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The relationship between the rock’s elastic modulus and deformation
characteristics, affected by joint spacing and ductility, was not determined. This
study investigates the size effect of the elastic modulus of rock with parallel joints
using numerical simulation and regression analysis. The results showed an
exponential relationship between elastic modulus and spacing of parallel joints
and a negative exponential relationship between elastic modulus and rock size.
The characteristic size of elastic modulus has a power function relationship with
the parallel joints spacing, and the characteristic elastic modulus of rock has a
power function relationship with the parallel joints spacing. The general and
specific forms of these relationships are provided. Establishing these
relationships allows for predicting and calculating the elastic modulus of the
mine rock mass and serves as a reference for the deformation analysis of the rock.

KEYWORDS

elastic modulus, characteristic elastic modulus, regression analysis, size effect, parallel
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1 Introduction

The elastic modulus E) reflects the rock’s deformation characteristics, which are often
related to the stress and existing joints on the rock. The joint changes the mechanical
properties and reduces the strength of the rock. At the same time, the ductility and influence
of a joint vary with its size. Therefore, it is necessary to investigate the effect of joints on E and
determine its variation law with parallel joint spacing (PJS) and size, which is crucial for
guiding safe mining and slope treatment analysis.

Elastic modulus represents the rock’s mechanical properties, and its value varies with
rock type, material, confining pressure, and pore size. Scholars have conducted studies on
this. For example, Wu et al. (2019a) described the relationship between E and confining
pressure as a nonlinear function. Zhu et al. (2021) developed an empirical prediction model
for defining the relationship between E and confining pressure. Wu et al. (2019b)
investigated the impact of confining pressure on the anisotropy index of E based on the
REV model. Niu et al. (2019) indicated that the width of the rock bridge correlates positively
with Xia et al. (2021), explored the influence of coal seam dip angle, and demonstrated that E
decreases as the dip angle rises. Yang et al. (2019a) determined the change rule of E with joint
dip angle by investigating the interaction between the joint and tunnel. Jin et al. (2021)
analyzed the change of sandstone’s dynamic deformation modulus under different impact
velocities and built its empirical evolution model. Yin et al. (2020), Yin et al. (2014) examined
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coal rock’s dynamic compressive strength and full-field strain fields
and derived its regular characteristics. These studies indicated that E
is also anisotropic due to the heterogeneity of the rock. Because of
the presence of joints, the joint inclination and width of the rock
bridge will affect E, making the joint parameter a crucial factor
affecting E.

Lin et al. (2020) analyzed the rock failure behavior with double
circular hole joints under various joint parameters in the rock bridge
length, joint spacing, and joint dip research. Yang et al. (2019b) and
Huang et al. (2019) investigated the influence of joint parameters on
E and indicated that joint dip has the greatest effect on E, followed by
joint length. Chen et al. (2020) discovered that E is affected by the
interaction of joints and rock bridges through the study of joint dip
and spacing. Cao et al. (2018) reported that joint inclination mainly
impacts E. Xiong et al. (2019) proposed a power function to
characterize the nonlinear change of E and joint index. These
studies demonstrated that joint inclination affects E, followed by
joint length. Additionally, the joint spacing will affect E, but this is
rarely mentioned.

Due to rock heterogeneity, E will be affected by changes in rock
size. Scholars have studied macroscopic rock size, microscopic
mineral particles, and height-diameter ratio. In the research on
rock size, Yuanwei et al. (2019) analyzed the influence of gravel size
on E using RFPA software. Liu et al. (2019a) indicated that multi-
scale has the greatest impact on peak strength and E based on
acoustic emission research. Wang et al. (2020) discovered that the
smaller the initial crack density, the greater E. Dai et al. (2020)
discussed the relationship between E and the slenderness ratio for
the height-diameter ratio. Ma et al. (2021) explored the effect of the
height-diameter ratio of coal petrography from 4:1 to 1:4 on Zhang
etal. (2020), and Liu et al. (2019b) investigated the change in height-
diameter ratio and concluded that E is positively correlated with
height-diameter ratio. In the research of microscopic mineral
particles, Han et al. (2019) demonstrated that the E of rocks
decreases as particle size grows. Zhang et al. (2019) reported that
rock E rises with the mineral ratio. These studies showed that E is
affected by the rock size and the initial internal crack and increases
with the height-diameter ratio. However, the specific relationship
between E and rock size has not yet been determined.

Representative elementary volume (REV) is a critical issue in
rock mechanics, which is very important for establishing mechanical
models and analysis methods and determining mechanical
parameters. Liang et al. (2019) introduced and examined the
generalized RVE based on the anisotropy of naturally jointed
rock masses. Chong et al. (2020) estimated that the rock mass
REV is 10 m. Liang et al. (2013a) proposed a multi-scale rock mass
engineering calculation method from the meso and macro levels. Liu
et al. (2018) suggested a REV size evaluation method considering
rock mass anisotropy. Hu and Ma (2021) determined the
relationship between size and characteristic strength. As a
mechanical parameter of rock, E also has REV. For example, Cui
et al. (2020) suggested a method for determining the REV of the
jointed rock mass. Loyola et al. (2021) introduced a new general
technology for predicting the REV of E. Rarely do the above studies
calculate for joint spacing and quantitatively analyze E.

Consequently, rock E is affected by the size change, whereas
their specific relationship is still unclear. The change in joint spacing
also affects E, but the impact is rarely discussed. When obtaining the
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REV of E, the impact of joint spacing is scarcely considered. Hence,
by examining sizes and joint spacing, this study establishes the
mathematical model of E and rock size and the model of CEM
and PJS.

2 Numerical simulation programs

This study uses a numerical simulation of uniaxial compression
with a scheme identical to Hu and Ma (2021). It explores the
influence of rock size and PJS on the E of rock. The rock size
grows from 100 to 1,200 mm in 7 groups. The spacing of parallel
joints increases from 10 to 50 mm in 5 groups. The simulation
schemes are listed in Table 1 (Hu and Ma, 2021).

2D numerical models are built in this study, such as model
drawings with different dimensions of 100 mm, and the model
drawings with PJS of 10 are selected as the example model, as
depicted in Figure 1.

In the loading model, the two model’s sides are free surfaces, and
the upper and lower surfaces of the model bear loads. The
displacement loading method with a loading increment of
0.01 mm is adopted. Table 2 lists the mechanical parameters used
in the model.

This study employs a numerical calculation method to simulate
inhomogeneous materials. This approach considers material
properties’ inhomogeneity and defect distribution’s randomness.
It is assumed that the mechanical properties of the discretized
and the
and macroscopic

mesoscopic elements follow Weibull distribution,

relationship ~ between mesoscopic rock
mechanical properties is developed. The following describes

Weibull statistical distribution function:

m—1
pla) =" <ﬁ> S (1)
&p 24

where « is the mechanical property parameters of rock element; a is
the average value of mechanical property parameters of rock
element; m is the uniformity coefficient of rock; ¢(«a) is the
statistical distribution density of mechanical properties of rock
elements.

The adopted failure criterion is the Mohr-Coulomb yield
criterion.

Tr=c+0-tgy (2)

where ¢ is the cohesion; ¢ is the internal friction angle.

3 Numerical simulation analysis
3.1 Influence of PJS on E of the rock

3.1.1 Analysis of stress-strain curves

Figure 2 illustrates the stress-strain curves, while Table 3 shows
the calculated compressive strength. In the elastic deformation stage
of rock, based on the definition of E, its stress and strain become a
positive proportional relationship, and the proportional coefficient
is called E. Therefore, this research calculates the slope of its elastic
deformation stage for each curve in Figure 2, as presented in Table 4.
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TABLE 1 Research programs and working conditions.

Simulation scheme Rock size | (mm)

10.3389/fmats.2023.1142683

Parallel joint spacing s (mm)

20 mm 30 mm 40 mm
1 100 10 x 100 20 x 100 30 x 100 40 x 100 50 x 100
2 200 10 x 200 20 x 200 30 x 200 40 x 200 50 x 200
3 400 10 x 400 20 x 400 30 x 400 40 x 400 50 x 400
4 600 10 x 600 20 x 600 30 x 600 40 x 600 50 x 600
5 800 10 x 800 20 x 800 30 x 800 40 x 800 50 x 800
6 1,000 10 x 1,000 20 x 1,000 30 x 1,000 40 x 1,000 50 x 1,000
7 1,200 10 x 1,200 20 x 1,200 30 x 1,200 40 x 1,200 50 x 1,200
Cc
A Displacement loading
10mm 20 mm 30 mm 40 mm 50 mm
parallel-joint spacing
Free edge Free edge B
Displacement loadin
pl 2 - %
100mm 200mm  400mm  600mm 800mm 1000mm 1200mm

loading model

FIGURE 1

size

Loading model and dimensional models. (A) loading model; (B) size; (C) parallel-joint spacing.

TABLE 2 Mechanical parameters of rock.

Material Modulus of elasticity (MPa) Compressive strength (MPa) Poisson’s ratio Internal friction angle o)
Rock 4,874 101.34 025 4832
Joint L1 15 030 30

Figure 2 depicts the stress-strain curves of PJS with 35 working
conditions, representing the changes in rock strength and E. It
indicates that when the spacing between parallel joints is 10 mm, the
strength is 0.274 MPa, and E is 0.145 GPa. As spacing rises, so do the
strength and E. When the spacing reaches 50 mm, the strength
improves to 3.393 MPa, and E increases to 0.273 GPa. This
demonstrates that, as the PJS increases, so does its strength for a
specific rock size, and the two are positively correlated. Its E will also
gradually increase, and the two are positively correlated.

The impact of size change on E is then analyzed. A column of values
with a 50 mm spacing between parallel joints listed in Tables 3, 4 is
selected. When the rock size is 100 mm, the compressive strength is
35.45 MPa, and E is 3.338 GPa. With the increase in size, the strength
and E decrease. When the size reaches 1,200 mm, the rock strength
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decreases to 3.393 MPa, and the rock E reduces to 0.273 GPa. This
shows that the strength of rocks with specific joint spacing decreases
with the rock size, and they are negatively correlated. Its E will also
gradually decrease, and they are negatively correlated.

Therefore, E has a size effect, and the spacing of parallel joints in
rock will influence its size effect relationship.

3.1.2 Relationship between E and PJS
The above analysis indicates a relationship between E and PJS, and
they are positively correlated. Figure 3 depicts the two variables’ scatter
plots and fitting curves to better analyze their positive correlation.
Figure 3 displays the relationship between E and PJS, which are
positively correlated. It shows that the larger the rock size, the lower
the curve, indicating that the rock size also has some influence on the
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FIGURE 2

Stress-strain curves of rocks with sizes. (A) 100 mm; (B) 200 mm; (C) 400 mm; (D) 600 mm:; (E) 800 mm; (F) 1,000 mm; (G) 1,200 mm.

TABLE 3 Uniaxial compressive strength.

Simulation scheme Rock size Compressive strength (MPa)
s =10mm s =20mm s =30 mm s =40 mm s =50 mm
1 100 8.145 12.344 15.262 33.122 35.450
2 200 3.170 5.757 8.904 16.496 17.526
3 400 0.952 2717 3.643 9.730 9.991
4 600 0.513 1.729 2.241 4.998 5.197
5 800 0414 1.455 1.912 4.154 4.739
6 1,000 0.307 1.056 1.536 3.091 4.056
7 1,200 0.274 0.870 1.389 2.383 3.393
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TABLE 4 Elastic modulus.

Rock size | (mm)

Simulation scheme

10.3389/fmats.2023.1142683

Elastic modulus (GPa)

s=10mm s =20mm s =30mm s =40 mm s =50mm
1 100 1.750 2.957 3.236 3.519 3.338
2 200 0.864 1.542 1.681 1.769 1.607
3 400 0.438 0.734 0.859 0911 0.834
4 600 0.290 0.488 0.563 0.570 0557
5 800 0218 0.380 0.406 0.439 0.418
6 1,000 0.172 0.298 0327 0333 0344
7 1,200 0.145 0243 0272 0297 0273
3.1.3 Relationship of E and PJS
W /=100mm discrete point . . . .
& Jeatoumi disrsts peint All of the curves in Table 5 are exponential functions, exhibiting
1=400mm dfsqete pvem ; X i
35 = ¢ S oaim dicre ot that E and PJS can have an exponential relationship. Therefore, the
> Pzt daccs following relationship is proposed:
30 F MLl il g o & P 15 proposed:
—— /=200mm curve fitting o
— =4 00M) ve fi — g _ —
25| —lasm;:::?;:ﬁmi E(S) =a-be (3)
—— /=800mm curve fitting
——/=1000mm curve fitting . . . L .
%‘3 2% | — I=1200mm curve fiting where E(s) is elastic modulus, Gpa; s is parallel joint spacing, mm; 4,
o = ) " b, and ¢ are parameters.
Lar Eq. 3 contains parameters a, b, and ¢ that must be solved based on the
10 - N specific rock properties. When the parameters for a specific rock are
/-"f * obtained, the E of the rock with any PJS can be calculated, which is of
0 g ¥ - > critical importance. The following describes how to solve the parameters.
00 L1 . . . \ Table 5 shows that a, b, and c are related to rock size and will change
10 20 30 40 50 . . . . . . . .
, as rock size varies. Figure 4 regresses their relationships on this basis.
S/ mm . . . .
The curve in Figure 4 represents the relationships between
FIGURE 3

Fitting curves of rock E and PJS.

TABLE 5 Fitting relationship.

Rock size (mm) Fitting formula Fitting
coefficient (R?)
100 E(s) = 3.426 — 5.899¢ 00945 0.987
200 E(s) = 1.692 — 4.88¢ 01047 0.973
400 E(s) = 0.882 — 1.51e70121% 0.971
600 E(s) = 0.57 — 1.05¢™*1316s 0.993
800 E(s) = 0.427 — 0.883¢~ 01447 0.988
1,000 E(s) = 0.34 — 0.883¢ 01482 0.998
1,200 E(s) = 0.285 — 0.491¢™ 0167 0.975

Where E(s) is elastic modulus, GPa s is the parallel joint spacing, mm.

curve. The relationship of each curve is regressed to analyze this
effect better, as revealed in Table 5. The determination coefficients
are 0.987,0.973,0.971, 0.993, 0.988, 0.998, and 0.975, all greater than
0.97, indicating that the curve fits quite well.
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parameters a, b, ¢, and size, where parameter a is a power
function of rock size, parameter b is an exponential function of
size, and parameter c is a linear relationship of rock size. Therefore,
their relationship is as follows:

a = 340.438]7%9%° 4)
b = 8.504¢ %0034 (5)
c=6.131 x 107°] +0.093 (6)

Eq. 4 through Eq. 6 provide the relationship between parameters
and size. Therefore, it can bring these three formulas into Eq. 3 to
obtain the following relationship:

E(s) = 340.43817°%% — 8.5046—(0.0034l+64131><10’513+0.093s) )

Rock size in Eq. 7 is a known quantity, so it defines a method for
quantitative analysis of rock E. When a specific rocK’s size is known, E
under different PJS can be derived using Eq. 7, which is very convenient.

3.2 Influence of rock size on E
3.2.1 Analysis of stress-strain curves

Based on the simulation results, considering the influence of size
on E, the corresponding stress-strain curves are depicted in Figure 5.
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Fitting curve of parameters and rock size. (A) a; (B) b; (C) c.
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FIGURE 5

Stress-strain curves of different PJS. (A) s = 10 mm; (B) s = 20 mm; (C) s = 30 mm; (D) s = 40 mm; (E) s = 50 mm.

This study focuses on the effect of size on rock strength, and E.
Figure 5B reveals that when the rock size is 100 mm, the strength is
12.344 MPa, and E is 2.957 GPa. As the size increase, the strength
and E gradually decrease. When the size reaches 1,200 mm, the
strength falls to 0.87 MPa, and E decreases to 0.243 GPa. This shows
that the strength and E decrease with the size increase and have a
negative correlation.
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3.2.2 Relationship between E and size

Figure 5 shows that E and rock size are negatively correlated.
Figure 6 illustrates their scatter plots and fitting curves to better
analyze the negative correlation between them.

Figure 6 represents the negative correlation between E and size,
and E decreases as size increases. When the distance between parallel
joints is larger, the curve is lower, indicating that the distance
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Fitting curves of E and size.

TABLE 6 Fitting relationship.

PJS (mm) Fitting formula Fitting coefficient (R?)
10 E(I) = 0.237 + 3.574¢~ %0071 0.992
20 E(I) = 0.332 + 4.788¢~00070! 0.995
30 E(I) = 0.370 + 5.559¢~ 009! 0.992
40 E(I) = 0.397 + 6.287¢0068! 0.992
50 E(I) = 0.467 + 6.338¢~0-0068! 0.990

between parallel joints also has a significant impact on the curve. To
better analyze this phenomenon, the relationship of each curve is
regressed, as shown in Table 6. The determination coefficients are
0.992, 0.995, 0.992, 0.992, and 0.990, all greater than 0.99, indicating
that the curve fitting is satisfactory.

3.2.3 Relationship of E and rock size

The curves in Table 6 are all negative exponential, indicating a
negative exponential relationship between E and size. Therefore, the
following relationship is proposed:

E()=d+ fe* )

where E(]) is the rock’s elastic modulus when the size is [, Gpa; d, f,
and g are parameters.

Eq. 8 also contains the parameters d, f, and g that must be solved
based on the PJS in rock. When the parameters are solved for a rock
with a specific PJS, this formula can calculate E for any size, which is
significant. The following describes how to solve the parameters.

The curve shape in Table 6 indicates that parameters d, f, and g
are related to the PJS and will change with it; therefore, Figure 7
exhibits their relationship curves.

The curve in Figure 7 represents the relationship between d, f, g,
and PJS, which are linear. Therefore, the following relationship is
obtained:
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d = 0.005s + 0.203 9)
f =0.070s + 3.201 (10)
g =-8.4x 107% +0.007 (11)

Eq. 9 through (11) provide the relationship between 4, f, g, and
the PJS. Therefore, it can bring these three formulas into Eq. 6 to
obtain a special relationship:

E(1) = (0.07s + 3.201)e (8:4x10°s-007) 4 0055 1 0.203 (12)

The distance between parallel joints in Eq. 12 is a known
quantity, so it defines a method for quantitative analysis of rock
E and size. For a rock with a specific parallel joint, E can be
calculated through this relationship when the size changes.

3.3 Established relationship of CSEM, CEM,
and PJS

3.3.1 Relationship between CSEM and PJS

With increasing size, E tends to decrease and become more
stable. The size used to characterize the stable value is known as the
characteristic size of elastic modulus (CSEM). In general, it is not
easy to directly evaluate the CSEM. Liang et al. (2013b) proposed an
idea for solving the CSEM, which can be obtained by derivating both
sides of the curve in Eq. 8:

Ikl = | £ge )] (13)
|kl <y (14)
lzln(gf;—lny (15)

where y is the absolute value of the acceptable slope.

Eq. 15 is the CSEM solution formula. The fitting parameters g and f
are introduced into Eq. 15, and the relationship between CSEM and PJS is
shown in Table 7. Figure 8 depicts their fitting curves based on Table 7.

Figure 8 shows that the CSEM increase with PJS and are
positively correlated. In order to better analyze their relationship,
their relationship curve is fitted as follows:

A(s) = 728.6795%0%8! (16)

where A(s) is the CSEM, units: mm.

Eq. 16 demonstrates that the CSEM and PJS have a power
function relationship. For a specific site rock, the PJS on it can be
measured. Therefore, the CSEM can be solved using this
relationship, which has significant engineering application value.

3.3.2 Relationship between CEM and PJS

The E value obtained from the characteristic size is called the
characteristic elastic modulus (CEM). This characteristic size value
is introduced in Eq. 8, and the CEM values of different PJS are listed
in Table 8. The curve between CEM and PJS is depicted in Figure 9.

Figure 9 shows that the CEM increases with PJS and is positively
correlated. In order to better analyze their relationship, the following
fitting function is proposed:

E, (s) = 0.103s"3% (17)

Eq. 17 highlights that the relationship between CEM and PJS is a
power function. For a specific site rock, when the PJS on it is
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TABLE 7 Relationship between CSEM and PJS.
PJS (mm) ®  Discrete point
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TABLE 8 Relationship between CEM and PJS.

PJS (mm)

CEM (GPa) 0.244 0.339 0.377 0.404 0.474

measured, the CEM can be calculated through this relationship,
which simplifies the solution of CEM.

3.4 Verification analysis

In order to verify the results’ accuracy, this study verifies the
accuracy of Eq. 6. Song (Xiaokang, 2021) indicated that the change

Frontiers in Materials
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Table 9. Figure 10 a) depicts the relationship curves. E decreases with
the increase of size, and they have a negative exponential
relationship.

Na (2020) obtained the E and size fitting curve using the
laboratory compression test shown in Figure 10B. The curve
forms of Figures 10A, B indicate negative exponential relation
that are governed using the following regression models:

E(l) = 47.84 + 14.49¢°%
E(I) = 4.21 + 3.09¢™004

(18)
(19)
Wei (2021) found that E decreases exponentially with size, and

their expressions is as follows:

E(l) = 7.102 + 9.427¢ 0407 20)

Eqs 18-20 are negative exponential forms that are consistent
with Eq. 8 proposed in this paper. Therefore, the results obtained in
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TABLE 9 Elastic modulus (Cui et al., 2020).
Rock size/m 1 2 3 4 5 6 7

Elastic modulus/GPa | 58.20 = 57.68 = 5225 5276 @ 51.38 | 5044 = 49.80

this paper are consistent with the experimental conclusions of other
scholars, which shows that the relations proposed in this paper are
applicable to the solution of E.

4 Discussion
The paper mainly establishes the following four relationships.
1) Relationship between E and PJS.

This paper proposes a relationship between E and PJS and
optimizes its parameters by considering the size change. In
existing research, scholars mainly focused on the influence
degree (Yang et al.,, 2019b) (Huang et al., 2019), the influence
effect (Chen et al., 2020), and the nonlinear change (Xiong et al.,
2019) of the joint parameters. However, they rarely considered
the size influence, obtained a relationship for E, or discussed the
influence of PJS.

2) Relationship between E and size.

This paper introduces a general relation between E and size by
analyzing the change in rock sizes. In the existing research, scholars
mainly focused on the changes in the height-diameter ratio (Zhang
et al,, 2020), mineral particles (Zhang et al., 2019), and rock size
(Wang et al., 2020). However, these articles rarely considered the
influence of the PJS and rarely acquired the specific relations
between E and size.

A
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QO 54+ \\
= AN
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52 = \
\\
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FIGURE 10

Relationship between the elastic modulus and size.

10.3389/fmats.2023.1142683

On the other hand, this paper verifies the relationship between E

and size by combining the simulation and laboratory results in the

literature (Na, 2020; Wei, 2021), hence, ensuring the accuracy and

applicability of the relationship.

3) Relationship between CSEM, CEM, and PJS.

Two models were developed based on the correlation between E
and size to govern the relationship between CSEM, CEM, and PJS,
where no scholar has researched these two relationships.

The four relationships obtained in this paper reveal the size effect of

E with PJS, which has an essential engineering and application value.

However, there are still shortcomings in the article. The occurrence

of joints in rocks can be arbitrary, and parallel joints are only a particular
case. The number of joints is often multiple. Therefore, in the follow-up
work, the authors will continue exploring the influence of joint angle

and number on the size effect of elastic modulus.

5 Conclusion

This study investigates the size effect of E and analyzes the stress-
strain curves with different PJS and sizes. Based on the aforementioned

statements and simulations, the following conclusions can be drawn.

(1) E exponentially rises with the increase in PJS. The relationship is

as follows:

E(s)=a—-be®

The article obtained a special intercorrelation:

E(s) = 340.43817°%% — 8‘50467(0.0034l+64131><10'515+0.0935)

(2) E exponentially decreases with the increase in rock size. The size

effect relationship of E is obtained as follows:

E()=d+ fe?
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“
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~
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This article developed a new correlation between E and the rock
size:

E(l) = (0.07s + 3.201)e (8:4<10°s-007) 1 0055 1 0.203

(3) The CSEM increases with the rise in PJS, following a power
function pattern. This paper proposed the following relationship:

A(s) = 728.679s"%%1

(4) The CEM increases with the increase in PJS. This correlation
follows a power function trend which is governed by the
following proposed equation:

E,(s) = 0.1035%%
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