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Piles are widely used to transfer the horizontal load of high-rise buildings,
transmission towers, and bridges, especially for superstructures constructed
near slopes. This study investigated bearing capacities of single piles under the
combined horizontal force (H) and bending moment (M) for the pile in sloping
ground. A 3D finite element model was proposed to simulate the non-linear
pile–soil interaction and was verified by a model test. A series of numerical tests
were conducted to obtain the failure envelope of bearing capacities of single piles
under various combinations of H and M. The existence of slopes significantly
reduced the bearing capacity of piles, especially when the horizontal and
rotational displacements moved to the dip direction of the slope. An oblique
ellipse was able to describe the failure envelope of bearing capacities of single
piles near slopes in the HM plane. As the pile was installed away from the crest of
the slope, both the width and height of the ellipse increased and the center of the
ellipse was approaching the origin. The results of this article can provide useful
references for designing horizontally loaded piles near slopes.

KEYWORDS

laterally loaded pile, slope, loading path, failure envelope, bearing capacity

1 Introduction

Single piles are designed to resist horizontal loads in geotechnical and marine
engineering, offering the advantages of easy installation, low cost, good stability, and
sufficient strength and stiffness (Xu et al., 2013; Xu et al., 2017a; Xu et al., 2017b; Qu
et al., 2019). In particular, the piles are necessary for power transmission towers built near
slopes. Due to the excitation of winds and earthquakes (Qu et al., 2018a; Qu et al., 2018b; Xu
et al., 2021; Xu et al., 2023), the piles are frequently subjected to the combined horizontal
force (H) and bending moment (M) (Wakai et al., 1999; Ng and Zhang, 2001; Raj et al., 2019;
Yi et al., 2022). Moreover, the existence of a slope could lower the bearing capacity and thus
cause instability of the piles (Jiang et al., 2022). Figure 1 shows the potential geo-hazard of the
pile foundation of a transmission tower built near a slope in Baise city, Guangxi province of
China. Thus, it is of great importance to study bearing capacities of single piles under
combined H and M near slopes.

A pioneering study mainly focuses on single piles subjected to horizontal loading on level
ground (Broms, 1964a; Broms, 1964b). Specifically, Broms (1964a, 1964b) developed an
analytical formula of the ultimate soil resistance for laterally loaded flexible and rigid piles.
Meyerhof (1995) developed a theoretical formula for predicting the ultimate soil resistance
and bending moment of single piles under various load eccentricities and pile inclinations. In
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recent years, plenty of methods have been developed to predict the
lateral response of single piles near slopes. The p–y method was
originally developed by Matlock (1970) and Reese et al. (1974) for
analyses of laterally loaded single piles, where p represents the soil
reaction and y the lateral displacement of piles. Recently, some p–y
curves consider the effect of a slope on the lateral response of single
piles (Georgiadis and Georgiadis, 2012; Said et al., 2020). However,
the p–y method neglects the soil continuity and the soil shearing
resistance (Xu et al., 2013; Xu et al., 2017a; Xu et al., 2017b). To
overcome this limitation, a strain wedge model was initially
developed by Norris (1986). The strain wedge (SW) model
predicts the soil resistance in the passive wedge developed in
front of the laterally loaded pile by introducing a stress–strain
relationship for the soils in the wedge. Recently, the SW model
has been extensively modified to calculate the lateral soil resistance
for single piles on level ground (Xu et al., 2013; Xu et al., 2017a; Xu
et al., 2017b) and in the sloping ground (Peng et al., 2019; Yang et al.,
2019; Chen et al., 2021; Chen et al., 2022; Lin et al., 2022a; Hemel
et al., 2022). However, the application of the SWmodel to obtain the
failure envelope of the bearing capacities of single piles is not
reported. Thus, the 3D finite element method has an advantage
of considering the 3D non-linear soil–pile interaction and thus is
frequently applied to estimate the lateral response of pile
foundations. Accordingly, Hung and Kim (2014) and Li et al.
(2014) investigated the three-dimensional failure envelope
through radial displacement and sliding tests as a means to
assess the safety of the pile–soil system.

The influence of a slope on the bearing capacity of piles
subjected to horizontal loading has been investigated via either a

model test or numerical test. Begum and Muthukkumaran (2009)
and Perumalsamy and Ranganathan (2022) experimentally
investigated the influence of the slope angle and the relative
density of soils on laterally single piles. The results indicated that
these two factors have a significant influence on the lateral response
of single piles. In addition, recent studies experimentally investigate
other influential factors, such as the embedment depth of piles, the
adhesion at the pile–soil interface, the pile length, and the distance
(dpc) from the pile to the crest of the slope (Georgiadis et al., 2013;
Deendayal et al., 2016; Vali et al., 2019). To supplement model tests,
numerical analyses are conducted on laterally loaded piles in sloping
ground. For example, Lin et al. (2022b) investigated the effect of
various slope factors, e.g., the slope height, the slope angle, and dpc
on the deflection and maximum bending moment of piles. Moreover,
Jiang et al. (2018) studied the influence of the loading direction on the
lateral response of single piles in sloping ground via the 3D finite
element model. Jiang et al. (2020) further numerically investigated the
effect of the slope proximity and pile shape on the deflection and the
bending moment of laterally loaded piles. Previous studies show that
the diameter and the embedment of piles also significantly affect not
only the bearing capacity but also the lateral deflection and bending
moment of laterally loaded piles (Muthukkumaran and Almas, 2011;
Sawant and Shukla, 2014; Rathod et al., 2019; Chandaluri and Sawant,
2020; Deendayal et al., 2020). However, little work has been carried out
on the influence of the slope on the failure envelope of bearing
capacities of single piles near slopes, especially under combined HM
loading.

This study conducted 3D finite element analyses of single piles in
homogeneous sandy soils near slopes under combined HM loading.

FIGURE 1
Potential geo-hazard of the pile foundation of a transmission tower built near a slope in Baise city, Guangxi province of China (photograph from the
investigation of authors).
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The 3D finite element model was calibrated against a model test
reported by Chae et al. (2004). A parametric study was performed to
obtain the failure envelope of bearing capacities of single piles under
various combinations ofH andM. The effects of the slope and dpc on
the failure envelope were discussed. Moreover, a formulation was
proposed to describe the failure envelope of bearing capacities of
single piles.

2 Numerical modeling

2.1 Description of model tests

Figure 2 shows the model test conducted on a single pile near
a slope. The model test was reported by Chae et al. (2004) where

the single pile was located near a sandy slope with a slope angle
of 30°. The pile was a hollow steel pipe pile with an outer
diameter (D) of 100 mm and a wall thickness of 3 mm. The pile

FIGURE 2
Setup of the model test on laterally loaded piles [adapted from Chae et al. (2004)].

FIGURE 3
Symmetric 3D finite element model of the single pile near a sandy slope: (A) overall model; (B) the pile–soil interfacemodeled by frictional elements.

TABLE 1 Input parameters for the pile–soil system.

Model Pile Sand Pile–soil interface

Unit weight γ (kN/m3) 26.4 15.7 15.7

E (kPa) 6.86E+07 Eq. 1 Eq. 1

] 0.345 0.3 0.3

ϕ (deg.) — 47.5 25

ψ (deg.) — 17.5 0
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was loaded horizontally with a lateral load H in the dip direction
of the slope. The distance between the lateral load and the
mudline was 100 mm. The embedment depth of the pile was
500 mm.

Figure 3 shows a typical symmetric 3D finite element mesh using
Abaqus was used for analyzing laterally loaded single piles near the
sandy slope. dpc was 0D in this case. The single pile and the soil were
modeled by C3D8R elements. The pile was assumed to behave
elastically. The pile–soil interface was modeled by thin frictional
elements (see Figure 3B), as suggested by Xu et al. (2023). C3D8R
elements were also used for the pile–soil interface. The elastic–plastic
behavior of sandy soil was described by the Mohr–Coulomb model.
Table 1 lists the input parameters for the pile, the soil, and the
interface. Based on triaxial compression tests of the sandy soil,
the peak friction angle ϕwas 47.5° and the shear expansion angle
was estimated based on the equation ψ � ϕ − 30° (Tatsuoka,
1993). Young’s modulus E of the soil was estimated from Eq. 1
in Table 1, as suggested by Chae et al. (2004), and Poisson’s ratio
] of the soil was taken as 0.3.

E � E0 σm/σ0( )n, (1)
where E0 = 1,143 kPa, σ0 = 1 kPa, n = 0.8311 kPa,

and σm � (σ1 + σ2 + σ3)/3.
The base and two lateral sides were fixed in the numerical

analyses. Moreover, geostatic analysis was necessary for the slope
before the lateral load was applied.

2.2 Model verification

Figure 4 shows the comparisons between simulated and the
measured load–displacement curves. It should be noted that
the lateral displacement was measured at the location where the
lateral load was applied. The results showed that the simulated
load–displacement curve agreed well with that measured from
the test, demonstrating a sufficient accuracy of the proposed
3D numerical model. Accordingly, the proposed numerical
model was considered a benchmark model for the following
section.

3 Results and discussion

The sign convention for each direction at the top of the pile is
defined in Figure 5. The positive x-axis is the dip direction of the
slope. The horizontal force (H) applied in the dip direction was
considered to be positive, and the bending moment (M) that forced
the top of the pile to move in the dip direction was assumed to be
negative.

To numerically obtain the failure envelope of bearing capacities
of the single pile, both horizontal (h) and rotational (θ)
displacements were applied simultaneously to the mudline,
i.e., the ground surface. Moreover, the ratio of the horizontal
displacement increase to the rotational displacement increase was
kept constant, i.e., dh/Ddθ = constant. If the pile reached the
ultimate state, divergence of the finite element analyses occurred,
and then, bearing capacities (H0, M0) were defined as the last point
of the load path in the HM plane (Gottardi et al., 1999). By varying
the constant dh/Ddθ, the failure envelope of bearing capacities of
single piles was obtained.

3.1 Failure envelope of bearing capacities of
piles under combined HM loading near
slopes

Taking the model in Figure 3 as a benchmark model (dpc = 0D),
Figure 6A shows the calculated loading paths of single piles under
different constants of dh/Dd θ. The ultimate lateral load (H0) was
estimated to be 457.3 N in the dip direction when M = 0, while
H0 = −684.9 N forM = 0, where the minus sign denotes the opposite
of the dip direction. This result indicated that the ultimate lateral
load was reduced by 33% in the dip direction of the slope. On the
other hand, the ultimate bending moment (M0) was calculated to be
174.3 N·m in the dip direction and −245.9 N·m in the opposite dip
direction when H = 0, indicating that the slope caused 29%
reduction in the bearing capacity of piles.

Moreover, the maximum distance (dmax) between the bearing
capacity (H0, M0) and the origin (0, 0) was achieved at positive dh/
Dd θ. For example, dmax reached the maximum at approximately dh/
Dd θ = 10. This was because the horizontal and rotational
displacements caused the pile to move in opposite directions in
such conditions. As dh/Dd θ decreased, the bearing capacity of piles

FIGURE 4
Comparisons between simulated and the measured
load–displacement curves (experimental data from Chae et al., 2004).

FIGURE 5
Sign definition for the bending moment and horizontal force.
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generally decreased, resulting in a gradual decrease in dmax. dmax

reached the minimum at negative dh/Dd θ, e.g., h/D θ = −3.2. This
was because the horizontal and rotational displacements caused the
pile to move in the same direction. In such conditions, the failure of
the pile was dominated by either the lateral load or bending
moment: (1) on the loading path in the case of h/D θ = −3.6 (see
Figure 6A), the horizontal load gradually increased when the
bending moment reached the maximum; thus, the pile failure
was mainly because of the lateral load; (2) on the loading path in
the case of h/D θ = −3.85 (see Figure 6A), the bending moment
gradually increased when the lateral load reached the maximum;
thus, the bending moment was responsible for the failure of the pile.

From the results shown in Figure 6A, not only the slope but also
the different HM combinations significantly affected the bearing
capacity of single piles. Therefore, the most unfavorable condition
should be considered in the engineering design.

3.2 Effect of the distance (dpc) from the pile
to the crest of the slope

To investigate the influence of dpc on the bearing capacity of piles,
another parallel 3D finite element model was analyzed and is shown in
Figure 6. dpc in this model was 4D, i.e., 400 mm. To eliminate the

FIGURE 6
Effect of dpc on the bearing capacities of loading paths of laterally loaded single piles: (A) dpc = 0D and (B) dpc = 4D under different constants of dh/
Dd θ.
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boundary effect, one side of the model was extended 400 mm outwards
(see Figure 7). In the parallel model, input parameters were kept
unchanged from the model shown in Figure 3A.

Figure 6B shows loading paths of single piles with dpc = 4D
under different constants of dh/Dd θ. In the case of dpc = 0D, the
maximum horizontal load (Hmax) and the maximum bending
moment (Mmax) were calculated to be −1948.8 N
and −651.5 N·m, respectively (see Figure 6A). As dpc increased to
4D, Hmax and Mmax were estimated to be −1940.8 N
and −678.3 N·m, respectively (see Figure 6B). These results
indicated that the effect of dpc was insignificant on the maximum
bearing capacity of single piles because the maximum bearing
capacity depended on the soil reaction opposing the dip direction
and thus was achieved when both h and θ were negative (see
Figure 5). However, when both h and θ were positive, the
maximum H0 and the maximum M0 were increased by
approximately 44% and 30%, respectively, as dpc increased from
0D to 4D. Moreover, both the maximum H0 and the maximum M0

were increased for other combinations of loading with negative dh/
Dd θ due to the increase of dpc. Thus, increasing dpc had an
insignificant effect on Hmax but significantly increased the
bearing capacity under certain loading conditions, e.g., the
minimum bearing capacity.

3.3 Theoretical analysis of the failure
envelope of bearing capacities of single piles
in the HM plane

From the results shown in Figure 6, the failure envelope of
bearing capacities of single piles showed an oblique ellipse in theHM

plane. To verify this observation, a general elliptical equation was
used to fit the data shown in Figure 6:

C1x
2 + C2xy + C3y

2 + C4x + C5y + 1 � 0, (2)
where x represents M0 in the HM plane; y denotes the H0 in
the HM plane; and C1, C2, C3, C4, and C5 are the constants
controlling the elliptical shape. A program was developed to
derive the constants from the data based on the least square
method. These six constants were used to determine the
coordinates of the center of the ellipse (x0, y0), the width and
height of the ellipses R1 and R2, and the rotation angle of the
semi-major axis ψ of the ellipse:

x0 � C2C5 − 2C3C4

4C1C3 − C2
2 ,

y0 � C2C4 − 2C1C5

4C1C3 − C2
2 ,

R1 �
��������������������������
2 C1x0

2 + C3y0
2 + C2x0y0 − 1( )

C1 + C3 +
��������������
C1 − C3( )2 + C2

2
√√√

,

R2 �
��������������������������
2 C1x0

2 + C3y0
2 + C2x0y0 − 1( )

C1 + C3 −
��������������
C1 − C3( )2 + C2

2
√√√

,

ψ � 1
2
arctan

C2

C1 − C3
( ).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(3)

Figures 8A, B show the failure envelope of bearing
capacities of single piles near slopes for the cases with dpc =
0D and dpc = 4D, respectively. It should be noted that Figure 8

FIGURE 7
Symmetric 3D numerical model for a single pile with dpc = 4D.
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was determined by collecting the last point of loading paths
in Figure 6. The relationship between the horizontal load
and the bending moment data can be well-described by an

oblique ellipse. Table 2 gives the fitting parameters of
Eq. 2. Unlike the ellipse for single piles in the level ground
reported by Li et al. (2014), the center of the ellipse was not at
the origin but was located in the third quadrant due to the slope
effect.

Table 2 also shows that the height R1 and the width R2 of
the failure envelope increased by 9.8% and 40.9%, respectively, as dpc
increased from 0D to 4D. In addition, the center of the failure
envelope was much closer to the origin in the case of dpc = 4D. Thus,
the center of the ellipse was approaching the origin and the oblique
ellipse became bigger as dpc increased.

4 Conclusion

A 3D numerical model was proposed to accurately capture the
non-linear pile–soil interaction in sloping ground and was calibrated
against a model test. The conclusions are summarized as follows:

(1) The load–displacement curve simulated by the numerical model
agreed well with the measured result, indicating a sufficient
accuracy of the proposed 3D finite element model.

(2) An oblique ellipse can still be used to describe the failure envelope
of bearing capacities of single piles near slopes in the HM plane.
However, unlike the piles in the horizontal ground, the center of the
envelope is not at the origin for piles in the sloping ground.

(3) The existence of slopes significantly reduced the bearing
capacity of piles. On the other hand, the different
combinations of H and M had also severely influence
the bearing capacity of piles. Therefore, the most unfavorable
condition should be considered in the engineering design.

(4) Increasing dpc had an insignificant effect on the maximum
bearing capacity of piles but could significantly increase the
bearing capacity under certain loading conditions, e.g., the
minimum bearing capacity.

(5) The center of the ellipse was approaching the origin, and
the oblique ellipse became bigger as dpc increased from 0D
to 4D.

FIGURE 8
Failure envelope of bearing capacities of single piles near slopes:
(A) dpc = 0D and (B) dpc = 4D.

TABLE 2 Fitting results for the failure envelope of bearing capacities of single piles near slopes.

Envelope dpc = 0D dpc = 4D

Parameter

Coordinates of the center (x0, y0) (−614.48, −201.07) (−429.98, −118.10)

Width R1 1413.9 1552.5

Height R2 215.14 303.24

Rotation angle of the semi-major axis ψ (rad) 0.3021 0.2960

Fitting parameter: C1 −2.37E-06 −1.30E-06

Fitting parameter: C2 1.20E-05 5.84E-06

Fitting parameter: C3 −1.97E-05 −9.98E-06

Fitting parameter: C4 −5.00E-04 −4.33E-04

Fitting parameter: C5 −5.70E-04 1.51E-04
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