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This study aims to investigate the dynamic response regulation by combining the
theoretical analysis and field test under the vibration rolling condition. Based on the
viscoelastic theory of a multilayer system, the dynamic stiffness method (DSM)
incorporating multidimensional Fourier transform is proposed to solve the 3-
dimensional (3D) dynamic response of pavement under vibration compaction. The
stiffness matrix of each pavement layer and the global stiffness matrix of the whole
pavement structure are obtained. By combining vibration load with boundary conditions,
the 3D exact solution is obtained and validated by the finite element method. In addition,
the field test is also conducted using a series of sensors and equipment (e.g., SmartRock
sensor, acceleration sensor, temperature sensors, and non-nuclear density meter) to
calibrate the theoretical model to determine the wave number and dynamic modulus
during the vibration rolling process. Then, considering the factors during compaction, the
rules of displacement variation and pavement acceleration are investigated in terms of
modulus, thickness, and density. The results show that the 3D displacement and
acceleration components both vibrate with high frequencies during compaction, and
peak acceleration in the vertical direction prevails. For the vertical displacement, its
distribution beneath the drum of the roller is almost even except that it drops to zero
abruptly around the drum edge. The relationship between thickness and acceleration
follows a linear function, and the acceleration on the pavement surface rises when the
thickness increases. Although the density and modulus increase with rolling times, the
effect of modulus on acceleration is more obvious and prominent than that of density. In
summary, the DSM presented in this article provides a robust method to calculate the
dynamic response of pavement under vibratory compaction and to back-calculate the
modulus of compacted pavement layers. Moreover, the regulation also sheds insight on
the understanding of vibration compaction mechanism that there is a potentially strong
correlation between compaction state, modulus, and vibration acceleration.
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1 INTRODUCTION

It is widely known that compaction is a key procedure in the
construction process of asphalt pavement. Generally speaking,
insufficient strength and poor durability are important reasons
for asphalt pavement distresses, such as rutting, cracking, and
water damage (Wang et al., 2009; Dan et al., 2022; Dan et al.,
2020a; Hosseini et al., 2020). To a large extent, these distresses
have been closely correlated with pavement compaction quality
(Coleri et al., 2012; Xu and Chang, 2016; Jia et al., 2019; Wu et al.,
2019; Jing et al., 2020). Although the importance of compaction is
widely acknowledged nowadays, study on the compaction
mechanism is still troubled with simplification and one-
sidedness. In the field, the pavement construction process is
affected by many complicating factors, such as exciting force,
compaction work, amplitude, vibration frequency, and rolling
speed (Coleri et al., 2012; Fares et al., 2014; Xu and Chang, 2016;
Jia et al., 2019; Liu et al., 2019; Jing et al., 2020; Paulmichl et al.,
2020; Liu et al., 2022). Specifically, there is little quantitative study
as to how these factors affect the compaction and to what degree
the effects are significant. It is, therefore, challenging to accurately
reveal the compaction mechanism due to so many complex
influencing factors. Additionally, it is difficult to detect the
feedback information of pavement structure and analyze the
physical and mechanical processes contained in the feedback
information. In summary, there is a big gap between theory and
practice for improving the compaction technology of asphalt
pavement (Dan et al., 2020b).

Asphalt mixture is a type of pavement material with
rheological properties and, thus, is generally compacted using
the vibratory roller in engineering. In the compaction process, the
vibratory roller not only runs on the pavement surface at a certain
speed but also vibrates up and down at a certain frequency.
Therefore, compared with traffic loading, the dynamic response
of asphalt pavement in the process of vibration rolling is definitely
different and requires special treatment. Many researchers carried
out investigations on the dynamic response of asphalt pavement
under various types of loading, and those methods can be roughly
categorized into analytical approach and numerical simulation
(Grundmann et al., 1999; Lu and Jeng, 2007; Lefeuvemesgouez
and Mesgouez, 2008; Xu et al., 2008; Souza and Castro, 2012;
Beskou et al., 2016; Dong and Ma, 2018; Roozbahany and Partl,
2019; Lv et al., 2020; Qian et al., 2020), with very limited
experimental studies in the literature (Dong et al., 2012; Chen
X et al., 2015; Shan et al., 2019; Li et al., 2020). In the analytical
approach, the differential governing equation was usually
established, and the analytical/semi-analytical solutions of
pavement dynamic response were obtained by means of
integral transformation (Bierer and Bode, 2007; Zhenning
et al., 2016; Zhan et al., 2018; Liu et al., 2021a; Liu et al.,
2021b). Most solutions treated the traffic loading as a moving
concentrated, constant load or a moving load that changed
harmonically with time. The studies on vibration of pavement
mainly considered pavement roughness (Li et al., 2012; Lv et al.,
2020), but few investigated the characteristics of dynamic
response in the process of vibration compaction of pavement
because the use of the analytical method is strongly affected by the

complexity of the model itself (Lv et al., 2020; Zhao and Wang,
2020). In order to consider more complex situations, many
researchers applied the finite element method to simulate the
response of pavement under various dynamic loading. In
addition, the discrete element method (DEM) is increasingly
applied to quantify the internal stresses of aggregates during
compaction from a microscopic perspective (Chen J et al., 2015;
Liu et al., 2019; Si et al., 2019; Qian et al., 2020). Despite the
general applicability of the finite and discrete element methods,
the numerical simulation of dynamic pavement responses is
usually time-consuming and inefficient (Wang et al., 2021). At
present, the literature on the dynamic response of asphalt
pavement structure under the combined action of moving and
vibratory loading is relatively scarce, especially the theoretical
aspects of vibration compaction.

Hence, taking into account the moving and vibratory
characteristics of compaction loading, this work aims to study
the three-dimensional (3D) dynamic response regulation in the
compaction process and the influencing factors. A 3D model is to
be established based on viscoelasticity theory for the pavement
multilayer system, and the dynamic stiffnessmethodwill be used to
derive the analytical solution for the purpose of a fast and efficient
calculation. Furthermore, the dynamic response of asphalt
pavement under the action of the vibratory roller is investigated
in terms of displacement, acceleration, temperature, modulus, and
compaction degree of the asphalt pavement.

2 METHODOLOGY

2.1 Assumptions
Although asphalt mixture is a complex three-phase material, the
pavement is generally regarded as a multilayer elastic structure
with infinite length in theoretical considerations (Bierer and
Bode, 2007; Liu et al., 2021b). Previous research has pointed
out that plastic deformation within the finite acting time of the
vibratory roller is negligibly small, and the dynamic response
process is, thus, regarded as a viscoelastic vibration (Wang et al.,
2021). In addition, before the establishment of the model, the
following assumptions need to be introduced:

(1) The roller–pavement vibration system is linear.
(2) The structure layers underneath the surface course are

homogenous and isotropically elastic.
(3) The constitutive relationships of the structural layers satisfy

Hook’s law.
(4) The displacement at a certain depth in the pavement is zero.
(5) The load vibrates freely on the road surface with a sinusoidal

waveform, and the loading point is kept fixed. The pavement
response with time can be illustrated according to different
positions, which is expressed by x = vt (v is the moving speed
of the road roller, t is the sampling time, and x is the distance
to the observation point) (Dan et al., 2015; Wang et al., 2021).

2.2 Governing Equations
The 3D pavement with the Cartesian coordinate can be defined as
follows. The origin is located at the pavement surface, and the z-,
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y- and x-axes are along the pavement depth direction, transverse
direction, and longitudinal direction (driving of the vibratory
roller), respectively.

Considering an asphalt pavement under vibration loading, the
force equilibrium equation can be written as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

zσx

zx
+ zτxy

zy
+ zτzx

zz
� ρ

z2ux

zt2

zσy
zy

+ zτzy
zz

+ zτyx
zx

� ρ
z2uy

zt2

zσz
zz

+ zτxz
zx

+ zτyx
zy

� ρ
z2uz

zt2

, (1)

where uz, uy, and ux are the displacement components in the z-, y-,
and x- direction, respectively; σz, σy, and σx are the normal stress
components accordingly; ρ is the density of the pavement material,
and τ represents the shear stresses.

The strain–displacement and constitutive relationships are

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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zx
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zy
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zy
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zuy
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, (2)
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E
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E
[σy − μ(σx + σz)]

εz � 1
E
[σz − μ(σy + σx)]

γxy � 1
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1
G
τxz, γzy � 1

G
τzy

, (3)

where ], E, and G are Poisson’s ratio, Young’s elastic modulus,
and shear modulus of the material.

Subsequently, Eqs 1–3 in the time domain are transformed
into the frequency domain according to the Fourier transform
method, as shown in Eqs 4–6,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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, (4)
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with

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
λ � μE(1 + μ)(1 − 2μ)
G � E

2(1 + μ)
. (7)

Combining Eqs 5–7, the following equations can be obtained:

~σx � (λ + 2G) z~ux

zx
+ λ(z~uy

zy
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Taking the derivative of Eq. 10 with respect to x, we have

z2~uz

zxzz
� 1

(λ + 2G)
z~σz
zx

− λ

(λ + 2G)(z2~uy

zxzy
+ z2~ux

zx2
). (12)

Likewise, taking derivative of Eq. 8 with respect to x and then
combining with Eq. 12, we obtain

z~τxz
zz

� −4G(λ + G)
λ + 2G

z2~ux

zx2
− 3λG + 2G2

λ + 2G

z2~uy

zxzy
− G

z2~ux

zy2

− λ

λ + 2G
z~σz

zx
− ρξ2~ux. (13)

Similarly, taking derivative of Eqs 9, 10 with respect to y, we
have

z~τyz
zz

� −4G(λ + G)
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z2~uy

zy2
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z2~ux

zxzy
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z2~uy

zx2

− λ
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In addition, the following equations can be obtained as well:

z~uz

zz
� 1
λ + 2G

~σz − λ
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z~ux

zx
− λ

λ + 2G

z~uy
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. (15)
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z~ux

zz
� 1
G
~τxz − z~uz

zx
. (17)

z~uy

zz
� 1
G
~τzy − z~uz

zy
. (18)

For Eqs 13–18 in the space domain, transforming into the
frequency domain by performing the Fourier transform and then
the governing equation can be given as follows
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(19)

The abovementioned can be rearranged into a matrix
form:

z

zz

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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j~τxz
j~τyz
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2.3 Stiffness Matrix for Multilayer Pavement
System
On the basis of the established governing Eq. 20, it is necessary to
simplify the governing equation to derivate the solution. First, we
define

B �
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,

(21)

and Eq. 20 can be rewritten as

z

zz
[ ~σz j~τxz j~τyz ~uz j~ux j~uy ]T
� B · [ ~σz j~τxz j~τyz ~uz j~ux j~uy ]T. (22)

According to the boundary condition shown in Figure 1, Eq.
22 can be solved readily.

[ ~σ1z j~τ1xz j~τ1yz ~u1
z j~u1

x j~u1
y ]T

� eBh1[ ~σ0
z j~τ0xz j~τ0yz ~u0

z j~u0
x j~u0

y ]T, (23)
where [ ~σ1z j~τ1xz j~τ1yz ~u1z j~u1x j~u1y ]T and
[ ~σ0z j~τ0xz j~τ0yz ~u0z j~u0x j~u0y ]T represent the boundary
condition ath=h1 and surface, respectively, andh1 is the layer thickness.

Defining T � eBh1 and combining with the block matrix
algorithm, Eq. 24 is obtained directly as follows:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

~σ0z
j~τ0xz
j~τ0yz
~σ1z
j~τ1xz
j~τ1yz

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
� [ −T−1

21T22 T−1
21

T12 − T11T
−1
21T22 T11T

−1
21
] ×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

~u0
z

j~u0
x

j~u0
y

~u1
z

j~u1
x

j~u1
y

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (24)

Based on the relationship between the stress and displacement
in the coordinate system, the following equations hold true:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−~σ0
z

−j~τ0xz
−j~τ0yz
~σ1
z

j~τ1xz
j~τ1yz

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
� [ −T−1

21T22 T−1
21

T12 − T11T
−1
21T22 T11T

−1
21
] ×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

~u0
z

j~u0
x

j~u0
y

~u1
z

j~u1
x

j~u1
y

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (25)

Here, the stiffness matrix can be defined as follows:

[S] � [ −T−1
21T22 T−1

21

T12 − T11T
−1
21T22 T11T

−1
21
] � [ [S11] [S12]

[S21] [S22]]. (26)

Any two layers of structure, layer i and layer i+1, are selected to
obtain the global stiffnessmatrix of themultilayer pavement structure.

For layer i,

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−~σ i−1z

−j~τi−1xz

−j~τi−1yz

~σ i
z

j~τixz
j~τiyz

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
� [ [Si11] [Si12][Si21] [Si22] ] ×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

~ui−1
z

j~ui−1
x

j~ui−1
y

~ui
z

j~ui
x

j~ui
y

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (27)

FIGURE 1 | Simplified model of vibration load.
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For layer i+1,

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−~σ i
z

−j~τixz
−j~τiyz
~σ i+1
z

j~τi+1xz

j~τi+1yz

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
� [ [Si+111 ] [Si+112 ][Si+121 ] [Si+122 ] ] ×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

~ui
z

j~ui
x

j~ui
y

~ui+1
z

j~ui+1
x

j~ui+1
y

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (28)

On the basis of the assumption that the layers are in complete
contact with each other, combining Eqs 27, 28, we have

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−~σ i−1z

−j~τi−1xz

−j~τi−1yz

0
0
0
~σ i+1
z

j~τi+1xz

j~τi+1yz

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
� ⎡⎢⎢⎢⎢⎢⎢⎣ [Si11] [Si12] 0[Si21] [Si22] + [Si+111 ] [Si+112 ]

0 [Si+121 ] [Si+122 ]
⎤⎥⎥⎥⎥⎥⎥⎦ ×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

~ui−1
z

j~ui−1
x

j~ui−1
y

~ui
z

j~ui
x

j~ui
y

~ui+1
z

j~ui+1
x

j~ui+1
y

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (29)

For the multilayer pavement system, the bottom layer is in
complete contact with the rigid foundation bed. It thus can be
regarded that the boundary condition at the bottom is zero for
both stress and displacement. Therefore, the global stiffness
matrix of the multilayer pavement system is given as follows:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f1

0
0
..
.

0
fn+1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
�

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

[S111] [S112] 0 / 0 0[S121] [S122 + S211] [S212] / 0 0
0 [S221] [S222 + S311] / 0 0

..

. ..
. ..

.
1 ..

. ..
.

0 0 0 / [Sn−122 + Sn11] [Sn12]
0 0 0 / [Sn21] [Sn22]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

d1

d2

d3

..

.

dn

dn+1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (30)

where f1 � [ −~σ0z −i~τ0xz −i~τ0yz ]T and di �
[ ~ui−1z i~ui−1x i~ui−1y ]T.

2.4 Vibration Load
Generally speaking, load distribution at the bottom of the vibratory
roller drum is not uniform. For the sake of simulating the response
of asphalt pavement as realistic as possible, the contact force
between the pavement and drum is simplified as a semi-ellipse
model in this study (Herrera et al., 2018). In addition, it is assumed
that the eccentric block in the roller drum rotates around the
rotating shaft at a certain angular speed ω0, as shown in Figure 1.

Accordingly, description of the vibratory roller load can be
simplified as follows:

P � Gr + p � Gr + 2b
L

������������
L2

4
− (x − v0t)2

√
sin(ω0t), (31)

in which, −L
2 <x< L

2;−W
2 <y< W

2 ,Gr is the roller gravity; L andW
are widths along the x- and y-axes, respectively; b is load

amplitude; v0 is the speed of the vibratory roller, and ω0 is the
angular frequency.

In the practice of vibratory compaction, the moving speed of
the roller is about 4.5 km/h, which can be neglected in the
calculation and as such the exciting force is represented by
(Bratu and Dobrescu, 2019)

pc � 2b
L

������
L2

4
− x2

√
sin(ω0t). (32)

Thus, the vibratory roller load is further simplified as follows:

Pc � Gr + pc � G + 2b
L

������
L2

4
− x2

√
sin(ω0t). (33)

3 MODEL VALIDATION AND CALIBRATION

3.1 Numerical Comparison
For validating the analytical solution, the finite element method
(FEM) is used to calculate the response of the pavement under
the same conditions. For a balance between computational cost
and accuracy, a 3D pavement model with 1310576 nodes is
established, and the DLOAD subroutine is applied to simulate
the vibration load. The mesh and model geometrics are
illustrated in Figure 2, and the structural parameters are
listed in Table 1.

Comparison of solutions by the FEM and analytical method is
presented in Figure 3. It can be seen that the displacement
profiles in the z- and x-directions, as well as the peaks at the
pavement midline obtained by the two methods, are consistent
with each other. Furthermore, the spatial range of response to the
vibration load is the same, between 15 m and 25 m. These
agreements demonstrate the reliability and accuracy of the
analytical method proposed in this article. Moreover, it should
be pointed out that the FEM approach is highly time-consuming,
which took over 2 hours in calculation in the present case. On the
contrary, the developed analytical method only needed 143 s to
obtain the solution in the frequency domain, and the inverse
Fourier transform took another 5 s. Use of the analytical method
enjoys a great advantage in computational efficiency while
maintaining an equivalent accuracy.

3.2 Field Test and Calibration
In order to use the analytical method to analyze the dynamic
response of asphalt mixture, the model parameters need to be
calibrated by field test results because the modulus of loose
asphalt mixture cannot be obtained during the rolling process.
The pavement vibration rolling field test is performed on an
asphalt bottom layer with a thickness of 8 cm in the Zheng–Xi
Expressway in Guizhou Province, China. The asphalt mixture is a
conventional AC-25 material. Table 2 shows the structural and
material parameters for the test pavement. The vibratory roller is
Dynapac CC624HF with double drums of which the operating
weight is 13,600 kg, and the static weight at the front drum is
6,000 kg, with the drum dimension 1,300 mm (diameter) ×
2,130 mm (width). The loading frequency of the drum is
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51 Hz and excited force is about 166 kN. In the compaction
process, the driving speed of the vibratory roller is 4.5 km/h.

During the vibration rolling process, SmartRock is placed in
the mixture, and the field test data are collected via Bluetooth into
a computer (Dan et al., 2020c). In the rolling direction, the data
record area is selected approximately 25 m before and after the
measuring point. After each rolling, a non-nuclear density meter
is used to detect the compactness of the compacted mixture near
the measuring point. In addition, to ensure the accuracy of the
test, the roller moved at a constant speed when passing the
observation point to mitigate the fluctuation of the signal.

Figure 4 outlines the field test setup, sensor installation, and
rolling process.

However, there are many types of equipment (paver, vibration
roller, rubber-tired roller, etc.) in the field, which leads to
interfering signals collected by SmartRock in the field test
data. Hence, the band-pass filtering program is utilized to
handle this issue. The acceleration curve of asphalt
mixture after filtering is shown in Figure 5. Based on the
pavement parameters substituted into the analytical model,
the relationship between the peak acceleration and modulus is
shown in Figure 6. In addition, using the field data,

FIGURE 2 | FEM model: (A) meshing and (B) geometric and boundary conditions.

TABLE 1 | Structure and material information for the FEM model.

Materials Thickness (cm) Modulus (MPa) Poisson’s ratio Density (kg/m3)

Asphalt mixture 18 1,400 .3 2,400
Cement-stabilized macadam 20 1,500 .2 2,300
Lime soil 30 550 .35 2,000
Subgrade soil 200 48 .4 1,900

FIGURE 3 | Comparison between the FEM and analytical method.
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the dynamic modulus of asphalt mixture is back-calculated as
99 and 2057 MPa for the first and last rolling, respectively.

The first rolling data of the field test are used to calibrate the
model parameters in this study, and the calibrated acceleration is
shown in Figure 7. The statistics criteria used in calibration are
that the variance of acceleration in the z-direction reaches the
minimum, and meanwhile, the root mean square error is
minimized in all three directions between the calculated and
measured accelerations. The comparison shows that the
analytical solution agrees quite well with the field test data.
The analytical solution captures the vibrations in acceleration
over time. Also, the errors in fitting the peak values of all

directions are minor, which are 9.5 × 10−3 g, 2.26 × 10−2 g,
and 9 × 10−4 g in the z-, y-, and x-directions, respectively.

4 ANALYSIS AND DISCUSSION

4.1 Vibration Displacement
It is well known that displacement is one of the noticeable
dynamic responses of a pavement during the rolling process.
Thus, a model is established to obtain the analytical solution of
displacement for the structural and material parameters as shown
earlier in Table 2.

TABLE 2 | Structural and material information for the test pavement.

Materials Thickness (cm) Modulus (MPa) Poisson’s ratio Density (kg/m3)

Asphalt mixture (bottom layer) 8 calibration .3 2,635
Cement-stabilized macadam 26 3,500 .2 2,600
Graded aggregate 16 550 .35 2,550
Subgrade soil 100 48 .4 1,850

FIGURE 4 | Schematic diagram of the field test arrangement and setting up the SmartRock: (A) embedment in mixture, (B) scale of the sensor, (C) field paving, and
(D) rolling.
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Figure 8A presents the vertical displacement profiles of the
pavement surface along the rolling and transverse directions. It
can be seen in Figure 8A that the displacement is pronounced
within the response range, and the displacement achieves the
peak value at the loading point. The displacement beyond the
load range vanishes rapidly.

Figure 8B shows y-axis displacement of the pavement surface,
which is apparently different from vertical displacement. The
displacement is zero at the load center and peaks immediately on
the two sides with different signs, which agrees with the fact that
asphalt mixture tends tomove toward both sides of the contacting
strip under rolling in the field. Figure 8C provides x-axis
displacement of the pavement surface, which is generally
similar with that in the y-direction.

During the rolling process, the dynamic response of the origin
O changes with the moving roller. Based on the global stiffness
matrix method, the displacement–time curves are obtained and
shown in Figure 9.

Under the moving vibration load along the x-direction, the
displacement of the observation point is shown in Figures 9B–D

for the z-, y-, and x-directions. First, it can be found that the
displacement of each direction vibrates along with the vibrating
load. Then, in Figure 9B, it can be seen that uz increases slowly
with the approaching load and achieves peak value when the load
moves toward the center. Moreover, in Figures 9C,D, it can be
observed that the response regulation of displacement in the x-
and y-directions is different from vertical displacement. Both uy
and ux increase initially and decrease to zero at the center, and the
displacement is opposite when the load moves away.

Apparently, the vertical displacement uz is the largest and uy is
the smallest. It shows that the internal response is concentrated
on the z-direction mostly during the rolling process. At the same
time, the force is the smallest in the y-direction, which leads to the
smallest displacement.

4.2 Vibration Acceleration
In the field test, it is impossible to detect the real-time displacement
in the rolling process, but the acceleration can be monitored by the
sensor. Thus, the acceleration of the observation point is calculated
by the model, which is shown in Figure 10.

FIGURE 5 | Time histories of acceleration in the field test.

FIGURE 6 | Fitting curve of the relationship between peak acceleration and modulus.
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Figure 10 shows the acceleration curves of observation point
O in z-, y-, and x-directions. It can be seen from the figure that
there are many similarities in the acceleration of the three
directions. The accelerations vibrate with the high frequency
of the vibration load, and they all show a trend of increasing
gradually when the load approaches and gradually decrease
when the load moves away from the observation point. In
addition, by comparing the peak values of accelerations in
three directions, it is found that the peak value of z-direction
acceleration is the largest (about 0.6362 g), and that of the
y-direction is the smallest (about 0.08243 g), about 13% of the
peak value of z-direction.

Essentially, acceleration may be affected by many factors,
including the thickness of the compacted materials. For example,
the thickness of the asphalt pavement is commonly between 4 and
8 cm, Figure 11 shows the relationship between thickness and
acceleration, following a linear function, and the acceleration on
the pavement surface rises when the thickness increases. It can be
found that the acceleration in the z-direction increases from 0.1645
to 0.1797 g when the pavement thickness changes from 4 to 8 cm,
respectively, and the increase percentage is about 9.2%.

4.3 Modulus of the Pavement
During the rolling process of asphalt mixture, the modulus of
pavement varies dramatically with the increase of rolling times,
and the internal response of SmartRock embedded in asphalt
mixture in the field experiment also changes dramatically. For
further exploring the relationship between the internal response of
asphaltmixture and the increase of compaction times, the peak values
of acceleration in three directions during each rolling in the field test
results (Figure 6) are plotted as scatter plots, as shown in Figure 12.

It can be seen from Figure 12A that the peak acceleration
decreases with the number of compaction times in general. The
variation regulation of peak acceleration in the z- and
x-directions is strongly correlated with the number of
compaction times, and yet the peak acceleration in the
y-direction is not. Generally, when the rolling times increase,
the compactness of the mixture and, thus, its modulus gradually
increase. Therefore, in order to analyze the influence of modulus
on acceleration, the acceleration peak values in z- and
y-directions are obtained by changing the material modulus
parameters in the theoretical model, and the curve fitting is
shown in Figure 12B. It can be understood from the figure
that the peak accelerations in the z- and x-directions decrease
sharply in the early stage with modulus. The reduction becomes
gradual, and the accelerations tend to be stable with further
modulus increase.

4.4 Pavement Compaction Degree
In general, during the rolling process, the density/compactness of
the asphalt mixture also changes dramatically with the increase of
compaction times. In the field test, the test points are marked after
embedding SmartRock so that the non-nuclear densitometer is
used to measure the density/compactness of the mixture in
each pass.

Figure 13A demonstrates that the compactness of asphalt
mixture gradually increases from 89.77% to 96.99%, with the
increase of compaction times. After the asphalt mixture paved by
the paver, the degree of compaction is 89.77%, when the asphalt
mixture is in a relatively loose state. In early rolling, the degrees of
compaction are 92.66% and 95.16% after the first and second
rolling and the growth ratios are 3.2% and 2.7%, respectively. On

FIGURE 7 | Acceleration–time curve by calculation and test.
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the other hand, after the sixth and seventh rolling, the degrees of
compaction are 97.19% and 96.99% and the increase percentages
are 0.6% and −0.2%, respectively. Thus, the compaction degree
increases rapidly initially and tends to be gentle subsequently, and

the peak acceleration has the same variation regulation.
Consequently, for further analyzing the influence of
compactness on acceleration, the accelerations are calculated
under different densities.

FIGURE 8 | Displacement profile in three directions, (A) vertical; (B) y-axis; and (C) x-axis.
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It can be seen from Figure 13B that the accelerations in all
directions are almost identical under different densities, which is
inconsistent with the field test (Figure 13A) in which acceleration
decreases with increase in density. Based on the governing
equation, it can be revealed that there are only three
polynomials containing density ρ in the matrix B, that is, ρξ2,

4G(λ+G)k2
λ+2G + Gs2 − ρξ2 and 4G(λ+G)s2

λ+2G + Gk2 − ρξ2, where G is the
shear modulus. Obviously, when only the density ρ varies, Δρ is
minor relative to the shear modulus G, and then Δρ is also very
small for the matrix B, which leads to the calculated acceleration
showing little variation. Hence, in the engineering practice, it can
be concluded that although the density (degree of compaction)

FIGURE 10 | Acceleration of point O in the rolling process.

FIGURE 9 | The time histories of the displacement response at the origin.
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andmodulus increase with the rolling times, the effect of modulus
on acceleration is more obvious and prominent than that of
density.

5 SUMMARY AND CONCLUSION

(1) In this study, investigations have been carried out to study the
three-dimensional dynamic response of pavement under
vibrating load. Based on the viscoelastic theory of the
layered system and Fourier transform method, a set of
differential governing equations of dynamic response is
established under the vibration rolling load, which is
simplified into a matrix form.

(2) Furthermore, the stiffness matrices of the multilayer system
of asphalt pavement are derived, and the dynamic stiffness
method is applied to solve the governing equation of the

pavement structure under vibrating load. The proposed
solution is validated by the FEM simulation and proven to
be more efficient. Furthermore, the theoretical model is
calibrated by the field test to determine the wave number
and dynamic modulus during the vibration rolling process.

(3) The displacement always fluctuates under vibration loading
with high frequency. The variation characteristics is that the
displacement in z-direction increases sharply to a peak and
then decreases sharply to zero, whereas the displacements in
x- and y-directions rise to a peak value and then decrease to
zero and subsequently increase reversely to a negative peak
and then decrease to zero.

(4) For the vertical displacement, its distribution beneath the
drum of the roller is almost even, except around the location
of the drum edge, at which the displacement drops to zero
sharply. For the displacements in the x- and y- directions,
they reach the maximum not when the roller reaches the

FIGURE 12 | (A) Peak value of acceleration; (B) relation curve between modulus and acceleration.

FIGURE 11 | Relationship between acceleration and thickness of compacted materials.
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observation point but at a certain distance from it. Overall,
vertical displacement dominates the deformation under
vibration loading.

(5) The acceleration of the observation point has noticeable vibration
state as thedisplacement, and the accelerations in the three directions
gradually increase when the load approaches and gradually decrease
when the load moves away. In addition, it can be found that the
responses of peak acceleration in z- and x- directions are obviously
dominant compared to those in the y- direction.

(6) Combined with the field test and the calculation results of the
theoretical model in this study, it is found that the peak
accelerations in z- and x-directions decrease and are
correlated well with the modulus, while the peak acceleration
in y-direction does not show a clear trend. In addition, although
the density (degree of compaction) and modulus increase with
the rolling times, the effect of modulus on acceleration is more
obvious and prominent than that of density.
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