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We present a hybrid gyromagnetic photonic crystal (GPC) waveguide composed of different GPC waveguide segments possessing various cylinder radii and waveguide widths but biased by a uniform external magnetic field. We demonstrate in frequency and time domains that based on the strong coupling of two counter-propagating topologically protected one-way edge states, the intriguing slow light rainbow trapping (SLRT) of electromagnetic (EM) waves can be achieved, that is, EM waves of different frequencies can be slowed down and trapped at different positions without cross talk and overlap. More importantly, due to the existence of one-way edge states, external EM waves can be non-reciprocally coupled to the SLRT waveguide channel, although the incident position of the EM wave is far away from the waveguide channel. Besides, the frequency range of the slow light states can also be easily regulated by tuning the intensity of an external magnetic field, which is very beneficial to solve the contradiction between slow light and broad bandwidth. Our results can be applied to the design of high-performance photonic devices, such as an optical buffer, optical switch, and optical filter.
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INTRODUCTION
The recent realization of topological photonic insulators has been an emerging research area, which has brought the discovery of topological photonic states (TPSs) (Khanikaev et al., 2013; Lu et al., 2014; Lu et al., 2016; Khanikaev and Shvets, 2017; Xie et al., 2018; Ozawa et al., 2019; Tang et al., 2019; Kim et al., 2020; Wang et al., 2020; Chen et al., 2021a). TPSs possess the one-way transport characteristic and are robust against the sharp corner, disorders, defects, and obstacles, which induces promising applications such as the non-reciprocal devices for photonic diode and robust waveguides for light routing. TPSs have been theoretically proposed and experimentally demonstrated in different photonic systems, such as gyromagnetic photonic crystals (GPCs) (Wang et al., 2008; Wang et al., 2009; Fu et al., 2010; Poo et al., 2011), all dielectric structures (Chen et al., 2017; Dong et al., 2017; Chen et al., 2018; He et al., 2019), non-linear systems (Leykam and Chong, 2016; Kruk et al., 2017; Dobrykh et al., 2018; Kruk et al., 2018; Smirnova et al., 2019; Zangeneh-Nejad and Fleury, 2019; Smirnova et al., 2020), and metamaterials (Gao et al., 2015; Yang et al., 2018; Jia et al., 2019). Various novel physical concepts and applications related to TPSs have also been presented, for example, topological laser (Bahari et al., 2017; Bandres et al., 2018; Harari et al., 2018; Shao et al., 2020; Zeng et al., 2020), topological fiber (Lu et al., 2018; Lin and Lu, 2020), topological delay line (Yang et al., 2013; Chen et al., 2019a; Chen et al., 2019b; Chen et al., 2020; Shi et al., 2021), topological light routing (Chen et al., 2021b), and three-dimensional topological photonic insulator (Yang et al., 2019).
However, the studies about the interaction of TPSs are still very rare, perhaps due to the assumption that it is difficult to create two or more TPSs in a system for the most of topological photonic structure. Yet the GPC system is an exception and can offer a powerful platform to construct the interaction between different TPSs. Recently, Chen et al. (2019a) proposed that the intriguing transport phenomenon of an electromagnetic (EM) wave such as broadband dispersionless slow light can be created based on the strongly coupling of two TPSs in the GPC system. They proceeded to realize a switchable broadband slow light rainbow trapping (SLRT) in a GPC waveguide under a gradient magnetic field (Chen et al., 2019b), offering a precise route of spatio-temporal-spectral control upon a light signal. Nevertheless, the gradient magnetic field is required in this work but is difficult to be obtained in the actual experimental configuration. For this reason, it is particularly important to provide a more convenient solution to form a tunable SLRT with a broadband.
In this study, we present a novel means to create an SLRT waveguide being made of a hybrid GPC biased by a uniform external magnetic field so that the EM wave of different frequencies can be slowed down and trapped at different positions without cross talk and overlap. The hybrid GPC is composed of four segments of GPC waveguide with various cylinder radii and waveguide widths. Each segment GPC waveguide supports the existence of slow light with extremely low group velocity originating from the strong coupling of two counter-propagating topological one-way edge states. Besides, attributed to the presence of one-way edge states, the external EM waves can be remotely and non-reciprocally coupled to the slow light waveguide channel. More importantly, the frequency of slow light states can be easily regulated when the intensity of external magnetic field is tuned, which is very beneficial to solve the contradiction between slow light and broad bandwidth. These results show the great potential of SLRT waveguide for the design of photonic applications with high performance, for example, an optical buffer, optical switch, and optical filter.
STRONG COUPLING OF TWO COUNTER-PROPAGATING TPSS AND FLAT BAND
We first construct a waveguide supporting the slow light states with extremely low group velocity by bringing two identical GPCs close together face-to-face, which is the basis of the SLRT system, as shown in Figure 1. The GPC is composed of a square lattice of yttrium ion garnet (YIG) cylinders with a permittivity ε2 = 15 embedded in air (ε1 = 1, μ1 = 1). The lattice constant is a = 38.7 mm, and the waveguide width d is defined as the distance between the centers of the first row of cylinders on both sides of the waveguide channel (marked as two black-dotted lines shown in Figure 1). In the absence of an external magnetic field, the permeability of YIG is μ2 = 1. While as external magnetic field H0 is applied along the + z direction, the permeability of YIG cylinders reads as follows:
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where [image: image] and [image: image]. Besides, [image: image] is the resonance frequency, [image: image] is the gyromagnetic ratio, [image: image] is the characteristic circular frequency with [image: image] being the saturation magnetization, and [image: image] is the damping coefficient.
[image: Figure 1]FIGURE 1 | Schematics of the GPC waveguide involving strongly coupling of two counter-propagating TPSs. The plane wave is incident along the horizontal direction from the left port (marked as black arrows), the blue and red arrows represent the transport direction of topological one-way edge states, and the green arrows indicate the strongly coupling of two counter-propagating topological one-way edge states.
When GPC waveguide is applied with external magnetic field along the + z direction, the time reversal symmetry of upper and lower half GPCs is broken by opening a non-trivial bandgap so that the two half GPCs possess a non-zero gap Chern number (i.e., Cgap = −1). Besides, the gap Chern number of the air is Cgap = 0. Thus, the upper and lower half GPCs both support topological one-way edge states propagating clockwise, and the one-way edge state transport directions of the upper and lower half GPCs are marked as the blue and red arrows, respectively, as shown in Figure 1. We calculate the projected band structure of the upper and lower half GPCs, respectively, as shown in Figure 2A,B. The waveguide width of them is d10 = 71.75 mm. For the upper half and lower half GPCs, there exist the leftward and rightward propagating topological one-way edge states in the bandgap, respectively. Then, we construct a waveguide by moving the upper half and lower half GPCs close to each other head by head. As the waveguide width decreases, we find that in the middle part of the Brillouin zone (−0.6 < kx < 0.6), the shape of dispersion curve (colored in red) gradually changes from concave to flat and then to convex, as shown in Figure 2C–I, showing that these two counter-propagating topological one-way edge states will be coupled with each other. Especially, for the broad waveguides with d11 = 71.75 mm, d12 = 68.25 mm, d13 = 64.75 mm, and d14 = 61.25 mm, their bands are convex in profile, as shown in Figure 2C–F. While for narrow waveguides with d16 = 54.25 mm and d17 = 50.75 mm, its band has a concave profile, as plotted in Figure 2H,I. Right at d15 = 57.75 mm, the band exhibits a flat profile (i.e., slow light band), as shown in Figure 2G. In this case, the two counter-propagating topological one-way edge states will be strongly coupled with each other, which causes nearly complete exchange and transfer of energy flow between the rightward and leftward propagating topological one-way edge states and finally results in a very low velocity of the wave transport.
[image: Figure 2]FIGURE 2 | Projected band structure. (A) Upper half GPC with a waveguide width d10 = 71.75 mm. (B) Lower half GPC with d10 = 71.75 mm. The yellow layers in (a) and (b) are the perfect electric conductors. (c–i) GPC waveguide composed of two GPCs with different waveguide widths: (C) d11 = 71.75 mm, (D) d12 = 68.25 mm, (E) d13 = 64.75 mm, (F) d14 = 61.25 mm, (G) d15 = 57.75 mm, (H) d16 = 54.25 mm, and (I) d17 = 50.75 mm. The frequency marked by the black dotted line is 4.1902 GHz.
To vividly show the coupling process between the two counter-propagating topological one-way edge states as the waveguide width decreases, we simulate the transport phenomena of a plane wave incident from the left port at a frequency of 4.1902 GHz in different waveguide widths, as shown in Figure 3. When d11 = 71.75 mm, the electric field distribution is asymmetrical along the center of the waveguide channel, and the electric field of the lower edge is larger than that of the upper edge. As the waveguide width decreases from d11 = 71.75 mm to d14 = 61.25 mm, the electric field intensity of the lower edge gradually decreases, while that of the upper edge gradually increases, which means that more and more electric fields propagating rightward along the lower edge are coupled by the upper edge and propagates leftward, as shown in Figure 3A–D. Right at d15 = 57.75 mm, the electric fields of the lower and upper edges are strongly coupled with each other, and the rightward-propagating electric field is almost equal to the counter-propagating part, which causes nearly complete exchange and transfer of energy flow between the rightward and leftward topological one-way edge states, induces a counterclockwise energy loop in the waveguide channel (see Figure 1), and finally results in a very low group velocity of the wave transport (i.e., exhibiting a quite flat band in the middle part of the Brillouin zone in Figure 2G), and the electric field in the waveguide channel is greatly enhanced, as shown in Figure 3E. When the waveguide width continues to decrease to d16 = 54.25 mm, as shown in Figure 3F, the incident plane wave at a frequency of 4.1902 GHz cannot excite any waveguide mode, and this also can be seen in Figure 2H. Therefore, the strong coupling of the two counter-propagating topological one-way edge states can be controllably regulated by changing the structural parameters. Besides, it should be emphasized that these slow light states are not topologically protected due to the Chern number of the total GPC waveguide being zero, but the topology still plays a critical role because these slow light states are originated from the strong coupling of two counter-propagating topological one-way edge states. Besides, due to the existence of the one-way edge state in the left edge of lower half GPC, the external EM wave can be non-reciprocally coupled to the waveguide channel, although the incident position of the EM wave is far away from the waveguide channel, which will be discussed later.
[image: Figure 3]FIGURE 3 | Electric field distribution of the waveguide channel with different waveguide widths. (A) d11 = 71.75 mm, (B) d12 = 68.25 mm, (C) d13 = 64.75 mm, (D) d14 = 61.25 mm, (E) d15 = 57.75 mm, and (F) d16 = 54.25 mm. The blue and green arrows indicate the transport direction of the topological one-way edge states at the lower and upper edges, respectively. The thickness of the arrow represents the relative intensity of the electric field between the lower and upper edges.
Next, we perform the numerical calculations of band diagrams for four GPC waveguide segments with different radii r and waveguide widths d biased by a uniform external magnetic field of H0 = 1600 G, as shown in Figure 4. They are WG. 1 (r1 = 4.35 mm, d1 = 57.75 mm), WG. 2 (r2 = 4.40 mm, d2 = 58.10 mm), WG. 3 (r3 = 4.45 mm, d3 = 58.55 mm), and WG. 4 (r4 = 4.45 mm, d4 = 58.90 mm). The calculated result of WG. 1 is shown in Figure 4A. It should be noted that the waveguide width between two GPCs should be appropriately selected so that the two counter-propagating topological one-way edge states can strongly couple with each other and result in a quite flat band in the middle part of the Brillouin zone. One can see that an exotic flat band (colored in red) exists in the middle part of the Brillouin zone, which means that the group velocities of guided modes at a frequency of f1 = 4.1902 GHz belonging to the flat band are extremely low. For WG. 2 in Figure 4B, the shape of the flat band (colored in blue) is almost unchanged compared with the flat band in Figure 4A, but the frequency of slow light state decreases to f2 = 4.1614 GHz. When the radius and waveguide width of the GPC waveguide continue to increase to r3 = 4.45 mm and d3 = 58.55 mm, respectively (i.e., WG. 3), the frequency of the slow light state decreases to f3 = 4.1314 GHz, as shown in the green flat band of Figure 4C. As can be seen from the band structure of WG. 4 (r4 = 4.45 mm, d4 = 58.90 mm), as shown in Figure 4D, there exists a purple flat band, and the slow light state localizes at f4 = 4.1032 GHz. Thus, under a uniform external magnetic field, by increasing the radius from r1 to r4 and the waveguide width from d1 to d4, respectively, the frequency of slow the light state can move down from 4.1902 to 4.1032 GHz.
[image: Figure 4]FIGURE 4 | Projected band structure of the GPC waveguide segment. (A) WG. 1: r1 = 4.35 mm, d1 = 57.75 mm, and f1 = 4.1902 GHz. (B) WG. 2: r2 = 4.40 mm, d2 = 58.10 mm, and f2 = 4.1614 GHz. (C) WG. 3: r3 = 4.45 mm, d3 = 58.55 mm, and f3 = 4.1314 GHz. (D) WG. 4: r4 = 4.45 mm, d4 = 58.90 mm, and f4 = 4.1032 GHz.
We proceed to construct an air–GPC waveguide–air model to demonstrate the transport behaviors of the slow light state belonging to the flat band in the frequency domain. The plane wave is incident in the horizontal direction from the left port, and the other three boundaries are set as the scattering boundary conditions that can greatly reduce the reflection. The simulated result of air–WG. 1–air is plotted in Figure 5A, and the operating frequency is f1 = 4.1902 GHz. We can see that the electric field is mainly concentrated on the waveguide channel, and only a very small amount of electric field is distributed in the air on the left part, while there is no electric field distributing in the air on the right part. This result shows that an EM wave incident from the left port can be effectively coupled to the waveguide channel, and its group velocity will be greatly slowed down and trapped at the waveguide channel as the EM wave propagates via a counterclockwise energy flux closed-loop manner that originates from the strong coupling of the two counter-propagating topological one-way edge states. Similarly, as shown in Figure 5B–D, the plane waves at f2 = 4.1614 GHz, f3 = 4.1314 GHz, and f4 = 4.1032 GHz incident from the left port will be slowed down and trapped at the WG. 2, WG. 3, and WG. 4, respectively.
[image: Figure 5]FIGURE 5 | Normalized electric field distribution in four types of slow light waveguide segments. (A) WG. 1: f1 = 4.1902 GHz. (B) WG. 2: f2 = 4.1614 GHz. (C) WG. 3: f3 = 4.1314 GHz. (D) WG. 4: f4 = 4.1032 GHz. The electric field diagrams of frequencies f1, f2, f3, and f4 are marked in red, blue, green, and purple, respectively.
To further verify the slow light trapping characteristics of the waveguide channel, we calculate the electric field intensity in four types of the waveguide segment at different frequencies, as shown in Figure 6. These electric field intensity spectra are obtained by integrating and normalizing the electric field of the entire waveguide channel area excited by the plane waves from the left port at a frequency range from 4.185 to 4.195 GHz. For WG. 1, as shown in Figure 6A, the frequency range of the EM wave is from 4.185 up to 4.195 GHz. There only exists a high peak at f1 = 4.1902 GHz, which means that the electric field is strongly localized at the waveguide channel, being completely consistent with the simulated result in Figure 5A. Besides, as the frequency increases from 4.1850 to 4.1902 GHz, the intensity of the electric field first maintains a value close to 0 and then increases sharply to the maximum value of 1. This is because the EM wave at a frequency lower than 4.1902 GHz cannot excite any guided modes in the waveguide channel; consequently, the incident EM wave will be totally reflected at the junction of air and waveguide. However, when the frequency is higher than 4.1902 GHz, the guided mode with a high group velocity will be excited. Thus, the electric field can have a great probability to propagate through the waveguide channel and transmit into the air, so that only a part of electric field exists in the waveguide channel. These results are consistent with the band structure analysis in Figure 4A. Likewise, Figure 6B–D also shows the relationship of electric field intensity and frequency of WG. 2, WG. 3, and WG. 4, respectively. Obviously, the shape of intensity curves of them are similar to that of Figure 6A, but they possess the high peak at the frequencies of f2 = 4.1614 GHz, f3 = 4.1314 GHz, and f4 = 4.1032 GHz, respectively, which are completely consistent with the calculated results of Figures 4, 5.
[image: Figure 6]FIGURE 6 | Normalized electric field intensity in the four types of waveguide segments at different frequencies. (A) WG. 1. (B) WG. 2. (C) WG. 3. (D) WG. 4. The intensity curves of WG. 1, WG. 2, WG. 3, and WG. 4 are marked in red, blue, green, and purple, respectively.
REMOTELY AND NON-RECIPROCALLY EXCITING SLOW LIGHT STATE
We have mentioned above that the gap Chern number of the slow light waveguide segment is 0, meaning that the waveguide segment is trivial and not topologically protected, but it still retains the topological transport characteristics, especially the topological one-way edge states existing on the left and right edges, as shown in Figure 1. We consider the left edge of the slow light waveguide segment and find that the upper and lower edges both support the topological one-way edge state propagating upward. We first set a plane wave with a width of 5a propagating from the left port along horizontal direction. When the EM wave at f1 = 4.1902 GHz meets the left upper edge of WG. 1, the one-way edge state propagating upward will be excited so that the electric field of reflection light loses symmetry about the direction of an incident plane wave and almost no guided mode is excited in the waveguide channel, as shown in Figure 7A.
[image: Figure 7]FIGURE 7 | Remotely and non-reciprocally exciting slow light state. The rough arrows represent the transmission direction of the incident plane wave, and the thin arrows indicate the propagating direction of topological one-way edge states.
On the other hand, when the plane wave is incident from the left lower port to irradiate the left lower edge of WG. 1, as shown in Figure 7B, the asymmetrical reflection still occurs because the left lower edge supports the one-way edge state transporting upward. Consequently, the electric field distribution of reflection of Figure 7B is almost the same as that of Figure 7A. However, it is intriguing that the slow light state in the waveguide channel can be remotely excited by the left lower plane wave; this is because the EM wave can flow into the waveguide channel through the one-way channel at the left lower edge. This phenomenon has never been mentioned in previous studies. Therefore, the existence of the one-way edge state in the left edge of the lower half GPC can support the external EM waves can be non-reciprocally coupled to the SLRT waveguide channel, although the incident position of the EM wave is far away from the waveguide channel. These results can help us further to realize an SLRT waveguide which can be remotely and non-reciprocally excited by external EM waves.
SLOW LIGHT RAINBOW TRAPPING IN FREQUENCY AND TIME DOMAINS
We proceed to construct a hybrid GPC waveguide by splicing four GPC waveguide segments together to form a line defect channel to demonstrate the SLRT phenomenon in frequency and time domains. As shown in Figure 8, WG. 4, WG. 3, WG. 2, and WG. 1 are placed one by one from left to right. This is because the frequency of the slow light state of the latter waveguide must be able to excite the guided mode of the former waveguide so that the EM wave can pass through the former waveguide and is slowed down and trapped at the concerned waveguide, that is, f4<f3<f2<f1. When EM waves of f4, f3, f2, and f1 are incident at the hybrid waveguide, they are slowed down and trapped at their corresponding locations, as shown in Figure 8A, and finally form an SLRT phenomenon in the frequency domain. More importantly, this SLRT possesses a high spatial precision where there are almost no cross talk and overlap between the electric fields of different frequencies (see Figure 8B), which is very different from the rainbow trapping phenomena, as mentioned in previous studies (Gan et al., 2009; Jiang and Atwater, 2011; Lu et al., 2021). This feature is attributed to the huge difference of group velocity between the former waveguide and slow light waveguide at the frequency of the slow light state so that the electric field can be almost completely localized in the concerned slow light waveguide channel.
[image: Figure 8]FIGURE 8 | Slow light rainbow trapping in frequency domain. (A) f4 = 4.1032 GHz, f3 = 4.1314 GHz, f2 = 4.1614 GHz, and f1 = 4.1902 GHz. (B) Normalized electric field intensities along the lower boundary for different frequencies. The interfaces of adjacent waveguide segments are marked as the black dotted lines.
We further demonstrate the SLRT phenomenon in a time domain. A Gaussian wave packet centered at f0 = 4.15 GHz is incident from the left port, and the full width at half-maxima of the pulse is 0.1 GHz (from 4.10 to 4.20 GHz). Figure 9A–E shows the electric field distributions along the lower boundary of the waveguide channel at t1 = 10.0 ns, t2 = 42.5 ns, t3 = 75.0 ns, t4 = 107.5 ns, and t5 = 140.0 ns, respectively. Especially, at t1 = 10.0 ns, most of EM waves arrive in WG. 4 and WG. 3, while only a little energy reaches WG. 2 and WG. 1, as shown in Figure 9A. At t2 = 42.5 ns, the Gaussian pulse should have gone through the whole structure; however, there still exists a relatively strong electric field distribution inside each waveguide segment, as shown in Figure 9B. As time elapses, at t3 = 75.0 ns, the intensity of trapped EM waves in WGs. 4, 3, 2, and 1 becomes weaker due to the leakage of energy fluxes on both sides of the waveguide channel, as shown in Figure 9C. However, as time continues to pass, the rate of energy loss is significantly reduced. The calculated results at t4 = 107.5 ns and t5 = 140.0 ns are plotted in Figures 9D–E, respectively, where we can see that there only a few EM waves leak out of the waveguide channel. We proceed to calculate the frequency spectrum at x1 = 4a (WG. 4), x2 = 11a (WG. 3), x3 = 18a (WG. 2), and x4 = 25a (WG. 1) between 100.0 and 140.0 ns, as shown in Figure 9F. The corresponding peak frequencies are at fa = 4.1041 GHz, fb = 4.1313 GHz, fc = 4.1568 GHz, and fd = 4.1912 GHz, which agrees well with the frequency domain simulations (i.e., fa˜ f4, fb˜ f3, fc˜ f2, and fd˜ f1). Therefore, all these results have shown that the different frequency components of a Gaussian wave packet indeed can be separated and stored at different positions of the waveguide for a long temporal duration to form SLRT.
[image: Figure 9]FIGURE 9 | Slow light rainbow trapping in time domain. Electric field amplitudes of the wave packet along the lower boundary at different times: (A) t1 = 10.0 ns, (B) t2 = 42.5 ns, (C) t3 = 75.0 ns, (D) t3 = 107.5 ns, (E) t3 = 140.0 ns, and (F) Fourier transformation spectrum at x1 = 4a (WG. 4), x2 = 11a (WG. 3), x3 = 18a (WG. 2), and x4 = 25a (WG. 1) along the lower boundary of the waveguide channel.
MAGNETICALLY TUNABLE BROADBAND SLOW LIGHT STATE
The intensity of the external magnetic field is one of the most important tunable freedom of GPC systems, which can be used to regulate the transport behaviors of an EM wave. Here, we display a synthetic diagram of the intensity of an electric field in WG. 1 under different H0. The intensity of H0 continuously and linearly increases from 1,000 to 1800 G with ΔH0 = 100 G. As H0 increases, the frequency of the slow light state blue shifts from 3.5701 to 4.3121 GHz, as shown in Figure 10. On the other hand, the magnitude of the frequency blue shift of the slow light state decreases; this is because H0 is gradually approaching the saturation magnetization. It can thus be seen clearly that the slow light states originating from the strongly coupling of two counter-propagating topological one-way edge states can be easily achieved and conveniently modulated by changing the geometrical parameters of the structure and intensity of the external magnetic field. These features are very beneficial to create extremely broadband-tunable slow light states and the SLRT phenomenon and can provide a powerful path to solve the contradiction between slow light and broad bandwidths.
[image: Figure 10]FIGURE 10 | Magnetically tunable broadband slow light. The frequencies of slow light states are 3.5701, 3.7078, 3.8301, 3.9385, 4.0340, 4.1171, 4.1902, 4.2562, and 4.3121 GHz under the external magnetic field of 1,000, 1,100, 1,200, 1,300, 1,400, 1,500, 1,600, 1700, and 1800 G, respectively.
DISCUSSION AND CONCLUSION
In summary, we have proposed a hybrid GPC waveguide composed of four segments of GPC waveguides possessing different cylinder radii and waveguide widths but biased by a uniform external magnetic field to demonstrate the SLRT of EM waves. We have demonstrated that in frequency and time domains, EM waves of different frequencies can be slowed down and trapped at their corresponding locations almost free from any cross talk and overlap. More intriguingly, we have found that attributed to the presence of one-way transport channel at the left edge, external EM waves can be remotely and non-reciprocally coupled to the slow light waveguide channel. Moreover, the frequency range of slow light states can also be easily and conveniently tuned by regulating the intensity of the external magnetic field to obtain the extremely broadband slow light states. All these topological features are very beneficial to solve the contradiction between slow light and broad bandwidths. Our results may provide a great potential for designing novel photonic devices with high performance, such as an optical buffer, optical switch, and optical filter.
It should be emphasized that the similar topological rainbow phenomena have been studied in previous studies (Chen et al., 2019b; Zhang et al., 2021), but our ideas and studies are completely different from them. On the one hand, in ref. Chen et al. (2019b), the gradient magnetic field is required, which is difficult to be obtained in the actual experimental configuration. While in this study, we use a uniform external magnetic field to form a tunable SLRT with a broadband. Obviously, the uniform external magnetic field is easier to implement in experiments than the gradient magnetic field. On the other hand, in ref. Zhang et al. (2021), the authors realized a rainbow based on graded dielectric photonic crystals, which are constructed by changing the degree of lattice contraction and expansion, so its physical mechanism of rainbow is completely distinguished from our study. Besides, this rainbow waveguide is composed of a dielectric material; thus, once its structure is fabricated, its properties cannot be adjusted, which greatly limits the application of rainbow waveguides. However, the rainbow in our study can be tuned by an external magnetic field. This feature is very beneficial to create extremely broadband-tunable slow light states and a rainbow phenomenon and can provide a powerful path to solve the contradiction between slow light and broad bandwidths. Besides, the distribution length of each footprint in the slow light rainbow is about 2.7λ; it will be very valuable for the realization of a more compact rainbow waveguide if we can explore a novel physical mechanism that enables the EM wave to be captured in a small space, even a point.
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