed Ehi/
Evi=0.8, Gvi/Evi=0.6, kzi/kxi=1, kz2 = 1×10-4 m/s.
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liquefy (Jeng, 1996), while the seabed could liquefy at certain soil

properties conditions (Chen et al., 2022). Hence, we present the

results corresponding to Sr=0.95, 0.975 and 0.99. It is found that

the maximum liquefaction depth decreases significantly with

increasing Sr. When the seabed tends to be completely saturated,

the probability of seabed liquefaction will be greatly reduced.

The liquefaction zone in a two-layer anisotropic seabed for

various moduli ratio Ev1/Ev2 is shown in Figure 13. The depth and

width of the liquefaction zone in the seabed increase with the

increase of Ev1/Ev2. In other words, when the other parameters are

fixed, the stiff top layer makes the seabed much easier to liquefy.

The liquefaction zone in a two-layer anisotropic seabed for various

permeability ratio kz1/kz2 is shown in Figure 14. The effect of kz1/

kz2 is similar to the effect of anisotropic permeability ratio kz/kx in

the single-layer case. When the permeability of the first layer

increases, the pore pressure is hard to accumulate, resulting in

more vertical effective stress in the seabed and thus the lower

liquefaction depth. Furthermore, it can be concluded from

Figures 10–14 that the liquefaction depth and liquefaction width

by the non-linear wave are lower than those by the linear wave for

various soil properties. Hence, in order to accurately judge the

liquefaction potential of the seabed, the anisotropic stiffness,

anisotropic permeability, degree of saturation and stratification

should be carefully considered.
5 Conclusions

In this study, the dynamic response of a TI multilayered

poroelastic seabed under non-linear wave is established based on

Biot’s complete dynamic consolidation theory and second-order

Stokes theory. The corresponding solution is derived by virtue of

potential-function scheme and DVP method. After verifying the

accuracy and reliability of the developed solution, the effects of main

parameters on the dynamic response and liquefaction potential of

single-layer and multilayered anisotropic poroelastic seabed are

analyzed. The main conclusions can be summarized as follows:
Fron
1. Compared to the linear wave, the nonlinear wave shows

higher/sharper wave crest and lower/flatter wave trough

with the evident behavior of asymmetric distribution.

The changing rule of pore pressure, normal effective

stress and shear stress in the seabed induced by non-

linear wave is similar with that by the linear wave, except

for much higher induced amplitude by non-linear wave.

For the liquefaction potential, the depth and width of

liquefaction by the nonlinear wave are generally lower

than those by linear wave for various soil properties.

2. Both anisotropic stiffness and permeability have

significant influence on the dynamic response and

liquefaction potential of the seabed to non-linear

wave. The maximum liquefaction depth increases with

increasing Eh/Ev or decreasing Gv/Ev, while the
tiers in Marine Science 16
liquefaction zone by the nonlinear wave is wider than

that by the linear wave. The influence of anisotropic

permeability on the liquefaction depth is relatively

complex.

3. The degree of saturation Sr of the seabed has a

significant effect on the dynamic response and

liquefaction potential of the seabed under non-linear

wave. The maximum pore pressure (vertical effective

stress) increase (decreases) with increasing Sr. The

seabed soil is less susceptible to liquefy as the degree

of saturation increases.

4. The stratification has remarkable influence on the

dynamic response of the seabed subjected to non-

linear wave. For a typical two-layer seabed, the depth

and width of the liquefaction zone increase with

increasing Ev1/Ev2 (i.e., increasing Young’s modulus in

the top layer) and decrease with increasing kz1/kz2 (i.e.,

increasing vertical permeability coefficient in the top

layer). That is to say, when the top layer is stiff or the

corresponding permeability is poor, the seabed is much

easier to liquefy.
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Le Méhauté, B. (1976). An introduction to hydrodynamics and water waves
(Berlin Heidelberg: Springer). doi: 10.1007/978-3-642-85567-2

Liu, K. F., Zhang, Z. Q., and Pan, E. (2022). Dynamic response of a transversely
isotropic and multilayered poroelastic medium subjected to a moving load. Soil
Dyn. Earthq. Eng. 155, 107154. doi: 10.1016/j.soildyn.2022.107154

Li, X. B., Zhang, Z. Q., and Pan, E. (2020). Wave-induced dynamic response in a
transversely isotropic and multilayered poroelastic seabed. Soil Dyn. Earthq. Eng.
139, 106365. doi: 10.1016/j.soildyn.2020.106365

Madsen, O. S. (1978). Wave-induced pore pressures and effective stresses in a
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395. doi: 10.1680/geot.1980.30.4.385
frontiersin.org

https://doi.org/10.3389/fmars.2014.00057
https://doi.org/10.3389/fmars.2014.00057
https://doi.org/10.1016/0029-8018(95)00003-4
https://doi.org/10.1063/1.4756443
https://doi.org/10.1061/(ASCE)WW.1943-5460.0000155
https://doi.org/10.1016/j.apor.2009.03.003
https://doi.org/10.1016/0029-8018(81)90002-0
https://doi.org/10.1016/0029-8018(81)90002-0
https://doi.org/10.1017/S0022112078003006
https://doi.org/10.1016/j.soildyn.2017.11.026
https://doi.org/10.1142/S0578563498000212
https://doi.org/10.1061/(ASCE)0733-950X(2002)128:1(46
https://doi.org/10.1061/(ASCE)0733-950X(2002)128:1(46
https://doi.org/10.1016/j.apm.2022.07.017
https://doi.org/10.1016/j.apm.2022.07.017
https://doi.org/10.1016/j.apm.2019.11.035
https://doi.org/10.1016/j.apm.2022.10.005
https://doi.org/10.1093/gji/ggab056
https://doi.org/10.1016/j.oceaneng.2010.10.003
https://doi.org/10.1680/geot.1980.30.4.385
https://doi.org/10.3389/fmars.2022.1082337
https://www.frontiersin.org/journals/marine-science
https://www.frontiersin.org


Zhang et al. 10.3389/fmars.2022.1082337
Appendix A The relation between
elastic constants and engineering
parameters

According to Cheng (1997), the between elastic constants

and engineering parameters can be expressed as

C11 =
Eh 1−(Eh=Ev)v

2
v½ �

(1+vh) 1−vh−(2Eh=Ev)v2v½ �

C12 =
Eh vh+(Eh=Ev)v

2
v½ �

(1+vh) 1−vh−(2Eh=Ev)v2v½ �

C13 =
Ehvv

1−vh−(2Eh=Ev)v2v
; C33 =

Ev(1−vh)
1−vh−(2Eh=Ev)v2v

C44 = Gv ;C66 ≡
C11−C12

2 = Eh
2(1+vh)

= Gh

(A:1)

where nh and nv are the Poisson’s ratio of the solid skeleton in

horizontal and vertical directions, respectively.
Appendix B Coefficients rðm Þ
i (i=1-4)
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Appendix C Coefficients lðm Þ
i (i=1-3)
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Appendix D Coefficients cðm Þ
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Appendix E Elements of constant
coefficients Mðm Þ(i=1-3)
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