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The increase of the yield stress vs. the magnetic field is the most important quantity

characterizing the efficiency of a magnetorheological suspension. The theory based

on the formation of columnar aggregates predicts a linear variation with the volume

fraction of magnetic particles. In this paper we review previous models used to calculate

forces and yield stress and will introduce a new model based on rupture at zero strain.

Predictions of these models are compared with the experimental data obtained for

carbonyl iron particles, by different authors. Whereas, previous analytical prediction

strongly overestimates experimental yield stress, those calculated using the Finite

Element Method (FEM), together with affine trajectories, reproduce the experiments well

and show a linear dependence with the volume fraction and a H3/2 behavior between

50 and 200 kA/m. Nevertheless, at very high-volume fractions (>55%), where the

suspension can only flow in the presence of specific additives, the dependence of the

yield stress vs. the volume fraction and the magnetic field is dramatically changed. We

observed a jamming transition, which is triggered by the application of a low magnetic

field and which depends strongly on the volume of the fraction. Here, we will discuss

new perspectives arising from the use of these very high-volume fractions.

Keywords: carbonyl iron, yield stress, discontinuous shear thickening, jamming, magnetorheology

INTRODUCTION

Magnetorheological (MR) suspensions are smart fluids made of magnetizable particles, with a
typical size varying between 100 nm and a few microns dispersed in a carrier liquid, which can be
mineral oil, silicone oil, ethylene glycol, etc. The interest of these fluids is their rapid and reversible
transformation in a solid when they are submitted to a magnetic field. This transformation occurs
due to the attractive interaction of a dipolar nature, generated by the magnetization of the particles.
The solid phase is characterized by its resistance to a shear strain, namely the yield stress, over
which the solid begins to creep. Most applications look for fluids that present the highest possible
yield. Of course, the higher the magnetic field, the higher the yield stress, with the limit of the full
magnetization of the particles as well as the inconvenience of weight and place that are necessary
for the coils to produce a high magnetic field. Besides the importance of a high yield stress, other
requisites are also important for industrial uses such as easy resuspension after sedimentation and
a low off state viscosity. In order to obtain a high yield stress and a reversible magnetization,
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very few materials are available, and in practice industrial MR
fluids are based on carbonyl iron particles as they present
a high saturation magnetization and are synthesized in large
quantities to produce sintered magnetic circuits. Iron particles
have the inconvenience of high density and therefore of rapid
sedimentation; furthermore, due to the pressure generated by
their weight and the attractive Van der Waals forces, they
easily aggregate irreversibly. In order to prevent this irreversible
aggregation, coating of the particles by some molecules
(surfactant, polymer, even ions) is necessary. Many papers and
patents describe these formulations and their effects in reducing
sedimentation and aggregation [for a recent review see reference
(Ashtiani et al., 2015)]. This coating, which prevents the particles
to come into close contact can also present the inconvenience
of lowering the magnetic force, which strongly depends on
the distance between the particles. Ultimately however, despite
decades of research, the maximum yield stress of commercial
fluids remains in the 40–60 kPa range for a 0.3–0.5 Teslamagnetic
field induction. We first take a look at the yield stresses predicted
by the available models and compare these predictions with the
experimental data, then, in light of recent experimental results
involving frictional stresses, we will focus on the performance of
these fluids and how they can be improved.

PREDICTION OF THE YIELD STRESS

The cohesion of the solid phase, and therefore its yield stress,
depends first on the strength of the magnetic forces developed
between the particles, and second on the structure and its
evolution under combined magnetic and hydrodynamic forces.
We briefly review the main models and then compare their
prediction, both for the forces between the particles and for the
yield stress. To do this analysis we take a look at the magnetic
properties of the carbonyl iron particles, those currently used in
practical applications. The magnetization curve is described by
the Frolish Kennelly equation: M=Ms χi H/(Ms + χi H) Where
Ms is the saturationmagnetization andχi the initial permeability.
For the saturation magnetization we have taken the pure iron: Ms

= 1,680 kA/m and the initial permeability χi = 70 (De Vicente
et al., 2002).

Magnetic Forces Between Two Particles
Contrary to well-known dipolar approximation, a multipolar
approach for two particles, first presented by Klingenberg
(Klingenberg and Zukoski, 1990) and then for several particles
described in subsequent works (Clercx and Bossis, 1993), gives
an exact prediction of the force for a linear magnetization. The
result for two particles reads:

Fm(
→
r ) = 12πµ0a

2β2H2
(a

r

)4 [
(

2f//cos
2(θ)− f⊥sin

2(θ)
)→
er

+fŴ sin(2θ)
→
e θ

]

with β =
µp − 1

µp + 2
(1)

In Equation (1) a is the radius of the particles, µp their
relative permeability given by µp = 1+M/H and f//, f⊥, fΓ are
functions of the initial permeability: µi = χi +1 and of the

normalized separation between the surfaces of the two particles
ε = r/a-2 (cf Figure S1). A Table S2 of these functions for
different separations and different values of χi is provided in the
Supplementary Material.

A popular model derived in Ginder et al. (1996) uses, on
the contrary, the approximation that the pole of the particles is
completely saturated (cf Figure S1) in a zone defined by ρ = δ

where ρ is the polar coordinate. The interparticle force coming
from the integral of the magnetic stress tensor is then given by:

Fr =
µ0

2

W
∫

0

(

H(ρ)−H
)2

2πρdρ with H(ρ) = H
(2+ ε)

ε + ρ2

for ρ > δ and H(ρ) = Ms for ρ < δ (2)

The value of δ is obtained from the equality between the two
expressions for ρ = δ which gives: δ =

√
2H/Ms − ε

In these expressions the distances are normalized by the radius
of the sphere and W is of order unity. In the limit where ε/2 <

H/Ms << 1, the upper bound of the integral is negligible and
we obtain:

Fra = πµ0a
2M2

s

(

2H

Ms
−

ε

2

)

(3)

It is possible to check the validity of this approximation, using a
finite element method (FEM) for the calculation of the magnetic
field. We have used the FEMM software to calculate the force
between two spheres placed in a constant magnetic field H:

FrFEM = 2πa2
π
∫

0

[

σrr cos(θ)− σrθ sin(θ)
]

sin(θ)dθ (4)

with σrr = µ0(µfH
2
r − 0.5H2) σrθ = µ0µfHrHθ

In our case the carrier liquid was non-magnetic and so µf =1.
The fields Hr and Hθ are the field normal and tangential to the
internal surface of the particle, respectively. In Figure S2, we
have compared the dependence of these three models on the
amplitude of the magnetic field for a separation distance of 0.01a
and a radius of 1mm. As shown in this figure, the multipolar
force (Equation 1) and the FEM calculation (Equation 4) gave
the same result at low field as expected but above H = 25 kA/m,
the multipolar model overestimates the force. The analytical
model (Equation 3) largely overestimates the force. This force
calculation is necessary to predict the yield stress, but we also
need to know the structure and its deformation under strain.

Models for the Yield Stress
Affine Trajectories
In the standard model the particles are supposed to follow
trajectories which are affine with the imposed shear flow.
The magnetic field is perpendicular to the imposed flow (cf
Figure S1). The equilibrium position of the particles is obtained
by balancing the shear stress on the top particle with themagnetic
restoring force. When the two representative particles are aligned
with the magnetic field (θ =0 on Figure S1) the gap between the
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surfaces is given by the thickness of the coating layer, typically
of the order of a few nanometers. When particle 2 moves along
the stream line, the gap increases with the strain: γ =tg(θ) as:

ε − ε0 = 2(
√

1 + γ 2 − 1). On the other hand, the magnetic
force along the x axis is Fr sinθ cos2θ where Fr is the radial
force calculated in the preceding section for particles aligned in
the direction of the field. In a model where all particles form
chains spanning the gap with a surface density nc/S = 2a N/V
= (3/2)8/(πa2), with 8 the volume fraction, the shear stress is
given by:

τ (γ) =
3

2
8 max(

Fr

πa2
sin θcos2θ) =

3

2
8 max

(

Fr(γ)

πa2
γ

(

1+ γ2
)3/2

)

(5)

For the analytical expression of the force Equation (3), we get,
(always for ε/2<H/Ms<<1):

τya =
√

16/3 8µ0MsH
3/2 (6)

Equation (6) differs slightly from that given in Ginder et al.
(1996) where the prefactor is

√
6. It is worth noting that when

the magnetization of the particles is saturated, the force between
the particles is obtained from interactions between rigid dipoles
m=Ms.v, where v is the volume of the particle. The results for the
yield stress is readily derived, for non-interacting particle chains
(Ginder et al., 1996) as: τymax = 0.086 8.µ0.M

2
s .

For the multipolar force we need to interpolate the tables f//,
f⊥, fΓ as a function of the separation and, in the non-linear case
derived by FEM, it is also needed to do this interpolation for
each value of the field; the data used are given in Table S3. The
results are presented in Figure 1A but, before discussing them,
it is worth introducing another model, which to our knowledge,
has never been used for MR (or ER) fluids.

Rupture at Zero Strain
Here we suppose that the particles are packed in some disordered
way, and that the solid phase will yield suddenly when the shear
stress is high enough to separate the particles on a given “cutting”
plane which, in a simple shear, is perpendicular to the velocity
gradient. This kind of model is used to predict the yield stress
of suspensions of particles aggregated in the presence of Van der
Waals forces (Scales et al., 1998). The only difference in our case
is that the interparticle force is proportional to (Hcosθ)2 instead
of being independent of θ. Otherwise the interparticle distances
are supposed to be distributed isotropically, which is mainly true
at a high-volume fraction. Following the same steps as in Scales
et al. (1998) we obtain:

τy =
38 K(8)

20πR2
Fr(ε0) with K(8) = 368/π (7)

The factor 3/20 comes from the cos2θ instead of 1/4 for an
isotropic force. The function K(8) is the coordination number
taken from Suzuki et al. (1981) and ε0 is the minimum gap
between two particles.

Comparison of the Different Models
The predictions of the different models are reported in
Figure 1A. Firstly if we compare, in the affine model, the
predictions related to the 3 different approximations of forces:
Equations (1, 3, 4),we recover the fact that the multipolar model
gives a rather good prediction for low fields but, due to the linear
magnetization hypothesis, highly overestimates the yield stress at
high fields. The analytic expression overestimates the yield stress
given by FEM, by about one order of a magnitude. Lastly, the
model of rupture at zero strain (Equation 7), is calculated with
the force Fr obtained by FEM for ε = 0.002, which is a reasonable
value considering a coating layer of 2 nm and a radius of 1µm.
The corresponding prediction is well-above the FEM prediction
and is, by chance, quite close to that of the analytical model. It
should also be noted that the fit of the yield stress by a power
law:τy =K.Hn provides a good fit with n = 1.94 (R2 = 0.9997)
only for H≤ 50 kA/m (Figure S3) which is three times smaller
than the field used for the transition from H2 to H3/2 (Hc =
151 kA/m) in Fang et al. (2009). It is also worth noting that the
radial force, at contact between two particles, increases steadily
in the range of ε = 0–0.01(cf Table S2), which may explain, at
least in the rupture model, the decrease of the yield stress in the
presence of a coating layer (Cvek et al., 2018). This comparison
of the models was done for two spheres in a given field, which

FIGURE 1 | (A) Theoretical yield stress vs. the field acting on the particles.

Red squares: calculated from FEMM; green triangles calculated from

multipolar forces; black solid line: Equation (6); blue crosses: Equation (7) with

Fr calculated with FEM. The red dot corresponds to the saturation of the

magnetization. (B) Comparison theory-experiment for τy/8. Blue diamonds:

experimental points taken from Table S1. Red line, FEM result; black line,

Equation (6); Blue line, Equation (7); Purple star, jamming transition.
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we consider as the average field, in order to compare with the
experiments in the next section. Some numerical results for the
yield stress of a set of particles can be obtained with a good
precision in a multipolar approach, even for high permeability,
but for particles distributed on a periodic network (Clercx and
Bossis, 1993) with an affine deformation. In this case all the
particles are separated by the same gap, which is an unphysical
and unstable structure. It is also possible to use a double chain
structure so that it can deform and still keep contacts and
stability, but it underestimates the yield stress (López-López
et al., 2012) and also can’t be used in numerical simulations.
In fact, almost all numerical simulations of MR suspensions
use the dipolar approximation, which largely underestimates the
magnetic force (Clercx and Bossis, 1993). We have found one
paper (Lacis and Gosko, 2009) using an expression similar to
Equation (1), with some tables derived from FEM simulations
for two particles and another based on FEM simulations between
several particles in a single chain (Kang et al., 2012). A simulation
method, called smooth particle dynamics (Hashemi et al., 2016,
2018), can also be used to solve the magnetostatics equation
between several particles, but is restricted to a few particles with a
rather small (<10) susceptibility. As discussed in the next section,
the use of a magnetic force derived from FEM, calculated with a
very fine mesh for two particles, is quite realistic and certainly
much more efficient in terms of computing time.

COMPARISON WITH EXPERIMENTS

Comparing these predictions with experimental data is not
so simple as, very often, the knowledge of the experimental
conditions is incomplete. We have selected data concerning
carbonyl iron particles (CI) whose magnetization curve of the
powder is rather well-established with a saturationmagnetization
of 200 emu/g. Usually the experiments are made in plate-
plate geometry, with the field perpendicular to the plate. In
order to compare with the theory, we must first consider that
the field inside the suspension is H=H0/µ(H), where H0 is
the external field measured in the absence of suspension and
µ(H) the permeability of the suspension. We have deduced the
magnetization curve of CI particles from ameasurement ofM(H)
at a volume fraction: 8 = 64%. This magnetization curve of CI
particles is well-fitted in the range 0–400 kA/m by a Langevin
curve:M1(H)=(coth(c.H)-1/c.H)Msr with c = 0.014 and Msr =
1750 kA/m. This last value is slightly higher than the saturation
magnetization of CI (Ms ≈ 1600 kA/m) due to a shift of the fit for
H>400 kA/m. The magnetization at any volume fraction of the
suspension is obtained by replacing Msr by Msr.8 and we have
checked that it works well-even at low 8, for instance for 8 =
0.2 and 8 = 0.32 BASF. The permeability for any given volume
fraction is then: µ(H) = 1+M1(H).8/H The second point we
need to take into account is that, in the plate-plate configuration,
the yield stress provided by the software is overestimated by a
factor of 4/3 (Bossis et al., 2002; Laun et al., 2010). The data
collected in different publications (Kordonski and Golini, 1999;
Chin et al., 2001; Lim et al., 2004; Jang et al., 2005; Cheng et al.,
2009; Ierardi and Bombard, 2009; Laun et al., 2010; Kim et al.,

2012; Bombard et al., 2015; Esmaeilnezhad et al., 2017; Dong
et al., 2018; Plachy et al., 2018) are reported in Table S1 and
plotted in Figure 1B (blue diamonds). There is a considerable
scatter of the data, but it appears clearly that the affine model
with the calculation of forces through FEM (red curve), provides
the best prediction compared to both Equation (6) and Equation
(7). Now, we draw the attention on the single point (purple
cross) above all the curves in Figure 1B which is the result of a
jamming transition.

JAMMING TRANSITION AT HIGH VOLUME
FRACTION

Jamming transition, also known as discontinuous shear
thickening (DST), was observed in highly concentrated
suspensions of solid non-Brownian particles like ceramics
(Bergström, 1998), cornstarch (Fall et al., 2008, 2015) and also
in model suspensions made of PMMA (Pan et al., 2015) or
silica particles (Lootens et al., 2003) and calcium carbonate
(Bossis et al., 2017). In the two last systems, superplasticizer
molecules, common in the cement industry, were used as
surfactants. We have recently found that by using, for instance,
a polyoxyethylene polyphosphonate (Bossis et al., 2017), we can
reach volume fractions of CI particles in water larger than 60%,
still keeping a low yield stress and a viscosity of 1-2Pa.s. Now the
rheogram at the zero field presents a singularity at a critical stress,
where the shear rate abruptly decreases during a ramp of stress
(Figure 2A). This DST phenomenon is due to the transition of a
lubricated regime to a frictional one (Mari et al., 2014; Wyart and
Cates, 2014). Above this point the shear rate fluctuates around
some low values. We also see on this graph that, by increasing the
volume fraction, the critical stress increases and the critical shear
rate decreases. These critical values are obtained at zero magnetic
field, but when the field is increased for a given volume fraction,
the critical shear rate will continuously decrease to zero in a
field range typically of 0–20 kA/m (Bossis et al., 2016). If instead
of applying a ramp of stress we apply a ramp of shear rate, at
the critical point we then obtain a jump of stress to very high
values which overcomes the range of conventional rheometers.
This is the purple point in Figure 1B. which was obtained in the
presence of a field of 19.2 kA/m. The corresponding evolution
of stress is plotted in Figure 2B vs. the strain. It was obtained
in a cylindrical Couette flow with a vane tool and a homemade
rheometer to be able to measure high torques (Bossis et al.,
2016). The shear rate was increased from 0 to 1.6 s−1 in 2 s then
kept constant for 25 s. The stress does not grow until the strain
reaches a value around one and then increases up to 150 kPa
where it remains constant afterwards. The interesting point is
that this transition from a normal regime to this frictional regime
can be controlled by the application of a low magnetic field (a
few kA/m), thus opening the door for new applications of MR
fluids. It is worth noting that a very high value of yield stress in
a MR fluid was previously attained in another way, which also
mobilizes the friction between particles, but with the help of a
lateral pressure obtained by the compression of the suspension
of the initial volume fraction 8 = 45% by sliding wedges (Tao,
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FIGURE 2 | (A) Rheogram of carbonyl iron suspensions with 0.2% of

superplasticizer at high-volume fraction (blue:60%, orange 61%, black

62%,green 63%). (B) Stress vs. strain in cylindrical Couette geometry with

vane tool, 8 = 0.61;H0 = 19.2 kA/m, The vertical red line corresponds to a

time of 2 s where the shear rate has reached its final value of 1.6 s−1.

2001). As reported in numerous previous works, [for instance
(Ashtiani et al., 2015; Cvek et al., 2018)] the additives are used to
stabilize the particles against corrosion and sedimentation; they
can either increase the yield stress through a better compaction
of the local structure [term K[8] in Equation (7)], or decrease
it if the coating layer is too thick [term Fr(ε0) in Equation (7)].
In our case it plays a key role due its expulsion from the surface,
which provokes the jamming transition

CONCLUSION

In this paper we have briefly reviewed the models of yield stress
under the hypothesis of affine displacement of the particles
and have also proposed a new approach based on a rupture
model. It appears that the affine motion, with a calculation of
the forces through FEM simulation, provides the best agreement
with the experimental data of τy/8, collected for carbonyl
iron suspensions. The commonly used Equation (6) strongly
overestimates the experimental results but its prediction of a

regime τy∝H3/2 is verified between∼50 and 200 kPa. No model
is able to predict the high value of stress at low field obtained
in suspensions of very high-volume fractions: 8 >0.6. In this
case, it is the abrupt transition toward a frictional regime after
expulsion of a superplasticizer layer, which leads to very high
values of stress. This transition is obtained either above a critical
magnetic field or above a critical shear rate, which opens up new
perspectives for applications that require a strong response with
a small field.
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Figure S1 | Schematic of the notations for two particles in a magnetic field.

Figure S2 | Force vs. magnetic field for a separation ε = 0.01; black line: analytic

expression: Equation (3); green triangles: multipolar approach: Equation (1); red

triangles: FEM, Equation (4).

Figure S3 | Power law fit of the FEM result for the normalized yield stress τy/8.

Red solid line:power law with n = 1.94; blue solid line: power law with n = 3/2;red

crosses: FEM result; black solid line: Equation (6).

Table S1 | Corrected experimental yield stress normalized by the volume fraction

(column E) in kPa vs. the Maxwell field in the suspension (column H) in kA/m.

Table S2 | Coefficients of the force in Equation (1) for differents values of

α = µp/µf vs. the gap ε.

Table S3 | Values of the force obtained with the free software FEMM for different

fields and separations between two spheres. The parameters for the fit vs. the

normalized separation, ξ, (<0.2) are given for each field.
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