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This manuscript presents a method to calculate and analyze mechanical shock of a multi-
rigid body system, based on the revised concept of the center of percussion and a newly
derived variable called the radius of percussion. The objective is to improve the
mechanism’s robustness against mechanical shocks that are caused by certain
impacts, such as those experienced by legged robots from landing a jump or making
a step. In practice, it can be used for placement of shock-sensitive components in robots,
such as inertial measurement units and cameras, and for mechanical and controller design
improvements and optimizations that aim to reduce shock in certain body parts. Several
case studies are presented to support the usefulness of the theory.
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1 INTRODUCTION

Legged robots research involves experimental hardware, which is often troubled by practical issues
owing to the robot’s lack of robustness (Driessen, 2019). This leads to frequent breakdown of parts or to
the requirement of tools that impede, hinder or alter the robot’s end user scenario, such as harnesses,
tethers, booms and soft environments. These deficiencies prompt additional costs, delays and
ineffective progress. Especially recent legged robot research has popularized and progressed
significantly in the development of robots that exhibit highly dynamic behavior, referring to
various quadrupeds (Hutter et al., 2016; Kenneally et al., 2016; Bledt et al., 2018; Kim et al., 2019;
Boston Dynamics, 2020; Unitree, 2020), the bipedal Cassie and Digit (Agility Robotics, 2020), the
monopedal jumping robots Salto (Yim and Fearing, 2018) and conceptual Skippy (Driessen, 2019).
Respective research has primarily focused on improving mechanical design, intelligence and motor
skills for the purpose of maximizing physical performance. Achievements of these primary objectives
intensify the need to address the (secondary objective of) robustness of these machines to ensure their
survivability.

Robustness can refer to physical robustness, which includes the ability to withstand
mechanical impacts, and behavioral robustness, which refers to the ability to respond to
disturbances. Especially the subject of controllability is a popular and challenging subject in
legged robotics (Wieber et al., 2016), and have led to the introduction of disturbance rejection
measures to quantify the performance of controllers, such as the gait sensitivity norm
(Hobbelen and Wisse, 2007). Both physical and behavioral robustness are synergetic and
share the goal of improving a robot’s survivability; for example, a robot that falls less
frequently (behavioral robustness) but is also able to survive the few remaining falls
(physical robustness) could continue to perform the task it was designed for, and could
hence be considered robust.
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Robustness of a robot can furthermore be categorized by
desired actions (taken by the control policy), such as those
caused by making a step, and undesired actions, such as those
caused by a fall. Control strategies that aim to soften feet impact
(Sato and Ohnishi, 2005) or joint impact after landing (Hidaka
et al., 2020) are examples of improving a robot’s behavioral
robustness against desired actions, and those that focus on
disturbance rejection or detection (Mummolo et al., 2017) and
action upon falling (Fujiwara et al., 2004) are examples of
improving a robot’s behavioral robustness against undesired
actions. The use of series elastic actuators (Pratt and
Williamson, 1995) and soft or flexible feet and limbs (Zhou
and Bi, 2012) are examples of improving a robot’s physical
robustness against desired actions, and equipping the robot
with shock-absorbing roll-cages (Kovač et al., 2009), foam
(Schuitema, 2012) or tailored flexible bumper covers (Battaglia
et al., 2009) are examples of improving a robot’s physical
robustness against undesired actions. However, series elastic
actuators mainly protect the drive train of the actuator, not
necessarily other robot parts they connect to. Moreover, the
flexible technology used in series elastic actuators and
protective bumpers are not always usable on feet of legged
robots to protect them against desired impacts, because their
associated softness impairs the bandwidth and performance of
the balance controllers. With the increasing growth of legged
robots that exhibit highly dynamic behavior and utilize more
demanding control strategies, robustness will have to be
improved through means other than physical softness.

This manuscript focusses on improving a legged robot’s
robustness against the desired action of making a step or
landing a jump, based on an analysis of shock propagation,
through the introduction of a method that calculates and
visualizes this shock propagation. Both the robot’s physical and
behavioral robustness can be improved by such an analysis.
Reducing the shocks in certain areas of the robot, either through
design or control, also makes its components less likely to get loose
or fail from fatigue. Our proposed theory can also be used to
tactically place shock-sensitive components in those areas of the
robot that are subject to less or even zero shock. Such a component
can be the inertial measurement unit (IMU) or a camera, whose
performance deteriorate for high velocities or accelerations. For
example, IMUs are known to saturate at low accelerations (typically
16 g (Vectornav, 2009)), which is likely to hinder the performance
of the state estimator and could destabilize a dynamic robot.

The presented method is based on impulsive dynamics of rigid-
multi body systems, which requires less information about the system
and is less computationally expensive than finite-element methods
(FEM). This makes our proposed shock analysis a good candidate to
draw lessons about a robot design from its very earliest stages.

In particular, the presented theory is largely inspired from the
concept of the center of percussion (CoPc), which is a popular
term in mechanics of bat-and-ball games and racket sports
(Ficken, 1976; Cross, 2004; Raychowdhury and Boyd, 1979;
Brody, 1979), to describe the point on a bat or racket that
produces no reactive shock at the handle when striking a ball.
The CoPc is also associated with temporal behavior of
pendulums, to describe equivalence with point-mass models.

This use has also been applied to legged robot control (Alba
et al., 2010), but is not further related to the work in this
manuscript.

The contributions of this manuscript can be summarized as
follows:

• Addressing the importance of expressing shock not only
with the CoPc, but also by how shock expands from the
CoPc, with a newly introduced term called the radius of
percussion (RoPc) (Section 2).

• Presenting a 3-step method to calculate shock in any 3D
rigid-body-system, which for planar studies can be
expressed in the CoPc and RoPc for every body (Section 3).

• Suggesting various applications that require the
improvement of the robot’s robustness against desired
actions, such as placement of shock-sensitive components
and reducing shock propagation through design and control
(Section 4).

2 EXPRESSING SHOCK OF A SINGLE BODY

The impact that results from striking an unconstrained rigid body
is a translational impulse that results in a shock: a peak
acceleration, which could be perceived as an instantaneous
change of velocity. This shock is purely translational only if
the impact is applied at the center of mass (CoM), but
otherwise has both translational and angular components. For
the planar case, these can be described by the CoPc and the
proposed RoPc.

2.1 Revising the Center of Percussion
In 2D, both the translational and angular components of shock
can—just like velocity and acceleration—be described by a pure
rotation about a point in the plane of the body, which shall be
referred to as point P. This point is of interest because it
experiences no translational shock, i.e., no instantaneous
change of linear velocity. Shock can also be described for
bodies in 3D, for which shock in the most general case has no
point of zero translational shock. In the most general 3D case,
there is an axis of minimum—but not zero—shock.1 However, in
legged robots, it is often possible to find a plane where most of the
dynamics take place. In particular, the most common types of
legged locomotion occur in the sagittal plane (walking, running,
etc.), and as such, also most of the impacts will occur in the plane.
Note that even a lot of specialized gaits, such as side stepping,
mostly take place in a plane, albeit a different one. For these
reasons, a planar analysis usually suffices, which allows shock to
be expressed in a more tangible way. As such, the content of this
manuscript focusses on the planar case, unless otherwise
specified. Notwithstanding, as will become evident from the

1 This follows directly from Chasles’ theorem, which states that the most general
rigid body displacement is described by a translation along a line—the screw
axis—in combination with a rotation about an axis parallel to that line.
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method presented in Section 3, it is still possible to perform a 3D
shock analyses if so desired for special actions.

If the body were freely pivoted at a point O and if O coincided
with the point that experiences no translational shock P, the pivot
would not experience any reaction impulse from the impact, and
the corresponding point of the applied impact would be referred
to as the center of percussion (CoPc) for that pivot (Ficken, 1976;
Brody, 1979; Raychowdhury and Boyd, 1979; Cross, 2004).

For bodies that are assumed to receive an impact from a
predefined direction and that have a designated pivot, the CoPc is
a fixed point on that body. This is the case for bats and tennis
rackets, which are slender bodies that are assumed to receive an
impact perpendicular to their major axis and for which the
designated pivot is their handle. However, for a general planar
rigid body the CoPc is a function of the pivot point and the line of
action of the impact. In particular, the CoPc lies on the
intersection of the line of action of the impact and the line
perpendicular to it that passes through the pivot.

The case of a slender body is visualized in Figure 1, which
shows the reactive shock or initial response of a slender beam
with a uniform mass distribution freely hinged to a pivot and a
frictionless and massless slider that operates perpendicular to the
extension of the beam after impacting it at a designated point
(indicated ). An impact at the CoPc (indicated ) leads to no
reactive shock on the slider (beam C), whereas an impact
anywhere else does, of which the special case an impact at the
CoM (indicated ), which leads to a pure translational shock
(beam A).

For this case, it can be derived that the CoPc can be calculated as

c(p − c) � I
m

� r2g , or equivalently, cp � Io
m
. (1)

c and p are the (1D) coordinates of the body’s CoM and CoPc
along the axis of the body, with respect to the pivot point O; rg is
its radius of gyration, m the beam’s mass and I and Io the beam’s
rotational inertia about its CoM and pivot point respectively. For
a slender beam of length l and a uniform mass distribution, such
as the beam depicted in Figure 1, we have c � 1/2l and
I � 1/12ml2, for which we find p � 2/3l.

Eq. 1 exposes several noteworthy properties of the CoPc:

• The magnitude of the applied impulse does not appear in
the equation, which implies that it is irrelevant.

• From the fact that I andm are strictly positive, it follows that
the pivot and CoPc must be on opposing sides of the CoM.

• c and p can be interchanged: if an impulse is applied at the
unconstrained pivot point, then no reactive shock is
produced at the CoPc, as can also be seen in Figure 1
(beam D).

The interchangeability follows from the fact that Eq. 1
describes an impulsive equilibrium and that momentum must
be conserved. Technically, this also allows the CoPc to be defined
as the point on a body that receives no shock as a result of an
impact applied atO. The CoPc then corresponds to point P. In the
remainder of this manuscript, the term CoPc of a body refers to
this point P: the point of a body that does not experience

translational shock as a result of the impulse applied to its
joint(s) or end effector with which the body makes contact
with other bodies or the environment.

2.2 Radius of Percussion
For design purposes it is also of interest how shock is experienced
in the rest of the body, especially in the vicinity of the CoPc,
because it is a function of the applied impulse and not guaranteed
to be located at a practical point. Since shock can be expressed as a
pure rotation about the CoPc, the absolute translational shock
Δ|v| experienced by any point in the body is proportional to the
distance between that point and the CoPc, equal to the rotational
component of the shock multiplied by this distance.2 This is
visualized by the color gradient in the bodies in Figure 1. The
colors correspond to values of Δ|~v| � Δ|v|/|vin|, a dimensionless
quantity that normalizes Δ|v| by the impact velocity vin, i.e., the
applied shock.

Instead of using the rotational shock component as the
variable to describe the rate of growth of the experienced
translational shock, an arguably more tangible variable to do
so is the radius from the CoPc at which the experienced shock is
equal to the applied shock. This radius shall be referred to as the
radius of percussion (RoPc) rp. Using rp, Δ|~v| can be calculated as
function of the radius r from point P as

Δ|~v| � r
rp
, (2)

where Δ|~v| � 1 at r � rp. In Figure 1, the transition between dark
orange and red corresponds to r � rp.

For the treated case of a single body, it can be derived that

rp �
∣∣∣∣∣∣∣d + I

dm

∣∣∣∣∣∣∣ �
∣∣∣∣∣∣∣∣∣d + r2g

d

∣∣∣∣∣∣∣∣∣, (3)

FIGURE 1 | A slender beam suspended from a pivot on a frictionless and
massless slider, with the CoM ( ) at cx � 1/2l and the CoPc ( ) at px � 2/3l
from the pivot point. The initial response is shown in gray: if struck by an
impact at the CoPc (beamC), then no initial linear displacement occurs at
the pivot, and the other way round (beam D). The color map shows the
normalized absolute shock Δ|~v| experienced at every point in the body.

2 In this manuscript, shock is expressed as an instantaneous change of velocity,
rather than a peak acceleration, hence the notation Δ|v|.
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by solving rp �
∣∣∣∣p∣∣∣∣ for d using Eq. 1 and the substitution |c| � d or∣∣∣∣p − c

∣∣∣∣ � d, in which d is the perpendicular distance between the
CoM and the line of the applied impact. For the slender beam
with uniform mass distribution, Eq. 3 becomes
rp � d + 1/12l2d−1. Consequently, for the cases in Figure 1, we
find rp � p for cases B, C and D, and rp →∞ for case A.

The shock profile of a single body is fully described by the
CoPc and RoPc, and Eqs 1–3 well describe their behavior to
changes of the applied impulse. The calculation and analysis of
the shock profile of a multi-rigid-body system is less trivial. The
method introduced in the following section is purposed to
simplify and automate this calculation.

3 SHOCK PROPAGATION IN ROBOTS

The full shock profile of a planar multi-rigid-body system that
follows from an applied external shock—such as that resulting
from a landing impact—is described by coordinates of the CoPc’s
Pi of each body i and the corresponding RoPc rp,i. The multi-
rigid-body can be either open or closed loop. These numbers can
be used to visualize shock by, for example, the normalized
absolute translational shock variable Δ|~v| and the color map
defined in Figure 1. This section describes the suggested 3-
step method to do so, which derive from conventional multi-
rigid-body dynamics equations. These steps are:

(1) Solving the impulsive equation of motion (EoM) for the
applied shock, described as an impact velocity, which
typically returns the instantaneous change of
independent joint velocity variables Δ _q (i.e., the shock in
joint space)

(2) Calculating from Δ _q the instantaneous change of velocity
vector Δv̂ of each body expressed in coordinates of their local
frame with respect to the global reference frame (i.e., the
shock in body coordinates). Up to this point, the method is
still applicable to 3D.

(3) Deducting the CoPc P (expressed in local body coordinates)
and RoPc rp for the planar case, for each body, from the
translational and angular components of Δv̂.

Techniques for completing each of above steps are elucidated
separately below. Each step is also applicable to spatial dynamics,
except for the final step, which is tasked to calculate the desired
planar CoPc and RoPc from the spatial shock vector Δv̂.

3.1 Impulsive Equation of Motion
The EoM of a multi-rigid-body system can be written in the
canonical form H __q + C � τ, where the tuple q �
[q1/qi/qn]T ∈ Rn contains the joint position variables of the
in total n joints and τ ∈ Rn the corresponding joint forces and
torques, H ∈ Rn×n the joint-space inertia matrix and C ∈ Rn the
joint-space vector of force terms. If the elements of q are
independent (as typically the case for open loop systems;
see Section 3.1.1 for dependent joint variables), the

impulsive EoM for inelastic impulsive contact can be
expressed as

[ H J(Dc, q)
J(Dc, q)T 0

][ _q+

ρc
] � [H _q− + ι

0
]. (4)

_q− and _q+ are the joint velocities before and after impact
respectively, so that Δ _q � _q+ − _q−, corresponding to the shock
in joint space. Dc is the impulsive contact condition, as function
of q, so that Dc(q) � 0 ∈ R1×nc at contact, with nc the number of
contact constraints. J(Dc, q) ∈ Rn×nc ) is the Jacobian of Dc to q.
ι ∈ Rnc are the applied impulses at the joints (zero if the impulse is
only caused by impulsive contact). The length of Dc equals the
number of contact points. ρc are Lagrange multipliers so that ιc �
J(Dc, q)ρc are the contact impulses.

Δ _q can be found by solving for [ _q+ρc]T in Eq. 4 for specified
impulsive contact conditions. Note that if the impulsive contact
occurs directly at one or multiple of the joints, then Eq. 4
simplifies to

⎡⎢⎢⎢⎢⎢⎣H11 H12 1
H21 H22 0
1 0 0

⎤⎥⎥⎥⎥⎥⎦⎡⎢⎢⎢⎢⎢⎣ 0
_q+2
ιc

⎤⎥⎥⎥⎥⎥⎦ � [H12

H22
] _q+2 + [ ιc

0
]

� [H11 H12

H21 H22
][ _q−1

_q−2
] + [ ι1

ι2
] � H _q− + ι,

(5)

in which the subscripts 1 and 2 are defined to distinguish between
joints at which impulsive contact occurs and at which not,
respectively, so that _q+1 � 0. In this case it follows that Δ _q � _q+ −
_q− can be directly calculated as

Δ _q � [Δ _q1
Δ _q2

] � [ − _q−1
H−1

22(H21 _q
−
1 ) ]. (6)

Recall from Section 2 that only the location and direction of
the applied shock matter, not its magnitude. If the impact is
directly applied at one or multiple joints that are orthogonal to
each other, then the impact velocity vin �

���� _q−1 ����, or _q−1 can simply
be chosen so that

���� _q−1 ���� � 1, after which normalization by the
impact velocity is not necessary.

3.1.1 Dependent Joint Variables
Remember that Eqs 4–6 are only valid when joint variables q
are independent. If they are not, as typically the case in closed-
loop systems, then results are not accurate because reaction
impulses resulting from joint constraints have not been taken
into account. This can be solved in various ways. One option is
to incorporate joint constraints also in Dc, which results in
augmenting the impulsive EoM Eq. 5. Another option is
rewriting the EoM as function of only independent joint
velocity variables _y, which results in shrinking the impulsive
EoM. The latter can be achieved by substituting _q for _y and
correspondingly H for �H in Eq. 4, so that _q � G _y and
�H � GTHG, where G is the velocity mapping or Jacobian
G � J(q, y). Substitutions in Eqs 5,6 are similar, i.e., we
substitute _q � [ _q1 _q2]T for _y � [ _y1 _y2]T and make
corresponding substitutions for H. Equation 6 becomes
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Δ _y � [Δ _y1
Δ _y2

] � ⎡⎢⎢⎢⎣ − _y−1
�H

−1
22(�H21 _y

−
1) ⎤⎥⎥⎥⎦. (7)

Δ _q can then be calculated as Δ _q � GΔ _y.

3.1.2 Gearbox Inertia
The above calculations have not addressed the effect of gearbox
and rotor inertia of actuated joints. Whereas in theory they can be
included as terms of reflected inertia or constrained inertial
bodies in the EoM, in most cases this will likely not be
necessary and lead to unrealistic results. Robots that are
subject to a lot of shock are typically designed with series
elasticity, in which case gearbox and rotor inertia have no
effect on impulsive dynamics. If instead there is no series
elasticity, then the gearbox likely still offers enough friction
not to move at impact, at which point the bodies to which the
gearbox connect should be considered as one.

3.2 Shock in Body Coordinates
The next step is to calculate both angular and translational
components of the shock in body coordinates Δv̂ from the
shock in joint space Δ _q. This can be done in various ways; the
procedure below follows conventions used in (Featherstone,
2008). In 3D, v̂ and Δv̂ can be numerically expressed as a
Plücker coordinate vector so that it describes the velocity in
coordinates of the frame O in the rigid body with respect to the
global reference frame, i.e., the global velocity in body
coordinates:

v̂O � [ ω
vO

] �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ωx

ωy

ωz

vOx
vOy
vOz

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
0 Δv̂O � [ Δω

ΔvO ] �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Δωx

Δωy

Δωz

ΔvOx
ΔvOy
ΔvOz

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where Δω � [ΔωxΔωyΔωz]T describes the change of angular
velocity of the rigid body about the x, y and z axes of
coordinate frame O, and ΔvO � [ΔvOxΔvOyΔvOz]T the change
of translational velocities along those axes, both with respect to
the global reference frame. O can be any frame in the rigid body,
but it will be used to describe the frame that coincides with the
joint that connects the rigid body to its parental body.

The change of global velocity in body coordinates of a body Δv̂
can be calculated from Δ _q and coordinate transforms that define
the kinematics of the multi-rigid-body system. Body velocities
can be calculated recursively according to

v̂i � iXλ(i)v̂λ(i) + Si _qi, (8)

where v̂i � v̂O,i is the global velocity of body i in body coordinates
of the frame that coincides with the 1-DoF joint to which body i is
connected to its parent. The corresponding joint velocity of the 1-
DoF joint of body i is _qi, which is part of the tuple
_q � [ _q1/ _qi/ _qn]T. λ is the parent array of the kinematic tree,
so that λ(i) is the parent of body i; λ(i) � i − 1 if the kinematic
tree is unbranched. v̂λ(i) is the parent body velocity, and _v0 � 0. Si

is the joint axis vector, which is a function of joint type (e.g.,
revolute, prismatic). iXλ(i) is the coordinate transform that
describes the position and orientation of body coordinates of
body i relative to those of λ(i). It is calculated as the product of the
joint transform XJi(qi) and the tree transform XTi,
i.e., iXλ(i) � XJiXTi. XTi is a function of the displacement and
rotation between coordinate frames of bodies λ(i) and i for qi � 0,
whereas XJi is a function of joint type and position qi. For
descriptions and templates (for various joint types) of XJ, XT

and S refer to (Featherstone, 2008).
Since vi is a vector, and thus Eq. 8 a vector equation, we can

write

Δv̂i � iXλ(i)Δv̂λ(i) + SiΔ _qi, (9)

which directly gives us the shock in body coordinates with respect
to the global, from which the CoPc and RoPc can be calculated.

3.3 CoPc and RoPc
The translational velocity vP of a point P in a body can be
calculated from vO as

vP � vO − OP × ω
0ΔvP � ΔvO − OP × Δω, (10)

where OP � [OPxOPyOPz]T is the vector describing the
translation from O to P in coordinates of O. If ΔvP � 0 then P
defines the CoPc: p � OP. However, as mentioned previously,
solving Eq. 10 for OP does not generally have a solution in 3D, as
explained in Section 2.1.3

In 2D we have ΔvPz � ΔvOz � Δωx � Δωy � 0 (assumes the
xy-plane) so that Eq. 10 simplifies to

[ΔvPxΔvPy ] � [ΔvOxΔvOy ] − [ OPyΔωz

−OPxΔωz
] .

For ΔvP � 0 we find

[ pxpy ] � [OPx

OPy
] � 1

Δωz
[−ΔvOyΔvOx ], (11)

which is defined as long as Δωz ≠ 0 (non-pure translational
shock). From the appearance of Δ in both the numerator and
denominator of Eq. 11, it follows that the magnitude of the
applied shock is irrelevant for the calculation of p.

The RoPc rp is calculated as

rp � vin
Δωz

. (12)

The appearance of the impact velocity vin in Eq. 12 applies the
normalization. A suitable choice for vin is the normalized velocity
at the point of impact (as indicated by on the various body
diagrams throughout the manuscript), which would equal vin ����� _q−1 ���� if the impact occurs directly at one or multiple orthogonal
joints (see Eq. 6), as mentioned in Section 3.1. Depending on the
desired analysis, another feasible choice for vin is the absolute

3The solution in 3D is expressed by an axis instead of center of percussion, where
shock is minimum, but not necessarily zero.
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velocity of the robot’s CoM with respect to the surface it is about
to impact, for example for cases where the robot is not stationary
before impact, but highly dynamic (

∣∣∣∣ _q∣∣∣∣≫ 0).
Having found P and rp for every body in the robot, the shock

profile is fully defined. For bodies sensitive to shock, P is ideally
located on a physical point on the body and rp is maximized, so
that also shock experienced in the vicinity of P and the rest of the
body remains low.

3.4 Properties of Shock Propagation
The properties of shock of a single body can be well derived and
understood from the algebraic expressions presented in Section
2. However, understanding shock propagation of multi-rigid-
body systems is more convoluted due to the impracticality of
algebraic descriptions and the large number of parameters and
states, which promotes case-by-case studies. Nevertheless, several
recurring properties of shock propagation in multi-rigid-body
robots can be derived and observed, some of which are
reminiscent from those discussed in Section 2:

• If the robot is moving forward, the CoPc of the body
receiving the impact (e.g., a lower leg) will typically be
on the front side of that body as well. In line with
explanations of Section 2, this follows because the CoPc
must be located on a line that is perpendicular to the applied
impact and passes through the point of impact, which now
acts as a pivot. Since the impact direction is typically
pointing backwards if the robot is moving forwards, it
follows that if the CoPc is above ground, it must also be
on the front side.

• Upper bodies (i.e., those further down the chain from the
impacted body) are generally subject to less shock.
Correspondingly, the CoPc of bodies tend to move
toward the next joint in the chain. Two bodies that are
hinged approximately perpendicular to each other can
contribute significantly to mitigating shock propagation.
In fact, it can be deduced that it is possible to make a
design that allows for complete elimination of shock from
further propagating into the robot (Singh and Featherstone,
2020), which requires the CoPc to coincide with the next
joint. In particular, two slender bodies that are properly
hinged perpendicularly can each mitigate one of two
translational components of the shock. In practice
however, this objective might not be viable, as it imposes
design and control constraints, requiring substantial mass of
the body to be located on the other side on one of its joints,
and the bodies to be exactly perpendicular to each other at
impact.

• The above also implies that the effect of states and properties
of upper bodies (i.e., those further down the chain) on lower
ones, is minimal as long as the upper bodies receive little
shock, and would in fact be zero for the above mentioned
theoretical case if shock was completely eliminated. This
suggests that upper bodies need not be accurately modeled
to analyze shock of lower bodies.

• For a body at the end of the chain, the distance of the CoPc
along the axis passing through its parental joint and its CoM

can be calculated using Eq. 1. This implies it is at 2/3rd the
body length for slender bodies with a uniform mass
distribution.

Whereas the above assessments reveal some properties and
behavior of shock propagation, case-by-case studies will
nonetheless be necessary to fully define and quantify it. The
following section showcases the presented analysis with case
studies of realistically proportioned legged robots.

4 CASE STUDY RESULTS

This section describes three theoretical case studies that apply the
method described in Sections 2 and 3 on legged robot models to
analyze shock propagation. The first and the third case studies are
open ended, featuring a generic robot leg and a quadruped
respectively, and are tasked with clarifying shock propagation
in a practical manner and with demonstrating the possible uses of
analyzing it. The second case study focusses on the particular
design of the hopping and balancing robot Skippy (Driessen,
2019), for purposes of IMU placement, of which the presented
work has been inspired and sourced.

In all case studies, the shock is visualized using the same color
map as defined in Figure 1, where shock is normalized by the
impact velocity vin.

FIGURE 2 | Typical shock scenarios of a step made with a robot leg that
could be part of a humanoid or human with prosthesis (A: walking, B: running,
C: stair climbing). Shock is shown to be less in certain areas of the robot,
which can be utilized for placement of shock-sensitive components, and
can be further reduced by increasing the strike angle. In addition, the effect of
upper body dynamics on the lower bodies is low, especially as the upper body
is not subject to a significant shock (C vs. D). Shock can furthermore be
reduced substantially by landing on the toes of a foot instead of landing on the
heel (E vs. F).
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4.1 Human(oid)/Prosthetic Leg
This case study considers a generic robot leg that could be part of
a humanoid or a human with an above-knee prosthetic leg,
making a step, as depicted in Figure 2 (cases A, B and C).
The basic dynamic model is essentially a double pendulum,
consisting of only the upper and lower leg segments. This
model has also been amended with two additional bodies. The
first includes a torso (cases D and E) and the second includes—in
addition to the torso—also a foot (case F). The models have been
dimensioned anthropomorphically. All bodies are modeled as
slender beams with a uniform mass distribution (like in Section
2), and all joints are revolute. The leg segments are of equal length
with a uniform mass distribution, with the upper leg being twice
as heavy as the lower leg. The torso has 3/2th the length of a leg
segment and twice the mass of the entire leg. The foot has half the
length and mass of a leg segment.

Following the steps described in Section 3, shock propagation
is calculated and depicted in Figure 2 for several scenarios. In all
cases, the upper leg is rotated with 15° with respect to the vertical,
and the torso with −5°. The applied impact vector is also depicted
for every case, which is typically pointing backwards (toward the
left in the figure) during forward gaits. Its angle with respect to the
vertical is referred to as the strike angle θ.4 Cases A, B and C differ
only from the strike angle, each of which could be reminiscent of a
different type of gait, namely walking, running and (stair)
climbing respectively. Note that typically in running both the
leg and impact vector can be more rotated, corresponding to a
strike angle of ca. 60° as reported by Heidenfelder et al. (2008).
However, note that for impulsive dynamics the orientation of the
ground is irrelevant, as long as the robot does not slip: what
matters is the robot’s orientation with respect to the direction of
the impact vector. In stair climbing and other sloped gaits, the
strike angle has been observed to be 75° and higher (Ojeda et al.,
2017).

For all cases, the CoPc of the lower leg is observed to be in the
front side (i.e., the right side in the figure) of the body, as related
to the impact vector pointing back- (i.e., left) and upward with
respect to the lower leg, as explained in Section 3.4. Further
flattening the impact vector typically brings the CoPc closer to the
physical body. Case F shows the effect of equipping the humanoid
with a foot and ankle joint, and landing on the ball instead of heel
of the foot. The ankle is rotated 75° with respect to the lower leg;
the two are thus nearly perpendicular. It can be observed that the
differences between case E and F are substantial: all the links of
the considered robot largely benefit from the presence of the foot,
with shock reduction exceeding 80%.

Lastly, as described in Section 3.4, the effect of dynamics of
upper bodies on lower ones is minimal, as can be seen by
comparing case studies C and D. This suggests that if shock in
legs is to be analyzed, modeling them in isolation is a reasonable
approach if little is known about the properties or behavior of the
torso. This could be of special interest for the design of prosthetic
legs, also considering the fact that the biological hip joint is
significantly softer than a hardened steel knee joint. For example,
Figure 3 shows a suggested relocation of the IMU on a research
prototype that could lead to a significant performance boost
regarding shock sensitivity, without requiring a major overhaul
of the design.

4.2 Skippy
The Skippy robot is of particular interest for shock analysis, since
it is designed to be able to jump to and land and fall from heights
of 4 m. The case study is targeted with IMU placement, which is
to be placed in the vicinity of the CoPc of its torso. By using the
dynamic model of Skippy described by Driessen (2019), the CoPc
of its torso is calculated for a landing from a vertical jump, by
assuming initial conditions similar to that of the landing of the
stance phase in preparation for a high jump.

The corresponding position variables at impact are set
according to Skippy’s body diagram as depicted in Figure 3,
which is drawn to scale, corresponding to its hip angle to be ca.
38° and its CoM to be above the point of impact. The steps in
Section 3 have been followed to calculate the shock propagation.
Since Skippy is a closed-loop system, and since the impact occurs
at its joints that connect Skippy to the world, Eq. 7 has been used
to solve the impulsive equations.

The resulting shock is indicated in Figure 3, with the CoPc of
the torso marked ( ). Most notable is that also this case illustrates
that only a small portion of the shock has propagated to the torso,
which is the outcome for having at least two bodies in the chain that
are (nearly) perpendicular to each other: in this case Skippy’s foot
and leg. In particular, the torso’s RoPc was calculated to be as large as
rp � 10m, implying that nowhere on the ca. 0.6 m long torso the
shock exceeded 6% of the applied shock on the robot.

The resulting location of the CoPc itself however is not
practical one, for the reason that it falls outside the physical
body and that it is in the magnetic field and heat stream of the
main motor. Nevertheless, due to the overall low shock
experienced by the torso, this is not an issue. Two feasible
candidate mounting locations (see I and II)5 were found in the
vicinity of this point, which receive less than 2% of the applied
shock. Reruns of the analysis for several other extreme landing
conditions (e.g., a somersault) did not lead to a significant change
of the experienced shock by the candidate mounting locations of
the IMU.4Note that this angle should not be confused with the angle of attack and is not

representing that of the ground reaction force; it can typically be steeper before the
robot starts slipping. For all the cases depicted in Figure 2, the vertical component
of the ground reaction impulse was found to be greater than its horizontal
component, and the leg was found not to slip assuming a friction coefficient of
1 (i.e., a 90° aperture angle of the friction cone). In practice and simulations
employing continuous contact models, where the contact between the foot and
ground has finite stiffness, the result of the strike angle falling outside the friction
cone could instead be a microslip that is hardly noticeable on the macrodynamics
of the robot.

5 In the real design, both solutions have been implemented, for each have their own
advantages. Whereas (I) is closer to the calculated CoPc and easier to reach, (II) is
further away from the motor and furthermore allows the IMU to be rotated by 45°

about the sagittal axis. This effectively increases its saturation limit for vertical
acceleration by up to a factor of

�
2

√
, since saturation limits of the IMU apply to each

of its axes (x, y and z) separately (Vectornav, 2009).
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4.3 Quadruped
The final case study is that of a simplified quadruped. The front
and hind legs of the planar model have been merged, so that it
consists of only two 2R legs and a torso: five bodies in total. Again,
all bodies are modeled as slender beams with a uniform mass
distribution. The leg segments all have the same length and the
upper legs have quadruple the mass of the lower leg. The torso has
double the mass of the legs together (2/3rd the robot mass) and is
twice as long as a leg segment. These dimensions are roughly
reminiscent of the hydraulically actuated quadruped HyQ
(Semini et al., 2011).

The analyzed impact scenario is that of bounding in place
(Raibert, 1986; Orsolino et al., 2017), as it is known to heavily

subject the robot to impacts with the ground. The study focusses
on the effect of approaching a singular configuration with the
impacting leg, and moreover differs from the one in Section 4.1
mainly in that the system now features a heavier torso that is
horizontal instead of vertical. The inclusion of the front leg (the
leg not being impacted) in the model has been done for sake of
completeness, but it does not significantly influence shock
propagation in the rest of the robot, as explained and
observed in Sections 3.4 and 4.1.

The results of applying a vertical impact to the hind leg are
shown in Figure 5 for leg segment angles ranging from 0°

(singular) to 30° with respect to the vertical, and a fixed 15°

rotation of the torso with respect to the horizontal.
Motion controllers for quadrupedal gait generation usually

enforce a desired foot position and they are not usually concerned
with explicitly defining the desired leg angles at impact (Orsolino
et al., 2017). These, however, have a significant influence on the
shock propagation, which could affect the locomotion
performance as a whole. The main body of interest for this
case is the torso, because it typically houses all the sensitive
components in a quadruped robot. Just like in Figures 2,4 it can
be observed that the torso is relatively free of shock, but this
changes as the legs approach a singular configuration, as can be
seen in the 10° and 0° case. One could utilize these results to decide
on maximum permissible joint limits for leg extension, to limit
the shock that is being propagated to certain areas in the torso,
possibly as function of the strike angle, or directly as function of
the shock (in a certain location) on the torso.

In addition, as the quadruped is landing on its hind legs like
depicted in Figure 5, it can be observed that the CoPc is moving
toward the front (i.e., the right side of the figure) as the robot
lands with more extended legs. This is best observable in the 10°

FIGURE 3 | Skippy’s torso’s CoPc ( ) for a vertical landing is shown to be inconveniently above the motor’s heat stream for IMU placement. Nevertheless, the
overall low shock experienced by the torso (high RoPc) allow for the IMU to be placed in a location (I or II) where it experiences less than 2% of the impact shock when
landing a vertical jump.

FIGURE 4 | Research prototype of a leg prosthesis. The IMU is currently
centralized on the visible PCB. Referring to Figure 2, moving the IMU to the
bottom-right of the same PCB (indicated with a dashed line) already suggests
significant shock reduction: a decent benefit for a minor cost.
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case, where the shock in the front side is more than a factor of two
lower than in the back side. Naturally, this pattern will be
mirrored when the robot lands on its front legs. For this
reason, it could be of interest to mount two IMUs in the
torso: one on each side. Their readings could then be selected,
or appropriately weighted through data fusion techniques,
according to the amount of shock they receive, the one
receiving less shock being more reliable than the other. This
could potentially lead to significant improvements in inertial
navigation.

5 DISCUSSION

As showcased by the case studies, the presented methods
allows to draw useful conclusions for the design of legged
robots for the purpose of improving robustness against
intended impacts. When the proposed design study is
coupled with the synthesis of locomotion, the proposed
approach can also lead to critical conclusions such as the
optimal location for the placement of shock-sensitive
sensors such as IMUs, Lidars and cameras.

In many cases, the behavior of shock propagation can be
reasonably well predicted from the single body case and its
algebraic equations. For example, by combining the small effect
of bodies further down the chainwith the usability ofEq. 1 for bodies
at the end of the chain, it is implied that the torso of humanoids (or
themain slender body of another type of robot) are well described by
Eq. 1, and that their sensitive equipment is generally best placed at
some point above the CoM, but below the top.

Nevertheless, case-by-case studies allow for a verification and
quantification of the actual shock mitigation. An example of such
a quantification is the particular case study of Skippy, where it was
found that the maximummagnitude of shock in the torso did not
exceed 6% from the applied one. This also illustrated that—for the
purpose of placement of shock sensitive components—the exact
location of the CoPc is not very relevant if the RoPc is very high.
By using the CoPc in combination with the newly introduced
RoPc, shock can be well described and visualized, which should
further aid in the understanding of shock propagation.

The case studies furthermore provide a strong argument in
favor of equipping running and jumping robots with joint that
aims at keeping two bodies approximately perpendicular to each
other, such as an ankle joint. In reality, the difference between
shock propagation with and without the perpendicular joint is
likely slightly smaller than showcased by the studies, due to the
relatively stiff springs that are commonly found in an ankle
prosthesis or robot joint that are not captured by the
impulsive dynamics equations. To further reduce shock
propagation, it can be considered to move some body mass to
the other side of their joints. However, a mechanism that has been
designed to completely eliminate shock propagation will likely
not be fruitful due to the cost of the impractical design criteria of
moving significant mass to exposed sides of joints while requiring
a specific joint angle.

The proposed method is fast and requires relatively few prior
knowledge about the system. However, it is based on impulsive
rigid-body dynamics, which assumes bodies to be infinitely stiff
and joints to have zero stiffness. In practice, bodies have a finite
stiffness, and so have joints if they are actuated with stiff series
elastic elements. This could lead to significantly different results if
the robot is too flexible, i.e., to excitation of vibration modes with
peak accelerations not necessarily proportional to those of the
calculated shock. This also implies that the method is more
targeted to studies that aim to obtain an approximation of
shock propagation, rather than to studies that aim to be exact,
such as required for the aforementioned target of completely
eliminating shock propagation. As an alternative approach, FEMs
can be utilized for shock analysis, which are designed to capture
the influence of finite stiffness. However, the disadvantage of
these methods is that they require more information, i.e., the
precise stiffness of all body parts and joints, which is typically not
at hand in initial stages of the design. In contrast, the presented
method relies only on the existence of a rigid-body model of the
system. In addition, FEM analyses are significantly more
computationally expensive. Recommended possible future
studies could focus on comparing impulsive rigid-body
dynamics with a FEM study and reality. Nevertheless, also
here the results will depend significantly on the design of the
robot itself: the presentedmethod will be more accurate for robots

FIGURE 5 | Typical shock scenarios of a quadruped during a bounding gait for different leg segment angles, as indicated with respect to the vertical. One could
consider programming joint angle limits based on desired maximum shock on the torso (avoiding the 10 and 0° cases). For cases similar to the 10° case, where shock is
significantly lower on one side of the torso, it could be considered to mount an IMU on both the front- and backside.
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that are built from stiff carbon fiber tubes and soft series elastic
actuators or unactuated joints.

Improving a robot’s physical robustness against mechanical
impacts is not always on the horizon when initiating a robot
design, yet many real robots keep failing due to incurred physical
damage or malfunctioning sensors. The authors hope to inspire
and promote robot designers to take shock analyses into design
considerations, especially through the availability of the presented
methods and analyses in this manuscript.

6 CONCLUSION

This manuscript has addressed the calculation and analysis of
shock propagation in rigid body systems, and on how this can be
used to improve a robot design and its control regarding
robustness against mechanical shock. In a planar rigid body,
shock can comprehensibly be expressed by the CoPc, the point
which features no translational shock, and by the proposed
RoPc, a radius that indicates the rate at which shock from the
CoPc grows. A 3-step method is presented to calculate these
variables of all bodies in a multi-rigid-body system. In contrast
to FEM analyses, the method relies only on the existence of a
rigid-body model of the system, and does not require full
knowledge of bodies’ finite stiffness, which makes it well
applicable for early stages of the design. In addition, various
case studies are presented to showcase the usefulness of a shock
analysis that can be done with these variables. Applications
include placement of shock-sensitive components like IMUs

and cameras. Whereas shock propagation is generally a function
of the impact condition, typical use cases reveal that certain
sides of bodies are generally less sensitive to shock than others.
Shock analysis can also be applied to mechanical and controller
design improvements and optimizations, as it is shown that
inclusion of additional bodies (e.g., foot and ankle) and attaining
desired joint configurations (i.e., proportionality) can
substantially reduce shock propagation. Complementary,
configurations that propagate too much shock can be
avoided, for instance by setting kinematic joint limits.
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