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In the present study, the slip velocity of a non-Newtonian fluid flowing above a

continuously stretching surface with double-diffusive nanofluid is examined at

prespecified values of surface temperature, while also accounting for salt

concentration. An initial set of partial differential equations, along with the

boundary conditions, are first cast into a dimensionless form; subsequently, the

comparation variables are invoked to reduce the partial differential equations to

ordinary differential equations; and finally, the reduced ordinary differential

equations are solved numerically via the shooting method. Values for

dimensionless velocity, temperature, salt concentration distribution, local

Nusselt number, and Sherwood number are calculated numerically and

presented visually in a set of graphs. A extensive parametric study is

conducted to probe the effects of adjusting various parameters in the cases

of both assisting and opposing flow.
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Introduction

Non-Newtonian fluids moving over a porous, continuously stretching sheet,

especially in the presence of slip, have generally garnered extensive attention owing to

their numerous applications in engineering processes for both micro- and macro-scale

apparatuses (Kim et al., 2002; Johnson et al., 2008). In manufacturing, it has been

generally recognized that non-Newtonian fluids are more suitable than Newtonian fluids,

perhaps due to their wide range of applications in fluid mechanics. Examples of such

fluids include shampoo, paints, clay coatings and suspensions, grease, cosmetic products,

blood, and body fluids, among many others (Jang and Lee, 2000; Iverson and Garimella,

2008). As we know, biological fluids are characteristically non-Newtonian. A detailed

non-Newtonian fluid analysis with different (Ellahi, 2009; Ellahi and Afzal, 2009; Ellahi

and Riaz, 2010; Nadeem et al., 2013a; Sher Akbar et al., 2013a).

A nanofluid is a fluid containing nanometer-sized particles, called nanoparticles. For

more than half a century, nanofluids have been developed and used in anticancer drug

targeting; see (Folkman and Long, 1964) and (Xiao et al., 2018). Beyond the

pharmaceutical industry, nanofluids have a major set of applications in the study of
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processes involving heat generation, including space heating,

power generation, transportation, and manufacturing. The

presence of nanoparticles may lead to significant modification

of the thermodynamic properties of the base fluid. Thus,

nanoparticles enable tailoring of important properties of their

base fluids. Accounts of the development of various nanofluids

and investigations of their thermal conductivity can be found in

(Choi et al., 1995; Xuan and Li, 2000; Choi et al., 2001). Choi

(Choi et al., 1995), in this context, discusses the role of low

thermal conductivity and is of the opinion that this limits the

development of energy-efficient heat transfer fluids, which have

become a key requirement in many industrial applications. Choi

(Choi et al., 1995) proposes that it may be possible to design a

new class of heat transfer fluids by omitting the metallic

nanoparticles contained in conventional heat transfer fluids.

In (Xuan and Li, 2000), a theoretical model is proposed to

promote the transmission of heat laterally with dispersion of

solid particles. Discussion of the shapes, sizes, and volume

fraction of nanoparticles can also be found in (Xuan and Li,

2000). Masuda et al. (Masuda et al., 1993) propose the

modification of the thermal conductivity and viscidness of

liquids by means of scattering of ultra-fine particles.

Furthermore, deliberations on nanofluid coolants for

progressive nuclear power plants are presented by Buongiorno

and Hu (Buongiorno and Hu, 1920). Analyses of heat transfer in

relation to nanofluids are provided by Xuan and Roetzel (Xuan

and Roetzel, 2000). Recently, boundary-layer flow and heat

transfer in a viscous fluid comprising metallic nanoparticles

over a non-linearly stretching sheet have been examined by

Hamad and Ferdows (Hamad and Ferdows, 2012). They

discuss multiple dissimilar types of nanoparticles and propose

that the behavior of the fluid flow varies with the type of

nanoparticles. The Oldroyd-B model is well known for

elucidating the behavior of polymeric fluids in terms of

retardation time, relaxation time, and viscosity. A significant

study on Oldroyd-B fluids can be found in (Lozinski and Owens,

2003), wherein Lozinski and Ownes offer a numerical scheme for

energy estimates for the stresses of an Oldroyd-B fluid and

suggest that conventional schemes may lead to a violation of

energy evaluation. It is clear from this overview that work on

Oldroyd-B fluids and nanofluids is very limited. Nadeem et al.

(Nadeem et al., 2013b) measure two-dimensional steady

incompressible Oldroyd-B nanofluid flow past a stretching

sheet. According to these authors, the various Oldroyd-B

parameters exert conflicting effects on behavior in terms of

velocity, temperature, and mass fraction function. Recently,

the effects of heat on an Oldroyd-B nanofluid flowing over a

bidirectional stretching sheet have been examined in (Azeem

Khan et al., 2014). More recently still, Sandeep et al. (Sandeep

et al., 2015) have conducted a comparative study examining heat

and mass transfer in non-Newtonian nanofluids flowing over a

stretching sheet. According to (Sandeep et al., 2015), the heat and

mass transfer rate is higher in Oldroyd-B nanofluids than in

Jeffery and Maxwell nanofluids. New publications in the

literature on nanofluids include (Noreen et al., 2013; Sher

Akbar et al., 2013b; Zaib et al., 2019; Khan et al., 2021a; Khan

et al., 2021b).

In the current study, we consider Oldroyd-B double-diffusive

nanofluid flow over a stretching sheet at prespecified values for

surface temperature and salt concentration. The partial differential

equations governing this system, along with the boundary

conditions, are reduced to ordinary differential equations using

similarity transformation; subsequently, these reduced ordinary

differential equations are solved numerically using the shooting

method. A complete parametric study is presented to explore the

effects of the relevant parameters on both assisting and opposing

flow both explicitly and in physical terms.

Mathematical development

We consider the two-dimensional, laminar boundary layer

flow of an Oldroyd-B nanofluid over a continuously stretching

surface at a prespecified surface temperature in the presence of a

particular salt concentration. It is assumed in solving the problem

that the Oldroyd-B non-Newtonian nanofluid is incompressible.

The governing equations for velocity under slip-flow boundary

conditions at the walls are considered to capture the relevant

physical processes. The model used for the fluid incorporates the

effects of double diffusion. The positive y-coordinate is measured

normal to the sheet, while the x-coordinate is taken transverse to

it. The corresponding velocity components in the x and y

directions are u and v, respectively. The physical model for

the flow geometry is shown in Figure 1.

We now make the standard boundary layer approximation,

based on a scale analysis, and write the governing equations:

FIGURE 1
Physical model.
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u � uw x( ) � ax, v � 0, T � Tw, C � Cw, ϕ � ϕw, at y � 0 (6a)
u → 0, v → 0, T → T∞, C → C∞, ϕ → ϕ∞, asy → ∞, (6b)

where α � k
(ρc)p, τ � (ρc)p

(ρc)f.
The similarity transformations for this problem can be

written as:
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in which Rax is the local Reynolds number, β � N1vRax
1
4

L GT is the

local thermal Grashof number, Gr is the local Grashof number, β
is the slip parameter, Nc is the ratio of the buoyancy forces Br to

the local Grashof number, Pr is the effective Prandtl number, Nd

is the modified Dufour parameter, Le is the Lewis number, Nt is

the thermophoresis parameter, Nb is the Brownian motion

parameter, Ld is the Dufour Lewis number, Ln is the

nanofluid Lewis number, andNγ is the nanofluid buoyancy ratio.

Expressions for the local Nusselt number and the local

Sherwood number are defined as:

Nu � xqw
α Tw − T∞( ), Sh � xqm

α Cw − C∞( ), (14)

qw � −α zT

zy
( ), qm � −α zC

zy
( ). (15)

Rex
−1/2Nux � −θ′ 0( ), Rex−1

2Shx � −γ′ 0( ). (16)

Discussion

The initial differential equations, along with the appropriate

boundary conditions, were solved using the shooting method. The

effects of various relevant parameters on double-diffusive absorption

can also be examined for the Oldroyd-B fluid. A range of graphs are

presented below for comparison of the properties of assisting and

opposing flow. Figures 2A–C illustrates the effects on local Grashof

number of variation in Deborah number (as a relaxation parameter)

and nanofluid buoyancy ratio. It is realistic that, in the case of both

assisting and opposing flow, the velocity profile decreases with an

increase in local Grashof number. The rise in the local Grashof

number shows that the buoyancy effects supersede those of the

viscous forces. Deborah number is associated with the nature of the

fluid material: low Deborah number values indicate that the fluid

will act like a Newtonian fluid, and higher values correspond to non-

Newtonian fluid behavior. Figure 2B illustrates that the velocity

profile decreases with an increase in Deborah number, while

Figure 2C illustrates that the velocity profile decreases with an

increase in the nanofluid buoyancy ratio. Figures2A–C illustrate

that whether an assisting or opposing flow regime is in operation

does not affect the behavior of the velocity profile.

The plots in Figures 3A–C present the effects of local Grashof

number, Deborah number, and nanofluid buoyancy ratio on

temperature profile for assisting and opposing flow regimes. The

temperature profile decreases with an increase in local Grashof

number, while it increases with an increase in Deborah number and

nanofluid buoyancy ratio. Once again, it can be observed that the

temperature profile behaves similarly for the assisting and opposing

flow regimes. The thickness of the thermal boundary layer decreases

with an increase in local Grashof number, while it increases with an

increase in Deborah number and nanofluid buoyancy ratio.

The plots in Figures 4A–C are presented to examine the effects

of Dufour number and Lewis number on the salt concentration
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profile for assisting and opposing flow regimes. The salt

concentration profile appears to increase with an increase in the

Dufour Lewis number, while it decreases with an increase in the

modified Dufour number and Lewis number. The Dufour number

reflects the energy flux in a fluid flow due to the concentration

gradient. The behavior of salt concentration against various

parameters is not affected by whether an assisting or opposing

flow regime is in operation. The Lewis number measures the ratio of

thermal diffusivity to mass diffusivity. A Lewis number greater than

one indicates that thermal diffusivity is higher than the mass

diffusivity. The gradient of the salt concentration profile becomes

less steep at a Lewis number of 5, which means that the variation in

salt concentration is lower for higher Lewis numbers.

In Figures 5A–C, three important parameters (the

thermophoresis parameter, Brownian motion parameter, and

nanofluid Lewis number) are considered in order to determine

their effects on the rescaled nanoparticle volume fraction. It can be

observed that the rescaled nanoparticle volume fraction increases

with an increase in thermophoresis and in the Brownian parameter,

but this cannot be generalized throughout the boundary layer. The

effect near the wall is in the opposite direction to the effect that is

visible near the free stream region. This effect occurs due to the

heated surface, which significantly affects the motion of particles

near it. The increase in nanofluid Lewis number causes a decrease in

nanoparticle concentration near the free stream region, while the

concentration increases near the heated surface.

FIGURE 2
Effects of various parameters on dimensionless velocity for both assisting and opposing flows.

FIGURE 3
Effects of various parameters on dimensionless temperature for both assisting and opposing flows.
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Heat transfer is an important phenomenon for nanofluid

flow and is significantly affected by the heat transfer parameters

involved in the equations presented above. In Figures 6A–C, we

plot Nusselt number against only six of the relevant parameters.

Nusselt number decreases as the slip velocity parameter

increases, while it increases as the local Grashof number

increases, and it is also higher for the assisting flow regime in

comparison to the opposing flow regime. Figure 6B illustrates the

effect of Dufour number on the heat transfer profile. It can be

observed that Nusselt number responds in opposing directions to

a rise in the relaxation and retardation parameters. Specifically, it

increases as the retardation parameter increases, while it

decreases as the relaxation parameter increases. Figure 6C

illustrates the effect on Nusselt number of variation in the

thermophoresis parameter and Dufour Lewis number. The

heat transfer rate decreases as the thermophoresis parameter

increases, and it increases as Dufour Lewis number increases.

Once again, it can be observed that the assisting flow regime

produces a higher Nusselt number in comparison to the

opposing flow regime.

Sherwood number is plotted against various parameters in

Figures 7A–C. It can be observed that, generally, the Sherwood

number is higher for the assisting flow regime in comparison to the

opposing flow regime. Figure 7A illustrates the effects of the

relaxation and slip velocity parameters on Sherwood number. It

can be observed that Sherwood number decreases as the slip velocity

FIGURE 4
Effects of various parameters on dimensionless salt concentration distribution for both assisting and opposing flows.

FIGURE 5
Effects of nanofluid parameters on rescaled nanoparticle volume fraction distribution for both assisting and opposing flows.
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parameter and relaxation parameter increase. Figure 7B shows that

Sherwood number decreases as the Dufour Lewis parameter

increases, and increases against the Lewis number. The last figure

shows that Sherwood number increases with an increase in the

thermophoresis parameter and nanofluid Lewis number.

Conclusion

The present study considers the effects of slip velocity on the

double-diffusive flow of an Oldroyd-B fluid in the case of

assisting and opposing flow regimes. Diffusion of

nanoparticles is considered, along with salt concentration, and

separate concentration equations are considered for each of these

parameters. The governing partial differential equations, along

with the boundary conditions, are reduced to ordinary

differential equations using similarity transformation;

subsequently, the reduced ordinary differential equations are

solved numerically using the shooting method. The following

important conclusions can be drawn from the above analysis.

1. Whether an assisting or opposing flow regime is in operation

exerts a strong effect on the temperature, velocity, and

concentration profiles.

FIGURE 6
Variation in Nusselt number with variation in the values of several parameters for both assisting and opposing flows.

FIGURE 7
Variation in Sherwood number with variation in the values of several parameters for both assisting and opposing flows.
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2. The profiles for Nusselt number and Sherwood number cover

higher values for the assisting flow regime in comparison to

the opposing flow regime.

3. Nusselt number values increase against the retardation parameter

and decrease with increasing values of the relaxation parameter.

4. The Nusselt and Sherwood numbers decrease with increasing

values of the slip velocity parameter.

5. The presence of nanoparticles and the salt concentration

significantly affect the heat transfer characteristics of an

ordinary non-Newtonian Oldroyd-B fluid.
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