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The material cracking behavior in the reactor is generated under the irradiation

effect accompanied by thermal expansion, fission product diffusion, and

mechanical load. In this study, the energy release rate for crack growth

under irradiation has been deduced synthetically according to the

thermodynamically consistent method and numerically implemented by the

finite element method (FEM). Variation in the total energy was obtained based

on the principle of minimum potential energy in which the dissipative behavior

can be characterized by fission energy, irreversible heat flow, and diffusion of

fission products. Through calculating the variation in the total energy with

respect to crack length, the energy release rate for crack propagation was

analytically represented. Additionally, the total energy release rate for deflective

cracks was also derived to predict the crack kinking. Furthermore, the numerical

implementation of the presented model was performed by FEM and the

equivalent domain integral method. Effects of irradiation on the physical

fields and the energy release rate near the crack tip were investigated and

analyzed in such a complex I-TDM coupling system. This study can be

developed to investigate fracture problems, assess structural integrity, and

evaluate material strength of irradiated materials.
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Introduction

Cracks within the fuel elements and the structural components in reactors are

produced and propagated due to the irradiation behaviors (Bai et al., 2010; Jeong

et al., 2015; Liu et al., 2018) including thermal expansion, diffusion of fission

products (Hall et al., 2016; Kim et al., 2016), and mechanical deformation. Thus,

material cracking under irradiation is an irradiation-induced thermo-diffusion-

mechanical (abbreviated as I-TDM in this article) coupling behavior. However, in

such a typical I-TDM coupling system, the energy release rate at the crack tip has not
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been explicitly represented due to the complexity. In order to

evaluate and optimize the safety of irradiated materials, it is

desirable to investigate the cracking behavior and determine the

fracture criterion for materials under irradiation.

Generally, the cracking of irradiated materials is induced by

fission reactions and neutron irradiation. The neutron-induced

nuclear chain reaction will generate tremendous amounts of

thermal energy and extensive fission products (Nordlund

et al., 2018), which will result in the irradiation effect on

surrounding structural materials. The energy released by

the fission reaction is dissipated for irreversible

mechanical strain, amounts of heat flow, diffusion of

fission products, and forming the new surfaces of cracks.

Hence, the irradiated materials should be regarded as an

irradiation-induced thermo-diffusion-mechanical coupling

system in which the cracking behavior is distinctive due to

the irradiation effect (Suzuki and Kobayashi, 2008; Suo and

Shen, 2012; Hu and Shen, 2013; Bouklas et al., 2015;

Granberg et al., 2016; Noori-kalkhoran and Gei, 2020).

The fission energy, the thermal potential energy, and the

mechanical energy are utilized as the driving force for crack

growth in irradiated materials. However, little research has

been reported to analytically investigate the crack growth in

the typical I-TDM coupling system.

Through characterization of the energy dissipation due to

unit crack growth (Kuroda et al., 2001; Samala et al., 2010; Gao

and Zhou, 2013; Cai and Guo, 2020), the energy release rate in

fracture mechanics represents the driving force for crack growth

and can be utilized to evaluate the fracture behaviors

(Cherepanov, 1967; Rice, 1968; Zuo and Chen, 2018). The

representation of the energy release rate near the crack tip in

irradiated materials has not been explicitly established. Variation

in the total energy in multiple field coupling systems can be

formulated by several approaches, such as the non-equilibrium

thermodynamic approach (Ricoeur and Kuna, 2008), the

Onsager principle of the least energy dissipation (Nikolaevskij,

1982), Noether’s theorem (Yu, 2018), and the material

configuration forces (Li and Kuna, 2012). Among them, the

non-equilibrium thermodynamic approach possesses the

advantage of characterizing the irreversible processes under

irradiation and has been adopted in this study. Compared

with the unirradiated materials, in which only mechanical

energy is employed as the driving force for crack growth, the

crack propagation, the heat flow, and the fission product

diffusion dissipate energies simultaneously in irradiated

materials. The cracking behavior under irradiation is driven

by the accumulation of the mechanical strain energy, the

thermal potential energy, and the diffusion potential energy.

Thus, the effects of the temperature and the diffusion of

fission products must be taken into account to determine the

total energy release rate of crack growth under irradiation.

Overall, based on the thermodynamically consistent method

and the principle of minimum potential energy, variation in the

total energy and the constitutive relationship can be

formulated in irradiated materials. By partial differential

of the total energy, the energy release rates for the crack

growth and the crack kinking can be derived and are denoted

as the path-independent J-integral. Then, the energy release

rate can be numerically implemented by the finite element

method (FEM) and analyzed under different irradiation

conditions. The effect of the irradiation damage (dpa) on

the energy release rate and the stress state near the crack tip

can be solved with the aid of the proposed governing

equations.

The main aim of this study is to characterize the energy

release rate in the I-TDM coupling system and numerically

implement the presented model by FEM. The internal energy

density in the I-TDM coupling system was determined based

on the thermodynamically consistent method. Under

irradiation, variations in the total energy and the

constitutive relationship were determined with the aid of

the principle of minimum potential energy. The energy

release rate for crack growth was derived systematically

and is denoted as the J-integral in irradiated materials.

Furthermore, the total energy release rate accounting for

the deflective crack in the I-TDM coupling system was

formulated. The presented model was numerically

implemented by FEM based on the equivalent domain

integral method. Then, a crack model was simulated and

investigated under irradiation. The physical fields and the

J-integral near the crack tip were numerically solved and

analyzed. This study lays a foundation for analyzing the

irradiation-dependent fracture problems and improving the

safety of irradiated materials.

FIGURE 1
Irradiation-induced thermo-diffusion-mechanical (I-TDM)
coupling system.
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The thermodynamic approach in the
I-TDM coupling system

Under irradiation, the cracking occurs in a typical I-TDM

coupling system, as shown in Figure 1. Fission heat and fission

products are generated in nuclear fuels and diffused in irradiated

materials. The thermal expansion by high temperature and the

swelling by fission products will induce the mechanical

deformation and the cracking behaviors under irradiation.

Variations in temperature δT, concentration of fission

products δC, and mechanical strainδε are observed in

materials under irradiation. The mechanical field, the

diffusion field, and the thermo field are coupled with each

other. The variation in the internal energy in the I-TDM

coupling system will be influenced by the strain, temperature,

and diffusion concentration.

In the I-TDM coupling system, as depicted in Figure 1,

according to the universal thermodynamic variational

principle (Suo and Shen, 2012), variations in all energies satisfy

δU � δW + δQ + δF, (1)

where δU, δW, δQ, andδF stand for variation in the total internal

energy, the work performed by external force, the thermal

potential energy, and the diffusion potential energy,

respectively. δ is the variation sign hereinafter. Thus, variation

in the total energy is represented as

δΠ � −δU + δW + δQ + δF. (2)

According to the first law of thermodynamics, within a

chosen region V surrounded by surface A, there exists

_U � _W + _Q + _F, (3)

where the spot overhead the letters denotes differentiating with

respect to time. The balance between the total energy in the local

region V and the energy flowing through the closed surface A is

governed by the expression in Eq. 3 (Ricoeur and Kuna, 2008).

Generally, the variation rate of the total internal energy in Eq.

3 is depicted taking the form of

_U � ∫
V

_υedV, (4)

where υe denotes internal energy density.

The variation rate of the work performed by external force

should be expressed as

_W � ∫
V

fi _uidV + ∫
A

ti _uidA, (5)

where ui,fi, and ti denote the displacement, the mechanical body

force, and the surface traction, respectively. The stress tensor and

the mechanical body force should satisfy the static equivalent

equation σ ij,j + fi � 0. The relationship between the strain

components and the displacement components can be

presented by the geometric equation as V εij � (1/2)(ui,j + uj,i).
Trough applying the equivalent equation and the geometric

relation into Eq. 5, the variation rate of the work performed by

the external force in Eq. 5 can be modified by the Gauss

theorem as

_W � ∫
V

σ ij _εijdV, (6)

Where σ ijand εij denote the stress tensor and the strain tensor in

the I-TDM coupling system, respectively.

The thermal potential energy is equal to the sum of the heat

generated by fission and the heat flow through the surface A, i.e.,

_Q � ∫
V

_rdV + ∫
A

_ϖ inidA, (7)

where r is the heat generated by fuel fission per unit volume and

ϖiis the heat flow per unit area. If the entropy displacement is

expressed asλi, that satisfiesλi � ∫t00 ϖi/Tdt, and if the entropy

flow vector is _λi, the heat flow per unit area in Eq. 7 can be

represented as _ϖi � _λiT (Suo and Shen, 2012). It is noted that the

heat flow can also be expressed by Fourier’s law, _ϖi � _κT,i, which

subjects to the thermal conductivity κ and the temperature

gradient T,i. Considering the computability in formula

transformation of the divergence theorem, the entropy flow

vector is adopted to express the heat flow rather than

Fourier’s law in this study. The entropy flow vector is

negative for the heat flow out of the surface, while it is

positive for the heat into the surface.

Then, on the basis of the expression of the entropy flow

vector, the variation rate of the thermal potential energy in Eq. 7

can be rewritten as

_Q � ∫
V

_rdV + ∫
V

_ϖi,idV � ∫
V

_rdV + ∫
V

( _λi,iT + _λiT,i)dV. (8)

Moreover, the diffusion potential energy of fission products

is the sum of the fission product potential and the diffusion flow

through surface A, i.e.,

_F � ∫
V

_IdV + ∫
A

_KinidA, (9)

where I and Ki denote the diffusion potential generated by fuel

fission per unit volume and the diffusion flow per unit area,

respectively. Accounting for the diffusion potential displacement

Di, which satisfies Di � ∫t00 Ki/Cdt, and _Diis the diffusion

potential flow vector, the diffusion flow per unit area in Eq. 9

can be represented as _Ki � _DiC (Suo and Shen, 2012), where C

denotes the diffusion concentration of fission products.

Generally, in structural materials exposed to irradiation, the

diffusion concentration C represents the number of displaced

atoms and is characterized by the displacement per atom (dpa).
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Particularly, the diffusion potential flow vector is negative for the

diffusion flow out of the surface, while it is positive for the

diffusion into the surface. It is noted that the fission products are

composed of the gaseous products and the solid products. The

internal pressure inside fission pores caused by the gaseous

fission products is the main reason for the swelling

deformation and the total strain, while the solid fission

products will induce compositional changes of materials such

as formation of the interaction layer (Kim et al., 2016).

Then, the variation rate of the diffusion potential energy in

Eq. 9 is presented taking the following form:

_F � ∫
V

_IdV + ∫
V

_Ki,idV � ∫
V

_IdV + ∫
V

( _Di,iC + _DiC,i)dV. (10)

By substituting Eqs. 6, 8, and 10 into Eq. 3, the variation rate

of the total internal energy is expanded as

_U � ∫
V

σ ij _εijdV + ∫
V

_rdV + ∫
V

( _λi,iT + _λiT,i)dV + ∫
V

_IdV + ∫
V

( _Di,iC

+ _DiC,i)dV.
(11)

The mechanical field and the thermal field are coupled by

the thermal strain (Liu et al., 2009), while the diffusion field

induced by the fission products will produce the diffusion

strain (Wang et al., 2011). Let αij and βij denote the thermal

expansion coefficient and the diffusion expansion

coefficient, respectively, then the following relations will

be obeyed:

Tαij � ηεij, (12)
Cβij � γεij, (13)

where η and γ denote the thermal-mechanical coefficient and the

diffusion-mechanical coefficient, respectively.

The heat flow is driven by the temperature gradient, while the

diffusion potential flow is driven by the diffusion gradient of

fission products. According to Eqs. 12–13, the temperature

gradient and the concentration gradient of fission products

are developed as

T,i � η
εij,i
αij

− T
αij,i
αij

, (14)

C,i � γ
εij,i
βij

− C
βij,i
βij

. (15)

The temperature gradient and the concentration gradient of

fission products are correlated and can be characterized by the

Soret effect and the Dufour effect (Suo and Shen, 2012). For

brevity, this study will assume a linearly coupled thermal-

diffusion system. Taking into account the thermo-diffusion

coupling coefficient τ, the variation rate of the total internal

energy is modified through substituting Eqs. 12–15 into Eq. 11as

follows:

_U � ∫
V

σ ij _εijdV + ∫
V

( _r + _I)dV + ∫
V

τ⎛⎝ _λi,iT + _λiη
_εij,i
αij

− _λiT
αij,i
αij

+ _Di,iC + _Diγ
_εij,i
βij

− _DiC
βij,i
βij
⎞⎠dV.

(16)
Furthermore, by substituting Eq. 4 into Eq. 16, there exists

∫
V

_υedV � ∫
V

σ ij _εijdV + ∫
V

( _r + _I)dV + ∫
V

τ⎛⎝ _λi,iT + _λiη
_εij,i
αij

− _λiT
αij,i
αij

+ _Di,iC + _Diγ
_εij,i
βij

− _DiC
βij,i
βij
⎞⎠dV. (17)

Due to the mechanical relationship σ ij � Cijklεkl, where

Cijklstands for the elastic stiffness tensor, the internal energy

density can be derived from Eq. 17 as

υe � 1
2
Cijklεijεkl + r + I + 1

2
τ⎡⎢⎢⎣(λi,i − λi

αij,i
αij
)T + η

λk,k
αij

εij +⎛⎝Di,i

−Di

βij,i
βij
⎞⎠C + γ

Dk,k

βij
εij⎤⎥⎥⎦,

(18)
wherer and I denote implicit expressions of the thermal potential

energy and the diffusion potential energy of fission products

generated by fuel fission per unit volume, respectively. Under the

typical irradiation condition in the I-TDM coupling system, the

thermal potential energy is the function of temperature,

i.e., r � r(T), while the diffusion potential energy is the

function of fission products concentration, i.e., I � I(C).
The energy released by the fission reaction includes the

thermal potential energy and the diffusion potential energy,

namely, _r + _I � _pF, wherep and _F stand, respectively, for the

energy released by unit fission and the fission rate per volume

fuel. Thus the internal energy density in Eq. 18 can be modified

with respect to the fission energy density, i.e.,

υe � 1
2
Cijklεijεkl + pF + 1

2
τ⎡⎢⎢⎣(λi,i − λi

αij,i
αij
)T + η

λk,k
αij

εij +⎛⎝Di,i

−Di

βij,i
βij
⎞⎠C + γ

Dk,k

βij
εij⎤⎥⎥⎦.

(19)
For the non-fuel phase and the structural components in

reactors, the energy released by fission pF is zero, and the internal

energy density is composed by the mechanical part, the thermal

part, and the diffusion part induced by irradiation.

According to the non-equilibrium thermodynamics method,

there exists conservation of the total energy throughout the

transient stage (Nikolaos et al., 2015). Therefore, variation in

the total energymust vanish at any time. According to Eqs. 4, 5, 7,
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and 9, by substituting variations of the total internal energy, the

work performed by the external force, the thermal potential

energy, and the diffusion potential energy into Eq. 2, variation

in the total energy is formulated based on the principle of

minimum potential energy as

δΠ � −δ∫
V

υedV + ∫
V

(fiδui + r0
T
δT + I0

C
δC)dV + ∫

A

tiδuidA,

(20)
where r0 and I0 denote the effective thermal potential energy and

the effective diffusion potential energy in volume V induced by

unit fission, respectively.

By substituting Eq. 18 into Eq. 20 and applying the chain

rule of differentiation and Gauss divergence theorem, the

variation in the total energy in the I-TDM coupling system is

modified as

δΠ � ∫
V

⎧⎨⎩⎡⎢⎢⎣fi + σ ij,j −⎛⎝ητ
λk,k
αij

+ γτ
Dk,k

βij
⎞⎠

,j

⎤⎥⎥⎦δui + (r0 − r

T

−τλi,i)δT + (I0 − I

C
− τDi,i)δC⎫⎬⎭dV + ∫

A

⎡⎢⎢⎣⎛⎝ti − σ ijnj

+ ητ
λk,k
αij

nj + γτ
Dk,k

βij
nj⎞⎠δui + τλiniδT + τDiniδC⎤⎥⎥⎦dA. (21)

Furthermore, according to the relationship between the

fission energy, the thermal potential energy, and the diffusion

potential energy, variation in the fission energy can be

represented as (r/T)δT + (1/C)δC � pδF. Accordingly, in the

I-TDM coupling system, the principle of minimum potential

energy for variation in the total internal energy in Eq. 21 can also

be rewritten as

δΠ � ∫
V

⎧⎨⎩⎡⎢⎢⎣fi + σ ij,j −⎛⎝ητ
λk,k
αij

+ γτ
Dk,k

βij
⎞⎠

,j

⎤⎥⎥⎦δui + (p0

−p)δF − τλi,iδT − τDi,iδC
⎫⎬⎭dV + ∫

A

⎡⎢⎢⎣⎛⎝ti − σ ijnj + ητ
λk,k
αij

nj

+ γτ
Dk,k

βij
nj⎞⎠δui + τλiniδT + τDiniδC⎤⎥⎥⎦dA,

(22)
where p0 denotes the effective fission energy in volume V

induced by unit fission.

In Eq. 21, to minimize variation in the total energy in the

I-TDM coupling system, for arbitraryδui,δT,and δC under

irradiation, the equilibrium equations in the region V are

depicted as

σ ij,j −⎛⎝ητ
λk,k
αij

+ γτ
Dk,k

βij
⎞⎠

,j

+ fi � 0, (23.a)

(r0 − r)/T − τλi,i � 0, (23.b)

(I0 − I)/C − τDi,i � 0. (23.c)

Also, the boundary conditions on surface A are obtained as

σ ijnj −⎛⎝η
λk,k
αij

+ γ
Dk,k

βij
⎞⎠τnj − ti � 0, (24.a)

τλini � 0, (24.b)
τDini � 0. (24.c)

Lets andμ denote the entropy and the diffusion potential,

respectively. The constitutive relationships in the I-TDM

coupling system can be derived from the internal energy

density function in Eq. 18 as

σ ij � zυe
zεij

� Cijklεkl + EijT + SijC, (25.a)

s � zυe
zT

� τλk,k − τλi
αij,i
αij

, (25.b)

μ � zυe
zC

� τDk,k − τDi

βij,i
βij

, (25.c)

where Eij � [(1 + τ)λk,k + s]/εij and Sij � [(1 + τ)Dk,k + μ]/εij
are two tensor parameters.

The energy release rate for crack growth
in the I-TDM coupling system

In fracture mechanics, the driving force of crack growth is the

variation in the total energy near the crack tip. The total energy

release rate is determined as a function of crack propagation

(Guo and Li, 2017). In an I-TDM coupling system, the energy

associated with temperature and fission product diffusion must

be accounted for to construct the energy balance in a closed

contour around the crack tip. For a two-dimensional crack in

an I-TDM coupling system as presented in Figure 2, the

FIGURE 2
Crack-tip profile diagram of crack growth.
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crack length is denoted as a, ds is the arc length of the

integration path, andx(x1, x2) refers to a fixed coordinate

system. At the absence of the body force, with the aid of the

chain rule of differentiation and the divergence theorem, the

variation rate of the total energy with respect to the crack

length in the integral path Γ can be obtained by the algebraic

operation of Eq. 22, i.e.,

dΠ
da

�∫
A

σ ij,j −⎛⎝ητ
λk,k
αij

+ γτDk,k

βij
⎞⎠

,j

⎛⎜⎝ ⎤⎥⎥⎦dui

da
+(p0 −p)dF

da
− τλi,idT

da
− τDi,i

dC

da

⎫⎬⎭dA⎡⎢⎢⎢⎢⎢⎣⎧⎪⎨⎪⎩
+∫

Γ
⎡⎢⎢⎣⎛⎝ti − σ ijnj +ητ λk,k

αij
nj +γτDk,k

βij
nj⎞⎠dui

da
+ τλinidT

da
+ τDini

dC

da
⎤⎥⎥⎦dS. (26)

It is assumed thatX(X1, X2)refers to a moving coordinate

system with its origin at the crack tip, and crack propagates

alongx1direction. It is identified in Figure 2 that there

existsdx1 � −da. Thus, the corresponding relations between

the fixed coordinate systemx and the moving coordinate

systemx are as follows:

{X1 � x1 − da,
X2 � x2,

(27)

d

da
� z

za
+ zX1

za

z

zX1
� z

za
− z

zX1
� z

za
− z

zx1
. (28)

In view of transformation relationships in Eqs 27, 28, the

variation rate of the total energy with respect to the crack length

in Eq. 26 is rewritten as

dΠ
da

� ∫
A

σ ij,j −⎛⎝ητ
λk,k
αij

+ γτ
Dk,k

βij
⎞⎠

,j

⎤⎥⎥⎦(zui

za
− zui

zx1
) + (p0 − p)(zF

za
− zF

zx1
)⎛⎜⎝⎡⎢⎢⎢⎢⎢⎣⎧⎪⎨⎪⎩

−τλi,i(zT
za

− zT

zx1
) − τDi,i(zC

za
− zC

zx1
)}dA + ∫

Γ

⎡⎢⎢⎣⎛⎝ti − σ ijnj + ητ
λk,k
αij

nj

+ γτ
Dk,k

βij
nj⎞⎠(zui

za
− zui

zx1
) + τλini(zT

za
− zT

zx1
) + τDini(zC

za
− zC

zx1
)]dS.

(29)

According to the boundary conditions in Eq. 24 and the

constitutive relationship in Eq. 25, the partial derivative terms of

crack length in Eq. 29 can be eliminated. Thus, the variation rate

of the total energy with respect to the crack length in Eq. 29 can

be modified as

dΠ
da

� ∫
A

σ ij,j −⎛⎝ητ
λk,k
αij

+ γτ
Dk,k

βij
⎞⎠

,j

⎤⎥⎥⎦ zui

zx1
− (p0 − p) zF

zx1
+ τλi,i

zT

zx1
+ τDi,i

zC

zx1

⎫⎬⎭dA⎛⎜⎝⎡⎢⎢⎢⎢⎢⎣⎧⎪⎨⎪⎩
−∫

r

⎡⎢⎢⎣⎛⎝ti + ητ
λk,k
αij

nj + γτ
Dk,k

βij
nj⎞⎠ zui

zx1
− τλini

zT

zx1
− τDini

zC

zx1

⎤⎥⎥⎦dS. (30)

Generally, the energy release rate G is defined as the

variation rate of the total energy with respect to the crack

length, which propagates along x1 direction, namely, the

expression in Eq. 30. It is worth noting that the energy

release rate can be denoted as the J-integral in the I-TDM

coupling system, i.e.,

J � G � dΠ
da

. (31)

Furthermore, according to the Green’s function, the surface

integral in Eq. 30 can be transformed into a line integral. After

arrangements, the J-integral and the energy release rate G can be

expressed as

J � G

� ∫
Γ
(υe − p0F)dx2 − ∫

Γ
⎡⎢⎢⎣σ ij −⎛⎝η

λk,k
αij

+ γ
Dk,k

βij
⎞⎠τ⎤⎥⎥⎦njui,1dS.

(32)
It is observed in Eq. 32 that the energy release rate near the

crack tip is equivalent to the difference between the energy stored

in the integral path and the energy dissipated through the integral

path, that is, the surface energy required for forming new cracks.

Within the closed integral contour near the crack tip, the energy

released by fission has been dissipated for the thermal flow, the

fission product diffusion, the irreversible strain, and the crack

growth. As the driving force for crack growth, the energy release

rate at the crack tip is a non-equilibrium characterization of total

energy in the I-TDM coupling system. For structural materials,

the fission energy densityp0F is zero in Eq. 32, and there are only

alternations of temperature and concentration of fission

products. Furthermore, a fracture criterion can be proposed

for the I-TDM coupling system. Under irradiation, the crack

initiation occurs when the energy release rate overcomes the

fracture toughness of materialsGC, i.e., G≥GC, where GC is a

material constant measured by experiments.

Under irradiation, the energy release rate synthetically

characterizes variations in the fission energy, the strain

energy, the heat flow, and the diffusion of fission products

near the crack tip. Also, the initiation of crack propagation

can be predicted according to the proposed criterion. As the

energy criterion for crack growth, the presented model can be

FIGURE 3
Different integral paths at the crack tip.

Frontiers in Materials frontiersin.org06

Dong et al. 10.3389/fmats.2022.1031925

https://www.frontiersin.org/journals/materials
https://www.frontiersin.org
https://doi.org/10.3389/fmats.2022.1031925


utilized to assess structural integrity and evaluate the strength of

irradiated materials. Actually, by ignoring variables

associated with the fission reaction, including the fission

energyp0F, the entropy displacement λi, and the diffusion

potential displacementDi, Eq. 32 can be simplified as the

classical expression of J-integral,

i.e., J � ∫
Γ
υedx2 − ∫Γσ ijnjui,1dS.

It is known that the conventional J-integral is path-

independent (Zuo and Shen, 2018). Next, the path-

independence of J-integral in the I-TDM coupling system will

be investigated. Under irradiation, taking into account the closed

integral pathΓ composed by Γ1, Γ2, Γ3, and Γ4, as illustrated in

Figure 3, we get

Γ � Γ1 + Γ3 − Γ2 + Γ4, (33)

where Γ1 and Γ2 stand for two distinct integral paths from the

lower crack surface to the upper crack surface, while Γ3 and
Γ4 denote the paths along the lower and upper crack surfaces,

respectively.

According to the relation between any arc length on the

integral path and normal vector, there exists

{ dx2 � n1dS,
dx1 � −n2dS. (34)

It is assumed that temperature, concentration of

fission products, and crack opening displacement are free

on the crack surfaces Γ3 and Γ4, and the contributions of JΓ3
and JΓ4 will vanish. The J-integral for the closed integral pathΓ is

equal to

JΓ � JΓ1 − JΓ2. (35)

By substituting Eq. 34 into Eq. 32 and employing the

Gauss–Green’s theorem to a closed contour Γ, the J-integral is

expanded as follows:

JΓ � ∫
Γ
[υe − p0F]dx2 − ∫

Γ
⎡⎢⎢⎣σ ij −⎛⎝η

λk,k
αij

+ γ
Dk,k

βij
⎞⎠τ⎤⎥⎥⎦njui,1dS

� ∫
ΓA
[zυe
zεij

zεij
zx1

+ zυe
zT

zT

zx1
+ zυe
zC

zC

zx1
− p0F,1]dA︸&&&&&&&&&&&&&&&&&&︷︷&&&&&&&&&&&&&&&&&&︸

I

−∫
Γ
⎡⎢⎢⎣σ ij −⎛⎝η

λk,k
αij

+ γ
Dk,k

βij
⎞⎠τ⎤⎥⎥⎦njui,1dS︸&&&&&&&&&&&&&&︷︷&&&&&&&&&&&&&&︸

II

, (36)

where ΓA denotes the integral domain corresponding to the

integral path Γ.

It is identified that Eq. 36 can be divided into two terms for

convenience. For term I, applying the equilibrium equations in Eq. 23,

there exists

∫
ΓA
(zυe
zεij

zεij
zx1

+ zυe
zT

zT

zx1
+ zυe
zC

zC

zx1
− p0F,1)dA

� ∫
ΓA

⎧⎨⎩⎡⎢⎢⎣σ ij + τ⎛⎝η
λk,k
αij

+ γ
Dk,k

βij
⎞⎠⎤⎥⎥⎦εij,1 − (p0 − p)F,1

+τ(λi,i − λi
αij,i

αij
)T,1 + τ⎛⎝Di,i −Di

βij,i
βij
⎞⎠C,1

⎫⎬⎭dA

� ∫
ΓA

⎧⎨⎩⎡⎢⎢⎣σ ij − τ⎛⎝η
λk,k
αij

+ γ
Dk,k

βij
⎞⎠⎤⎥⎥⎦εij,1 − (p0 − p)F,1 + (r0 − r),1

+ (I0 − I),1
⎫⎬⎭dA

� ∫
ΓA

⎡⎢⎢⎣σ ij − τ⎛⎝η
λk,k
αij

+ γ
Dk,k

βij
⎞⎠⎤⎥⎥⎦εij,1dA. (37)

Through employing the Gauss–Green’s theorem, term II can

be expanded as

∫
Γ
⎡⎢⎢⎣σ ij −⎛⎝η

λk,k
αij

+ γ
Dk,k

βij
⎞⎠τ⎤⎥⎥⎦njui,1dS

� ∫
ΓA

⎡⎢⎢⎣σ ij − τ⎛⎝η
λk,k
αij

+ γ
Dk,k

βij
⎞⎠⎤⎥⎥⎦εij,1dA.

(38)

By substituting Eqs. (37)–(38) into Eq. 36, it is identified that

JΓ � JΓ1 − JΓ2 � 0, namely,

JΓ1 � JΓ2. (39)

Hence, the values of the J-integral along different integral

contours near the crack tip are equal. In the I-TDM coupling

system, the J-integral in Eq. 32 is validated to be path-

independent.

FIGURE 4
Crack-tip profile diagram of a deflective crack.
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The energy release rate with respect to
deflective cracks

Under irradiation, due to coupling behaviors of the non-

symmetric material structure and the non-uniform strain,

the crack tip possesses a complex stress state in the I-TDM

coupling system. The crack is non-self-similar and

propagates along the kinking angle θ from its original

path (Kim et al., 2006; Long et al., 2014; Lowe et al.,

2015). The energy release rate for cracking along x1
direction is not available for analyzing the crack kinking.

It is considerable to predict the cracking direction in

irradiated materials. Thus, the energy release rate for the

deflective crack is necessary to be formulated under

irradiation.

It is assumed that the crack will propagate with a kinking

angle θ and length da, as depicted in Figure 4. X (X1, X2) refers to

a moving coordinate system with its origin at the crack

tip. Hence, the corresponding relation between the fixed

coordinate system x (x1, x2) and the moving coordinate

system X (X1, X2) is represented as follows:

{X1 � x1 − cos θda,
X2 � x2 − sin θda.

(40)

Applying the chain rule of differentiation to Eq. 40, there

exists

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

d

da
� z

za
+ zX1

za

z

zX1
+ zX2

za

z

zX2
� z

za
− cos θ

z

zX1
− sin θ

z

zX2
� z

za
− cos θ

z

zx1
− sin θ

z

zx2
,

zx1

za
� cos θ,

zx2

za
� sin θ.

(41)

On the basis of transformation relationships in Eqs.

(40)–(41), the variation rate of the total energy with respect to

the deflective crack can be obtained by algebraic operation of Eq.

22, namely,

dΠ
da

∣∣∣∣∣∣∣θ � ∫ΓA
σ ij,j −⎛⎝ητ

λk,k
αij

− γτ
Dk,k

βij
⎞⎠

,j

⎤⎥⎥⎦(zui

za
− cos θ

zui

zx1
− sin θ

zui

zx2
)⎛⎜⎝⎡⎢⎢⎢⎢⎢⎣⎧⎪⎨⎪⎩

+(p0 − p)(zF
za

− cos θ
zF

zx1
− sin θ

zF

zx2
) − τλi,i(zT

za
− cos θ

zT

zx1
− sin θ

zT

zx2
)

− τDi,i(zC
za

− cos θ
zC

zx1
− sin θ

zC

zx2
)}dA + ∫

Γ
⎡⎢⎢⎣⎛⎝ti − σ ijnj + ητ

λk,k
αij

nj

+ γτ
Dk,k

βij
nj⎞⎠(zui

za
− cos θ

zui

zx1
− sin θ

zui

zx2
) + τλini(zT

za
− cos θ

zT

zx1

− sin θ
zT

zx2
) + τDini(zC

za
− cos θ

zC

zx1
− sin θ

zC

zx2
)]dS.

(42)

After algebraic operations, the partial derivative terms of the

crack length in Eq. 42 are eliminated through employing the

boundary conditions in Eq. 24 and the constitutive relationships

in Eq. 25. Thus, the energy release rate Gθ in Eq. 42 with respect

to the deflective crack is further modified as

Gθ � dΠ
da

∣∣∣∣∣∣∣θ � ∫ΓA
σ ij,j −⎛⎝ητ

λk,k
αij

+ γτ
Dk,k

βij
⎞⎠

,j

⎤⎥⎥⎦(cos θ zui

zx1
+ sin θ

zui

zx2
)⎛⎜⎝⎡⎢⎢⎢⎢⎢⎣⎧⎪⎨⎪⎩

−(p0 − p)(cos θ zF

zx1
+ sin θ

zF

zx2
) + τλi,i(cos θ zT

zx1
+ sin θ

zT

zx2
)

+ τDi,i(cos θ zC

zx1
+ sin θ

zC

zx2
)}dA − ∫

Γ
⎡⎢⎢⎣⎛⎝ti + ητ

λk,k
αij

nj + γτ
Dk,k

βij
nj⎞⎠

×(cos θ zui

zx1
+ sin θ

zui

zx2
) − τλini(cos θ zT

zx1
+ sin θ

zT

zx2
)

− τDini(cos θ zC

zx1
+ sin θ

zC

zx2
)]dS.

(43)

When crack initiation occurs along the kinking angle θ, it is

identified in Eq. 43 that the energy release rate Gθ is composed of

two terms, i.e.,

Gθ � GI cos θ + GII sin θ, (44)

where GΙ and GΙΙ stand for the energy release rate of crack

growth along x1 direction and x2 direction, respectively. GΙ,

which is equal to G in Eq. 31 formally, represents the total energy

release rate of crack propagation along the parallel direction of

the crack, namely,

GI �∫
ΓA

σ ij,j −⎛⎝ητ
λk,k
αij

+λτDk,k

βij
⎞⎠

,j

⎤⎥⎥⎦ zui

zx1
−(p0 −p) zF

zx1
+ τλi,i zT

zx1
+τDi,i

zC

zx1

⎫⎬⎭dA⎛⎜⎝⎡⎢⎢⎢⎢⎢⎣⎧⎪⎨⎪⎩
−∫

Γ
⎡⎢⎢⎣⎛⎝ti +ητ λk,k

αij
nj +γτDk,k

βij
nj⎞⎠ zui

zx1
− τλini zT

zx1
−τDini

zC

zx1

⎤⎥⎥⎦dS. (45)

Also, GΙΙ is regarded as the total energy release rate of crack

propagation along the vertical direction of the crack, i.e.,

GII �∫
ΓA

σ ij,j −⎛⎝ητ
λk,k
αij

+λτDk,k

βij
⎞⎠

,j

⎤⎥⎥⎦ zui

zx2
−(p0 −p) zF

zx2
+τλi,i zT

zx2
+τDi,i

zC

zx2

⎫⎬⎭dA⎛⎜⎝⎡⎢⎢⎢⎢⎢⎣⎧⎪⎨⎪⎩
−∫

Γ
⎡⎢⎢⎣⎛⎝ti +ητλk,k

αij
nj +γτDk,k

βij
nj⎞⎠ zui

zx2
−τλini zT

zx2
−τDini

zC

zx2

⎤⎥⎥⎦dS. (46)

FIGURE 5
Equivalent domain for calculating the energy release rate
(i.e., J-integral).
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Variations in temperature, fission product concentration,

fission rate, and mechanical strain with the crack length and

kinking angle have been taken into account in the formulation of

Eq. 46. The deflective crack propagates along the direction where

the total energy release rate Gθ reaches maximum,

i.e., (zGθ/zθ)|θ�θ0 � 0 and (z2Gθ/zθ
2)|θ�θ0 < 0.

In the I-TDM coupling system, the energy release rate Gθ can

be utilized to predict crack kinking, assess integrity, and analyze

strength of materials under irradiation. The initiation of crack

growth occurs when the total energy release rate reaches a critical

magnitude. Then, the crack will propagate along the deflective

direction where Gθ is maximum. The total energy release rate Gθ
with respect to deflective cracks is a supplement for investigating

distinct cracking behaviors induced by irradiation.

Numerical implementation method of the
energy release rate

Based on the proposed model in this study, the energy release

rate, which can be denoted as J-integral, was numerically

implemented by FEM to characterize the driving force near

the crack tip in the I-TDM coupling system. According to the

equivalent domain integral method (Shivakumar and Raju, 1992;

Nikishkov and Atluri, 2010; Wei et al., 2021), the conservative

integral is calculated by replacing the closed integral path with a

limited domain around crack tips, as depicted in Figure 5. Then,

the numerical implementation corresponding to any closed

integral path is performed using the Gauss integral method.

Through combining the numerical calculationmethod with finite

element post-processing, the J-integral can be calculated by script

operation.

When employing the equivalent domain integral method, the

integral domain A must be determined first. Since the calculated

results within elements are definitive in the finite element

simulation, the boundary of the integral domain, namely, Γ0
and Γ, is selected on the edge of the finite elements, as shown in

Figure 5. It is noted that Γ0 can be settled either coincident or not

coincident with the crack tip. If it is coincident, the integral

domain is the region A included in boundary Γ.
By introducing the J-integral of Eq. 32 and a test function q

(x1, x2), the energy release rate within the domain A is depicted

taking the form of

J � ∫
A

⎧⎨⎩(υe − p0F)δ1i − ⎡⎢⎢⎣σ ij −⎛⎝η
λk,k
αij

+ γ
Dk,k

βij
⎞⎠τ⎤⎥⎥⎦ zuj

zx1

⎫⎬⎭ zq

zxi
dA. (47)

For the four-node isoparametric element in FEM, an

element-wise interpolation of the test function q (x1, x2) is

represented as (Li et al., 2016)

q � N1q
e
1 +N2q

e
2 +N3q

e
3 +N4q

e
4 � Nqe �∑4

i�1
Niq

e
i , (48)

where Ni and qei denote the shape function and nodal values of

the test function, respectively. Also, the partial derivative of the

test function q (x1, x2) is depicted as follows:

zq

zx1
�∑4

i�1

zNi

zx
qei , (49)

zq

zx2
�∑4

i�1

zNi

zy
qei . (50)

Through utilizing the Gauss integral method, the J-integral

within one element is represented by the sum of function values

at Gaussian points (ri,si), i.e.,

Je � ∫1

−1
∫1

−1
{[(σ11 − (η λk,k

α11
+ γ

Dk,k

β11
)τ) zu1

zx1
+ (σ12 − (η λk,k

α12

+γDk,k

β12
)τ) zu2

zx1
− (υe − p0F)] zq

zx1
+ [(σ12 − (η λk,k

α12

+ γ
Dk,k

β12
)τ) zu1

zx1
+ (σ22 − (η λk,k

α22

+ γ
Dk,k

β22
)τ) zu2

zx1
] zq

zx2
}det(Je)dridsi, (51)

where det (Je) denotes the determinant of the Jacobian matrix in

the current element.

By accumulative calculation of the integral value Je for every

element in the integral domain of Figure 5, the energy release rate

corresponding to the given closed integral path is depicted as

G � J �∑ Je. (52)

Analysis of the central crack model in
the I-TDM coupling system

Grade 304 stainless steel (304SS) is commonly utilized as the

reactor component material, metal matrix, and the shell of the

dispersion fuel element. The magnitude of irradiation damage is

as low as 0.00001 dpa for structural components and can be up to

over 10 dpa for the matrix of the dispersion fuel element. Under

neutron irradiation, the cracking behaviors in materials will

seriously threaten the safety of reactors. As an application of

the proposed method, an irradiated 304SS sheet model with a

central crack was simulated and investigated under uniaxial

tension.

A user-defined material subroutine was coded and applied in

finite element simulation according to the constitutive

relationships in Eq. 25. The finite element model is presented

in Figure 6. A two-dimensional crack model with length l =

100 mm, width w = 50 mm, and a central crack a=11 mm was
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simulated using the finite element program ABAQUS/CAE. The

loading conditions included displacement tension Δh,
temperature field, and irradiation. By mesh refinement at the

crack tip, the calculated accuracy and convergence were

improved. The effect of mesh size was eliminated by the

mesh-independence analysis. Through post-processing of the

stress fields, the strain fields, and the energy density fields

near the crack tip, the energy release rate can be calculated

according to the presented model.

The coupling coefficients in Eq. 32 will be simplified in

numerical calculations. Material properties were settled

according to the experimental data of 304SS (Spino et al.,

2003; Monnet and Mai, 2019). The yield strength is about

250 MPa for unirradiated 304 stainless steel. The simulated

temperatures were all set at 50oC. The irradiation conditions

were represented as the irradiation damage, namely, the

displacement per atom of dpa = 0, dpa = 2.0, dpa = 3.4, and

dpa = 5.0, respectively. The thermal-diffusion coupling

coefficient was assumed to be 1, namely, the thermal effect

was not coupled with the diffusion effect. Also, the impact of

the thermal effect and the diffusion effect on mechanical

deformations was assumed to be identical, namely, the

thermal-mechanical coefficient and the diffusion-mechanical

coefficient were both set to 0.5. All corresponding parameters

and coefficients are detailed in Table 1.

Figure 7 shows the Mises stress fields at the crack tip under

different irradiation conditions (i.e., the displacement per atom

(dpa)). The Mises stress increases with elevated displacement per

FIGURE 6
Finite element model and mesh result for the central crack sheet under uniaxial tension.

TABLE 1 Corresponding parameters and coefficients for simulation and calculation.

Elastic
modulus
(Gpa)

Poisson’s
ratio

Thermal
conductivity (W s-1

K-1)

Thermal expansion
coefficient (oC-1)

Diffusion expansion
coefficient (atom-1)

Di (eV s-1

atom-1)
p0F τ η γ

179.395 0.3025 16.3 17.2 0.1 50 0 1 0.5 0.5
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atom. Compared with unirradiated materials, the yield stress

reflected by Mises stress increases with an increase in irradiation

dosage, which is consistent with the irradiation effects observed

in experiments (Boyne et al., 2013). Thus, irradiation enhances

the stress concentration of the crack tip.

Under different irradiation conditions, the energy release rate

was solved by post-processing of the stress fields, the strain fields,

and the strain energy density fields near the crack tip. Figure 8

shows the calculation results of the energy release rate near the

crack tip under different displacement per atom (dpa)

values. As depicted in Figure 8A, for unirradiated

materials, the energy release rate calculated by the

numerical implement of FEM is consistent with values

obtained by conventional analytical solutions (Rice, 1968).

Thus, the numerical implementation method was validated

to be accurate. The presented model can be employed to

numerically calculate the energy release rate in the I-TDM

coupling system. Additionally, the variation in the energy

release rate at the crack tip with respect to deformation

monotonously increases under irradiation and is all greater

than that in unirradiated materials.

As depicted in Figure 8B, the energy release rate increases

with an increase in amount of irradiation. The sigmoidal

dependence of the energy release rate on irradiation has been

observed. At the regime of the low irradiation level, the energy

release rate increased sharply. Variation in GI declined with the

increase in displacement per atom. The effect of irradiation on

the material is essential due to the evolution of microstructures.

However, the fracture toughness declines with irradiation

promoting according to experiments (Maloy et al., 2001). The

propagation of the crack begins when the energy release rate

reaches the fracture toughness of materials. So irradiation makes

material crack easier, i.e., irradiation enhances cracking

behaviors in materials. Consequently, in the I-TDM

FIGURE 7
Contour plot of Mises stress fields at the crack tip under different displacement per atom (dpa) values.

FIGURE 8
Variation of the energy release rate G with (A) deformation and (B) the displacement per atom (dpa).
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coupling system, the presented model can be utilized to solve

the physical fields and the energy release rate near the crack

tip under irradiation and to investigate the deformation, the

cracking, the failure, and the integrity problems of irradiated

materials.

Conclusion

The energy release rate in the I-TDM coupling system has

been developed and numerically implemented by FEM for

investigating cracking and failure problems of irradiated

materials. The main conclusions are as follows:

1) Taking into account of the irradiation-induced temperature,

the diffusion concentration, and the mechanical strain, the

variation in the total energy and the constitutive relationship

in the I-TDM coupling system can be derived according to the

thermodynamically consistent method and the principle of

minimum potential energy under irradiation.

2) By characterizing the variation rate of the total energy with

respect to crack propagation, the energy release rate near the crack

tip in irradiated materials was formulated and employed for

predicting crack propagation and deflection. The J-integral

corresponding to the energy release rate G in the I-TDM

coupling system was verified to be path-independent.

3) Through implementing the presented model in the frame of

the finite element method, the physical fields and the energy

release rate near the crack tip were numerically calculated and

validated to be accurate by comparison with the analytical

solutions. Irradiation will promote the stress concentration

near the crack tip and enhance the cracking behavior of

materials.
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Nomenclature

αij thermal expansion coefficient

βij diffusion expansion coefficient

Cijkl elastic stiffness tensor

Di diffusion potential displacement

f i, ti body force and surface traction, respectively

F diffusion potential energy of fission products

Γ line integral path

ΓA integral domain corresponding to Γ

G energy release rate for crack propagating along x1 direction

Gθ energy release rate for the deflective crack

η, γ, τ coupling coefficients of thermo-mechanical, diffusion-

mechanical and thermo-diffusion, respectively

I diffusion potential of fission products

Ki diffusion flow per unit area

λi entropy displacement

Ni shape function

Π total energy

q(x1, x2) test function
Q thermal potential energy of fission

ϖi heat flow per unit area

r heat generated by fuel fission per unit volume

T,C temperature and concentration of fission products,

respectively

ui, εij, σ ij displacement tensor, strain tensor, and stress tensor,

respectively

υe internal energy density

U total internal energy

W work performed by external force

x(x1, x2) fixed coordinate system

X(X1,X2) moving coordinate system at the

crack tip
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