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Particle trajectory of nonlinear
progressive flexural-gravity
waves in Lagrangian coordinates

Hung-Chu Hsu1* and Meng-Syue Li2

1Department of Marine Environment and Engineering, The Center for Water Resources Studies,
National Sun Yat-Sen University, Kaohsiung, Taiwan, 2Marine Science and Information Research
Center, National Academy of Marine Research, Kaohsiung, Taiwan
In this paper, we study the particle dynamics of nonlinear flexural-gravity waves

propagating in a finite water depth, which is the interaction between ice sheets

and water flows. The nonlinear deformation of a floating elastic sheet is

modeled by the Cosserat shell theory. The theoretical analysis is performed

by a uniform asymptotic perturbation expansion. A third-order explicit

parametric solution of particle trajectories in Lagrangian coordinates is

presented. Taking the time average of particle motion, the mass transport

velocity and the Lagrangian surface setup are also derived. Numerical

simulations are computed. The influences of flexural rigidity on the water

particle orbits and the mass transport velocity of nonlinear flexural-gravity

waves are first discussed.
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Introduction

The study of the flexural-gravity wave problem has important contributions to

floating ice sheet, climate change, and engineering applications such as manmade floating

structures in polar oceans. Such hydroelastic waves have been measured in many cold

regions of the Arctic (Squire and Moore, 1980; Wadhams and Holt, 1991; Squire et al.,

1995). A variety of linear and nonlinear elastic sheet models are used according to the

proposed linear equation (Greenhill, 1886), the Kirchhoff–Love plate theory or Cosserat

theory (Toland, 2007). Previously, the linear and nonlinear theoretical solutions as well as

numerical simulations were developed to study the propagation of flexural-gravity waves

and were compared with field investigations (Greenhill, 1916; Forbes, 1986; Marko, 2003;

Vanden-Broeck and Părău, 2011; Gao et al., 2016; Gao et al., 2019). Toland (2008) further

proved the existence of progressive flexural-gravity waves using a Lagrangian method.

There are fewer studies of the particle trajectories beneath the flexural-gravity waves.

It is important to understand the transport mechanism of nonlinear water waves.

Linearized solution patterns of flexural-gravity waves with uniform current have been
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presented in Ref (Bhattacharjee and Sahoo, 2007).. Wang et al.

(Wang et al., 2020) calculated particle paths numerically for the

fully nonlinear equations of flexural-gravity waves with constant

vorticity. They studied the fluid particle motion based on

integrating the water particle velocity derived by the Eulerian

coordinates. This method was often used to trace the particle

path and the steady streaming velocity on water waves (Stokes,

1847; Longuet-Higgins, 1953). However, the above studies

cannot show some important properties of particle dynamics

such as the Lagrangian wave period, a Lagrangian setup that is

different from the wave properties in the Eulerian frameworks

(Longuet-Higgins, 1986; Ng, 2004).

The first linear Lagrangian exact solution describing a flow

of non-constant vorticity in water of infinite depth was

presented by Gerstner (1802). Using a rigorous mathematical

analysis, Constantin (2006) showed that the exact solution by

Gerstner is dynamically possible. He then successfully extended

Gerstner’s solution to the problem of edge and geophysical

waves (Constantin, 2012a; Constantin, 2013). Chen and Hsu

(2009) provided a method of modified Euler–Lagrange

transformation to obtain the third-order approximation for

the particle motion in nonlinear Stokes waves. Some

asymptotic solutions for the nonlinear progressive or short-

crested waves in the Lagrangian approach have been

developed (Pierson, 1962; Buldakov et al., 2006; Clamond,

2007; Hsu et al., 2010; Chen et al., 2010; Chen and Chen,

2014). More recently, analytical solutions that provide a

detailed mechanism of the water particle orbits for water

waves were presented in Refs (Constantin and Villari, 2008;

Constantin and Escher, 2011; Constantin, 2012b). These works

proved that there exist open orbits in two-dimensional nonlinear

irrotational and inviscid flows.

The focus of this work is to describe the particle dynamics in

flexural-gravity waves in Lagrangian coordinates. To our

knowledge, it has not been studied yet. We introduce the

equations of motion together with their boundary conditions

in Section 2. A Lindstedt–Poincare perturbation method used to

obtain a third-order asymptotic parametric solution for the

particle trajectories in the Lagrangian framework will be

discussed in Section 3. In Section 4, we will analyze the

particle trajectory, drift velocity, and Lagrangian surface setup

of flexural-gravity waves under the influences of ice sheet

thickness, water depth, and wave steepness. Finally, in Section

5, we give a short conclusion.

Formulations

We consider a two-dimensional irrotational, inviscid, and

incompressible fluid for the steady finite-amplitude progressive

flexural-gravity waves. The water depth h is finite with an

impermeable bottom. The Cartesian coordinates are

introduced where the x-axis is taken at the undisturbed ice
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sheet, and y is the upward positive vertical axis. The wave is

periodic with the wave number k = 2p / L and wave frequency

sw = 2p / Tw . Following Toland (Toland, 2007; Toland, 2008)

and Wang et al. (2020), the nonlinear Cosserat model of

hyperelastic sheets is used to express the deformation of

floating ice sheets, which is assumed as

p  =  D  ·  ∂ss k  + 
1
2
k 3

� �
(2:1)

where p is the pressure across the elastic sheet, D  =

  E · d3

12 * (1 − n2) is the flexural rigidity, E is Young ’s

modulus, n is Poisson’s ratio, d is the thickness of the ice

sheet, k is the curvature of the sheet, and s is the arc length.

Since the thickness of the elastic sheet is small compared with the

wavelength of the flexural wave, the sheet density is neglected in

this paper.

In the Lagrangian coordinates, the mathematical description

of fluid particle motion (x(a,b,t), y(a,b,t)) is expressed in two

horizontal and vertical variables a and b labeling individual fluid

particles at time t = 0, where the vertical label b = 0

corresponding to the free surface h and b = -h is on the

impermeable sea bottom. For an incompressible and inviscid

fluid, the continuity equation that sets the invariant condition on

the total volume variation of a water particle in the Lagrangian

framework is

xayb  − xbya  =  1 (2:2)

Taking the partial differentiating Eq. (2.3) with respect to t

yields

xatxb  − xbtxa  + yatyb  − ybtya  =  0 (2:3)

and the irrotational flow conditions are (Chen et al., 2010;

Chen and Chen, 2014)

fa  =  xtxa  + ytya, fb  =  xtxb  + ytyb (2:4)

The Bernoulli equation (Chen et al., 2010; Chen and Chen,

2014) including the term of flexural rigidity of the elastic ice

sheet in the Lagrangian description can be written as

p
r
  =   − ft  − g y  + 

1
2

x2t  + y2t
� �

 

− 
1
2
 

D
r
 ½kaa

J
  + 

ka
J
)a  + k 3� 

�
(2:5)

where J  =  x2a  + y2a and k = (xayaa − xaaya)/J
3/2 .

The boundary conditions of zero pressure at the upper

boundary and zero vertical velocity at the rigid and

impermeable sea bed for water particles are

p  =  0, b  =  0, (2:6)

v  =  yt  =  0, b  =   − h, (2:7)
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where the subscripts a, b, and t denote partial differentiation

with respect to the specified variable; g is the constant

gravitational acceleration; and f (a, b, t) is a Lagrangian

velocity potential function introduced by (2.4). Therefore, the

governing equations and boundary conditions of two-

dimensional irrotational progressive flexural-gravity water

waves in the Lagrangian coordinates are established, which

consist of the continuity equations (2.2) and (2.3), vorticity

conservation equation (2.4), energy equation (2.5), dynamic

boundary condition (2.6) under the sheet, and condition (2.8)

at the bottom.

Asymptotic solutions

We used the Lindstedt–Poincare technique to solve the

nonlinear boundary value equations (2.2)–(2.5) with boundary

conditions (2.6) and (2.7) in the Lagrangian coordinates.

Following Chen and Hsu (Chen et al., 2010) and Chen and

Chen (2014), the solutions of the particle displacements x and y,

the potential function f , and the pressure p are sought in the

power series as

x(a,  b,  t)  =  a  +  ϵ f1  +  f 01
� �

  +  ϵ2 f2  +  f 02
� �

 

+  ϵ3 f3  +  f 03
� �

  +⋯, (3:1)

y (a,  b,  t)  =  b  +  ϵ g1  +  g 01)  +  ϵ2 g2  +  g 02)  +  ϵ3 g3  +  g 03)  +  ⋯,
���

(3:2)

f (a,  b,  t)  =  ϵ f1  +  f0
1

� �
  +  ϵ2  f2  +  f0

2

� �
  +  ϵ3  f3  +  f0

3

� �
  +  ⋯, (3:3)

p (a,  b,  t)  =   −  rgb  +  ϵp1  +  ϵ2p2  +  ϵ3p3  +  ⋯, (3:4)

s   b)  =  2p  = TL  =  s0  +  ϵs1  +  ϵ2s2  +  ⋯,
�

(3:5)

where ϵ is an ordering parameter that is used to identify the

order of the perturbation expansion. In these expressions, fn, gn,

fn , and pn are the nth-order periodic harmonic function

solutions. f n0 and fn0 are the non-periodic functions that are a

function of time t. gn0 is related to the Lagrangian wave mean

level and is a function of the vertical label b. s = 2p / TL is the

Lagrangian angular frequency of a particle reappearing at the

same elevation where TL is the particle motion period.

Substituting the power series functions (3.1)–(3.5) into (2.3)–

(2.8), and equating the equal order terms of ϵ up to the third

order, we obtain a recursive series of nonhomogeneous linear

partial differential equations that can be solved successively.
First-order solution

At the first order ϵ , the governing equations (2.3)–(2.6) yield

f1a  +  f 01a  +  g1b  +  g 01b  +  sob (g1s t   +  g 01sot)  t  =  0 (3:6a)
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so (f1bs t   +  f 01bsot   −  g1as t   −  g 01asot)  +  sob (f1s t   +  f 01sot)  +  so  sob ½f1 (s t)2   +  f 01 (sot)
2 �

n o
  t  =  0

(3:6b)

f1a  +  f0
1a  =  so (f1s t   +  f 01sot) (3:6c)

f1b  +  f0
1b  +  sob (f1s t   +  f0

1sot) t  =  so (g1s t   +  g 01sot) (3:6d)

p1
r
  =   − so (f1s t   +  f0

1sot)  −  g(g1  +  g 01)  −  
D
r
(g1aaaa 

+  g 01aaaa) (3:6e)

Also, the dynamic free surface boundary condition and the

bottom boundary condition give

p1  =  0 on b  =  0 (3:6f)

g1s t  + g01s0t  =  0 on b  =   − h (3:6g)

From the continuity equation (3.6a) and the bottom

boundary condition (3.6g), the first-order periodic solution

can be obtained by the separation of variables. From (3.6b) to

(3.6d) and avoiding the secular terms, the first-order analytical

solution can be easily written in the form

f1  =   − A
cosh  k (b  +  h)

cosh  kh
  sin  (ka  −  s t), f 01  =  0 (3:7)

g1  =  A
sinh  k (b  +  h)

cosh  kh
  cos  (ka  −  s t), g 01  =  0 (3:8)

f1  =  A 
s0

k
 
cosh  k (b  +  h)

cosh  kh
  sin  (ka  −  s t) (3:9)

where the parameter A represents the linear amplitude.

Substituting (3.7)–(3.9) into (3.6e), we can get the

wavenumber k satisfying the linear dispersion equation at the

leading order

s 2
0   =  gk (1  +  

Dk4

rg
)  tanh  kh (3:10)

The linear dispersion relation in the Lagrangian coordinates

is the same as that of the leading-order progressive flexural-

gravity wave in the Eulerian approach (Wang et al., 2020). By

setting b = 0 in (3.8), we can get the first-order free surface

function in the Lagrangian coordinates.
Second-order solution

At the second order ϵ2 , we have the following set of

governing equations:
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f2a  +  f 02a  +  g2b  +  g 02b  +  f1ag1b  −  f1bg1a  +  s1bg1s t  t 

=  0 (3:11a)

so (f2bs t   +  f 02bsot   −  g2as t   −  g 02asot)  +  s1(f1b 

−  g1a)s t   +  s1bf1s t   +  so (f1af1bs t   −  f1as t f1b 

+  g1ag1bs t   −  g1bg1as t)  +  sos1bf1(s t)2  t 

=  0 (3:11b)

f2a  +  f0
2a  =  so (f2s t   +  f

0
2sot)  +  s1f1s t   +  so (f1af1s t  

+  g1ag1s t) (3:11c)

f2b  +  f0
2b  =  so (g2s t   +  g 02sot)  +  s1g1s t  

+  so (f1bf1s t   +  g1bg1s t)  −  s1btf1s t (3:11d)

p2
r
  =   −  ½so (f2s t   +  f0

2sot)  +  g  (g2  +  g 02)�  −  s1f1s t  

+  
1
2
 s2

o  (f
2
1s t   +  g21s t)  −  

D
r
 f(g2aaaa  +  g 02aaaa) 

−  5 (f1aaa  +  f 01aaa) (g1aa  +  g 01aa)  −  4 (f1aa 

+  f 01aa) (g1aaa  +  g 01aaa)  −  (f1aaaa  +  f 01aaaa) (g1a 

+  g 01a)  −  2(f1a  +  f 01a) (g1aaaa  +  g 01aaaa)g (3:11e)

and the boundary conditions are

p2  =  0 at b  =  0 (3:11f)

g2s t  + g2s0t0   =  0 on b  =   − h (3:11g)

eliminating the secular term yields s1b = 0 and, hence,

s1 =w1 = constant . Solving for the other modes that satisfy

the mass conservation equation (3.11a)–(3.11b) and the bottom

boundary condition (3.11g), the second-order parametric

equations of water particle trajectory can be expressed as

periodic harmonic functions f2 and g2 in the horizontal and

vertical coordinates

f2  =   − b2 
cosh  2k (b  +  h)

cosh2  kh
  sin  2 

ðka  −  s t) 

+  
1
4
 A2k 

1

cosh2  kh
  sin  2 

ka  −  s t)  −  l2 
cosh  k (b  +  h)

cosh  kh
  sin   ka  −  s t) ð

�
(3:12)
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g2  =  b2 
sinh  2k (b  +  h)

cosh2  kh
  cos  2 ðka  −  s t) 

+  l2 
sinh  k (b  +  h)

cosh  kh
  cos   ka  −  s t) ð (3:13)

and non-periodic function f 20 and g20

f 20   =  
1
2
 A2k 

cosh  2k (b  +  h)

cosh2  kh
 s0t (3:14)

g 02  =  
1
4
 A2k 

sinh 2k (b  + h)

cosh2  kh
(3:15)

Inserting the first-order solutions into the irrotational

conditions (3.11c) and (3.11d) and eliminating the secular

term, we can get aw1 + s0b2111 = 0 . By integrating over the

Lagrangian variables a or b to (3.11c) and (3.11d), the second-

order Lagrangian velocity potential f2 is obtained as

f2  =  
so

k
 b2 

cosh  2k (b  +  h)

cosh2  kh
  sin 2 (ka  −  s t) 

−  
1
2
 A2so 

sin  2 (ka  −  s t)
cosh2  kh

(3:16)

Substituting (3.16) and the first-order solution into the

Bernoulli equation (3.11e) and applying (3.11f), we find the

coefficients as

w1  =  l2  =  0 (3:17)

f0
2  =  D0

2 (s0t) 

=  ½1
4
 A2s 2

0  ( tanh
2  kh  −  1)  −  

1
2
 
D
r
 k5A2  tanh kh� 

·  t (3:18)

b2  =  
3kA2

2s 2
0   cosh  2kh  −  k (g  +  16  Dr  k

4)  sinh  2kh
 ½1
4
 s 2

0  

+  
D
r
 k5  sinh  2kh�

(3:19)

From the obtained asymptotic solution at the second-order

approximation, the perturbation scheme is valid except for the

singularity condition that the denominator b2 is zero. The

second-order approximation is found to break down at and

near the critical value, where this singularity condition occurs. It

was first pointed out by Wilton (1915) for capillary waves.
Third-order solution

The continuity, irrotational, and energy equations up to

order ϵ3 are as follows:
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f3a  +  f 03a  +  g3b  +  g 03b  +  f1ag2b  +  f2ag1b  −  f1bg2a 

−  f2bg1a  +  s2bg1s t  t 

=  0 (3:27a)

so (f3bs t   +  f 03bsot   −  g3as t   −  g 03asot)  +  s2 (f1bs t  

−  g1as t)  +  s2bf1s t   +  sos2bf1 (s t)2 t  +  so ½f1af2bs t  
+  f2af1bs t   −  f2as t f1b  −  f1as t f2b  +  g1ag2bs t  

+  g2ag1bs t   −  g1bg2as t   −  g2bg1as t � 
=  0 (3:27b)

f3a  +  f0
3a  =  so (f3s t   +  f 03sot)  +  s2f1s t   +  so ½f1s t f2a 

+  f2s t f1a  +  g1s tg2a  +  g2s tg1a� (3:27c)

f3b  +  f0
3b  =  so (g3s t   +  g 03sot)  +  s2g1s t  

+  so ½f1s t f2b  +  f2s t f1b  +  g1s tg2b 

+  g2s tg1b�  −  s2btf1s t (3:27d)

p3
r
  =   −  ½so (f3s t   +  f0

3sot)  +  g  (g3  +  g 03)�  −  s2f1s t  

+  s 2
o  ½f1s t f2s t   +  g1s tg2s t �  −  

D
r
 ½(g3aa  +  g 03aa) 

−  2f1ag2aa  −  2f2ag1aa  −  f2aag1a  −  f1aag2a 

+  3f 21ag1aa  +  3f1aaf1ag1a  −  
3
2
 g1aag

2
1a�aa (3:27e)

and the boundary conditions are

p3  =  0 >at b  =  0 (3:27f)

g3s t  =  g 03s0t  =  0 on b  =   − h (3:27g)

On substituting the first- and second-order solutions into

(3.27a–e), the third-order analytical solutions of the particle

trajectory and potential function can be assumed to have the

following forms:

f3 =   ½− b3 
cosh  3k(b  +  h)

cosh3  kh
  +  

1
6
 Ak (5b2  −  

1
2
 A2k) 

cosh  k (b  +  h)

cosh3  kh
� 

sin  3 (ka  −  s t)  −   ½ 1
2
 Ak (5b2  +  A2k) 

cosh  3k (b  +  h)

cosh3  kh
 

+  l3 
cosh  k (b  +  h)

cosh3  kh
�  sin  (ka  −  s t)

(3:28)

g3  =  ½b3 
sinh  3k (b  +  h)

cosh3  kh
  −  

1
2
 Akb2 

sinh  k (b  +  h)

cosh3  kh
�  cos  3 (ka  −  s t) 

+   ½ 1
2
 Ak (3b2  +  

1
2
 A2k) 

sinh  3k (b  +  h)

cosh3  kh
 

+  l3 
sinh  k (b  +  h)

cosh3  kh
�  cos  (ka  −  s t)

(3:29)
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f3  =  
s0

k
 b3 

cosh  3k (b  +  h)

cosh3  kh
  sin  3 ðka  −  s t)  +  

1
2
 As0b2 

cosh  3k (b  +  h)

cosh3  kh
 

sin   ð ka  −  s t)  −  
1
2
 A(3b2  −  

1
2
 A2k) s0 

cosh  k (b  +  h)

cosh3  kh
 

sin  3  ka  −  s t)ð

(3:30)

Using the dynamic boundary condition (3.27f) and neglecting

the secular terms that grow with time, we can obtain the second-

order correction of the Lagrangian wave frequency, which is

s2  =   −  
1
2
 A2k3s0 

cosh  2k (b  +  h)

cosh2  kh
  −  

s0

A
 (1  −   tanh2  kh) l3 (3:31)

and two unknown coefficients b3 and g3 , which are

b3  =  
1

3s 2
0   cosh  3kh  −  (gk  +  81  Dk

5

r )  sinh  3kd
 

�  f 1
2
 s 2
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The second-order correction term that only appears in the

odd order asymptotic solution is different from the second-order

wave frequency in the Eulerian coordinates obtained in Refs

(Greenhill, 1886; Wang et al., 2020).. In Equation (3.31), the first

term varies exponentially with the vertical particle label b and

relative water depth, and the second term is the second-order

Stokes wave frequency. Equations (3.28)–(3.33) are exactly the

same as those of Chen et al. (2010) as flexural rigidity is

neglected. The third-order approximation is found to break

down as the denominator of b3 is zero.
Dinvay et al. (2019) discussed the dispersion relation for

moving loads on ice sheets. In Figure 1, the variation of flexural-

gravity wavenumber k with the Lagrangian wave frequency from

the nonlinear dispersion relation (3.31) for different values of ice

sheet thickness d is presented. It is shown that for constant ice

sheet thickness, the wavenumber increases with a decreasing

Lagrangian wave period. Furthermore, the wavenumber

decreases with an increasing thickness of ice sheet.

Computational results and
discussion

The trajectory of water particles

The trajectories of particles can be directly derived from

third-order parametric equations in the Lagrangian coordinates.
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In Figures 2A–D, the particle trajectories for progressive

flexural-gravity waves are plotted at five vertical levels for two

Lagrangian wave frequencies under various water depths and

vertical levels b for the ice sheet thickness d = 1 m and wave

period Tw = 10 s. It can be seen that the horizontal and vertical

displacements of water particle trajectory are larger with the

shallower water depth. The vertical excursion is larger than the

horizontal counterpart for the particle orbit near the free surface

for the shallow water depth. The particle trajectories show an

open and spira l ing curve in the direct ion of the

wave propagation.

In Figures 3A–D, the particle trajectories for nonlinear

flexural-gravity waves in water depth h (=50 m) are plotted for

various ice sheet thicknesses (d = 0,0.5,1,3 m) and vertical

positions b. Figures 3A–D show the larger displacement

amplitude of particle trajectories for the larger thickness (d =

3 m) of the ice sheet than the pure progressive gravity wave with

d = 0. Increasing the thickness of the ice sheet is to increase the

horizontal and vertical excursions traveled by water particles due

to increasing the drift velocity. Overall, an increase in the

thickness of the ice sheet and the material rigidity tends to

increase the particle that moves along the orbit.
The drift velocity

In Section 3.2, we found that the mass transport velocity and

the Lagrangian wave setup could be derived by taking the time

average over one Lagrangian wave period to the horizontal and
Frontiers in Marine Science 06
vertical parametric equations of the water particle that appears

in the even order of our analytical solution. Taking the time

average of the third-order approximation solution, the drift

velocity and Lagrangian mean wave level �h (b) over the

whole range of depths can be obtained as follows:

k
s0

 �xt  =  
k
s0

 
1
TL

 

Z TL

0
 o

3

n=1
ϵnf 0ntdt 

=  
1
4
 (2 

+ 
w2

s0
) A2k2 

cosh 2k (b  + h)

cosh2  kh
(4:1)

Figure 4 shows the second-order drift velocity versus the

water depth and vertical label b for the ice sheet thickness d =

1 m and the wave steepness kA = 0.03p . Figure 5 shows the

variation of the mass transport velocity against various ice sheet

thicknesses and the vertical label b for the water depth h = 50 m

and the wave steepness kA = 0.03p . From Figures 4 and 5, we

can find that the mass transport velocity decays with

dimensionless vertical depth for all thicknesses of the ice sheet.

In Figure 5, the case d = 0 shows that the mass transport velocity

is the same as that of Chen et al. (2010).
Conclusions

We extended the work of Chen et al. (2010) to include

the elastic sheet effect to derive the third-order analytical
FIGURE 1

Nonlinear dispersion curve under various thicknesses of the ice sheet d = 0.5, 1, 3 m for water depth h = 100 m.
frontiersin.org

https://doi.org/10.3389/fmars.2022.982333
https://www.frontiersin.org/journals/marine-science
https://www.frontiersin.org


Hsu and Li 10.3389/fmars.2022.982333
A B
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FIGURE 2

(A–D) The variation of third-order water particle trajectories at different vertical labels b for the thickness of the ice sheet d = 1 m under various
water depths h = 10, 20, 50, 100 m.
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FIGURE 3

(A–D) The variation of third-order water particle trajectories at different vertical labels b for water depth h = 50 m under various thicknesses of
the ice sheet d = 0, 0.5, 1, 3 m.
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parametric solution for nonlinear progressive flexural-

gravity water waves in Lagrangian coordinates. The particle

trajectories could directly be determined by the third-

order Lagrangian approximation. Through the numerical

simulations, the effect of the rigidity of the ice sheet on the

particle dynamics of the nonlinear flexural-gravity waves was

discussed. The properties of particle motion for the flexural-

gravity waves are similar to the gravity-capillary waves (Hsu

et al., 2016).
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