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The heat transfer ratio plays an important role in the industrial and engineering

sectors; in this model, the authors used the hybrid nanofluid because the heat

transfer ratio of the hybrid nanofluid is more than that of the base fluid. The key

objective of this researchwork is to boost up the heat transfer ratio, for example,

not only the accomplishment of energy is enough but is also expected to

regulate the feeding of energy, and this is possible only to approve the

development of heat transmission liquids to the mechanism of the

expenditures of energy and improvement. The current research study

investigates the influence of Marangoni convection, solar radiation, and

viscous dissipation on the bioconvection couple stress flow of the hybrid

nanofluid over a shrinking surface. This type of flow has some important

application in the industrial and engineering sectors for the purpose of

cooling and heating effect. To transform the non-dimensionless form of the

differential equation to the dimensionless form, the authors used the defined

similarity transformation. The transformed dimensionless form of the

differential equation is solved by the homotopic analysis method. The

obtained important result is determined with the help of graphs which is

obtained from velocity and temperature equations. The impression of

different parameters such as couple stress parameter, Marangoni convection

parameter, nanoparticle volume fraction, solar radiation parameter, magnetic

field parameter, thermophoresis parameter, Eckert number, and Prandtl

number is taken over graphs. The skin friction coefficient and Nusselt

number are described in the form of tables.
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Introduction

Nanotechnology has produced massive consciousness

amongst the researchers due to its wide possibility of

applications in different branches of science and technology.

The important use of the research on nanotechnology is to boost

the heat transfer ratio. To enhance the heat transfer ratio,

different approaches are used for the regular fluid. Several

researchers work on the combination of solid and liquid for

the improvement of ratio. The importance of magneto-

Marangoni convection due to the immoderate uses precisely,

sprinkling of thin film flow, use in the important apparatus in

atom, and helpful in making semiconductors, played a very

enormous role in the process of welding and showed good

performance in the crystal growth. Marangoni convection is

also used in material science, varnish, and silicon melts and

plays an important role in factories and industries. Moreover, to

color the ground, the Marangoni phenomenon is commonly

used. The pigment is hanged on the exterior surface of the

essential medium like water or other thickness fluids in this

procedure. Das et al. (2008) for the first time introduced the

concept of nanofluids. Buongiorno (2006) studied the convective

heat transport in nanofluids. Due to the important uses of

nuclear reactors, plasma studies, wire drawing, hot rolling,

and manufacturing of glass fiber, researchers take more

interest in the flow of nanofluids over the extending surface

and attended by Lorentz’s effect. Makinde and Aziz (2011) used a

stretching surface to study the boundary-layer flow of a

nanofluid. Rana and Bhargava (2012) used a non-linear

stretching surface to study the flow and heat transfer of a

nanofluid. Khan and Pop (2010) used a stretching surface to

study boundary-layer flow of a nanofluid. Makinde et al. (2016)

used a stretching surface to study the MHD flow of a variable

viscosity nanofluid over a radially stretching convective surface

with radiative heat. Besthapu et al. (2017) used a stretching

surface to study the MHD flow of the nanofluid. Acharya

et al. (2016) used a stretching surface to study ramification of

variable thickness on MHD TiO2 and Ag nanofluid. Acharya

NDas and Prabir (2016) used two parallel plates to study

squeezing flow of Cu–water and Cu–kerosene nanofluids. Das

et al. (2016) used a shrinking sheet to study the onset of the

nanofluid in the presence of a heat source/sink. Ishfaq et al.

(2016) used a stretching surface to study the estimation of the

boundary-layer flow of a nanofluid. Rana P Bhargava and Beg

(2012) used a pour surface to study the mixed convective

boundary-layer flow of a nanofluid numerically. The

researchers take more interest in magneto-Marangoni

convection which is produced due to the surface tension. The

purpose behind this is some important applications such as,

scattering of the thin liquid layer, atomic reactor, the processing

of semiconductors, dynamic use in the welding process, crystal

growth, material science, varnish, and silicon melt. The other

important application of Marangoni convection is fine art

mechanism, for instance, pigment on the ground. Pop

Postelnicu (2001) studied the effect of Marangoni convection.

Al-Mudhaf and Chamkha (2005) with the help of a porous

medium investigated the Marangoni convection effect. Wang

(2006) used a series solution method to study the influence of

Marangoni convection. Chen (2007) discussed the inspiration of

Marangoni convection. Magyari and Chamkha (2007) using the

high magnitude of Re discussed the inspiration of Marangoni

convection. Zheng et al. (Lin et al., 2013; Lin et al., 2014) studied

the MHD Marangoni convection along with the thermal

gradients. Aly and Ebaid (2016) used the Laplace transform to

study the Marangoni flow over a permeable surface. Ellahi et al.

(2016) used the ethylene glycol-based nanofluid to study the

different shapes of nano-scale materials. Xu and Chen (Jiao et al.,

2016) used permeable media to study Marangoni convection.

Sheikholeslami and Chamkha (2017) studied the MHD

Marangoni convection along with the two-phase nanoliquid

hydrothermal model. The researchers take more interest in

the novel kind of nanofluid known as the hybrid nanofluid

due to a high heat transmission relation, which plays a

significant role in the field of science and technology

(Hussanan et al., 2019). They studied novel kind known as

the hybrid nanofluid flow for some useful applications in

manufacturing. (Eastman et al., 1996; Eastman et al., 1999;

Moldoveanu et al., 2019; Kumar et al., 2020; Wakif et al.,

2020). The thermal conductivity of EG (ethylene glycol) is

little as compared to the other nanofluid. The required

demand of the heat transfer ratio for current technologies and

the wide requirement for thermal energy cannot be satisfied by

the usually used fluids. The heat transfer ratio of the base fluid

increases when the base liquids are mixed by the addition of

minor shaped particles (Buongiorno et al., 2009). Thus, the

increase in thermal possessions of usual fluids advanced

strong interest of researchers to conduct more research. The

overflowing literature on nanofluid and CNTs both (SWCNTs

and MWCNTs) is studied by numerous researchers. Normally

used in the energy sector and nanoscience (Kandasamy et al.,

2016), copper oxide water was studied by Animasaun et al.

(2019), carbon nanotube/water by Aman et al. (2017), heat

transfer enrichment using the carbon nanotube by Raza et al.

(2019), and the investigation of Fe3O4 /water by Qasim et al.

(Muhammad et al., 2020). The investigation of magnetite-

ferrium oxide Fe3O4 was discussed by Hussanan et al. (Qasim

et al., 2014) and Al2O3/water by Sheikholeslami et al. (Hussanan

et al., 2018). The study of the nanofluid flow over a stirring
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surface was conducted by Haq et al. (Sheikholeslami et al., 2017).

Joseph, S. P et al. (Haq et al., 2017) discussed exact solutions for

incompressible couple stress fluid flows. Baranovskii (Joseph,

2020) discussed exact solutions to the Navier–Stokes equations

with couple stresses. Srinivas et al. (Baranovskii et al., 2021)

discussed thermal analysis of a flow of immiscible couple stress

fluids in a channel. Mishra, A., and Kumar (Gladys and Reddy,

2022) studied velocity and thermal slip effects on the MHD

nanofluid flow past a stretching cylinder with viscous dissipation

and Joule heating. Gladys, T., and Reddy (Rachid et al., 2021)

studied the contributions of variable viscosity and thermal

conductivity on the dynamics of the non-Newtonian

nanofluid flow past an accelerating vertical plate. Rachid, H

et al. (Mishra and Kumar, 2020b) studied entropy generation

and mechanical efficiency in the laminar peristaltic flow through

an elliptical duct. Mishra and Kumar (2019a) studied the thermal

performance of the MHD nanofluid flow over a stretching sheet

due to viscous dissipation, Joule heating, and thermal radiation.

Mishra, A., and Kumar, M (Mishra et al., 2021) studied viscous

dissipation and Joule heating influences past a stretching sheet in

a porous medium with thermal radiation saturated by

silver–water and copper–water nanofluids. Mishra and Kumar

(2019b) studied the thermal performance of the Ag–water

nanofluid flow over a curved surface due to chemical reaction

using Buongiorno’s model. Mishra et al. (2020) studied the

influence of viscous dissipation and heat generation/

absorption on Ag–water nanofluid flow over a Riga plate with

suction. Daniel et al. (2020a) studied the roles of nanoparticles

and heat generation/absorption on the MHD flow of the

Ag–H2O nanofluid via porous stretching/shrinking

convergent/divergent channel. Daniel et al. (2019a) studied

the slip role for unsteady MHD mixed convection of the

nanofluid over a stretching sheet with thermal radiation and

electric field. Daniel and Daniel (2015) studied the stratified

electro magneto hydrodynamic flow of the nanofluid supporting

the convective role. Daniel et al. (2017a) studied the effects of

buoyancy and thermal radiation on the MHD flow over a

stretching porous sheet by the homotopy analysis method.

Daniel et al. (2017b) studied entropy analysis in the electrical

magneto hydrodynamic (MHD) flow of the nanofluid with

effects of thermal radiation, viscous dissipation, and chemical

reaction. Daniel (2016a) studied double stratification effects on

the unsteady electrical MHD mixed convection flow of the

nanofluid with viscous dissipation and Joule heating. Daniel

et al. (2018a) studied the laminar convective boundary-layer

slip flow over a flat plate by the homotopy analysis method.

Daniel (2017) studied thermal stratification effects on the MHD

radiative flow of the nanofluid over a nonlinear stretching sheet

with variable thickness. Daniel et al. (2018b) studied MHD

laminar flows and heat transfer adjacent to permeable

stretching sheets with a partial slip condition. Daniel et al.

(2018c) studied the effects of slip and convective conditions

on the MHD flow of the nanofluid over a porous nonlinear

stretching/shrinking sheet. Daniel et al. (2017c) studied the

impact of thermal radiation on the electrical MHD flow of the

nanofluid over a nonlinear stretching sheet with variable

thickness. Daniel (2015) studied the numerical study of

entropy analysis for the electrical unsteady natural magneto

hydrodynamic flow of the nanofluid and heat transfer. Daniel

(2016b) studied steady MHD laminar flows and heat transfer

adjacent to porous stretching sheets by the HAM. Daniel et al.

(2019b) studied the steady MHD boundary-layer slip flow and

heat transfer of the nanofluid over a convectively heated non-

linear permeable sheet. Daniel et al. (2018d) studied thermal

radiation on the unsteady electrical MHD flow of the nanofluid

over a stretching sheet with a chemical reaction. Daniel et al.

(2017d) studied the slip effects on the electrical unsteady MHD

natural convection flow of the nanofluid over a permeable

shrinking sheet with thermal radiation. Daniel et al. (2020b)

studied the entropy analysis of the unsteady

magnetohydrodynamic nanofluid over a stretching sheet with

electric field. Liao (2012) studied the hydromagnetic slip flow of

the nanofluid with thermal stratification and convective heating.

Garia et al. (2021) studied the hybrid nanofluid flow over two

different geometries with the Cattaneo–Christov heat flux model

and heat generation: a model with correlation coefficient and

probable error. Yaseen et al. (2022a) studied the

Cattaneo–Christov heat flux model in the Darcy–Forchheimer

radiative flow of MoS2–SiO2/kerosene oil between two parallel

rotating disks. Yaseen et al. (2022b) studied the hybrid nanofluid

(MoS2–SiO2/water) flow with viscous dissipation and Ohmic

heating on an irregular variably thick convex/concave-shaped

sheet in a porous medium. Yaseen (2021) studied an opposing

flow of a MHD hybrid nanofluid flow past a permeable moving

surface with a heat source/sink and thermal radiation. Gumber

et al. (2022) studied the heat transfer in the micropolar hybrid

nanofluid flow past a vertical plate in the presence of thermal

radiation and suction/injection effects. This is one of the most

serious issues nowadays, and most of the researchers are trying to

study the advance resources to reestablish the energy and to

regulate the feeding of heat transfer devices. All these resources

are dependent on solids, gases, and liquids. To increase the

thermal efficiency of common liquids, it is possible through

the addition of small solid metal particles. There are many

liquids with a low heat transfer rate which are used in

different engineering sectors. These liquids are bio-liquid,

polymeric solution, various oils, greases, water, toluene,

refrigerants, and ethylene glycol. The important aim of this

study is to deliver the idea to boost the heat transfer which is

used in the new technology. In our study, the authors used

different types of hybrid nanofluids for the improvement of the

heat transfer ratio which play an important role. For example, not

only the achievement of energy is enough but is also expected to

adjust the consumption of energy, and this is possible only to

approve the development of heat transmission liquids to the

mechanism of the expenditures of energy and improvement.
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Most of the heat transmission is the demand of the industry and

other related scientific fields. The flow problem analysis was

conducted on the basis of converting non-linear partial

differential equations to non-linear ordinary differential

equations by similarity transformation. The model non-linear

differential equations have been analyzed by an approximate

analytical method. The impact of different developing results has

been inspected with the help of figures and tables and the novelty

of the present research article. For the first time, the impact of

Marangoni convection, solar radiation, and viscous dissipation

on the bioconvection couple stress flow of the hybrid nanofluid

over a shrinking surface is studied analytically. The stability of

both velocity and temperature equations is discussed in the form

of tables and graphs, the comparison of the present research work

is presented in the form of tables with the already published

work, the defined model is discussed for the first time analytically

on a shrieking surface, and the convergence control parameter is

discussed in the table form for both velocity and temperature

equations.

Mathematical formulation

Consider a two-dimensional time-independent laminar

incompressible flow of Te2O3 +MWCNTs +H2O and

SWCNTs +H2O hybrid nanofluids on a shrinking and

stretching surface, where λ< 0 and λ> 0 represent shrinking

and stretching surface and λ � 0 rigid surface, in which water

is the base fluid. In this combination,Te2O3 +MWCNTs +H2O

represents the hybrid nanofluid, and SWCNTs +H2O,

represents the nanofluid. The coordinate axes are arranged as

the x axis is along the surface and y axis is perpendicular to the

surface. Under the aforementioned assumption, the governing

equation for the given flow problem is settled as follows (Garia

et al., 2021):

zu

zx
+ zv

zy
� 0, (1)

ρhnf(u zuzx + v
zu

zy
) � μhnf

z2u

zy2
− σhnfB

2
0u − ϵμhnf

k1
u − ]hnf

ρhnf

z4u

zy4
,

(2)

u
zT

zx
+ v

zT

zy
� α

z2T

zy2
+ μhnf(ρcp)hnf(

zu

zy
)2

, (3)

where u and v represent velocity along x and y directions,

respectively, T represents the temperature, ε represents the

porosity of the porous medium, k1 represents the permeability

of the porous medium, σhnf represents the electrical

conductivity, α represents the thermal diffusivity, khnf is the

thermal conductivity, τ represents the ratio of the effective heat

capacity, ρhnf represents the density of the hybrid nanofluid, and

μhnf represents the viscosity of the hybrid nanofluid.

The boundary conditions for the given flow problem are as

follows:

u � λuw(x), v � v0, T � Tw(x) at y � 0
u → 0, v → 0, T → T∞ as y → ∞ .

(4)

From Eq. 4, we see that the velocity of the fluid and

temperature changes along the x axis and above the x axis,

the temperature of the surface remains constant, and the

velocity of the fluid particles is zero; vw represents the suction

injection velocity, and T∞ represents constant wall temperature.

To convert the non-dimensionless form of Eqs 2, 3, we

introduced a dimensionless function of f and θ, with the

similarity variable η as

η � y

x
Rax

1
4 ,ψ � αRax

1
4 f(η) , θ(η) � T − T∞

Tw − T∞
. (5)

In Eq. 5, ψ(x, y) represents the stream function and is

defined by u � zψ
zy and v � −zψ

zx. The stream function satisfied

the equation identically, and Eq. 5 converts Eqs 2, 3 to the

following form ((Srinivas and Ramana Murthy, 2016)):

(1 − ϕ1 − ϕ2)−2.5
(1 − ϕ1 − ϕ2) + ϕ1

⎛⎝ρ1
ρf
⎞⎠ + ϕ2

⎛⎝ρ2
ρf
⎞⎠f‴ + 1

4
mp(3ff″ − 2f′2)−

(1 − ϕ1)2.5(1 − ϕ2)2.5Mf′ −Kfv � 0,

(6)
1
Pr

(1 − ϕ1 − ϕ2)−2.5
(1 − ϕ1 − ϕ2) + ϕ1

⎛⎝ρ1
ρf
⎞⎠ + ϕ2

⎛⎝ρ2
ρf
⎞⎠θ″+

3
4
(1 − ϕ1)2.5(1 − ϕ2)2.5fθ′ + EcNtθ′2 � 0.

(7)

The boundary conditions for the given flow problem are as

follows:

f(0) � S, f′(0) � λ, f′(∞) � 0,
θ(0) � 1, θ(∞) � 0,

(8)

where λ< 0 and λ> 0 represent the shrinking and

stretching surface and λ � 0 represents the rigid surface.

Rb � γpΔnwΔρ
ρhnf(1−φ∞)βΔTw

represents the bioconvection Rayleigh

number, Br � (ρhnf−ρnf∞)ΔCw

ρhnf(1−ϕ∞)βΔTw
represents the boundary ratio

parameter, Ec � U2
ϖ

cp(Tϖ−T0) shows Eckert number, N � 4σT3∞
(ρcp)kp

shows the solar radiation parameter, M � σhnfB2
0

ρhnfa
shows the

magnetic parameter, Pr � ]hnf
α shows Prandtl number, Nt �

τDT(Tw−T∞)
]hnfT∞ shows the thermophoresis parameter, mp � aγδ0Tref

υhnf

shows the Marangoni convection parameter, R shows the

Reynold number, K � va
]2
hnf

shows the couple stress parameter,

and CT � T∞
Tw−T∞ shows the temperature ration parameter.
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The non-dimensionless forms of skin friction and Nusselt

number are as follows:

Cf �
μhnf(zu

zy)
y�0

ρhnfU
2

, Nu � 1
kf(Tw − T∞)(khnfzTzy)y�0

. (9)

Using Eq. 5 in Eq 9, we have the dimensionless forms of skin

friction and Nusselt number.

Cf(Ra−1
4

x RexPr) � ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝ (1 − ϕ1)2.5.(1 − ϕ2)−2.5(1 − ϕ2){((1 − ϕ1) + ϕ1.(ρs1
ρf
) + ϕ2.(ρs2

ρf
))}

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠f″(0), (10)

Ra−
1
4

x Nu � −(1 + 4N
3
) khnf

kf
θ′(0). (11)

Solution by the HAM

To solve Eqs 6, 7 along with the boundary conditions (8), we

apply the homotopy analysis method (HAM) with the following

technique. The solutions having the auxiliary parameters - adjust

and control the convergence of the solutions.

The initial guesses are selected as follows:

f0(η) � η and θ0(η) � 1. (12)

The linear operators are taken as Lf and Lθ :

Lf(f) � f‴and Lθ(θ) � θ″, (13)
which have the following properties:

Lf(c1 + c2η + c3η
2) � 0 and Lθ(c4 + c5η) � 0, (14)

where ci(i � 1 − 7) are the constants in a general solution.

The resultant non-linear operatives Nf andNθ are given as

follows:

Nf[f(η;p)] � z3f(η;p)
zη3

+ 1
4
mp[3 z2f(η;p)

zη2
z3f(η;p)

zη3
− (zf(η;p)

zη
)2]

−M zf(η;p)
zη

−K
z5f(η;p)

zη5
� 0,

(15)

Nθ[f(η;p), θ(η;p),φ(η;p)] � 1
Pr

z2θ(η;p)
zη2

−

3
4
f(η;p) zθ(η;p)

zη
+ EcNt(zθ(η;p)

zη
)2

� 0.
(16)

The basic idea of the HAM is described in Liao (2003), Liao

(2004b), Liao (2010), and Acharya et al. (2017); the zeroth -order

problems from Eqs 6, 7 are as follows:

(1 − p)Lf[f(η;p) − f0(η)] � pZfNf[f(η;p)], (17)
(1 − p)Lθ[θ(η;p) − θ0(η)] � pZθNθ[f(η;p), θ(η;p),φ(η;p)].

(18)

The equivalent boundary conditions are as follows:

f(η;p)∣∣∣∣η�0 � 0,
zf(η;p)

zη

∣∣∣∣∣∣∣∣
η�0

� 1,
z2f(η;p)

zη2

∣∣∣∣∣∣∣∣
η�β

� 0,

θ(η;p)∣∣∣∣η�0 � 1,
zθ(η;p)

zη

∣∣∣∣∣∣∣∣
η�β

� 0,

(19)

where p ∈ [0, 1] is the imbedding parameter and -f and -θ are

used to control the convergence of the solution. When

p � 0 and p � 1, we have

f(η; 1) � f(η) and θ(η; 1) � θ(η). (20)

Expanding f(η;p) and θ(η;p) in Taylor’s series about p � 0

f(η;p) � f0(η) + ∑∞
m�1

fm(η)pm, (21)

θ(η;p) � θ0(η) + ∑∞
m�1

θm(η)pm, (22)

where

fm(η) � 1
m!

zf(η;p)
zη

∣∣∣∣∣∣∣∣p�0and θm(η) �
1
m!

zθ(η;p)
zη

∣∣∣∣∣∣∣∣p�0. (23)

The secondary constraints -f and -θ are chosen in such a

way that series (22) converges at p � 1; switching p � 1 in (22),

we obtain

f(η) � f0(η) + ∑∞
m�1

fm(η),
θ(η) � θ0(η) + ∑∞

m�1
θm(η). (24)

The m th-order problem satisfies the following:

Lf[fm(η) − χmfm−1(η)] � -fR
f
m(η),

Lθ[θm(η) − χmθm−1(η)] � -θR
θ
m(η). (25)

The corresponding boundary conditions are

fm(0) � S , f′
m(0) � λ, f′

m(∞) � 0,
θm(0) � 1, θm(∞) � 0.

(26)

Here,

Rf
m(η) � fm−1‴ + 1

4
mp ∑m−1

k�0
fm−1−k″ − 2(fm−1−k′ )2

−M ∑m−1

k�0
fm−1−k′ K ∑m−1

k�0
fv
m−1−k � 0,

(27)

Rθ
m(η) � 1

Pr
θm−1″ + 3

4
∑m−1

k�0
fθm−1−k′ + EcNt∑m−1

k�0
(θm−1−k′ )2 � 0.

(28)
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Stability analysis

The time-based stability of the multiple solutions as time

changes is studied. This analysis was first presented by Merkin

(1986) and then followed by Weidman et al. (2006). In order to

achieve the solution time-based stability, the unsteady form of

Eqs 2, 3 must be considered by suggesting the new dimensionless

time variable equation one which will be unchanged. The

unsteady forms of Eqs 2, 3 are

zu

zt
+ (u zu

zx
+ v

zu

zy
) � 1

ρhnf
(μhnfz2uzy2

− σhnfB
2
0u − ϵμhnf

K
u

− ]hnf
z4u

zy4
), (29)

zT

zt
+ u

zT

zx
+ v

zT

zy
� α

z2T

zy2
+ μhnf(ρcp)hnf (

zu

zy
)2

. (30)

First, consider the new variables as follows:

η � y

x
Rax

1
4 ,ψ � αRax

1
4 f(η) , θ(η) � T − T∞

Tw − T∞
, τ � at (31)

Now, using Eq. 29 in Eqs 30, 31, the unsteady forms of Eqs

29, 30 become

(1 − ϕ1 − ϕ2)−2.5
(1 − ϕ1 − ϕ2) + ϕ1

⎛⎝ρ1
ρf
⎞⎠ + ϕ2

⎛⎝ρ2
ρf
⎞⎠

z3f

zη3
+ 1
4
mp(3f z2f

zη2
− 2(zf

zη
)2)−

(1 − ϕ1)2.5(1 − ϕ2)2.5M zf

zη
−K

z5f

zη5
− z2f

zηzτ
� 0,

(32)

1
Pr

(1 − ϕ1 − ϕ2)−2.5
(1 − ϕ1 − ϕ2) + ϕ1

⎛⎝ρ1
ρf
⎞⎠ + ϕ2

⎛⎝ρ2
ρf
⎞⎠

z2θ

zη2
+

3
4
(1 − ϕ1)2.5(1 − ϕ2)2.5f z2θ

zη2
+ EcNt(zθ

zη
)2

− zθ

zτ
� 0.

(33)

The unsteady boundary conditions are

f(0, τ) � S,
zf

zη
(0, τ) � λ, θ(0, τ) � 1,

zf

zη
(∞, τ) � 0, θ(∞, τ) � 0.

(34)

Now, consider the following perturbation function (Harris

et al., 2009):

f(η, τ) � f0(η) + e−γτF(η), θ(η, τ) � θ0(η) + e−γτG(η). (35)

Equation 34 is used to apply a small disturbance f �
f0(η) and θ � θ0(η) of Eqs 6, 7. The functions F(η) andG(η)
in Eq. 33 are relatively small as compared with f0(η) and θ0(η).
The sign (positive or negative) of the eigenvalue γ determines

the stability of the solution, now, using Equation 34 in Eqs 32–4,

we have

(1 − ϕ1 − ϕ2)−2.5(1 − ϕ1 − ϕ2) + ϕ1(ρ1
ρf
) + ϕ2(ρ2

ρf
)F‴ + +1

4
mp(f0F″ + f0

″F

− 2f0
′F′) − (1 − ϕ1)2.5(1 − ϕ2)2.5MF′ −KFV + γF′

� 0 , (36)
1
Pr

(1 − ϕ1 − ϕ2)−2.5(1 − ϕ1 − ϕ2) + ϕ1(ρ1
ρf
) + ϕ2(ρ2

ρf
)G″

− 3
4
(1 − ϕ1)2.5(1 − ϕ2)2.5[f0G″ + F0θ0

″] − 2EcNtθ0
′G′ − γG

� 0.

(37)
Subject to the boundary conditions

F(0) � 0, F′(0) � 0, G(0) � 0,
F′(∞) � 0, G(∞) � 0.

(38)

Without the loss of generality, we set F″(0) � 1 , (Mishra and

Kumar, 2020a) to get the eigenvalue of Eqs 36, 37).

The solution will be stable if and only if the eigenvalue is

positive, which shows the initial decay as time passes, and if the

eigenvalue is negative at that point, the flow solution shows the

initial growth of development, and the solution is said to be

unstable as time passes.

Results and discussion

The important aim of this study is to deliver the idea of boost

of the heat transfer, which is used in the new technology. In our

study, we used different types of hybrid nanofluids for the

improvement of the heat transfer ratio, which play an

important role, for example, not only is the achievement of

energy enough but is also expected to adjust the consumption

of energy, and this is possible only to improve the development of

heat transmission liquids to mechanism of the expenditures of

energy and improvement. Most of the heat transmission is the

demand of the industry and other related scientific fields. The

second and important feature of this research is the enhancement

of heat to reduce energy consumptions. The flow problem is

conducted using a shrinking and stretching surface. The outputs

of this study will be used to reduce energy consumption in

industry and other engineering fields. In our research study, we

used a new type of nanofluid known as the hybrid nanofluid for

the enhancement of the heat transfer ratio because the heat

transfer ratio of hybrid nanofluid is more than that of the base

fluids. The hard elements dissolve in the base liquid, and after its

constant diffusion, the hybrid nanofluid is produced. To

transform the non-dimensionless form of the differential

equation to the dimensionless form of the differential

equation, the authors used the defined similarity

transformation. The transformed dimensionless form of the

differential equations is solved by the approximate analytical
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method. The total results obtained from the given flow problem

are presented through figures. (Buongiorno, 2006; Khan and Pop,

2010; Makinde and Aziz, 2011; Rana and Bhargava, 2012;

Acharya et al., 2016; Acharya N Das and Prabir, 2016;

Makinde et al., 2016; Besthapu et al., 2017), the influence of

different parameters on the velocity profile is presented in figures

(Buongiorno, 2006; Khan and Pop, 2010; Makinde and Aziz,

2011; Rana and Bhargava, 2012; Makinde et al., 2016), and the

influence of different parameters on the temperature profile is

presented in figures (Acharya et al., 2016; Acharya NDas and

Prabir, 2016; Besthapu et al., 2017). Table 1 shows the thermo-

physical properties of water, CNTs, and Te2O3 nanoparticles,

Tables 2, 3 show the convergence control parameter for both

velocity and temperature for the defined flow problem, while

Tables 4, 5 show the influence of different parameters on skin

friction and Nusselt number, respectively.

Table 6 shows the comparison of the present work with

already published work for the velocity equation.

TABLE 1 Thermo-physical properties of water, CNTs, and Te2O3

nanoparticles.

ρ(kg/m3) Cp(j/kgK) k(W/mK)

Pure water 997.1 4179 0.613

SWCNTs 2600 425 6,600

MWCNTs 1600 796 300

Te2O3 5200 670 6

TABLE 2 Convergence of the defined problem for the velocity
equation; from table 2, we noted that as we increase the number
of iteration, the residual error decreases and strong convergence is
obtained.

m f9(η)

5 3.1411 × 10−1

10 2.1214 × 10−2

15 1.1013 × 10−4

20 4.5318 × 10−5

25 2.9187 × 10−6

TABLE 3 Convergence of the defined problem for the temperature
equation; from table 3, we see that as we increase the number of
iteration, the residual error decreases and strong convergence is
obtained.

m θ(η)

5 2.1391 × 10−1

10 3.1126 × 10−2

15 4.1218 × 10−3

20 3.1656 × 10−4

25 3.9483 × 10−5

TABLE 4 Consequence of different parameters such as M,K,N,Nb on
skin friction, from table 4, we see that skin friction is the
decreasing function of M,K,N,Nb. Physically, by increasing these
parameters the surface friction forces increase due to the increase in
skin friction, as shown in table 4.

M K N Rb Cfx

2.5 0.80 1 0.70 0.7131

4.5 0.7513

6.5 0.7794

0.85 0.7901

0.90 0.8104

3 0.8360

5 0.8540

0.75 0.8720

0.80 0.8813

TABLE 5 Consequence of Pr ,Nt ,Ec on Nusselt number; from table 5,
we see that Nu is the growing function of Pr ,Nt ,Ec. Actually, by
enhancing Pr ,Nt ,Ec, heat energy is stored in the system due to the
frictional force, which increases the Nusselt number.

Pr Ec Nt Nu

3 7 1 1.5043

1.9035

2.3591

5 2.7217

8 2.9642

8 3.1676

9 3.3690

2 3.7170

3 3.9756

TABLE 6 OHAM and numerical comparison forf(η).

m Numerical OHAM Absolute error

1 1.0000 1.0000 0.0000

2 1.2372 1.2045 0.0327

3 1.2791 1.2611 0.0180

4 1.3632 1.3373 0.0259

5 0.4721 0.4529 0.0192

6 0.6381 0.6012 0.0369

7 0.6937 0.6851 0.0086

8 0.7737 0.7567 0.0170

9 0.8429 #FF0000; 0.8012 0.0417

10 0.9331 0.9073 0.0258
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Table 7 shows the comparison of the present work with

already published work for the temperature equation.

There are two solutions in a certain range of parameters; an

investigation of stability is conducted to find the most stable

solution between them. To solve Eqs 24, 25 and the boundary

conditions ((Liao, 1997)), the bvp4c solver in MATLAB software

is used. This tool helps solve the equations numerically. Table 8

shows the certain values of M and the smallest eigenvalue γ.

From this table, it can be seen that the second solutions show

negative values, while the first ones show positive values. At this

point, it is clear that the second solution is not stable and is not

possible in real life. On the other hand, the first solution is stable

and is possible in real life (Liao, 2004a).

Figure 2 shows variation inM (magnetic field parameter) on

velocity distribution for both Te2O3 +MWCNTs +H2O and

SWCNTs +H2O; from Figure 2, we observed that velocity is the

declining function of M or there is an inverse relation between

the magnetic field parameter and the velocity distribution, that is,

the growing magnitude of the magnetic field parameter decreases

the velocity distribution. Physically, by increasing the magnetic

field parameter, the resistive types of forces known as Lorentz

forces are produced. The strength of such forces enhances with

the rising strength of the magnetic field parameter M, which

counteracts the motion of the fluid within the boundary layer and

drops the thickness of boundary layer. Also, these forces create

resistance to the flow of fluid particle moments, and as a result,

the velocity field decreases, as shown in Figure 2; this type of flow

is used for heating purpose in the industrial sector.

Figure 3 shows the variation in nanoparticle volume fraction

φ1 � φ2 on the velocity profile for both Te2O3 +MWCNTs +
H2O and SWCNTs +H2O; we noted from Figure 3 that velocity

is the decreasing function of ϕ1 � ϕ2, or there is an inverse

relation between the nanoparticle volume fraction ϕ1 � ϕ2 and

the velocity distribution, that is, the increasing magnitude of

nanoparticle volume fraction ϕ1 � ϕ2 decreases the velocity

distribution. Physically, by increasing nanoparticle volume

fraction, it produced viscous forces; these forces have direct

relation to viscosity, so by increasing theses forces, it

TABLE 7 OHAM and numerical comparison for θ(η).

m Numerical OHAM Absolute Error

1 1.0000 1.0000 0.000

2 1.2847 1.2732 0.0155

3 1.2887 1.2457 0.0430

4 1.2371 1.1024 0.1347

5 1.4179 1.4011 0.0168

6 1.4400 1.4375 0.0025

7 1.5567 1.5329 0.0238

8 1.5933 1.5719 0.0214

9 1.6453 1.6267 0.0186

10 1.7547 1.7397 0.0150

TABLE 8 List of several values of the smallest eigenvalue γ
when∅1 � ∅2 � 0.3, K � 2.5, M � 5.5, m* � 0.99.

M γ

1st solution 2nd solution

7.5 0.9394 −0.94705

7 0.81561 −0.72048

6.5 0.8375 −0.73862

6 0.6014 −0.64768

5.5 0.5857 −0.5463

5 0.46891 −0.49312

FIGURE 1
Geometry of the flow problem.

FIGURE 2
Inspiration of the magnetic field parameter on velocity
profile.
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produced resistance to the flow of fluid particles, so as a result, the

velocity of the fluids particles decreases, as shown in Figure 3;

this type of flow is used for heating purpose in the industrial

sector.

Figure 4 shows the variation in couple stress K on velocity

profile for both Te2O3 +MWCNTs +H2O and CNTs +H2O ,

we noted from Figure 4, that velocity is the decreasing

function of couple stress K or there is an inverse relation

between couple stress K and velocity distribution, that is,

the increasing magnitude of couple stress K decreases the

velocity distribution. Physically, by increasing couple stress

K produced viscous forces, these forces have a direct relation

to viscosity, so by increasing theses forces produced

resistance to the flow of fluids particles, so as a result the

velocity of the fluids particles is decreasing as shown in

Figure 4, this type of flow is used for hotness purpose in the

industrial sector.

Figure 5 shows the impact of the solar radiation parameter on

velocity distribution for both Te2O3 +MWCNTs +H2O and

SWCNTs +H2O; from Figure 5, we noted that the relation

between solar radiation parameter and velocity distribution is

directly related, or velocity is the increasing function of the fluid

relaxation parameter. Physically, the solar radiation parameter

has an inverse relation to viscosity, that is, by increasing the solar

radiation parameter, the viscosity of fluid decreases and as a

result, the fluid particles move easily and the velocity profile

increases, or here, the thermal boundary layer converges faster

than the momentum boundary layer; however, all the

aforementioned effects on velocity and temperature profiles

are prominent for small values of R only, as shown in Figure 5.

FIGURE 3
Inspiration of the nanoparticle volume fraction on the
velocity profile.

FIGURE 4
Inspiration of the couple stress parameter on the velocity
profile.

FIGURE 5
Inspiration of the solar radiation parameter on the velocity
profile.

FIGURE 6
Inspiration of Marangoni convection on the velocity profile.
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Figure 6 shows the variation in Marangoni convectionm* on

the velocity profile for both Te2O3 +MWCNTs +H2O and

SWCNTs +H2O; as we know that Marangoni conviction is

produced due to the change in the surface, so Marangoni

convection have double effects on moments of the fluid

particles; from Figure 6, we noted that Marangoni

convection has dual consequence on the velocity

distribution. First, the velocity profile boosts up due to

Marangoni convection. This result is changed, and after

some time, the velocity profile decreased, as shown in

Figure 6. It is not necessary that initially the velocity will

be increasing and then it will be decreasing; in

some cases, initially, the velocity decreases and then it

increases.

Figure 7 shows the relation between the solar radiation

parameter and temperature profile for both Te2O3 +
MWCNTs +H2O and SWCNTs +H2O; from Figure 7, we

noted that temperature profile is the growing function solar

radiation parameter, that is, by increasing the solar radiation

parameter, the temperature field is increasing. The energy

coming to the structural element will increase its

temperature until heat losses are able to balance heat gain.

Heat losses occur at the expense of emission, convective

transport to the atmosphere, and transmission to adjacent

areas, caused by heat conduction. The higher the

temperature of the heated element in comparison to the

surrounding objects, the more significant the heat losses.

Therefore, by enhancing the relaxation parameter, heat

energy is stored in the system, and hence, θ(η) enhances

and the solar radiation parameter can be used as a heating

agent.

Figure 8 shows the relation between Eckert number and

temperature profile for both Te2O3 +MWCNTs +H2O and

SWCNTs +H2O; from Figure 8, we see that temperature

profile is the increasing function of the Eckert number, that is, as

we increase the Eckert number, the temperature field is increasing, as

shown in Figure 8, physically by increasing the Eckert number. It will

enhance the kinetic energy as the intermolecular collision is

increasing, so the temperature profile is increasing, and the

Eckert number can be used as a heating agent.

Figure 9 shows schemed Pr for both Te2O3 +MWCNTs +
H2O and SWCNTs +H2O. It is obvious that in Figure 9

temperature is the decreasing function Pr, as shown in

Figure 9; physically, the thickness of the momentum

boundary layer will be larger than that of the thermal

boundary layer, or that the viscous diffusion is larger than the

thermal diffusion and therefore, the larger amount of Prandtl

number reduces the thermal boundary layer, so by increasing Pr,

FIGURE 7
Inspiration of the solar radiation parameter on the
temperature profile.

FIGURE 8
Inspiration of the thermophoresis parameter on the
temperature profile.

FIGURE 9
Inspiration of Prandtl number on the temperature profile.

Frontiers in Materials frontiersin.org10

Rehman et al. 10.3389/fmats.2022.964543

https://www.frontiersin.org/journals/materials
https://www.frontiersin.org
https://doi.org/10.3389/fmats.2022.964543


there is a decrease in the temperature field, and the Prandtl

number can be used as a cooling agent.

Figure 10 shows that the fluid velocity increases when the

effect of the shrinking and shrinking parameters λ is increased in

the dual solutions; consequently, the momentum boundary

layer thickness decreases. This contraction in the boundary

layer thickness is caused by the introduction of tensile stress due

to elasticity. The effect of magnetic parameter M, for dual

solutions, is noticed in Figure 11. Furthermore, in the

results, it is noticed that the first solution is stable, whereas

the second solution is unstable.

Conclusion

This study investigates the influence of Marangoni

convection, solar radiation, and viscous dissipation on the

bioconvection couple stress flow of the hybrid nanofluid over

a shrinking surface is investigated analytically. The novelty of

current research is that for the first time, the influence of

Marangoni convection, solar radiation, and viscous dissipation

on the bioconvection couple stress flow of the hybrid

nanofluid over a stretching surface is investigated

analytically. To transform the non-dimensionless form of

the DE (differential equation) to the dimensionless form of

DE (differential equation), we used similarity transformation.

The transformed dimensionless form of the DEs (differential

equations) are solved by the approximate analytical method.

In the future, we will face the problem to adjust the

consumptions of energy; in our research article, we used a

hybrid nanofluid which helped in the enhancement of the heat

transfer ratio, which have some important applications, for

example, not only the achievement of energy is enough but is

also expected to adjust the consumptions of energy, and this is

possible only to approve the development of heat transmission

liquids to the mechanism of the expenditures of energy and

improvement. Most of the heat transmission is the demand of

the industry and other related scientific fields. Former to the

application of nanotechnology, analysts and engineers have

challenged such huge numbers of questions recognizing with

heat transmission fluids. Still, with the development of

nanometer-sized particles, and its uses in the heat transfer

fluids have overall improved thermal conductivity. The

development of heat transport via nanofluid has involved a

number of scientists due to a lot of uses in various sectors such

as distillation and separation of bio-molecules, biosensors,

atomic system cooling, manufacture of glass fiber, thermal

storing, in solar water boiler, in the field of defense, MRI,

thermal absorption process, drug delivery, and transportation

(thermal management od vehicle and cooling of engine). The

impression of different parameters is taken by graphs for the

velocity equation and the temperature equation. The key

findings of the present research article are as follows:

1. Increasing the value of the solar radiation parameter

increases the velocity field.

2. Increasing the value of the magnetic field parameter

decreases the velocity field.

3. Increasing the value of nanoparticle volume fraction

decreases the velocity field.

4. Increasing the value of the couple stress parameter

decreases the velocity field.

5. Increasing the value of the Marangoni convection

parameter doubles the effect in velocity field.

FIGURE 10
Inspiration of shrinking and stretching parameters λ on the
velocity profile.

FIGURE 11
Inspiration of shrinking and stretching parameters λ on the
velocity profile.
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6. Increasing the value of the Prandtl number decreases the

temperature field.

7. Increasing the value of the solar radiation parameter

increases the temperature field.

8. Increasing the value of the Eckert number increases the

temperature field.
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Nomenclature

Abbreviations

x, y Cartesian coordinates

u, v velocity components

Uw velocities of the stretching sheet

K couple stress parameter

T local temperature

Nu local Nusselt number

Pr Prandtl number

Tw surface temperature

T∞ ambient temperature

Cf skin friction coefficient

N radiation parameter

ρ fluid density

ϕ1 � ϕ2 nanoparticle volume fraction

θ dimensionless temperature

η independent variable

Ec Eckert number

m* Marangoni convection

CT temperature ratio parameter

Rb bioconvection Rayleigh number

Br boundary ratio parameter

λ shrinking and stretching surface

Nt thermophoresis parameter.
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