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Acoustic topological insulators have the excellent characteristic of the
pseudospin-dependent one-way transmission of sound edge states immune
to backscattering. We realize the broadband acoustic pseudospin topological
edge states with subwavelength generalized topological insulators, which is
achieved by reverse pseudospin-orbit coupling. The subwavelength band and
broadband nontrivial bandgap can be achieved by adjusting the topological
structure of the scatterers and introducing resonators. The results demonstrate
that the resonator can significantly reduce the frequencies of p-states and d-
states by introducing resonance scattering; the scattering size and rotation
angles change the frequencies of p-states and d-states in opposite directions
by adjusting the distribution of the sound field. Then, we experimentally realize
the pseudospin-dependent one-way transmission of sound edge states along
the interface separating phononic crystals with distinct topological phases. Our
research provides a systematic scheme for the design of acoustic topological
insulators with versatile applications.

KEYWORDS

topological insulators, one-way transmission, pseudospin edge states, reverse
pseudospin-orbit coupling, band structure

1 Introduction

Topological insulators emerging in electronic systems represent a new state of matter,
which is an insulator in the bulk, while a conductor on the surface is protected by time-
reversal symmetry. They have attracted extensive attention in condensed matter physics
(Kane and Mele, 2005; Qi and Zhang, 2011; Hasan and Kane, 2010; Yangetal., 2015;
Haldane and Raghu, 2008; Nanthakumar et al., 2019). Topological insulators exhibit the
quantum spin Hall effect (QSHE), which is the consequence of the spin-orbit interaction
of a particle (an electron) with its motion (Kane and Mele, 2005; Nanthakumar et al., 2019;
Andrei Bernevig et al., 2006). The surface (or edge) states at the interfaces of topological
insulators lead to a conducting state with the property of robust one-way propagation
without backscattering (Christiansen et al., 2019). Inspired by the exciting physical
properties, the concept of topological states has recently been extended to classical waves
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in artificial periodical structures, such as the electromagnetic waves
in photonic crystals and acoustic waves in phononic crystals (PCs)
(Chen et al., 2021; Wu and Hu, 2015; He et al., 2016; Jia et al., 2019;
Lee and lizuka, 2019; Chen et al., 2020; Chen W. J. et al., 2014).

The crucial condition to achieve the QSHE is Kramers
degeneracy for the fermions system (Zhang X. et al., 2018). The key
physics realizing an analog QSHE in bosonic systems, therefore, is
to create a double Dirac cone, where a Kramers doublet exists in
the form of double-degenerated states named pseudospin up and
pseudospin down (He et al., 2016). For photonics, the polarization
degrees of freedom, including transverse electric (TE) polarization
and transverse magnetic (TM) polarization, can be utilized to
construct the polarization-based Kramers doublet (Khanikaev et al.,
2013; Ma et al,, 2015). In addition, using two pairs of degenerate
Bloch modes based on the symmetry of the space point group can
also achieve a double cone induced by the accidental degeneracy
of the double-degenerated states (Wu and Hu, 2015; Xu et al., 2016;
Li and Mei, 2015; Sakoda, 2012). In the acoustic systems, however,
due to the lack of various polarization, the main method of realizing
an acoustic analog QSHE is the hybridization of the Bloch modes
related to lattice symmetry (Nanthakumar et al., 2019; He et al,
2016; Jia et al., 2019; Lee and Tizuka, 2019; Chen et al., 2020; Jia et al.,
2018; Dai et al., 2017; Chen Z. G. et al., 2014).

Recent research on the realization of a double Dirac cone in the
center of the first Brillouin zone (FBZ) takes two approaches. The
first approach involves folding the deterministic Dirac cones located
at the FBZ corners of the honeycomb lattice into the FBZ center
of an enhanced triangular lattice, thereby creating a double Dirac
cone. This process is also referred to as the band folding mechanism
(Wu and Hu, 2015; Huang et al., 2024). In this folding process, the
FBZ of the honeycomb lattice is folded twice, and correspondingly,
the band number has doubled, by which the band structure of the
triangular lattice becomes more complicated. The double Dirac cone
in the FBZ center is associated with the primitive honeycomb lattice.
The approach to opening nontrivial bandgaps and generating edge
states involves lifting the degeneracy associated with the double
Dirac cones. This is achieved by breaking the symmetry of the
honeycomb lattice by concentrating or distracting the elements for
the ampliative triangular lattice (Wu and Hu, 2015; Zhang et al.,
2017; Lu et al., 2014; Tirth et al., 2024).

The second approach is to tailor the coupling strength between
the sound field and the structures under the protection of the
high lattice symmetry of Cg, to realize an accidental double
Dirac cone in the FBZ center (Wen et al., 2018; Zhang et al., 2023;
Wang et al., 2023). Compared with band folding, this approach of
adjusting the sound field to achieve accidental double Dirac cones is
simpler, more flexible, and highly operable. Consequently, it offers
numerous adjusting factors that can be used to effectively break the
degeneracy of the double Dirac cone. Furthermore, the scattering
mechanisms, including Bragg scattering and local resonance in
acoustic topological insulators, can affect the frequency of the
topological edge states (Yuetal., 2019; Ni et al., 2023; Yves et al.,
2022). However, there is a lack of systematic research on the
methods for realizing and breaking an accidental double Dirac cone,
especially on the influence of the coupling among these parameters
after the introduction of resonance scattering. This research gap
may hinder the engineering application of the acoustic topological
insulator.
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In this article, we utilize the construction method of generalized
acoustic topological insulators to realize the broadband acoustic
pseudospin topological edge states at a subwavelength scale based
on double degenerate modal similarity and reverse reconstruction
of spin-orbit coupling. The effects of three major degrees of freedom
are systematically analyzed on the scattering intensity of the adjacent
scatterers of the PCs, including the size, orientation, and resonance
element embedding in the scatterers. Subsequently, the influences
of the collaborative coupling effect on bandgaps in which the
topological edge states appear are discussed. The results demonstrate
that collaborative coupling of the parameters can not only achieve
the accidental degeneracy of the double Dirac cone but also adjust
the frequency of the two double degeneracy points and the width of
the complete bandgap between the two double degenerate points.
Furthermore, we study the edge states at the interfaces separated
by two sonic crystals with distinct topological phases, and the
sound transmission of topological insulators protected by topology
is realized. Our work provides a theoretical basis for the design
of acoustic topological insulators and may pave the foundation for
applying acoustic communication based on acoustic topological
insulators.

2 Materials and methods

2.1 Materials

Figure 1A illustrates a schematic diagram of a triangular lattice
cell composed of a rotatable hexagonal rod (orange) without cavities
in air (blue) with C4, point-group symmetry (six-fold rotational
symmetry and six-fold mirror symmetry). The lattice constant is
a. The parameters of the hexagonal rod include the radius of the
inscribed circle R and the rotation angle of the rod 0 relative to the
Y -axis. The scatterer is manufactured with polylactic acid, which has
a density of p = 1250 kg/m*® and a longitudinal wave velocity of ¢, =
1788 m/s. The density and sound velocity of air are p, = 1.25 kg/m?
and ¢ = 344 m/s, respectively. Due to the large impedance difference
between the scatterer and the matrix, the shear modes inside the
scatterer rod can be ignored. Thus, the boundary of the scatterer rod
can be considered a hard boundary.

2.2 Methods

The simulations are accomplished using the finite element
method available in COMSOL Multiphysics commercial software.
The pressure acoustic module is employed to visualize the modal
characteristics and propagating features of acoustic waves. The
materials involved in the simulations are air and polylactic acid,
which are used in manufacturing the scatterers. Due to the large
mismatch between the acoustic impedances of the two materials, the
scatterer is considered a rigid body in the calculations. The mesh
has a free triangular type, and the largest element size is less than
1/15 of the shortest incident wavelength. The boundaries of the
cell are applied with the floquet conditions. For the simulation of
wave transmission, the sound source of the structure adopts the
background-pressure field with a width of 44, while the perfectly
matched layers are imposed around the structure. When calculating
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FIGURE 1
(A) The schematic diagram of a triangular lattice cell without resonators. (B) Band structure of the unit cell in (A). The parameters include the lattice
constanta = 40 mm, R = 0.22a, and 0 = 0°. The insert illustrates the FBZ. (C) The pressure distributions of the four degenerate Bloch states at the T’
point, which can be represented by p,, p,. d,,, and d,._. according to the symmetry. The dark red and dark blue colors indicate maximum and
minimum values. (D) The schematic diagram of a compound cell with resonators. (E) The band structure of the unit cell in (D). (F) The pressure
distributions of the four degenerate Bloch states at the I’ point.

p-states

the transmission loss, the integral path for the entrance is the
boundary between the background-pressure field and the structure,
and that of the exit is located 0.5 mm outside the structure. The
thermoviscous acoustics domain is utilized to analyze the effects
of viscous and thermal losses caused by scatterers. The viscous
boundary-layer thickness is defined at the maximum value under
study. The viscous-boundary-layer thickness, €., is set by &, =
\/24/wpy, where y and w are the dynamic viscosity and angular
frequency, respectively.

3 Results
3.1 Degenerate states

Figure 1B displays the band structure of the primary triangular
lattice cell with the parameters containing lattice constant a
= 40 mm, radius R = 0.16a, and the rotation angle 6 = 0°.
Owing to the Cg4, point-group symmetry, it exhibits two double
degenerate points at the frequency 9002.1 Hz and 9495.3 Hz
at the FBZ center. The four eigenstates of the two double
degenerate points are shown in Figure 1C, represented by the
pressure field distributions. According to group theory, these
eigenstates can be described by Bloch basis functions, and the
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two double-degenerated states correspond to E; and E, irreducible
representations (Sakoda, 2012; Chen Z. G. et al., 2014).

Due to the symmetry, the sound pressure eigenstates are similar
to the p/d orbital of the electron, and the pseudospin dipole states
and d,»_[d,, (Lee
and lizuka, 2019). Here, p, obeys the symmetry o,/0, = —1/+1;
py obeys the symmetry o,/0, = —1/+1; d,,, obeys the symmetry
o./0,=—1/-1; and d,._, obeys the symmetry o,/0, = +1/+1;
where o,
or Y-axis of the unit cell, respectively (He et al., 2016). To simplify

and quadrupole states can be expressed by p,/p,

= +1, —1 means the even or odd symmetry along the X-

the representation, the pseudospin dipole and quadrupole states are
represented as p-states and d-states, respectively.

Six identical Helmholtz resonators are added to the hexagonal
rod, distributed along the mid-line of each side of the hexagon rod to
form a compound cell, as shown in Figure 1D. In addition to lattice
parameters a = 40 mm, radius of inscribed circle R = 0.22a, and
rotation angle 0 = 0°, the parameters of resonator I include the cavity
radius R; = 2.5 mm, cavity width W, = 1.2 mm, and cavity depth
H, = 2.9 mm of the resonator. Compared with the original band
structure without resonators, the frequencies of double degeneracy
points at the FBZ center are reduced to 7169.9 Hz and 7459.5 Hz,
respectively, as shown in Figure 1E. Note that the resonant frequency
can be approximated by the theoretical formula f, = i \/g (Lee
and Tizuka, 2019), where ¢ represents the velocity of sound, S is the
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(A) The schematic of the generalized acoustic topological insulator. (B) The relationships between the scatterer size and the frequency of degenerate
states. The dotted black line and the solid red line represent the pl and p2 states, respectively, and the dotted orange line and the solid blue line denote
the d1 and d2 states, respectively. (C) The effect of rotation angle on degenerate states is associated with the parameters of R = 0.22a and Resonator |.
(D) The influence of rotation angles on degenerate states, which are controlled by the parameters of R = 0.265a and Resonator II.

cavity area, and | = H, — R, is the length of the neck. Figure IF
shows the eigenmode distribution of the degeneracy points after
the introduction of the resonator. Compared with Figure 1E, the
frequencies of the p-states and d-states are significantly reduced, and
the modes at the degeneracy points have reversed.

3.2 Topological phases

In addition to the traditional method of realizing an acoustic
topological insulator composed of different topological phases of
the same SC, based on the modal characteristics of p-states and
d-states, the reverse spin-orbit coupling of the degenerate states
with similar modal characteristics can also be used to realize
the acoustic topological insulator, that is, the generalized acoustic
topological insulator (Zhang et al.,, 2023; Huang et al., 2022), as
shown in Figure 2A. Figure 2B shows the influence on the size of the
scatterer. When the radius R increases from 0.215a to 0.275a, the
eigenfrequency of the p-states increases, while the eigenfrequency
of the d-states decreases because the coupling strength between
the adjacent scatterers changes during the process of scatterer
augmentation. When radius R = 0.24a, the p-states and d-states
obtain the same frequency to form an accidental double Dirac cone
at the FBZ center. In addition, the results demonstrate that the band
structure can be reversed by different sizes of scatterers due to the
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significantly slower velocity of longitudinal acoustic waves in an air
background than that within the scatterers.

In order to prove that the band inversion implies a topological
phase transition, we calculate the topological invariant Z, based
on the k-p perturbation theory (Wangetal, 2023; Mei et al,
2012). The eigenstates at the I' point can be expressed as
(|px>,|py>,|dxz,yz>,|dxy)T.The effective Hamiltonian around the

1 !
[ point is described as Hff,({n=H£nn+zaHLf"”(m,n= 1,2,3,4),
¢, and &, =¢; are the eigenfrequencies of four

where ¢, = X

states around the I' point (Zhangetal, 2017). According to the
effective. Hamiltonian in the vicinity of the I' point, the spin
Chern numbers can be calculated as C, = + %[sgn(M)+sgn(B)]
(Heetal, 2016; Zhangetal, 2017). Here, M represents the
eigenfrequency difference between p-states and d-states at the T
point, described as M= Y% B comes from the second-order
H H!

perturbation H,, H/,

and is typically negative. Thus, for R = 0.22a
with the d-states above the p-states, the spin Chern numbersare C, =
0, which indicates the band gap is trivial. When R = 0.264, the d-
states are below the p-states with M = @ < 0, and the spin Chern
numbers are C, = + 1, which means the band gap is nontrivial.
Therefore, when R increases from 0.215a to 0.275a, the bandgap
between p-states and d-states changes from topologically trivial to
topologically nontrivial. The transition point corresponds to the case
where two double degeneracy points in the FBZ center form an
accidental quadruple degeneracy point with R = 0.24a. Note that
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although the compound cell has C;, symmetry, the symmetry axis
of the pseudospin dipole modes and the pseudospin quadrupole
modes are changed due to the coupling effect of local resonance and
Bragg scattering, which affects the sound field distribution.

The effect of rotation angle 6 on the double degenerate points
is then analyzed with the lattice constant a = 40 mm and the radius
R = 0.22a. In one rotation period, as shown in Figure 2C, p-states
are below d-states. The eigenfrequencies of the p-states and d-states
exhibit the characteristics of nonlinear variation, and the p-states
have a minimum value p_; , while the d-states have a maximum
max- When 0] = 30°, the p-states and the d-states have the
largest frequency differences, which are 7148.1 Hz and 7585.2 Hz,

value d

respectively. Therefore, the rotation angle 6 can change the bandgap
between the two double degenerate points and increases with the
absolute value of the rotation angle |6] during a rotation period. The
spin Chern number C, = 0 indicates that the bandgap between the
two double degenerate states is topologically trivial.

The phononic crystal formed by the composite scatterers (R =
0.22a and 0 = 30°) with resonator I is named PC-A. It is worth noting
that the p,;, and d,, are the eigenfrequency values of p-states and
d-states with R = 0.22a. When the radius R increases, the p-states and
d-states will overlap, and even the eigenfrequency of the p-states is
higher than that of the d-states so that the spin number is C, = + 1,
and the corresponding bandgap becomes topologically nontrivial.
The phononic crystal consisting of scatterers (R = 0.265a and 0 = 0°)
with resonator II is named PC-B. Figure 2D shows the relationship
between the rotation angles and frequencies of degenerate states,
with the inscribed radius of scatterer R = 0.265a and the parameters
of resonator II (cavity radius R, = 2.6 mm, slot width W, =
2 mm, and slot length H, = 3.4 mm) embedded in the scatterer.
When the rotation angle is 0 = 0°, the eigenfrequencies of the two
double degeneracy points are 7037 Hz and 7408 Hz, respectively. As
illustrated in the upper and lower panels of Figure 2D, the frequency
of p-states is higher than that of d-states, and thus the spin Chen
numberis C, = +1.

4 Discussion
4.1 Dispersion relationship of supercell

In order to verify the interface separating phononic crystals
with distinct topological phases and support the pseudospin-
dependent, one-way transmission of sound edge states, a ribbon-
shaped supercell is constructed in Figure 3A, in which the upper
and lower layers are PC-B, and the middle layer is PC-A. Each layer
contains 10 cells, and the size of the supercell is 30 x 1 cell. Floquet
periodic boundary conditions are applied to the left and right
boundaries of the supercell, and continuous boundary conditions
are applied to the upper and lower boundaries of the supercell.
The numerical calculation results in Figure 3B demonstrate that an
overlapping bulk bandgap can be found in the range from 7140 Hz
to 7400 Hz. The bandgap is spanned by topological edge states as
indicated by the red and blue double-degenerated curves, which
correspond to two sets of edge states with opposite group velocities
(Zhang et al., 2017). Note that the Bloch states of PC-A and PC-B
are not exactly the same, which is also the reason for the existence of
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a bandgap in the edge states. However, this bandgap can be reduced
by adjusting the parameters of the scatterer (Yves et al., 2017).

Figure 3C displays the distributions of the pressure field at
points A and B with k = +0.05m/a. The distributions are highly
localized at the interfaces separating distinct topological phases.
The sound intensity distribution (red arrow) shows that there are
two opposite sound energy vortices near the interface between
PC-A (PC-B) and PC-B(PC-A), separating phononic crystals with
distinct topological phases, in which the chirality of the energy
vortex corresponds to pseudospin states. The intensity exhibits a
nonzero clockwise (anticlockwise) acoustic energy flow for the
pseudospin-down (pseudospin-up) state, which is even averaged
over time. Thus, four transmission channels on two interfaces
are found: the lower interface I1 contains a forward-moving edge
state with pseudospin down (clockwise) and a backward-moving
edge state with pseudospin up (anticlockwise); the converse applies
to the upper interface 12. Note that the transmission channels
for sound are split in a time-reversal-invariant fashion without
backscattering, which demonstrates that the counter propagations
of acoustic energy at the sample edge associated with the two
pseudospin states are independent. This independence serves as a
mark of the quantum spin Hall effect state. Therefore, the robust one-
way acoustic transmission protected by the topology can be achieved
based on the collaborative coupling of multiple parameters.

4.2 One-way sound transmission

We construct a sound field composed of PC-A and PC-B to
illustrate pseudospin-dependent unidirectional sound transmission,
as shown in Figure 4A, where the field size of PC-A and PC-A are
both 11 cells x 8 cells separated by a zigzag interface. The plane line
source is located at the incident port on the left side of the sound
field, and the perfect matching layer is added around the sound
field except the incident port and the exit port. When the excitation
frequency is 7400 Hz within the range of edge states, the sound field
is well localized along the interface, as shown in Figure 4A.

The transmission loss (TL) is also used to quantify the one-
way propagation characteristic dependent on pseudospin, which
is defined as TL = 101log(P,,/P,,;). Here, P;, and P,,, denote the
acoustic effect at the inlet and outlet along the interface, respectively.

out out

The acoustic effect is calculated by the following equations: P;, =
[ 3/2p¢: Py = [ |p.|*/2pc. The numerically calculated TL is TL-
Sim, represented by the blue line, as shown in Figure 4B. The
results indicate that the TL is less than 10 dB in the edge states
frequency range from 7140 Hz to 7400 Hz, denoted by the area
shaded in orange.

Experimental verification of one-way sound transmission is
further carried out, and the experimental configuration is illustrated
in Figure 4C. The input and output of the microphones are acquired
by an adapter (Motu-16A) and processed by MATLAB software,
and the experiments are conducted by a loudspeaker. The samples
consisting of 176 scatterers and a baseplate are fabricated using
polylactic acid via 3D printing. The scatterer has a height of 8 mm
and is placed in a waveguide formed by the baseplate and a plexiglass
plate. The two-dimensional approximation is applicable because the
planar waveguide supports the propagating mode uniformly along
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(A) The schematic diagram of a supercell composed of PC-B and PC-A. (B) The dispersion relationship of the supercell. (C) Acoustic pressure field
distribution of the pseudospin-dependent one-way edge modes localized at the interface of the supercell, corresponding to the points A, B, C, and D
in (B).
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FIGURE 4
(A) The distribution of sound pressure with an excitation frequency of 7400 Hz. The blue dotted line represents the position of the interface. (B) The

transmission loss along the interface. The solid blue and black lines represent the numerically calculated transmission loss, TL-Sim, and the
experimental transmission loss, TL-Exp. (C) The setup of the experiment.

the scatterer axis for the wavelengths under consideration. Ribbon-  reflections (Zhang Z. et al., 2018). The experimental results TL-Exp
shaped sound-absorbing foam is mounted around the surroundings  illustrated in Figure 4B with a solid black line are in good agreement
of the samples to minimize the background noise from boundary  with the numerical results. However, the TL of the experiment is
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larger than that of the simulation, which is mainly due to the leakage
of acoustic energy caused by the gap between the plexiglass plate and
the scatterers during the experiment.

5 Conclusion

In conclusion, we demonstrate the pseudospin-dependent
one-way acoustic transmission of edge states along the interface
based on generalized acoustic topological insulators in numerical
calculations and experimental studies. Subwavelength and
broadband topological edge states can be achieved by introducing
resonant elements and changing the topology structure of the cells.
Our research provides a theoretical basis for the design of acoustic
topological insulators and paves the way for the development of

directional transmission acoustic functional devices.
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