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The circumferential guide wave can effectively evaluate the damage of pipe or the cementation quality between pipe and peripheral medium. In this research, the state matrix method is applied to derive the circumferential SH waves dispersion equation of semi-infinite domain cement clad hollow circular pipe of steel matrix in cylindrical coordinate system. By combining the orthogonal basis of Legendre and Laguerre polynomial series, the circumferential SH waves dispersion curve of semi-infinite domain clad hollow circular pipe is numerically calculated. To investigate the interaction between circumferential SH waves and various cement bonding defects, a simulation model of the cemented casing structure was established using the finite element software ABAQUS. The model was designed to vary the defect parameters, providing a comprehensive understanding of cementing quality in cementing casing. Based on the numerical calculation results, it is concluded that the amplitude of the circumferential SH wave increases with the increase of the circumferential angle of the cement bonding defect. This approach serves as a basis for evaluating the effectiveness of circumferential SH waves in identifying cement bonding defects.
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1 INTRODUCTION
Oil and gas resources serve as a fundamental material foundation for the development of modern society. The safe exploitation of these resources is crucial for national strategy and energy security. Cementing is a critical step in the drilling and completion process. This process involves lowering steel casing into the well and injecting cement into the annular space between the casing and the formation after drilling the oil and gas well to a predetermined depth (Wang et al., 2016). However, due to the complexity of formation conditions and construction, defects may form on the cementing surface between the cement and the steel pipe, which may affect the subsequent safe extraction of the oil and gas well.
Examining the cementing surface of the casing and cement is an essential aspect of ensuring the quality of cementing, and acoustic logging is the primary method for detecting defects in the cementing surface. Pardue et al. were the first to propose an acoustic wave-based inspection method over half a century ago (Pardue and Morris, 1963). This method involves exciting acoustic waves in a well at a frequency of approximately 20 kHz and then measuring the attenuation at a specific distance along the axial direction at the center of the well. The shear coupling of the cement mainly generates this attenuation. Acoustic attenuation is more pronounced when the casing and cement are well-cemented compared to when cement bonding defects are present, providing a basis for evaluating cementing quality. For instance, acoustic amplitude logging (CBL) calculates the attenuation using only the first wave amplitude value, while acoustic variable density logging (VDL) uses the total wave amplitude value (Tang et al., 2016). However, the measurement results of these two methods are influenced by various factors, including cement thickness, mud properties, and instrument eccentricity. In addition, the detection accuracy is low, and the measured values are the average response within 360° of the suitable circumference, which cannot evaluate the cementing situation within a specific angle. Therefore, a new method called sectoral cement cementation logging (SBT) was developed based on acoustic variable density logging (Wang, 2003). The innovation of this method is to divide the circumference of interest into six or eight sectors and characterize the cementing quality by measuring the decay rate in each sector. Using this method, Song et al. used a parallel 3D finite element difference algorithm to simulate the acoustic waveforms in different sectors numerically (Song et al., 2012). They extracted the amplitudes to calculate the azimuth, which improved the accuracy and resolution of the measurements. Nevertheless, this method still relies on detecting the cementing quality through the reflected waves of the casing received by the sensor, which is susceptible to the influence of factors such as the eccentricity of the system. Ultrasonic pulse-echo logging is a method that evaluates the cementing quality by measuring the acoustic impedance of the outer material of the casing through the casing resonant reflection echo (Froelich et al., 1982). Van Kuijk et al. used ultrasonic pulse-echo logging technology to achieve high-resolution detection of cementing quality by analyzing the received casing reflection waves to reflect the bonding situation between casing and cement in real-time (Kuijk et al., 2005). This method enhances the resolution of cement bonding defects and enables the detection of minor local defects. However, it mainly depends on the acoustic impedance difference between casing and cement, making it easier to distinguish when the difference is significant. Due to the large impedance difference between light cement and casing, the method still has limitations in measuring the cementing quality of light cement.
In recent years, shear horizontal (SH) waves have gained increasing attention in cemented casing detection due to their simple mode, low attenuation rate, and wider detection range compared to traditional methods. Tang demonstrated the potential of utilizing SH waves for evaluating the cementing quality of cement rings in the casing (Tang et al., 2005). By arranging piezoelectric disc-type sensors in a stacked manner along the axial direction of the casing, obliquely incident SH waves were effectively transmitted through both the casing and the cement, so as to evaluate the cementing quality of the casing (Tang et al., 2009; Tang et al., 2010). Doug Patterson and his research team used an electromagnetic acoustic transducer (EMAT) to excite circumferential SH waves in a casing (Patterson et al., 2015). They experimentally analyzed the attenuation of SH waves in the different media outside the casing. Subsequently, the team established a model for propagating circumferential SH waves in the casing and further analyzed the mechanical properties of the cement behind the casing and conducted experimental studies (Patterson et al., 2016). Chen and Tang (2020) employed a two-dimensional finite difference approach to construct a model for SH wave propagation in cased well when coupled different media, and analyzed the attenuation law of circumferential SH wave according to the simulation results. The team then refined the design of the EMAT used in cased well and demonstrated the feasibility and application of circumferential SH waves in the evaluation of cementing quality through finite element simulation and experimental studies (Chen et al., 2022). Theoretical studies on SH waves have been also actively developed. Zhao and Rose (2004) [16] derived the dispersion equation of circumferential SH waves in the isotropic hollow cylinder and analyzed the propagation characteristics of circumferential SH waves at different diameter-thickness ratios. Yu and Dong (2008) employed the orthogonal polynomial series expansion method to solve the dispersion curves of circumferential SH waves in hollow circular pipes with functional gradients. They analyzed the effects of different gradients and different diameter-thickness ratios on the characteristics of circumferential SH waves. Based on previous studies on the propagation characteristics of circumferential SH waves in hollow circular pipes, this study presents a novel approach that derives and solves the dispersion equation for circumferential SH waves. Specifically, we consider the cement cladding on the outer wall of the casing as a semi-infinite domain and utilize an orthogonal basis comprised of both Legendre and Laguerre polynomial series. Furthermore, by utilizing the dispersion curve of circumferential SH waves in cementing casing, an appropriate excitation frequency is selected. Subsequently, a finite element simulation model of cementing casing is constructed, where different types of cement bonding defects are set up to investigate the interaction between circumferential SH waves and these defects.
2 PROPAGATION CHARACTERISTICS OF CIRCUMFERENTIAL SH WAVES
2.1 Theoretical considerations
The geometry of the problem under investigation can be described as a hollow circular tube surrounded by a semi-infinite cladding with an inner radius of a and an outer radius of b. This is illustrated in Figure 1 using a cylindrical coordinate system (r, θ, z), where the z-direction extends infinitely, and the circumferential SH wave propagates in the matrix along the θ-direction.
[image: Figure 1]FIGURE 1 | The geometry of a semi-infinite coated hollow circular tube in cylindrical coordinate system.
The intrinsic structure relationship for orthotropic isotropic materials in the column coordinate system is:
[image: image]
In the small deformation hypothesis, the geometric relationship of the structure in the column coordinate system is:
[image: image]
In Eqs 1, 2, ui, σij and εij represent the displacement, stress and strain, respectively; Cij is the elastic constant of the medium.
The equation of motion in the column coordinate system under the condition without body force is:
[image: image]
To transform the basic equations for elastic waves into a state matrix, the displacement and stress field quantities mentioned above must be expressed in vector form. As circumferential SH waves propagate in the circumferential direction, the harmonic factor is defined as ei(kθ-ωt), and the displacements and stresses are reformulated as state vectors in the following manner:
[image: image]
In Eq. 4, k is the wave number and ω is the angular frequency.
By utilizing the state vector format, the equations of motion can be expressed in terms of the stress and displacement vectors, which are derived as follows:
[image: image]
Where the expression for M is
[image: image]
The matrix form of the stress vector can be obtained by combining the intrinsic and geometric equations, expressed as follows:
[image: image]
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Where the [Dij] is the matrix of elastic constants, and more information about it can be found in the Appendix.
By combining Eqs 5–9, the dispersion equation for the state vector can be obtained as follows:
[image: image]
The derivation of Eq. 10 is discussed in detail in the literature (Gao et al., 2019).
In order to solve the above dispersion characteristic equations, the displacement of the circumferential wave is expanded using the Legendre polynomial and Laguerre polynomial, Legendre series expansion for the displacement in the steel pipe and Laguerre series expansion for the displacement in the cement. As the circumferential SH wave only vibrates along the z-direction, only the z-directional displacement component needs to be expanded.
The displacement component in the steel matrix can be expressed as:
[image: image]
Where Qn (χ) is the Legendre polynomials of order n over χ ϵ [−1,1], ψn is the Legendre polynomials expansion factor, N is the cut-off order of the Legendre polynomials, and s represents the displacement in the steel matrix. Since the interval of the Legendre polynomials is [−1,1], the coordinates r (a ≤ r ≤ b) need to be transformed to the coordinates χ and further deduced as follows: 
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Substituting Eqs 11, 13 into Eq. 10, multiplying both sides of the equation by Legendre polynomials of order M and then integrating χ from −1 to 1 yield.
[image: image]
Using the recurrence relation of the Legendre polynomials, [image: image] can be expressed in analytic form by a series of Legendre polynomials, as described in reference (Zheng et al., 2018). In order to simplify the integral calculation in Eq. 14, the orthogonality of Legendre polynomials can be used for derivation, which can be expressed as:
[image: image]
The displacement component in the cement cladding can be expressed as:
[image: image]
Where Ln(χ) is the Laguerre polynomials of order n over χ ϵ [0, +∞], Fn is the Laguerre polynomials expansion factor, N is the cut-off order of the Laguerre polynomials and c represents the displacement in the cement cladding. Since the interval of Laguerre polynomials is [0, +∞], the coordinates r (r ≥ b) need to be transformed to the coordinates χ, and further calculations are performed as follows:
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Substituting Eqs. 16, 18 into equation Eq. 10, multiplying both sides of the equation by Laguerre polynomials of order m, and integrating over χ from 0 to +∞, the result obtained is:
[image: image]
Using the recurrence relation for Laguerre polynomials, [image: image] can be expressed in analytic form by a series of Laguerre polynomials, details of which can be found in the Appendix. In order to simplify the integral calculation in Eq. 19, the orthogonality of the Laguerre polynomials is used, which can be expressed as:
[image: image]
In addition, in order to solve for circumferential SH waves in the cementing structures of cementing casing, the inner surface should satisfy stress-free boundary conditions, and the interface between steel and cement layers should satisfy stress and displacement continuity conditions, the boundary conditions under the state vector as well as the continuity conditions can be expressed as:
[image: image]
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Combining Eqs 14, 19, and Eqs 21–23, the linear characteristic equation can be obtained as:
[image: image]
Where R, S, T is the corresponding coefficient matrix, and Ω is the Legendre and Laguerre polynomials coefficient matrix. To simplify the calculation, the unit matrix I and the auxiliary variable Λ = ikRΩ are introduced, transforming Eq. 24 into the linear characteristic problem:
[image: image]
Ultimately by solving for the eigenvalues of Eq. 25, the wave number k can be obtained, and the dispersion curve of the circumferential SH wave can be calculated.
2.2 Validation
The steel pipe was calculated with an inner radius a of 80 mm, an outer radius b of 90 mm, and the mechanical property parameters of the steel pipe and cement are presented in Table 1. In order to improve the convergence of higher-order modes in the dispersion curve, the order N of the series cut-off term is set to 10.
TABLE 1 | Mechanical property parameters of cementing casing material.
[image: Table 1]Figure 2 shows a comparison between the phase velocity dispersion curves obtained in this research and the results reported in the literature (Paweł, 2017). The latter used a combination of semi-analytical finite elements and fully matched layer techniques to analyze the propagation characteristics of circumferential waves, and the mechanical property parameters and geometric parameters of the materials used in this research are consistent with this method. This demonstrates that the method employed in this research is suitable for evaluating the propagation characteristics of circumferential SH waves in the cementing casing, which verifies the accuracy of the method. In addition, the method uses the recursive and orthogonal properties of the Legendre and Laguerre polynomials to derive analytical solutions to integral expressions, avoiding large-scale integration operations and reducing matrix construction time.
[image: Figure 2]FIGURE 2 | Dispersion curves of circumferential SH waves in cementing casing.
The dispersion curve shows that the velocity of each mode tends to be the same as the frequency increases, with the circumferential SH0 mode being nearly a straight line over the whole frequency range, indicating that the dispersion of this mode is weak, so the circumferential SH0 mode is chosen for the numerical simulation of cement bonding defects in the cementing casing.
3 SIMULATION OF CASING CEMENT BONDING DEFECTS
3.1 Simulation model
A three-dimensional simulation model of the cementing casing was established for finite element analysis with the help of the finite element software ABAQUS, as shown in Figure 3.
[image: Figure 3]FIGURE 3 | 3D finite element simulation model of cementing casing.
The simulation area consists of a steel pipe and cement cladding, which are rigidly connected. The thickness of the cement cladding is considered semi-infinite in the theoretical calculation. However, because of the actual situation and the calculation efficiency, the thickness of the cement cladding is set to 40 mm in the model. The loading area consists of two rectangles of 40 mm in length and 10 mm in width. The excitation signal of the same size and opposite direction is applied to both areas simultaneously along the z-direction only, as shown in Figure 4. The receiving point is set at the inner wall of the casing, in the same plane as the center of the loading area, and the arc length between the two points is 1/4 of the circumference of the inner diameter of the pipe.
[image: Figure 4]FIGURE 4 | Schematic of incentive loading.
This research investigates the effect of the cementitious defect’s radial depth and circumferential angle on the circumferential SH wave, setting the defect in the area between the loading position and the reception point using the part function module in the software. Both defects run the entire length of the cement cladding in the z-direction, so the axial depth is set at 100 mm. Firstly, the circumferential angle of the defect is fixed at 15°, and the radial depth is set in steps of 10 mm, increasing from 10 mm to 40 mm; secondly, the radial depth of the defect is fixed at 10 mm and the circumferential angle is set in steps of 15°, increasing from 15° to 60°. A schematic diagram of the two defects is shown in Figure 5.
[image: Figure 5]FIGURE 5 | Diagram of cement bonding defects. (A) Radial depth defect. (B) Circumferential angle defect.
3.2 Parameter setting for the excitation
Considering the relationship between casing thickness and wavelength, as well as between frequency and detection sensitivity, the modal wavelength of SH0 was selected as 20 mm, twice the wall thickness. Thus, combined with the theoretical derivation of the SH wave dispersion curve, the frequency of the waveguide can be determined as 159 kHz. The excitation signal is a sinusoidal signal modulated by a five-period Hanning window.
[image: image]
Where n is the pulse period; f is the center frequency; τ is the signal pulse width; and τ = n/f. The waveform is shown in Figure 6.
[image: Figure 6]FIGURE 6 | Excitation signal waveform diagram.
3.3 Mesh principles
The simulation uses a dynamic display solver, and the solution time step should be less than 1/8 of the period, setting the time step to 0.1 μs and the total solution time to 200 µs In addition, the mesh should be as fine as possible when meshing to ensure that the wave propagation process can be accurately modeled. However, a perfect mesh size will dramatically increase the number of cells and affect computational efficiency. Therefore, it is essential to have a suitable mesh division for the model.
According to the wave transmission effect, the maximum mesh size must satisfy the following conditions.
[image: image]
In Eq. 27: λmin is the minimum wavelength corresponding to the excitation of the generated modal wave; Δx, Δy, and Δz are the spacing between two adjacent nodes in the x, y, and z directions, respectively. Taking into account the accuracy of the calculation results and the speed of the calculation, the mesh cell length is chosen as 1 mm and the cell type is the eight-node linear hexahedral cell C3D8R, as shown in Figure 7.
[image: Figure 7]FIGURE 7 | Meshing of cementing casing model.
4 INTERACTION OF CEMENT BONDING DEFECTS WITH CIRCUMFERENTIAL SH WAVES
4.1 Signal verification
The model is set up in finite element simulation software ABAQUS as described above, and simulations are carried out. As the circumferential SH guide wave only vibrates in the z-direction and propagates in the θ-direction, only the displacement in the z-direction at the receiving point needs to be extracted. To verify the correctness of the proposed model and determine whether circumferential SH waves can be excited, the radial depth and circumferential angle of the bonding defect are first set to 0 to simulate an excellent gluing condition. Then the displacement signal at the receiving point is extracted, and the wave speed is calculated according to the crossing time and compared with the theoretical calculation.
When the casing is effectively cemented, the signal obtained is shown in Figure 8, where the first wave packet represents the initial excitation signal of the loading area, the second wave packet indicates the displacement signal at the receiving point, and the transition time between the peaks of the two wave packets is 38.7 µs The spacing between the two packets is 1/4 of the circumference of the inner diameter of the steel pipe, from which the guided wave speed can be calculated as 3247 m/s. The speed of the dispersion curve in the theoretical calculation is 3194 m/s coincides. This indicates that the model developed above produces a circumferential SH0 guided wave, and also lays the foundation for subsequent investigation of the interaction between the bonding defects and the circumferential SH wave.
[image: Figure 8]FIGURE 8 | z-directional displacement of the receiving point in intact cementation.
4.2 Relationship between radial depth and signal attenuation
The displacement signal obtained by changing the radial depth when cement bonding defects occur is shown in Figure 9. The four wave packets in the figure basically coincide, and the transition time of the four wave packets does not change significantly compared with the wave packets in intact cementation, which indicates that the change of the radial depth of the defect does not affect the circumferential SH0 wave velocity. In order to explore the interaction between radial depth of the defect and circumferential SH wave amplitude, the wave packet amplitudes at radial depths of 10 mm, 20 mm, 30 mm, and 40 mm are extracted and fitted, respectively. The resulting variation pattern is shown in Figure 10.
[image: Figure 9]FIGURE 9 | Simulation results of cement bonding defects at different radial depths.
[image: Figure 10]FIGURE 10 | Radial depth variation pattern of cement bonding defects.
Comparing the peak value of the wave packet at the reception point when the cementation is intact, it can be seen that the amplitude of the direct wave is significantly higher. This is because the circumferential SH0 wave propagates in the circumferential direction of the casing and also diffuses energy into the cement cladding. However, when cement bonding defects exist between the cement and the casing, the circumferential SH0 wave no longer diffuses energy into the defects. The direct wave energy increases, and the amplitude becomes larger. As the radial depth increases, the change in direct wave amplitude is no longer significant, suggesting that the attenuation of circumferential SH0 waves by cement bonding defects is independent of the missing volume of cement.
4.3 Relationship between circumferential angle and signal attenuation
The simulation results for different circumferential angles are shown in Figure 11. Consistent with the simulation results obtained by changing the radial depth, the transition time of the four wave packets does not change, indicating that the wave velocity of the circumferential SH0 wave is not affected by the circumferential angle of the defect. However, it is clear from the local magnification that the amplitude of the direct wave increases as the angle increases. In order to visualize the interaction between the circumferential angle of the defect and the circumferential SH wave, the direct wave amplitudes corresponding to the four angles were fitted, and the results are shown in Figure 12. The attenuation of the circumferential SH waves is related to the missing surface area of the cement.
[image: Figure 11]FIGURE 11 | (A) Simulation results of cement bonding defects at different circumferential angles. (B) Partial enlarged view.
[image: Figure 12]FIGURE 12 | Circumferential angle variation pattern of cement bonding defects.
5 CONCLUSION
This research solves the circumferential SH wave propagation characteristics of a semi-infinite domain cladding hollow circular pipe, based on the state matrix method and the joint level expansion of Legendre and Laguerre polynomials. The feasibility and accuracy of the proposed theoretical approach is verified by comparing the results with those of the existing literature. In addition, a finite element simulation model of the cementing casing structure is established, and the model’s accuracy is verified by comparing the simulation results with the theoretical calculation results. The interaction between different types of cement bonding defects and the circumferential SH wave is investigated. The results show that the wave velocity of circumferential SH wave does not change due to the presence or size of the cement bonding defect, but its amplitude increases with the increase of the circumferential angle of the defect. Therefore, circumferential SH wave can be used to detect the surface area of cement bonding defects in the cementing casing. The quantitative characterization of cement bonding defects in the cementing casing will continue to be investigated in depth.
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