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Steel plate concrete composite (SPCC) structure plays an essential role in modular
construction, which has been widely applied in the floating foundation vibration reduction
system. This study proposed a basis for designing an SPCC floating foundation vibration
reduction system with an air spring as the main vibration isolation element. Based on the
engineering thermodynamics and aerodynamics theories, the non-linear state equations and
dynamic equations of each component of the air spring with auxiliary chamber were
established, respectively. According to the operational characteristics of the air spring, the
equations were linearized by using the small deviation linearizationmethod under the condition
of small amplitude, and the linearized model of the dynamic stiffness of the air spring with an
auxiliary chamber was therefore proposed. The reliability of the proposedmethod was proved
by a floating foundation vibration test, which was performed in a solid-state quantum
laboratory. The constitutive equations of an air spring model and an SPCC floating
foundation model were incorporated into the STERA_3D software. The simulation results
showed good agreement with the low-frequency micro-vibration region test data.

Keywords: air spring, low frequency, micro-vibration, frequency-dependent stiffness, SPCC floating foundation,
vibration isolation, ultraprecision instruments

INTRODUCTION

Composite materials are widely used in new structures (Yang, et al., 2021; Yang, et al., 2022), Steel
plate concrete composite (SPPC) is used in floating foundation vibration reduction systems with air
spring as vibration isolation element because of its high strength and integrity, microelectronics
manufacturing, precision measurement laboratories, and high-speed railway trains owing to their
excellent vibration isolation performance. Examples of the application of air springs with auxiliary
chambers include ultra-low vibration scanning tunneling microscopy (STM) at the Laboratory of
Peter Grünberg Institute (Voigtlander, et al., 2017), National Institute of Standards, and Technology
Center for Neutron Research (Soueid et al., 2005), Japanese Shinkansen high-speed trains (Sugahara,
et al., 2009), and China Harmony electric multiple units (EMU) (Fan, 2009).

The structure of an air spring with an auxiliary chamber is divided into three parts: the main
chamber, throttle orifice, and auxiliary chamber. A simplified schematic of an air spring is shown in
Figure 1.
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In an air spring with an auxiliary chamber, changes in the
volume of the main chamber depend on the mass of the spring
and external excitation. This change is described by the effective
area and the change in the effective area. A throttle orifice
connects the main chamber and auxiliary chamber and can be
in the form of a hole in the auxiliary chamber or a pipe connecting
the two chambers. Its primary function is to provide a damping
effect when the main chamber and auxiliary chamber exchange
air through the orifice under external excitation. It should be
noted that if the air spring vibrates only horizontally and the
volume of the main chamber does not change, damping is
typically caused by the rubber deformation of the main
chamber rather than the orifice. The volume of the auxiliary
chamber generally does not change, and the air pressure in this
chamber can be controlled using a valve system. In the numerical
modeling of an air spring, scholars establish models according to
the characteristics of different components of the air spring and
then use a dynamic equation to connect the components (Arif,
et al., 1993; Eickhoff, et al., 1995; Quaglia and Sorli, 1999;
Presthus, 2002; Mazzola, et al., 2014).

Two aspects should be considered in modeling an air spring
main chamber (rubber airbag): the stiffness caused by the air
pressure in the airbag, and the other is the stiffness and damping
caused by rubber deformation. Berg (Berg, 1997; Berg, 1998) and
Sanliturk et al. (Sanliturk, et al., 1997) established a non-linear
model of an air spring rubber airbag. This model was composed
of a linear elastic model, friction model, and Maxwell model in
parallel, but the model demonstrated significant errors in
characterizing the frequency characteristics of rubber airbags.
Moon et al. (Moon, et al., 2010) highlighted that rubber airbags
have strong non-linearity in terms of frequency characterization.
Therefore, the frequency characteristics of rubber airbags are
characterized using the four-parameter fractional derivative
Zener model. Fongue et al. (Fongue, et al., 2013) modeled a
rubber airbag for vehicle air suspension. Their rubber airbag
model used an exponential function (Berg, 1999) to describe the
amplitude correlation and hysteresis characteristics of the airbag.
The generalized Maxwell model was used to describe the
frequency correlation of the rubber airbag.

Two aspects should be considered while modeling the orifice;
one part is the stiffness of the high-speed airflow caused by the air

pressure difference between the two air chambers while air
passing through the orifice, and the other part is the friction
damping and inertia damping of air in the orifice. Suda and
Kumaki (Suda, et al., 1998) conducted a preliminary study on air
springs for railway trains and pointed out that the airflow in the
orifice flows at a high frequency between the two air chambers,
the air resistance effect increases. Bideaux et al. (Bideaux, et al.,
2003) studied airflow characteristics through the orifice and drew
the same conclusion as Suda. In addition, Docquier and Paul
(Docquier et al., 2007) presented four modeling methods (INTEC
GmbH, 2005; ISO 6358:1989, 1989) for throttling devices and
gave the frequency range applicable to the four models.

It can be concluded from the aforementioned literature that
the air spring model is related to the frequency and amplitude of
the excitation. In an experimental study on the semi-automobile
air suspension system, Zargar (Zargar, 2007) pointed out that
damping in the air spring will increase non-linearly as the natural
frequency of the system increases, especially in the 4–6 Hz region.
Suda and Kumaki (Suda, et al., 1998) established an air spring
suspension system model using A’GEM software and concluded
similarly to that of Zargar. To investigate the air suspension of
high-speed trains, Docquier et al. (Docquier, et al., 2008)
compared and analyzed five air spring models and presented
the air springmodels that would be suitable below 8 Hz and above
8 Hz. Porumamilla et al. (Porumamilla, et al., 2008) further
studied the characteristics of the displacement transmission
rate of air springs, pointing out the variable frequency
damping characteristics of air springs and highlighting that
the natural frequency changes with the opening of the orifice.

The previous studies focused on air springs in the suspension
systems of luxury cars and high-speed trains (Alonso, et al., 2010).
Both the frequency and the amplitude of the excitation of such
systems are large (up to 10 Hz and more than 20mm). The
characterization error for air springs in the case of low-frequency
micro-vibrations is relatively large. The requirements for micro-
vibration isolation have become more stringent with the
development and use of large-scale ultraprecision instruments. Air
springs are widely used in low-frequency micro-vibration isolation
systems for precision instruments because of their ultralow stiffness. If
the change in air spring stiffness with frequency is neglected, the
vibration results obtained via simulations and actual measurements
become considerably different (Presthus, 2002). Hence, it is essential

FIGURE 1 | Schematic of an air spring with an auxiliary chamber.

FIGURE 2 |Mathematical model of air spring with an auxiliary chamber.
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to consider the change in air spring stiffness with frequency to
accurately simulate the mechanical behavior of vibration isolation
systems and guide the design of these systems, especially in the low-
frequency micro-vibration region.

In this study, the frequency-dependent stiffness of an air spring
was derived using the small deviation linearization method and a
non-linear damping air spring model. An air spring submodule
using C++ was implemented in the STERA_3D (Earthquake
Disaster Engineering Research Laboratory, 2020) software to
analyze the dynamic performance of the SPCC floating
foundation. The reliability of the small deviation linearization
method was verified by a floating foundation vibration test,
which was performed in a solid-state quantum laboratory.
Moreover, the acceleration time histories and the Fourier
amplitude of an SPCC floating foundation vibration reduction
system were obtained via simulations and vibration tests, which
exhibited good agreement. The results also revealed that the
proposed air spring model performed well in the low-frequency
micro-vibration region.

MATHEMATICAL MODEL OF THE AIR
SPRING

In this section, each air spring element is assumed to be independent
in themathematicalmodel. Thematerial isotropic and the internal air
satisfies the thermodynamic properties under an ideal state. Then, the
momentum conservation of the mass on the spring, the gas volume
equation of the main and auxiliary chambers, the mass flow equation
of the orifice, and the mass continuity equation of the orifice are
derived. Finally, the mathematical model is simplified into series and
parallel linear springs/linear or non-linear damping elements.

Model of the Air Spring
The main chamber of an air spring is in direct contact with the mass
of the spring. The first step of modeling the air spring is to establish
the dynamic balance among the inertial force of the mass on the
spring, the main chamber pressure, and atmospheric pressure
(Shimozawa& Tohtake, 2008), which can be expressed as:

ΔFa � (PA − Pat)(A + Azz) − (P0 − Pat)A (1)

The air pressure in the main chamber is controlled by the
airflow through the orifice and the volume change in the main
chamber. This pressure can be expressed as:

PA � P0{ ρ0VA − q

ρ0(VA − AVz)}
κ

≈ P0{1 + κ
ρ0AVz − q

ρ0VA
} (2)

Considering the safety of the vibration reduction system in real
applications, it is better to keep the initial static pressure as low as
possible. By limiting the dynamic pressure to be less than 0.8MPa,
effective pressure control should be achieved on eccentric SPCC
floating foundations. Since the volume of the auxiliary chamber is
constant, the air pressure in the auxiliary chamber can be expressed as:

PB � P0{ρ0VB + q

ρ0VB
}κ

≈ P0{1 + κ
q

ρ0VB
} (3)

Damping of the air spring during vertical vibration is achieved
by obstructing the airflow in the orifice. The mechanical
characteristics of the damping are a combination of viscous
damping, and quadratic damping, the airflow through the
orifice can be therefore expressed as:

_q � sign(PA − PB)(|PA − PB|
Rβ

)1/β
(4)

Substituting Eqs 2, 3 into Eqs 1, 4 gives:

ΔFa � κAAVP0

VA
(z − 1

ρ0AV
q) + (P0 − Pat)Azz (5)

Rβ _q
β � κAVP0

VA
{z − VA

ρ0AV
( 1
VA

+ 1
VB

)q} (6)

Let y denotes the damper displacement, λ and q can be
rewritten as:

q � λρ0AVy (7)
where, λ � VB

VA+VB
. Introducing the spring constants K1, K2, and

K3 and damping coefficient Cβ, as shown in Figure 2 and Eqs 5, 6
can be rewritten as:

ΔFa � K1(z − y) + (K2 + K3)z (8)
Cβ _y

β � K1(z − y) (9)
where, K1 � κλAAVP0

VA
, K2 � 1−λ

λ K1, K3 � (P0 − Pat)Az, and
Cβ � λARβ(λρ0AV)β.

FIGURE 3 | Illustration of experimental equipment.

TABLE 1 | Physical parameters of the air spring.

Parameter Value

A 0.4185 m2

Az 0.248 m
Av 0.284 m2

PA 658 kPa
ρ0 7.5 kg/m3

VA 0.103 m3

VB 0.35 m3

κ 1.4
Cβ0 1.42 × 106 N/m2 (s/kg)β

β 1.55
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Frequency-Dependent Stiffness of the Air
Spring
It is known that a non-linear function can be expanded into a Taylor
series around the operating point (Corliss and Chang, 1982). When

the deviation range around the operating point is considerably small,
the high-order terms of the series can be neglected to obtain a
linearized equation containing only the first-order term. This
method is referred to as the small deviation linearization method.

We have proposed an SPCC floating foundation vibration
reduction system for vibration reduction in large precision
instruments, where air springs are the main vibration isolation
elements. Precision instruments are susceptible to vibrations, and
even micro-vibrations strongly affect their accuracy (Voigtlander,
et al., 2017). When the SPCC floating foundation vibration
reduction system is in its operating state, micro-vibrations of
the air springs occur close to its equilibrium position, that is, the
relationship between the stiffness and frequency of an air spring
can be determined by using the small deviation linearization
method. Therefore, the air spring reaction force, main air
chamber pressure, and auxiliary chamber pressure, given by
Eqs 1, 2, and 3 are linearized as follows:

FIGURE 4 | Experimentally measured time-dependent displacement
and load (the displacement in ±1 mm).

TABLE 2 | Experimental value of frequency-dependent vertical stiffness of air
spring.

Frequency (Hz) 0.1

Displacement (±mm) 1 2.5 5 10 20
Stiffness (kN/m) 1,149 1,109 1,097 1,091 1,086

Frequency (Hz) 0.5

Displacement (±mm) 1 2.5 5 10 20
Stiffness (kN/m) 1,102 1,090 1,090 1,086 1,080

Frequency (Hz) 0.8

Displacement (±mm) 1 2.5 5 10
Stiffness (kN/m) 1,104 1,079 1,078 1,075

Frequency (Hz) 1

Displacement (±mm) 1 2.5 5
Stiffness (kN/m) 1,078 1,070 1,067

Frequency (Hz) 2

Displacement (±mm) 1 2.5 5
Stiffness (kN/m) 958 955 943

FIGURE 5 | Comparison between experimentally measured and
calculated frequency-dependent stiffness.

FIGURE 6 | SPCC Floating foundation vibration reduction system.
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ΔFa � (P0 − Pat)Az�z + �PAA (10)

�PA � P0κ
ρ0AV�z − �q

ρ0VA
(11)

�PB � P0
κ�q

ρ0VB
(12)

The linearization of the orifice airflow was performed
earlier by Rongsheng (Rongsheng, 1992), in which the
orifice flow resistance coefficient, R, was replaced by βRβ to
obtain

_�q � (�PA − �PB)
βRβ

(13)

The time derivatives of Eqs 10, 11 are given by

_ΔFa � (P0 − Pat)Az _�z + _�PAA (14)
_�PA � P0κ

ρ0AV _�z − _�q

ρ0VA
(15)

From Eqs 14, 15, we obtain

_q � (�PA − �PB)
βRβ

� 1
βRβ

{1
A
(ΔFa − K3�z) − P0κAV

VB

�z + VA

AVB
(ΔFa −K3�z)}

(16)
_ΔFa + K1

Cβ0

�Fa � (K3 + K1

λ
) _�z − K1

Cβ0
(K3 +K2)�z (17)

where, Cβ0 � λ2ARββρ0AV.
The Laplace transform of Eq. 17 is given by

TABLE 3 | Physical parameters.

Parameter Value

SPCC Floating foundation quality 239 t
Size 8 × 11 × 3 m3

Number of air springs 12
Vertical design frequency 0.8 Hz
Horizontal design frequency 0.8 Hz

FIGURE 7 | Vibration test measurement scheme of the SPCC floating
foundation vibration reduction system. (Redline is the outline of the SPCC
floating foundation).

FIGURE 8 | Comparison of acceleration time histories for the SPCC
floating foundation vibration reduction system obtained via simulations and
testing.
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K(s) � ΔFaL

�zL
�

(K3 + K1
λ )s − K1

Cβ0
(K3 +K2)

s + K1
Cβ0

(18)

As force and displacement always have opposite signs, we
obtain

K(jw) �
K1
Cβ0

(K3 + K2) − (K3 + K1
λ )jw

jw + K1
Cβ0

(19)

As stiffness is positive, we obtain

|K(w)| �
⎧⎪⎪⎪⎨⎪⎪⎪⎩
[K1
Cβ0

(K3 +K2)]2 + (K3 + K1
λ )2w2

(K1
Cβ0
)2

− w2

⎫⎪⎪⎪⎬⎪⎪⎪⎭

1 /

2

(20)

VERTICAL VIBRATION TEST OF THE AIR
SPRING

Experimental Equipment
Figure 3 shows the illustration of the experimental equipment. It
is seen that the upper end of the table was fixed, and the lower end
performed simple harmonic motion at different frequencies. The
main and auxiliary chambers were connected by the orifice. The
experimental system works under the conditions of constant
pressure. The auxiliary chamber and an air compressor were
connected by a connecting pipe. An air compressor provided
stable air pressure during the test. The top of the spring was fixed,
and the bottom of the spring was connected to the vibration test
table, which generated sinusoidal excitation. Therefore, the
deformation of the spring was sinusoidal vibration with a
fixed amplitude. As the experimental parameters were known,
the measured dynamic load was a sinusoidal periodic signal. The
laser sensor and load cell were used to measure the spring
displacement and dynamic load signals. The dynamic stiffness
of the air spring was obtained by dividing the minimum dynamic
load by the minimum spring displacement.

Parameters of the Air Spring
The air spring with an auxiliary chamber used in the SPCC
floating foundation vibration reduction system of an electron
beam exposure machine was utilized in the test performed in a
solid-state quantum laboratory. The frequencies of the air spring
were 0.1, 0.5, 0.8, 1, and 2 Hz, and its displacement was ±1, ±2.5,

FIGURE 9 | Comparison of Fourier amplitude spectra for the SPCC
floating foundation vibration reduction system obtained via simulations and
testing.

FIGURE 10 | Comparison of peak acceleration for the SPCC floating
foundation vibration.
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±5, ±10, ±15, and ±20 mm. The physical parameters of the air
spring are shown in Table 1.

Verification of Frequency-Dependent
Stiffness
Figure 4 shows the time histories of the measured air spring
displacement and dynamic load (i.e., the dynamic pressure of the
spring). The frequency-dependent stiffness is prepared as shown
in Table 2 and Figure 5. It can be observed that the maximum
calculated and experimental values were 1,137 kN/m and
1,149 kN/m (corresponding error was 1.0%), respectively,
when the excitation frequency was 0.1 Hz, and the excitation
amplitude was 1 mm. The minimum calculated and experimental
values were 1,005 kN/m and 943 kN/m (corresponding error was
6.2%), respectively, when the excitation frequency was 2.0 Hz,
and the excitation amplitude was 5 mm. The error was 0.07%,
which is the smallest one when the excitation amplitude was
1 mm and the frequency was 1.0 Hz. It is noted that the stiffness
of the air spring decreases with the increment of the excitation
amplitude.

It is seen that in the low-frequency range (below 1 Hz), the
error is less than 6.0%, which indicates that Eq. 20 can be used to
accurately evaluate the frequency-dependent stiffness of the air
spring. The stiffness of the air spring has a high degree of non-
linearity, which is in good agreement with the experimental
results in the low-frequency range but not so in the high-
frequency range. This is because the value of β in Eq. 20 has
considerable influence in the high-frequency range. Hence, the
value of β can be modified appropriately using the experimental
results.

VIBRATION TEST OF THE STEEL PLATE
CONCRETE COMPOSITE FLOATING
FOUNDATION REDUCTION SYSTEM

Steel Plate Concrete Composite Floating
Foundation Vibration Reduction System
An SPCC floating foundation was built in the underground space
in the laboratory, as shown in Figure 6. Air spring isolators were
installed between the SPCC floating foundation and
underground. Then the precision instruments were placed on
the SPCC floating foundation. The plane size of the SPCC floating
foundation was determined according to laboratory conditions
and the resonant frequency of the structure of the precision
instruments.

Test Parameter Setup
The parameters of the air spring used in the vibration test of the
SPCC floating foundation vibration reduction system are the
same as that of the air spring used in the vertical vibration
experiment. The physical parameters of the SPCC floating
foundation vibration reduction system are listed in Table 3.

The vibration test measurement scheme of the SPCC floating
foundation vibration reduction system is shown in Figure 7.

Comparison of the Simulation and Test
Results
Figures 8, 9 show the acceleration time histories and power
spectral density of the system, respectively, which were obtained
via simulations and physical testing. It can be observed that the
response of the SPCC floating foundation simulated by the
proposed air spring model in this study is accurate in terms of
the acceleration and the Fourier amplitude of frequency
distribution. The simulation error of peak acceleration is in
the range of 4.07%–9.41%, as shown in Figure 10.
Considering the small magnitude of micro-vibration (micron
level) and noise interference, such an error is acceptable. The
simulation results agree well with the experimental data in the
main frequency (approximately 1 Hz) of the SPCC floating
foundation vibration reduction system, and the second
frequency (approximately 5 Hz) also has a certain degree of
accuracy. To sum up, the model proposed in this study
performs well in the low-frequency micro-vibration region,
especially for micro-vibrations whose frequency is less than 6 Hz.

CONCLUSION

In this study, the frequency-dependent stiffness model for air
spring with non-linear damping was proposed using the small
deviation linearization method. The reliability of the method was
verified by the vertical vibration test of the air spring and the
SPCC floating foundation. It can conclude that the frequency-
dependent stiffness model for air spring with non-linear damping
proposed in this study is highly consistent with the experimental
data, revealing its correctness and accuracy. The proposed air
spring model is suitable for simulating the micro-vibration of the
SPCC floating foundation in the low-frequency region, especially
in the case of frequency being less than 6 Hz.
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NOMENCLATURE

A Effective area of the main chamber at static height

Az Change in effective area, dA/dz

Av Rate of change of diaphragm volume

Cd Flow coefficient

d Diameter of orifice

Δ Fa. Reaction force of air spring

κ Polytropic index

PA Pressure in the main chamber

PB Pressure in the auxiliary chamber

Pat Atmospheric pressure

P0 Internal pressure in air spring at static height (z = 0)

ρ0 Initial density of air

q Airflow through the orifice

Rβ Resistance coefficient

S0 Area of orifice

VA Initial main chamber volume

VB Initial auxiliary chamber volume

z Vertical displacement of air spring from the static height

β Damping coefficient

Superscript�derivative of vertical displacement

Superscript _ derivative of time

Subscript L Laplace transform
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