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Underwater acoustic technology is essential for ocean observation, exploration and exploitation, and its development is based on an accurate predication of underwater acoustic wave propagation. In shallow sea environments, the geoacoustic parameters, such as the seabed structure, the sound speeds, the densities, and the sound speed attenuations in seabed layers, would significantly affect the acoustic wave propagation characteristics. To obtain more accurate inversion results for these parameters, this study presents an inversion method using the waveguide characteristic impedance based on the Bayesian approach. In the inversion, the vertical waveguide characteristic impedance, which is the ratio of the pressure over the vertical particle velocity, is set as the matching object. The nonlinear Bayesian theory is used to invert the above geoacoustic parameters and analysis the uncertainty of the inversion results. The numerical studies and the sea experiment processing haven shown the validity of this inversion method. The numerical studies also proved that the vertical waveguide characteristic impedance is more sensitive to the geoacoustic parameters than that of single acoustic pressure or single vertical particle velocity, and the error of simulation inversion is within 3%. The sea experiment processing showed that the seabed layered structure and geoacoustic parameters can be accurately determined by this method. The root mean square between the vertical waveguide characteristic impedance and the measured impedance is 0.38dB, and the inversion results accurately represent the seabed characteristics in the experimental sea area.
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   1 Introduction

 At present, using acoustic waves is the only method for detecting over long distances in seawater (Zhang et al., 2020; Miao et al., 2021a; Miao et al., 2021b). Underwater acoustic technology has become indispensable ocean observation, exploration, and exploitation (Xing et al., 2021; Zhang et al., 2021; Rong and Xu, 2022). The development of underwater acoustic technology is based on accurate prediction of underwater acoustic wave propagation (Zhou et al., 2021).

 In the shallow seas, the structure and geoacoustic parameters of the seabed significantly affect underwater acoustic propagation (Guo et al., 2017; Yu et al., 2022). The geoacoustic parameters in each seabed layer, such as sound speeds, density and attenuations, all have significant effects on the underwater acoustic field prediction, the sonar performance prediction, the underwater acoustic detection and the underwater acoustic communication (Zhang et al., 2022; Zhao et al., 2022). Therefore, the acquisition of geoacoustic parameters is particularly important in shallow sea (Zhang et al., 2019; Yang et al., 2020). Although, the geoacoustic parameters can be obtained by direct core sample measurements, it is very time consuming and costly to obtain enough samples for a large area. Acoustic waves can propagate rapidly over a large area and carry amounts of information about the shallow seabed, requiring estimation of geoacoustic parameters.

 In recent years, several studies have been conducted to derive geoacoustic parameters from shallow sea acoustic data. In these studies, the geoacoustic parameters could be inverted by matching the propagation characteristics of the acoustic waves with replicates from the acoustic computational model. As a results, the geoacoustic parameters inversion method was proposed (Yang et al., 2020). Hermand (Hermand, 1999) investigated an inversion method to rapidly estimate the distribution of seabed acoustic features using a controlled source and a single hydrophone. In the acoustic parameter inversion experiment conducted by the Chinese Academy of Sciences, the seabed sound speed and attenuation coefficient of the seabed were determined based on using the pulse waveform and transimission loss (Li et al., 2000). Park et al. (Park et al., 2005) used the time-domain waveform received from a towed array to invert the geoacoustic parameters, the inversion result is consistent with the previous measurementresults in the same sea area. By matching the acoustic pressure field excited with a point source, Zheng et al. (Zheng et al., 2021) studied a Bayesian inversion method for geoacoustic parameters in a shallow sea. However, the above inversion methods all belong to active inversion, which primarily uses the acoustic pressure field as the match object, which is actively excited by a point acoustic source. Recent research shows that, in a shallow sea, the acoustic pressure field lacks some acoustic field information, and resulting in its insensitivity to some geoacoustic parameters, which causes it to be insensitive to some geoacoustic parameters, reducing the accuracy of the inversion results. From the persoective of environmental protection, it is better to use passive acoustics inversion from the sources of opportunity in the propagation medium (Ren and Hermand, 2013; Li et al., 2019; Li et al., 2022). These sources of chance, such as ship noise, sea noise, and marine animal sounds, are widely distributed in shallow seas. However, their unknown propagation characteristics, appearances, and durations make passive inversion considerably more difficult than active inversion. With the advent of acoustic vector sensors, they have provided ideas for the development of passive inversion methods (Zhang et al., 2010).

 Acoustic vector sensors can simultaneously measure the scalar acoustic field and the vector gradient field (first order as vector velocity field, or second order as acceleration field), which can contain more information about the acoustic field suitable for passive geoacoustic inversion (Sun et al., 2020). Geoacoustic parameters inversion using acoustic vector sensors has been a hot topic in the last decade.(Huang et al, 2010; Dahl et al, 2022). Santos et al. achieved a reliable estimation of seabed parameters using high-frequency signals and a small aperture vertical vector sensor array (Santos et al., 2009). Sun and Li (Sun et al., 2013) used a vector sensor array to invert the geoacoustic parameters, and effectively reduce the estimation range of seabed sound speed. Zhu et al. compared the acoustic pressure, the vertical particle velocity, and the vertical waveguide characteristic impedance for each geoacoustic parameter of a shallow seabed. The results showed that the waveguide characteristic impedance was more sensitive to changes in the geoacoustic parameters (Zhu et al., 2015). Dahl used automatic vector recorders to record ship noise and then estimated the seabed characteristics using them (Dahl and Dall'Osto, 2020). All of the above studies prove that the research on geoacoustic parameters inversion using vector sensors is beneficial, and the combinations of scalar and vector fields are more suitable for passive geoacoustic parameters inversion. However, in the current inversion research, most studies only considered the effect of seabed compression-wave (P-wave) speed, that is, the seabed is preset as a single-layer liquid seabed model, and the layered structure of the seabed is ignored. It is still a challenge to determine the seabed structure and the geoacoustic parameters of each seabed layer simultaneously (Ren et al., 2018; Kavoosi et al., 2021).

 When analyzing inversion results, existing researches has focused on the optimal solution under specific conditions. Because geoacoustic parameter inversion is a complex, multidimensional, nonlinear optimization problem, the uncertainty analysis of inversion results is also vital. Uncertainty analysis of the results can be performed using the Bayesian approach to inversion (Tollefsen and Dosso, 2020). The Bayesian method combines prior information from the model with the measured dataset. It performs quantitative statistical analysis of the inversion results of parameters, and expresses the posterior probability density (PPD) of the inversion results. The Bayesian information criterion (BIC) can also determine the optimal model that fully explains the observed data using different parameterizations (Dosso et al., 2017).

 To obtain more accurate inversion results, this study presents an inversion method with waveguide characteristic impedance based on the Bayesian approach. In an inversion, the vertical waveguide characteristic impedanceis set as the match object, and the Bayesian theory is used to invert the seabed structure, the sound speeds, the densities and the sound speed attenuations in seabed layers. We anticipate that these research results will enrich existing applications of acoustic vector sensor and can be used to develop an effective inversion method for geoacoustic parameters in complex shallow sea environments.

 The remainder of this paper is organized as follows. Section 2 and Section 3 present the waveguide characteristic impedancein shallow sea and the proposed Bayesian inversion method are introduced in Section 2 and Section 3, respectively. Section 4 dicusses the advantages of the waveguide characteristic impedance in geoacoustic inversion and reviews the effectiveness of the proposed inversion method is verified also in this section. Section 5 describes the application of theproposed method using ship-radiated noise data measured in the Dalian Sea area. Finally, the conclusions are summarized in Section 6.

 
  2 Modeling of waveguide characteristic impedance

 Considering the influence of seabed shear-wave (S-wave) speed on acoustic propagation in a shallow sea cannot be ignored (Zhu et al., 2015). In this study, the characteristics of the shallow seabed were regarded as a semi-infinite elastic seabed covered with a uniform horizontal layered medium with multiple elastic sediments (Zheng et al., 2020). The modeling is performed assuming N×2D in a cylindrical coordinate system. Ignoring the mutual coupling of acoustic waves between the two-dimensional vertical planes in the θ direction, in the (r, z) plane, set z=0 to represents the sea surface, the downward sea surface is the direction of the positive value of the depth z-axis, and the positive r-axis represents the acoustic field propagation direction. A schematic representation of the model is shown in  Figure 1 .

  

 Figure 1 | The shallow water environment model with an n-layered elastic seabed. 

 

 As shown in  Figure 1 , the depth of the sea layer is set as h 1, the sound source with frequency f 0 is located at the depth of the seawater layer zs , and the density and the sound speed in the layer are ρ 1 and c 1, respectively. The density, compression-wave (P-wave) speed, S-wave speed, P-wave speed attenuation, S-wave speed attenuation, and layer thickness of the seabed layers are represented by ρbn , cpn , csn , αpn , αsn  and hn , respectively. These above parameters are the seabed geoacoustic parameters to be inverted in this study.

 In the context of the acoustic wave theory, the physical quantities in the model can be represented by the displacement potential function. Setting thedisplacement potential function in the seawater layer is ϕ 1, it satisfies the wave equation as follows:

  

 its formal solution is

  

 where Z 1 is the ordinary differential equation of depth z and horizontal wavenumber ξ, and J0 is the zero-order Bessel function. A detailed theoretical derivation can be found in the literature (Zhu et al., 2020).

 The acoustic pressure field p, and the particle velocity field v can be expressed as follows:

  

  

  S(ω) represents the source level at f 0.

 In general, the normal mode method (NMM) and the fast field method (FFM) can be used to solve Equation (3) and Equation (4) for the shallow sea environment, FFM converts the integral formula in the two equations into the form of Fourier transform and solved directly, it is more suitable for the rapid calculation of shallow sea acoustic field (Zhu et al., 2020). Therefore, in this study, the FFM is selected for solving the above-parameterized model. By discretizing the horizontal wavenumber ξ and the propagation distance r, the p and v can be calculated by Equation (5) and Equation (6).

  

  

 The waveguide characteristic impedance in the acoustic field (Zhu et al., 2015; Ren et al., 2018), is defined as the ratio of acoustic pressure over particle velocity, which can be generally expressed as Equation (7).

  

 As illustrated in the above two equations, the source level S(ω), which intrinsically exists in p and v is absent in Z. Consequently, the waveguide characteristic impedance is a unique feature of being S(ω) independent. Because it is difficult to measure the the source level accurately Z has a significant advantage for geoacoustic parameters inversion at-sea operations, especially for passive inversion.

 For the l th factorization in the waveguide characteristic impedance, the expression of Z can be simplified as follows:

  

 Compared with the horizontalwaveguide characteristic impedance Zr , the vertical waveguide characteristic impedance Zz  depends crucially relies on the displacement potential function ϕ 1 and its derivative function. These functions have been shown to contain more information about the shallow sea environment, which making the Zz  more sensitive to the changes in shallow sea environmental parameters, as well as the seabed geoacoustic parameters (Zhu et al., 2015)

 
  3 Bayesian inversion theory and derivation

  3.1 Bayesian inversion theory

 In Bayesian theory, the unknown parameters (environmental and model parameters) are considered as random variables (Jeon et al., 2022; Jiang and Zhang, 2022). Let d be a vector of experiment data, and let m be the vector of unknown parameters of a model I. Both d and m are related by Bayes’ rule

  

 The dependence on model I is suppressed for simplicity, and includes I when considering model selection. P(m) is the prior probability density function (PDF) and P(d) is the PDF. P(m|d) is the PPD that solves the inversion problem in Bayesian theory. P(d|m) is the conditional PDF of the data d given parameters m. When d represents the experimental data, P(d|m) is interpreted as a function of m, known as the likelihood function L(m), which can generally be written as follows:

  

 where E(m) is the error function. Because the P(d) is independent of m, after normalizing the Equation (9) can be written as follows:

  

 where the domain of integration spans the parameter space.

 The interpretation of the PPD for multidimensional problems requires the estimation of the properties of the parameter value, uncertainties, and inter-parameters, such as the maximum posterior probability (MAP) model, mean model, and marginal probability distributions, which are defined, respectively, as follows:

  

  

  

 
  3.2 Error function and model selection

 The data uncertainty distribution, which defined by the error function, is critical for Bayesian inversion (Zheng et al., 2020). However, it is difficult to determine the distribution that requires reasonable assumptions. In Bayes’ rule, the error function E(m) is established based on the likelihood function L(m), assuming a Gaussian data errors assumption.

  

 where  represents the measured vertical waveguide characteristic impedance data,  (m) and  represent the model prediction of the vertical waveguide characteristic impedance data and the covariance matrix.

 If source information is not available,  (m) can be expressed as follows:

  

 where  (m) is the vertical waveguide characteristic impedance predicted by the FFM, A f  and θ f  are the magnitude and phase of the unknown complex source at each frequency f, respectively. L(m) can be maximized concerning the source by setting ∂L(m)/∂A f =∂L(m)/∂θ f  , resulting in

  

 Then, L(m) can be written as

  

 where B f (m) is the normalized Bartlett disqualification.

 To obtain a maximum-likelihood estimate of the data variance by setting the ∂L(m)/∂vf = 0 , the maximum likelihood solution of vf  is:

  

 Using Equation(16) in Equation(15) and Equation(6), the error function E(m) becomes

  

 The MAP model for measured data can be found by minimizing the sum of the error function, indicating the correlation between measured and predicted data (Jiang and Zhang, 2022).

 Owing to the large number of parameters that need to be inverted, an accurate selection of the seabed parameterized model that best matches the measured data is also extremely important for multi-layer seabed geoacoustic parameter inversion. In this study, based on the establishment of the error function E(m), an accurate selection of the best-parameterized model is performed according to the Bayesian information criterion (BIC).

 BIC is an asymptotic approximation of the Bayesian formula P(d|I) of the model I. The model I represents the multi-layer seabed model used in this paper, that is, given measurement data d, the likelihood function of model I, and its expression is as follows:

  

 where M is the number of parameters in model I, and N is the number of observed data. The parameterization with the smallest BIC value was selected as the most appropriate model.

 
 
  4 Numerical study

  4.1 Sensitivity study for inversion parameters

 To comprehensively investigate the feasibility of the vertical waveguide characteristic impedance in inversion, the sensitivity of the geoacoustic parameters of each seabed layer under this inversion method was investigated. In this study, a two-layer seabed shallow sea model was considered as an example. In this model, the density (ρb  1, ρb  2), P-wave speed (cp  1, cp  2), S-wave speed (cs  1, cs  2), P-wave speed attenuation in the semi-infinite elastic seabed and elastic sediment on layer (αp  1, αp  2), S-wave speed attenuation (αs  1, αs  2) and layer thickness (h 2) were the seabed geoacoustic parameters to be inverted.

 Based on the model established in Section 2 and the error function in Section 3, the sensitivity of the geoacoustic parameters, which are inverted, to the error function E(m) is investigated by numerical simulation. The fixed variable method is used to study the sensitivity of the geoacoustic parameters. In this technique, when studying the sensitivity of a particular parameter to the error function, i.e., with other parameters unchanged, only the change of the parameter in question in its previous interval is changed, and the statistical error function changes. For the reception of a single vector sensor in the simulation, the water depth is set as h 1 = 100m, the sound source depth zs  and the single sensor receiving depth zr  are set to 10 m and 20 m, respectively, and the sound source frequency f 0 = 150 Hz. The receiver range interval was set to 0m-1000m. The actual values and previous intervals of the geoacoustic parameters are listed in  Table 1 .

  Table 1 | Inversion results of seabed parameters in the simulation environment. 

 

  

   Figures 2A–C  show the propagation characteristic curves in  Table 1  for the p, vz  and Zz , respectively. The transmission loss curves TL p  and TL vz  are used to describe the propagation characteristic of p and vz , and the waveguide characteristic impedance curve ZL Zz  is used to describe the propagation characteristic of Zz . These curves are defined by Equation (22) (Zhu, 2014).

  

 Figure 2 | The calculated level for the p, vz  and Zz , respectively. acoustic pressure (A), vertical particle velocity (B) and waveguide characteristic impedance (C). 

 

 From the comparison results, it can be seen that at some distances, that lead to notable peaks of the waveguide characteristic impedance Zz , these peaks contain important information from the environment. This fluctuation is evident at short distances. As the propagation distance increases, the numerical value decreases at long distances decreases, and the change is relatively weakened. The fluctuation of the vertical waveguide characteristic impedance is more evident in the propagation distance because its definition cancels the influence of the source level and wave front expansion. The waveguide characteristic impedance also compensates for the transmission loss caused by the expansion of the wavefront, which is more conducive to the use of the waveguide information. Therefore, it is more suitable for the inversion of geoacoustic parameters as the match object.

 The accuracy of the inversion result strongly depends on the sensitivity of the physical quantity to the geoacoustic parameters. The inversion results obtained with geoacoustic parameters with low sensitivity had larger uncertainty and lower inversion accuracy. When the sensitivity of a specific geoacoustic parameter is discussed in the inversion, the other parameters are fixed and only change the value of the discussed parameter within the range of interest. The value of the error function E(m) for the discussed parameter reflects its sensitivity within the range of interest.

 The sensitivities of p, vz , and Zz  to the geoacoustic parameters in  Table 1  are compared in  Figures 3 ,  4 . The two figures show the comparative results for the geoacoustic parameters in sediment and basement for a frequency of 150 Hz. In these figures, the blue curve represents p, the black curve represents vz , and the red curve represents Zz . The results show that Zz  is much more sensitive to these geoacoustic parameters than p or vz , all the parameters will have an impact on the E(m) for Zz . Zz  shows higher sensitivity to wave speed and sediment layer thickness than to density and sound speed attenuation. The sensitivities of p and vz  were relatively close in the sediment and basement layers. Among the other parameters, the sensitivity of sound speed attenuation is relatively low, but Zz  has the most significant improvement in the sensitivity of these parameters. This means that using Zz  as the match object can improve the accuracy of the inversion results, especially for the sound speed attenuation.

  

 Figure 3 | The sensitivity analysis of the error function E(m)) for the geoacoustic parameters of the sedimentary layers. (A–F) corresponds to the cp  1, cs  1, ρb  1, αp  1, αs  1, and h 2, respectively. The red curve represents is for the vertical waveguide characteristic impedance, and the black curve represents the vertical particle velocity and blue curve is for the acoustic pressure. 

 

  

 Figure 4 | The sensitivity analysis of the error function E(m)) for the geoacoustic parameters of the semi-infinite seabed. (A–E) corresponds to the cp  2, cs  2, ρb  2, αp  2, and αs  2, respectively. The red curve represents for the vertical waveguide characteristic impedance, the black curve represents the vertical particle velocity and blue curve is for the acoustic pressure. 

 

 According to the above analysis results, Zz  has been shown to have higher sensitivity to geoacoustic parameters than p and vz . Zz  is expected to provide higher precision for geoacoustic parameters in geoacoustic inversion than when only p or vz  is used, especially for sound speed attenuations.

 
  4.2 Simulation inversion results

 In this section, the feasibility of the Bayesian inversion method using the characteristic impedance of a vertical waveguide is studied through simulations. In the simulation, the shallow sea model, listed in  Table 1 , was selected as the measurement environment. The true values of the geoacoustic parameters for the two-layered structure of the seabed are the inverse objects, and the vertical waveguide characteristic impedance data, as calculated in  Figure 2C , are used as the measurement data  for matching in the inversion. The parametric search optimization is performed by minimizing Equation (21) using the adjusted optimization annealing algorithm.

 Model selection was performed by evaluating different layered models using BIC to determine the simplest parameterization that matches the measured data, and the results are shown in  Figure 5 . The BIC values of the three inversion models with different hierarchical structures are 36.52, 34.24, and 36.93, respectively. Based on the BIC, the 2-layer model was selected as the best-parameterized model, and the selected result agreed with the specification in  Table 1 .

  

 Figure 5 | The result of model selection, the number of model parameters and the BIC value. 

 

   Table 1  also shows the average and standard deviation of the maximum a posteriori probability estimate of the vertical waveguide characteristic impedance inversion results. Compared with the preset true value, it can be seen that the maximum error is within 0.3%. To further verify the accuracy of the inversion results,  Figure 6  shows a comparison of the waveguide characteristic impedance curve ZL Zz  calculated using the true simulation value and inversion results. From the comparison of the results in  Figure 6 , it can be seen that the two curves are in agreement. The root mean square (RMS) of the inversion results was 0.38 dB, which proves the reliability of the results obtained with this inversion method.

  

 Figure 6 | Comparison of the vertical waveguide characteristic impedance inversion results of simulation data. The inversion result is the dashed line and the experimental data is the solid line. 

 

   Figures 7 ,  8  show the PPDs of the inverted geoacoustic parameters in the sediment layer and semi-infinite basement, respectively. In each figure, the vertical axis represents the probability of each parameter and the red line represents the true simulation value of each parameter. The average value and standard deviation of the inversion results are represented by the blue segment, with the average value shown in the center. The length of the blue segment reflects the standard deviation of each parameter. The PPD distribution range characterizes the uncertainty of each parameter. It can be seen from the results that the maximum probability density of each parameter is close to its true value. The uncertainty of the inversion results for each parameter is consistent with the results of the sensitivity analysis.

  

 Figure 7 | One-dimensional marginal probability distribution of sedimentary parameters. The red line means the true values of each parameter in simulation. The blue segments represent the average value and the standard deviation. 

 

  

 Figure 8 | One-dimensional marginal probability distribution of semi-infinite parameters. The red line represents the true values of each parameter in the simulation. The blue segments represent the average value and the standard deviation. 

 

 The marginal probability distribution between the two parameters is shown in  Figure 9 , which shows the uncertainty of the joint parameters. From the figures, it can be seen that the centralized probability density distributions characterize lower uncertainties, and all true values are close to the highest probability of PPD. The results combined with the sound speed attenuation have a broader distribution, the results combined with αs  2 and αp  2 are more distinct, and the span in the attenuation direction is larger. In conjunction with the analysis of the inversion accuracy of each parameter, it can be seen that, the sound speed attenuation has little effect on the theoretical acoustic pressure field in the process of matching inversion. Therefore, many results that deviate from the true value are retained, resulting in a more comprehensive distribution range.

  

 Figure 9 | Two-dimensional joint marginal probability density distribution for 2-layer model. 

 

 
 
  5 Experiment results

  5.1 Experiment description

 To further illustrate the feasibility of the inversion method in practice, experimental data were processed and discussed. An experiment to measure sound-propagation was conducted in a shallow sea near Dalian. The water depth in the experimental area was approximately 25 m. According to previous information, the upper layer of the seabed in this sea area is sandy sediment and the lower layer is bedrock (Ren et al., 2018). During the measurement, a wideband signal was generated by the source ship engine along tracks at distance intervals of approximately 3 km, the depth of the sound source is equivalent to 1 m underwater. The signals were received by a vector hydrophone composed of acoustic pressure and vertical particle velocity in three directions, with a sampling frequency of 8192 Hz, and it is placed 5 m underwater by the receiver ship. The experimental configuration is shown in  Figure 10 . The deployment of the source and receiver ships are shown in  Figure 10A . The motion trajectories of the two ships are shown in  Figure 10B , where the solid black line represents the motion trajectory of the source ship and the solid red line represents the floating trajectory of the receiver ship during the experiment. The squares represent the recorded positions of the two ships at the beginning of the experiment and the circles represent the relative positions of the two ships at the end of the ship noise measurement. The motion trajectory of the yellow diamond represents the ambient noise measured after the experiment.

  

 Figure 10 | Schematic diagram of the experimental configuration, the deployment of the source ship and receiving ship (A) and the longitude and latitude of the distance between the two ships (B). 

 

 Before the start of the experiment, the line connecting the two ships was the x-coordinate, and the positive direction of the receiving ship was the y-coordinate. In this coordinate system,  Figure 11A  shows the distance between the source ship and receiving ship with time during the experiment.  Figure 11B  shows the relationship between the sound speed profile and the sea depth in the experimental area.

  

 Figure 11 | The distance between the source ship and the receiving ship with time during the experiment (A), and the sound speed profile of the experiment sea area (B). 

 

   Figure 12  shows the acoustic pressure signal and the vertical particle velocity signal received from the vector hydrophone in the experiment. The recorded signals in the time domain and the corresponding low-frequency analysis recording (LOFAR) images are all given. Because the distance between the source ship and the receiving ship could satisfy the “distant-near-distant” relationship during the measurement, the amplitude of the two received signals in the time domain has the characteristic of “small-large-small.” According to the LOFAR images corresponding to the signal received from each channel, the two received signals all show distinct interference striations in the range (time)–frequency domain.

  

 Figure 12 | The recorded vector signals in time-domain and the corresponding LOFAR images, acoustic pressure (A) and vertical particle velocity (B). 

 

 To satisfy the propagation conditions of the point sources, the experimental data in the 0-700 s time period were selected for inversion. From the pressure p and the vertical particle velocity vz  measured by the vector hydrophone, the vertical waveguide characteristics impedance Zz  can be determined. To analyze the measurement results, we chose the 210 Hz signal, which can be seen more clearly in the time-frequency diagram, as the match object for the inversion. The depth of the source zs  was equal to 1 m, the depth of the vector sensor zr =5 m, and the water depth of the experimental sea area was 25 m.

 
  5.2 Inversion results and analysis

 Model selection studies were performed for the three modes to determine the optimal parameterization for each parameter in each case. The unknown sound speed and density are assumed to depend on depth, as the acoustic pressure is mainly sensitive to these parameters. Therefore, each additional layer increases the number of parameters by six. Nonlinear optimizations for the impedance level inversion were performed to estimate the error function and hence the BIC for three different parameterizations with one to three uniform layers (including the basement layer). The results of the model selection are summarized in  Figure 13  in terms of BIC values and number of layers. Note that, for intuitive presentation, the BIC values are normalized so that the minimum is unity. The results show that the lowest BIC value corresponds to the 2-layer inversion model. The inversion results (average + standard deviation) obtained with the 2-layer model are listed in  Table 2 , including the average and standard deviation with a confidence level of 70%. When comparing the inversion results of the same data (Ren, 2013), it was found that the speed and density of the sound were consistent within the error range.

  

 Figure 13 | The result of model selection, the number of model parameters and the BIC value. 

 

  Table 2 | Results of the measured data inversion. 

 

 The feasibility of the inversion method was further verified by comparing the inversion and measurement results.  Figure 14  shows the comparison of the transmission loss curves TL p  (in  Figure 14A ) and the waveguide characteristic impedance curve ZL Zz  (in  Figure 14B ) obtained by the inversion of the two-layer model with the experimental data. The result of the inversion is the dashed line, and the experimental data is the solid line. Comparing the distribution trends of TL p  and ZL Zz , it can be seen that ZL Zz  has a higher degree of consistency, especially at a larger distance. The ZL Zz  comparison results were better and showed higher stability. The RMS values of TL p  and ZL Zz  are 3.7 dB and 2.3 dB, respectively. A better fit for ZL Zz  was also indicated by the RMS values.

  

 Figure 14 | Comparison of inversion results of measured data. Acoustic pressure (A), vertical waveguide characteristic impedance level (B). The inversion result is the dashed line and Ex-periment data is the solid line. 

 

 The marginal probability distributions for the parameters of the two-layer model inversion are estimated using Metropolis–Hastings sampling and are shown in  Figures 15 ,  16 , respectively. The red line represents the position with the highest probability density, i.e., the MAP value, and the blue line represents the average and standard deviation of the inversion results, with the average shown in the middle of the segment. Compared to the PPDs of the simulation inversion results, the distribution range of the PPDs obtained from the experimental data is more comprehensive, indicating that they are subject to larger uncertainties, and the uncertainties of the different parameters also vary. Compared to other parameters, the parameter h 2 has a narrow peak in the sediment layer, and the distribution of the sound speed attenuation (αp  1, αs  1) in the interval is relatively flat. The uncertainty of the parameters of the semi-infinite seabed was higher than that of the sedimentary layers.

  

 Figure 15 | One-dimensional marginal probability distribution of sedimentary parameters. MAP value (red line), Average (blue vertical line in the middle) and standard deviation (blue vertical lines at both ends). 

 

  

 Figure 16 | One-dimensional marginal probability distribution of semi-infinite parameters. MAP value (red line), Average (blue vertical line in the middle) and standard deviation (blue vertical lines at both ends). 

 

 The marginal probability distribution between the two parameters in the experimental data inversion is shown in  Figure 17 , which shows the uncertainty of the joint parameter. Compared with the two-dimensional probability density distribution in the simulation analysis, the distribution range obtained from the experimental data is more comprehensive, indicating that it has a higher uncertainty. This may be owing to the larger interference in the experiment. During the inversion process, more interference values affect the inversion results. This is consistent with the results of the one-dimensional probability density distribution. The probability density distribution of the individual joint parameters still exhibited a relatively obvious bright spot distribution, as shown in  Figure 17 . The parameters combined with h 2 are self-explanatory and have a narrower distribution range, indicating that the uncertainty of combining the two is small. With increasing depth, the fate of each parameter increased in the lower seabed compared to that in the upper layer. This feature is observed in the marginal probability distribution, and the inversion of the measured data is more evident.

  

 Figure 17 | Two-dimensional marginal probability density distribution. 

 

 
 
  6 Conclusions

 To obtain more accurate inversion results for geoacoustic parameters in shallow seas, a new geocaoustic inversion method is presented in this study based on the nonlinear Bayesian approach and set the vertical waveguide characteristic impedance Zz  as the match object,. The main conclusions are as follows:

  	 (1) According to analysis results, in shallow sea environment with layered elastic seabed, the vertical waveguide characteristic impedance Zz  is proved has high sensitivity for geoacoustic parameters than that for p and vz . Geoacoustic parameters include seabed structure, sound speed, density, and sound speed attenuation in seabed layers. Zz  is expected to provide higher precision for these geoacoustic parameters in geoacoustic inversion than the single acoustic pressure p or the single vertical particle velocity vz , especially for sound speed attenuation, and Zz  is more suitable for geoacoustic parameter inversion. 

 	 (2) The Bayesian inversion approach can characterize the inversion result by the PPD from the statistical point of view. The best-parameterized model in inversion can be accurately selected based on the BIC. The Bayesian inversion approach can also measure the uncertainty of an inversion result. Because the inversion has a certain degree of randomness, it is more reasonable to determine the inversion result from the perspective of probability. 

 	 (3) Based on the experimental data of ship-radiated noise in the Dalian offshore area, the feasibility and reliability of the proposed inversion method were verified in practice. The sea experiment’s inversion shows that the layered structure of the seabed and geoacoustic parameters can be accurately determined by this method. The RMS between the vertical waveguide characteristic impedance and the measured impedance is 0.38 dB, and the inversion results accurately reflect the characteristics of the seabed in the experimental area, and the inversion seabed structure is accordance with the previous information of experiment area. 

 

 We anticipate that these research results will enrich existing applications of acoustic vector sensors, and can be used to develop an effective inversion method for geoacoustic parameters in complex shallow sea environments, as well as to develop underwater acoustic technologies for long-range detection in seawater.
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