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We presented tri-band negative modulus acoustic metamaterials (AM), whose operation characteristics could be flexibly designed by changing the three hole sizes (i.e., a1, a2, and a3) of the tri-layer nested split hollow spheres (NSHSs). We demonstrate numerically that tri-band negative modulus can be obtained and each resonant frequency corresponds to the hole size of each split hollow sphere. However, for the case when a1> a2> a3, the negative modulus band in the high frequency region vanishes. An effective sound-force analogue model with coupling interaction is further developed for the accurate prediction of the three resonant frequencies based on equating the tri-layer NSHSs to three spring oscillators in series. As a result of the analytical formulas, three resonant frequencies could be precisely controlled, and a nested AM with a tri-band negative modulus can be flexibly constructed. The proposed AM could be easily extended to multiple operation bands and can be further coupled with negative mass density structures for constructing multi-band double-negative AMs.
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INTRODUCTION
Metamaterials is an artificial material composed of subwavelength microstructure, and it exhibits some unique properties, only with difficulty found in natural materials, including negative dielectric constant and negative permeability in the electromagnetic metamaterials (EMMs) (Pendry et al., 1996; Pendry et al., 1999), negative effective modulus, and negative effective mass in the acoustic metamaterials (AMs) (Liu et al., 2000; Fang et al., 2006). Furthermore, metasurfaces has a thickness much smaller than the working wavelength, and it has been rapidly developed in recent years. Based on the negative property, the metamaterials and metasurfaces can be used in state-of-the-art application prospects in gain enhancement (Cheng et al., 2021), bandwidth improvement (Borazjani et al., 2020; Hu et al., 2020), reconfiguring radiation patterns (Janapala et al., 2019), electromagnetic filtering (Wu et al., 2018; Xinjing et al., 2020), transmit array (He et al., 2019), phase correction (Tang et al., 2020), metaholograms (Yoon et al., 2021), absorption (Liu et al., 2019; Guo et al., 2022), deep-sub wavelength imaging (Boccaccio et al., 2021), and so on. On the other hand, according to the response of natural materials to electromagnetic waves, the materials of EMM were usually selected as three types: all-metal, all-dielectric, and hybrid (Al- Alem and Kishk, 2019; Wang et al., 2021; Zhu et al., 2021), whereas that of AM were mainly selected as common engineering materials such as metal, resin, or polymer because these materials have no response to sound waves. In the last two decades, acoustic metamaterials (AMs) have attracted extensive attention.
Liu et al. (2000) presented the first artificial acoustic local resonance-type metamaterials, which can reach negative effective mass densities at a fixed frequency of 400 Hz. In 2006, Fang et al. (2006) demonstrated acoustic metamaterials with a Helmholtz local resonator array, achieving a negative effective modulus in the ultrasonic frequency range. Based on the Helmholtz resonator, AMs with a balloon-shaped soft resonator were proposed, and it can attain a negative effective modulus (Jing et al., 2015). Ding et al. (2010) designed two-dimensional AMs with split hollow spheres that achieved a negative modulus near the resonant frequency. Metamaterials provide a promising way of controlling low-frequency noise. However, it was disadvantageous for local resonance-type AMs that different units have different response frequencies, and that limits its applications. Therefore, based on local resonance, preparing multi-band or broadband AMs with negative modulus has become an urgent requirement.
To achieve multi-band or broadband, many research groups had carried out the research. Ding and Zhao (2011) prepared AMs with multi-band negative modulus, which was composed of seven split hollow spheres with gradual size independently arrayed in a sponge matrix. Zhu et al. (2012) presented a multi-resonant AMs slab for the multiple wave band gaps. The frequency band of tubular AMs was enlarged by adjusting the number of holes in the one-dimensional waveguide (Fan et al., 2012). Luo et al. (2021) developed a waterborne acoustic metamaterial composed of multi-Helmholtz resonators, and it could absorb sound perfectly at low frequencies. AMs with the more similar units can obtain multi-band or broadband.
Furthermore, AMs can reach broadband by combining numerous heterogeneous units. Zhang et al. (2017) proposed a triangular-structure AM in which the negative modulus was widened by controlling the parameters. By combining double-hole hollow sphere arrays with non-uniform double-hole hollow spheres structure, Choi and Yoon (2018) fabricated broadband negative modulus AMs. Xu et al. (2021) proposed a new AM consisting of a resonator and multiple channels, and it could obtain absorption in three frequency bands below 900 Hz. Zhang et al. (2018) investigated aluminum membrane AMs with multi-modal resonant piezoelectric resonators, and the proposed metamaterial could broaden the local resonance bandgaps. An effective bulk modulus can be obtained in a wide frequency range by using the feedback of a piezoelectric diaphragm in the metamaterials composed of a symmetrical double Helmholtz resonator and a main acoustic cavity (Ning et al., 2022). Wang et al. (2017) designed an elastic metamaterial with active multi-resonance piezoelectric shunting that could achieve large attenuation in three frequency bands.
In short, multi-band or broadband can be achieved by assembling numerous similar or heterogeneous structures, and then the size of AMs became heavy and complicated. Our research group (Hao et al., 2018; Hao et al., 2019) had proposed a nested structural unit that can significantly minimize AMs units. The simulated results proved that the number of these resonant frequencies was dependent on the number of layers in the nested multilayer unit (Hao et al., 2018). Chen and Ding (2019) studied the transmission properties of multi-band AMs with the nested multi-layer split hollow spheres from the simulation and experiment. It was found that two-band negative modulus AMs with the nested two-layer split hollow spheres was constructed, but it was not easy for AMs with the tri-layer nested split hollow spheres (NSHSs) to achieve tri-band negative modulus. On the other hand, because the local resonant frequency band is restricted, it becomes important to predict the resonant frequency of the AMs unit precisely. However, the relation between the structural parameters of a nested unit and the resonant frequency was rarely investigated. The effect of the parameters of two-layer split hollow spheres on the transmission properties was investigated in terms of theory and simulation, and then two-band negative modulus could be easily realized by AMs with the nested two-layer split hollow spheres (Hao et al., 2019). Furthermore, the theoretical frequency is in good agreement with the simulation frequency. Thus, it becomes important to check the condition of these nested AMs for tri-band negative modulus and then accurately predict three resonant frequencies.
Based on references (Hao et al., 2018; Chen and Ding, 2019; Hao et al., 2019), the effects of the relative hole diameters of the tri-layer NSHSs on the resonant frequency and effective modulus under four different conditions according to the relative size of three-hole diameters were investigated in terms of sound-force analogy (SFA) and simulation in detail.
MODEL AND SIMULATION
Based on previous work (Hao et al., 2019), tri-layer NSHSs are nested by three SHSs of various sizes, and its structural representation is plotted in Figure 1A. R1, R2, and a1 denote the interior radius, exterior radius, and the hole diameter of the first interior layer hollow sphere, respectively. R3, R4, and a2 denote the interior radius, exterior radius, and the hole diameter of the middle second layer hollow sphere, respectively. R5, R6, and a3 denote that of the exterior third layer hollow sphere, respectively. The sound wave enters tri-layer NSHSs from the hole of the third layer sphere, and then passes through the third layer, the hole of the second layer, the second layer, and the hole of the first layer, respectively, and finally gets into the first layer cavity. Thus, based on SFA theory, the cavity and the interlayer are equivalent to springs (k1, k2, and k3), these small holes are equivalent to masses (m1, m2, and m3), and then the tri-layer NSHSs is equivalent to three spring oscillators in series, as illustrated in Figure 1B. According to Newton’s second law of m1, m2, and m3, Eqs. 1–3 are given as follows:
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[image: Figure 1]FIGURE 1 | (A) Cross-section of tri-layer nested split hollow spheres (NSHSs) and (B) structural scheme of three spring oscillators in series.
where,
the elastic coefficient is as follows:
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The effective sound mass is as follows:
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The cross-sectional area of the small hole is as follows:
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The volume of the spherical cavity is as follows:
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The modified effective length of the small hole is as follows:
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The mass density and sound speed are denoted by [image: image] and [image: image], respectively. [image: image], [image: image], and [image: image] represent the interior radius, exterior radius, and the split hole diameter of the layer i hollow sphere, respectively ([image: image]). For example, [image: image] and [image: image] of the second layer hollow sphere is equivalent to [image: image] and [image: image], respectively.
Let [image: image] ([image: image]), and these expressions were substituted into Eqs. 1–3. To have a unique solution to the system, the characteristic equation of the frequency can be obtained as follows.
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Let
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Then solving Eq. 4, we can get three real roots expression of the frequency, and the resonant frequency of the tri-layer split hollow sphere [image: image], [image: image], and [image: image] are given as follows.
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Tri-layer NSHS was designed and simulated using COMSOL Multiphysics software based on the finite element method (FEM), and the Pressure Acoustic and Thermal Acoustic Modules were selected to study an acoustic characteristics under the condition of the thermo-viscous losses in the frequency domain. The tri-layer NSHS was put at the center of the waveguide tube. We set its left facet as a radiation boundary with 1Pa planar acoustic wave, its right facet as the matching boundary, and the rest as the hard boundary. The sound was perpendicularly incident into the exterior hole of the tri-layer NSHSs. Considering the viscous loss, the air is set as viscous flow. Furthermore, air medium was set in the waveguide tube and cavity of tri-layer NSHSs, and its density, sound speed, and attenuation coefficient were 1.29 kg/m3, 320 m/s, and 0.01 m−1, respectively.
Tri-layer NSHSs were set as polylactic acid, and the density, Young’s modulus, and Poisson’s ratio were 1000 kg/m3, 3*109 Pa, and 0.37, respectively. The whole simulation domain was meshed by the tetrahedron. The maximum element size was [image: image] for solid domain meshing and [image: image] for fluid domain meshing, respectively. In addition, let R1 = 4.00 mm, R2 = 4.50 mm, R3 = 5.37 mm, R4 = 5.87 mm, R5 = 6.44 mm, and R6 = 6.94 mm.
The values of [image: image], [image: image], and [image: image] are related with three-hole diameters according to Eqs. 5–7. As a result, the effects of three-hole diameters on the transmission properties and the effective modulus were studied in detail.
RESULTS AND DISCUSSION
To study the influence of the relative diameter of three holes on the transmission and effective modulus, tri-layer NSHSs with three various hole diameters were divided into two groups based on the relative diameters of three holes: gradient type and mutant type. Among them, the gradual type includes the gradually decreasing or increasing diameters of three-holes, that is, a1> a2> a3 and a1< a2< a3, while the mutation type includes the smallest or largest diameters of the middle hole, that is, a2< a1< a3 and a1< a3< a2.
Effect of Three Decreasing Holes on the Effective Modulus
When the three holes’ diameters continuously reduced, that is, the interior hole diameter a1was kept as 0.8 mm, the middle hole diameter a2 was kept at 0.6 mm, and the diameter of exterior hole a3 changed at the range of 0.2–0.6 mm.
Figure 2A shows the transmission curves of the tri-layer NSHSs with various exterior hole diameters. As seen in Figure 2A, the transmission absorption peaks near three resonant frequencies became shallower as the exterior hole diameter decreased. This is because when the exterior hole diameter gradually decreased, the sound energy that could enter the three-layer hollow sphere system shrank as well. For the tri-layer NSHSs with various exterior hole diameters, the difference in transmission absorption peak values was minor in the low-frequency region, the difference grew greater in the medium frequency region, and the difference in the transmission peak was the biggest in the high-frequency region.
[image: Figure 2]FIGURE 2 | Curves of the tri-layer NSHSs with various exterior hole diameters under the condition of a1> a2> a3. (A) Transmission and (B) the real part of effective modulus.
Furthermore, the effective modulus curves of the tri-layer NSHSs with various exterior hole diameters are depicted in Figure 2B. For the low frequency of the deepest transmission peak, the negative moduli could be realized around the resonant frequencies with varying exterior hole diameters. With decreasing exterior hole diameters, the effective modulus in the medium frequency region neared zero. When the exterior hole diameters a3 was 0.2 mm, the effective modulus around the resonant frequency was positive. The reason is that the sound energy was predominantly collected between the second and third layers, and the local resonance appeared around both the second and the third layer holes (see Figure 3). However, when the hole in the third layer was very small, and the resonance was weak, the negative effective modulus was not attained for the medium frequency region. For high frequencies with the shallowest transmission peak, the negative effective modulus could not be achieved. It was thought that the sound energy was predominantly collected between the first and second layers, and the weakest local resonance appeared only around the first and the second layer holes.
[image: Figure 3]FIGURE 3 | Energy distribution of tri-layer NSHSs at the various resonant frequency with a3 = 0.6 mm under the condition of a1> a2> a3. (A) Low frequency, (B) medium frequency, and (C) high frequency.
Figure 4 shows the relationship curves of the exterior hole diameter a3 and the resonant frequency under the condition of a1> a2> a3, where the solid circle, triangle, and diamond signs represent the simulated low-, medium-, and high-resonant frequency, respectively, and the lines are the calculation curves resulting from Eqs. 5–7. Furthermore, it can be seen from Figure 4 that the resonant frequencies calculated by the uncoupled model of the three spring oscillators in series were essentially consistent with the simulated resonant frequencies. Combined with Figure 3, it could also be found that the sound energy at the low-, medium-, and high-resonant frequencies belonged to the corresponding layers, and the corresponding energy was not coupled with each other layer. Due to the smallest exterior hole diameter, this relatively weak or no coupling interaction had little effect on the calculated resonant frequency from the model. However, the hole diameter in each layer had a great effect on the transmission, the transmission at high frequency was shallow, and it was difficult to achieve negative modulus.
[image: Figure 4]FIGURE 4 | Relationship curves of the exterior hole diameter and the resonant frequency under the condition of a1> a2> a3.
Effect of Three Increasing Holes on the Effective Modulus
When the three holes’ diameters continuously increased, that is, a1< a2< a3, the interior hole diameter a1 was kept as 0.2 mm, the middle hole diameter a2 was kept at 0.4 mm, and the diameter of exterior hole a3 changed at the range of 0.6–1.2 mm.
Figure 5A depicts the transmission of the tri-layer NSHSs with different diameters of exterior hole [image: image] under the condition of a1< a2< a3. It is shown that the transmission absorption peaks around three resonant frequencies were relatively deep (all less than 0.1), and the transmission absorption peaks in the high-frequencies region were the deepest. Furthermore, Figure 5B depicts the real part of effective modulus curves of the tri-layer NSHSs with different diameters of exterior holes. As seen from Figure 5B, the effective moduli became negative around three resonant frequencies with varying exterior hole diameters. For a certain exterior hole diameter, the negative modulus was best achieved around the low-resonant frequency, second-best near the medium-resonant frequency, and worst around the high-resonant frequency.
[image: Figure 5]FIGURE 5 | Curves of the tri-layer NSHSs with various exterior hole diameters under the condition of a1< a2< a3. (A) Transmission and (B) the real part of effective modulus.
Figure 6 is the relationship curves of the exterior hole diameter and the resonant frequency, where the solid circle, triangle, and diamond signs represent the simulated low-, medium-, and high-resonant frequency, and the line represents calculation curves resulting from Eqs. 5–7. In the low-frequency region, the resonant frequencies of tri-layer NSHSs with varying exterior hole diameters were the same, which agreed well with the simulated resonant frequencies (see Figure 6). At the medium-frequency region, the resonant frequencies had a slight blue shift, but they were consistent with the simulated value. In the high-frequency region, with increasing the exterior hole diameter, the resonant frequency gradually shifted blue. When exterior hole diameters became larger, the weak coupling interaction maybe results in a negative modulus at the high-frequency region. Considering the coupling interaction (Ding et al., 2019), the change rate of acoustic susceptance was proportional to G, and the resonant frequency was modified by the formula [image: image]. The calculated frequency was obtained by the modified three spring oscillators in series model with coupling interaction, and then the calculated frequency is in good agreement with the simulated frequency (see Figure 6).
[image: Figure 6]FIGURE 6 | Relationship curves of the exterior hole diameter and the resonant frequency under the condition of a1< a2< a3.
Effect of the Smallest Middle Holes on the Effective Modulus
When the hole in the middle layer was smallest, that is, a2< a1< a3, the interior hole diameter a1 was kept as 0.6 mm, the middle hole diameter a2 remained at 0.4 mm, and the diameter of exterior hole a3 changed at the range of 0.6–0.9 mm.
Figure 7A depicts the transmission of the tri-layer NSHSs with different diameters of exterior holes under the condition of a2< a1< a3. As illustrated in Figure 7A, the transmission absorption peaks near the low- and medium-frequency were rather deep (all less than 0.1). With increasing the exterior hole diameters, the transmission absorption peaks in the high-frequency region became deeper. This is because when the diameter of exterior hole a3 rose, sound energy that can enter the tri-layer NSHSs increased, and the transmission absorption peak deepened.
[image: Figure 7]FIGURE 7 | Curves of the tri-layer NSHSs with various exterior hole diameters under the condition of a2< a1< a3. (A) Transmission and (B) the real part of effective modulus.
Furthermore, the effective modulus curves of the tri-layer NSHSs with different exterior hole diameters under the condition of a2< a1< a3 is shown in Figure 7B. It is found that the negative moduli could be realized with varying exterior hole diameters around the low- and medium-resonant frequencies. However, when the diameter of the exterior hole a3 was increased, the tri-layer NSHSs finally achieved the negative effective modulus near the high-resonant frequency. Whereas, when a3 was 0.6 mm, the effective modulus around the resonant frequencies was positive. It was the reason that the sound energy was collected predominantly between the first layer and second layers, and the local resonance only appeared around two holes of the first layer and the second layer (see Figure 8). With increasing the exterior hole diameter, for instance, when a3 is 0.9 mm, the sound energy was collected between the first layers, the second layers, and the third layer, and the local resonance appeared three holes, resulting in the weak coupling interaction and then the negative effective modulus, as seen in Figure 8.
[image: Figure 8]FIGURE 8 | Energy distribution of tri-layer NSHSs at the high resonant frequency under the condition of a2< a1< a3. (A) [image: image] = 0.6 mm and (B) [image: image] = 0.9 mm.
Figure 9 demonstrates the relationship curves of a3 and the resonant frequency under the condition of a2< a1< a3, where the solid circle, triangle, and diamond signs represent the low-, medium-, and high-resonant frequency from the simulated results, and the line is the calculated curves from Eqs. 5–7. It is found that the resonant frequencies of tri-layer NSHSs with varying exterior hole diameters had a slight blue shift at low- and high-resonant frequencies, and they coincided with the simulated resonant frequencies. It is thought that due to the smallest middle hole diameter, this relatively weak coupling interaction had little effect on the calculated resonant frequency from the model. For the medium-frequency region, the resonant frequencies had a noticeable blue shift, and the little difference between the calculated and simulated resonant frequencies gradually appeared with the increase in the exterior hole diameter.
[image: Figure 9]FIGURE 9 | Relationship curves of the exterior hole diameter and the resonant frequency under the condition of a2< a1< a3.
Effect of the Largest Middle Holes on the Effective Modulus
When the hole in the middle layer was largest, that is, a1< a3< a2, the interior hole diameter [image: image] was kept at 0.6 mm, the middle hole diameter a2 was kept at 1.0 mm, and the diameter of exterior hole a3 changed at the range of 0.6–0.9 mm.
Figure 10A depicts the transmission of the tri-layer NSHSs with different diameters of exterior hole under the condition of a1< a3< a2. It is found that the transmission absorption peaks near three resonant frequencies were relatively deep (all less than 0.1). The real part of the effective modulus curves of the tri-layer NSHSs with different diameters of exterior holes is demonstrated in Figure 10B. As illustrated from Figure 10B, the effective moduli became negative near the low- and medium-resonant frequencies with varying exterior hole diameters. Furthermore, with decreasing the exterior hole diameters, the transmission absorption peaks around high-resonant frequency got shallower. When a3 was 0.6 mm, the effective modulus around the resonant frequencies was positive (0.09). When, a3 was 0.9 mm, the negative effective modulus (−0.16) could be achieved. Thus, the bigger a3, the easier it was to obtain the negative modulus.
[image: Figure 10]FIGURE 10 | Curves of the tri-layer NSHSs with various exterior hole diameters at R5 = 6.44 mm and R6 = 6.94 mm under the condition of a1< a3< a2. (A) Transmission and (B) the real part of effective modulus.
Figure 11 depicts the relationship of a3 and the resonant frequency under the condition of a1< a3 <a2. It was seen that the resonant frequencies of tri-layer NSHSs with various exterior hole diameters at the low-, medium-, and high-resonant frequencies had a slight blue shift, and the low- and medium-resonant frequencies coincided with the simulated resonant frequencies. However, the resonant frequencies in the high-frequency region had a slight blue shift as well. Due to a relatively strong coupling interaction between the layers of the tri-layer NSHSs with varying exterior hole diameters (see Figure 12), similar to section 3.2, the calculated frequency was obtained by the modified coupled series spring oscillators model, and it coincided with the simulated resonant frequency.
[image: Figure 11]FIGURE 11 | Relationship curves of the exterior hole diameter and the resonant frequency of tri-layer NSHSs with R5 = 6.44 mm and R6 = 6.94 mm under the condition of a1< a3< a2.
[image: Figure 12]FIGURE 12 | Energy distribution of tri-layer NSHSs at the high resonant frequency of tri-layer NSHSs with R5 = 6.44 mm and R6 = 6.94 mm under the condition of a1< a3< a2. (A) a3 = 0.6 mm and (B) a3 = 0.9 mm.
To weaken the effect of the weak coupling interaction on the calculated resonant frequency, the new parameters of R5 = 7.50 mm and R6 = 8.00 mm was set, but the other parameters were left as they were in this section.
As seen in Figures 13A,B, the transmission absorption peaks in the low- and medium-frequency regions were relatively deep, and the effective moduli became negative near the resonant frequency. Whereas, the transmission absorption peaks in the high-frequency region were shallow, and the negative modulus for the tri-layer NSHSs with the big third layer could not be obtained.
[image: Figure 13]FIGURE 13 | Curves of the tri-layer NSHSs with various exterior hole diameters at R5 = 7.50 mm and R6 = 8.00 mm under the condition of a1< a3< a2. (A) Transmission and (B) the real part of effective modulus.
As a result, the resonant frequencies had no blue shift in the high-frequency region, and the difference between the calculated and simulated resonant frequency became almost zero (see Figure 14), which may be due to the very weak coupling interaction caused by expanding the radius of the third layer (see Figure 15). However, it is not beneficial to achieve the negative modulus. Thus, to predict three resonant frequencies of tri-layer NSHSs precisely, the coupling interaction was considered to be incorporated into the theoretical three spring oscillators in series model under the condition of a1< a3< a2.
[image: Figure 14]FIGURE 14 | Relationship curves of the exterior hole diameter and the resonant frequency of tri-layer NSHSs with R5 = 7.50 mm and R6 = 8.00 mm under the condition of a1< a3< a2.
[image: Figure 15]FIGURE 15 | Energy distribution of tri-layer NSHSs at the high resonant frequency of tri-layer NSHSs with R5 = 7.50 mm and R6 = 8.00 mm under the condition of a1< a3< a2. (A) a3 = 0.6 mm and (B) a3 = 0.9 mm.
In summary, increasing the exterior hole diameter and the weak coupling interaction made it easier to reach the negative effective modulus under the condition of a1< a2< a3, a2< a1< a3 and a1< a3< a2. In order to predict the resonant frequency in the high frequency region and obtain the negative modulus, this relatively weak coupling interaction must be considered, and the modified coupled model was obtained by combining the coupling interaction with the three spring oscillators in series model, which can predict three resonant frequencies of the nested tri-layer NSHSs.
CONCLUSION
We present a tri-band negative modulus AMs based on nested tri-layer NSHSs. Three resonant frequencies were accurately deduced from the three spring oscillators in series model. It was indicated that tri-layer NSHSs appeared in three resonant frequencies. Three resonant frequencies underwent a blue shift as the hole diameter increased. The calculated and simulated resonant frequencies were in good agreement under the conditions of three decreasing holes and the smallest middle holes. Whereas, the simulated resonant frequency in the low and medium frequency regions were consistent with the calculated resonant frequency under the conditions of three increasing holes and the largest middle holes; the difference between the calculated and simulated resonant frequencies in the high-frequency region was eliminated by combining the coupling interaction with the model. Thus, the proposed three spring oscillators in series model with coupling interaction can effectively predict, and AMs under all four conditions can easily realize negative modulus near three predicted resonant frequencies. As a result of the analytical formulas, three resonant frequencies may be precisely controlled, and a nested type AM with a tri-band negative modulus can be easily constructed, which will be beneficial for the application of noise control engineering in the expected and accurate frequency band.
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