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This paper proposes innovative numerical methods for calculating the chamber
volumes and tangential leakage gaps in a scroll compressor, a critical aspect of
enhancing its performance and efficiency. It proposes two methods, namely,
moving away from traditional analytical approaches and presenting a 0D model
for mass flow delivery at varying rotational frequencies and discharge pressures.
The first method utilizes the numerical identification of conjugate points with a
minimum distance within the fixed and orbiting involute pair to calculate chamber
volumes. This approach compensates for integration errors by considering the
subareas defined by the normal distance of each involute to the other. The second
method simplifies the process by assuming that the line defining the orbital angle
intersects the involutes at the conjugate points, with volumes calculated using
area discretization on triangles. Both methods underwent validation against three
analytical calculations, showing an agreement within an overall uncertainty error
of 3% for the maximum suction volume. The 0D model’s results were compared
with Ma et al.’s hybrid method and actual measurements. Upon improving Ma’s
model by accounting for intake air heating and negative pressure in the intake
volume, a significant agreement between modeling and measurements was
observed. This study concludes that the proposed numerical methods can
enhance the accuracy of scroll compressor geometry calculation and mass
flow delivery, considering the tangential gap.
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Highlights

- Numerical calculation of scroll geometry based on parallel involutes is demonstrated by
two different methods and compared with three analytical methods.

- The hybrid model provided by Ma et al. is improved for the influence of the intake gas
heating and for the pressure drop during the intake of fresh gas into the suction
volume.

- A 1D model for the mass flow delivery of the scroll compressor based on numerically
obtained geometry data provides results that agree well with measurements.

1 Introduction

The concept of a machine with orbiting blades, which determines the basic principles of
today’s scroll compressors, was proposed by Creux as early as 1905.With the development of
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production technologies that made it possible to produce complex
arbitrary shapes of the scrolls, the scroll compressor became
practically feasible and eventually very popular. Scroll
compressors are based on spiral blades, i.e., scrolls, which are
paired to create a multi-chamber geometry. While one scroll is
fixed, the other one orbits it. A specific relative motion creates
moving and shape-changing multiple chambers. The volume of the
moving chambers shrinks with the angle of the orbit. Scroll
compressors are now widely used in the gas compression
industry due to their high compression efficiency, low noise
emissions, high reliability, and low maintenance costs (Chen
et al., 2002a; Winandy et al., 2002; Mendoza et al., 2017). An
inherent advantage of scroll compressors compared to other
volumetric compression machines is the longer available time for
the compression and discharge processes (Evandro et al., 2020).
Therefore, they are gradually being used in compressed air energy
storage systems, where they can also be used as expanders (Dumont
et al., 2018; Fanti et al., 2020; Wang et al., 2021a). The use of a scroll
compressor as a vacuum pump has also been tested (Wang et al.,
2021a). However, scroll compressors are now mainly used in
applications where low noise and vibration levels are important,
such as residential heat pumps, residential cooling systems, and air
conditioning systems.

Unique properties of scroll machines have attracted the
attention of scientists and industrial researchers. The
fundamentals of their operation are well known today and have
been worked out analytically, experimentally, and by using CFD
methods. The mechanism of the scroll compressor is understood,
and the relationship between the chamber volume and orbit angle is
derived (Chen et al., 2002a; Wang et al., 2005; Bell et al., 2012).
However, the derivation still requires numerous calculations, and
the models are not as suitable for generalization as they could be.
The design of the scroll profile, which plays a crucial role in
determining the performance, is still a key element in the
development of scroll compressors (Bell et al., 2010; Mojiri et al.,
2019). The geometry of the scroll profile determines the efficiency of
the device, and it is critical to accurately model the volume changes
in the chambers during orbiting (Bell et al., 2010). Since the suction
process has a significant impact on the performance of scroll
compressors (Sun et al., 2020), its design usually begins with the
geometry of the scroll to determine the geometry of the inlet/intake,
i.e., the suction volume.

The geometry of the scroll compressor is generally based on a
pair of parallel involutes and their mirrored pair, although multi-
bladed, i.e., polygonal involute scrolls (Qiang and Liu, 2013; Wang
J. et al., 2022), and Archimedean spiral scrolls (Shaffer and Groll,
2013) have also been successfully demonstrated. The geometry of
scrolls is always given in the parametric form. Most geometric
analyses of scroll compressors and expanders in the available
literature are based on purely analytical principles, numerical
principles derived from Green’s theorem, or directly
implemented in the CFD models. Chen et al. (2002a) developed
an analytical solution for the chamber area based on the involute
initial angles. Later, Wang et al. (2005) proposed a more general
method with a discretionary starting angle. The improved geometric
analysis of Wang et al. (2005) can be used with reasonable accuracy,
but the comprehensive geometric model of Bell et al. (2012) is
recommended. Bell et al. (2014) implemented a polygon-based

integration using Green’s theorem to calculate the area/volume of
working chambers in scroll machines with constant wall thickness.
Shaffer and Groll (2013) showed that the scroll compressor can be
modified from its traditional circular involute design by using (a) a
first order, (b) first order with offset, (c) second order, and (d) third-
order Archimedean spiral in combination with a variable wall
thickness. Wang et al. (2021b) showed that asymmetrical scroll
wraps can be designed at the involute start, i.e., the compressor
outlet or the vacuum pump/expander inlet. Much of the research has
been devoted to the geometry of the vanes at the outlet of the scroll
compressor, i.e., the involute at the start (Ding et al., 2021). This is
important to achieve higher pressure differences, which can be easily
achieved by lengthening the involute or increasing the apparent
compression stages. In addition, a set of analytical and exact
equations for calculating the compression chamber volume of a
co-rotating scroll compressor was introduced by Mojiri et al.
(2020a), but the numerical implementation of Green’s
theorem was used to realize a larger scroll compressor
model. The CFD method was also presented to analyze the
geometry of scroll compressors (Zhang et al., 2022). Wang et al.
(2023) used CFD/CSM methods to study changes in radial and
flank leakage gaps and were validated with experiments. The
calculation of chamber areas in asymmetric algebraic scroll
compressors using Green’s theorem is presented by Wang C.
et al. (2022).

Although the principles are well known, the everlasting goal of
improving the efficiency of scroll compressors remains and the
geometry of scrolls still plays an important role in research (Cordone
and Gargiulo, 2020). In addition to geometry optimization, the
literature also contains numerous studies on thermodynamic
modeling supported by experimental investigations. Various
approaches have been used to improve the efficiency of scroll
compressors, such as researching the design of rotor profiles to
reduce volumetric losses (Lee and Wu, 1995; Ishii et al., 1996) and
studying the effects of cooling on compression work (Xudong et al.,
2008; Shuaihui et al., 2010). Individual processes that occur in the
compressor have been modeled, such as compression (Chen et al.,
2002a), heat transfer (Pereira and Deschamps, 2017; Rak and
Pietrowicz, 2020; Wang J. et al., 2022), and leakage (Chen et al.,
2002b). Full simulation models have also been created (Chen et al.,
2002a; Chen et al., 2002b; Bell, 2011; Ziviani et al., 2020). In addition
to traditional scroll compressors, co-rotating (Mojiri et al., 2019;
Mojiri et al., 2020b), double scroll (Wang J. et al., 2022), and flooded
compressors (Bell et al., 2012) have also been modeled. Theoretical
models reflect the compressor performance and can provide insights
into various scenarios that cannot be achieved with experimental or
CFD analyses. During the compression process, many important
process parameters of a scroll compressor are difficult to measure.
The operating conditions of the system in which the scroll
compressor is integrated vary greatly depending on the power
requirements, i.e., pressure and mass flow. Therefore, it is
necessary to predict the performance of the compressor over a
wide range of operating conditions. Models based only on physical
mechanisms or only on data mining cannot meet the overall
accuracy and practicality over a wide range of operating
conditions. Ma et al. (2019) proposed a hybrid modeling method
for scroll compressors that combines integral features of physical
mechanisms and data analyses.
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In the available literature, the chamber volumes are calculated
using integral equations derived from a parametrically given
equation for the spiral/involute, or they are calculated
numerically using the integration of boundary curves according
to Green’s theorem. Although the involute geometry calculations are
straightforward, the analytical expressions and Green’s integral
expressions are cumbersome to implement, except for the
integrals of straight line segments. The analytical approach has
its advantages, but ultimately, it is still necessary to perform
some numerical calculations. Therefore, we have approached the
design of the scroll geometry and the computation of the chamber
volumes purely numerically, avoiding an analytical approach and
the computation of centroids, anti-derivative functions, and
derivative functions, which are necessary when solving surface
integrals of contours enclosed with involutes using Green’s
theorem (Bell et al., 2014). The simplicity of the proposed
methods helps implement them in calculations of new scroll
wrap designs and include them in the overall modeling of
compressors, increasing the efficiency of the whole design
process. With the increase in the computational efficiency may
come some loss of accuracy in the results produced, but we also
show that the proposed methods still provide calculations of
chamber values accurate enough to evaluate the performance of
scroll compressor delivery.

Two purely numerical approaches are proposed in this paper.
The first approach is based on the calculation of the distances
between two blades/scrolls enclosing the working volume. The
tangential/flank distance is then used to calculate/estimate the
area between two conjugate points, as described in the proposed
method A. In the second approach, the area between two scrolls
defined by two conjugate points is discretized into triangles, as
described in the proposed method B. Methods A and B for
calculating the suction volume in discrete space are simple to
implement, understand, and use. The methods avoid analytical

integrations and the use of Green’s theorem, so they can be used
in scientific and engineering studies of scroll compressors. They can
be used in the initial stages of the scroll compressor design and for
further modeling.

Validation of the numerical calculation of scroll geometry and
the chamber volume has been performed by comparison with other
available methods based on analytical solutions. A method for the
delivery of scroll compressors based on numerical calculations of the
geometry is also presented. The method takes into account gas
compression, leakage, and heat transfer. The method was validated
by experiments and compared with the hybrid model proposed by
Ma et al. (2019), which was slightly improved in terms of suction
efficiency. The proposed modeling of a scroll compressor allows
rapid prediction of mass flow as a function of discharge pressure,
rotational/orbital frequency, and temperature. It also describes the
operation of a scroll compressor over a wide operating range.

2 Proposed method A

The background of the proposed numerical method is presented
in Figure 1. The shortest distance from the selected point on curve B
to curve A can be obtained by drawing a circle from the center at the
selected point on curve B with radius rB,j,i to tangent curve A, as
shown in Figure 1A. At the contact point between the circle with
radius rB,j,i and curve A, the tangent to the circle also tangents curve
B. This means that the center of the circle on curve B lies in the
direction of the normal vector of curve A, as shown in Figure 1A.

The shortest distance from the selected point on curve A to
curve B can be obtained by drawing a circle from the center at the
selected point on curve A with radius rA,i,j, such as to tangent curve
B, as shown in Figure 1B. The geometry of the intersection between
the circle with radius rA,i,j and curve B defines conditions when the
tangent to the circle is also the tangent to curve B. This means that

FIGURE 1
The shortest distance between two curves defines the direction of the normal vector to one of the curves, depending on the sequence of inscribing
the circle. (A) Inscribing circle from curve A to curve B; (B) inscribing circle from curve B to curve A.
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the circle center on curve A lies in the direction of the normal vector
of curve B, as shown in Figure 1B.

2.1 Numerical detection of conjugate points

Curves defining the geometry of the scroll compressor blades are
typically from the family of involutes. Two parallel involutes are
parametrically defined using Eq. 1:

x φ, ϑ( ) � rb cos φ − α0( ) + φ sin φ − α0( )[ ] + r0 cos ϑ
y φ, ϑ( ) � rb sin φ − α0( ) − φ cos φ − α0( )[ ] + r0 sin ϑ
x φ, ϑ( ) � rb cos φ + α0( ) + φ sin φ + α0( )[ ] + r0 cos ϑ
y φ, ϑ( ) � rb sin φ + α0( ) − φ cos φ + α0( )[ ] + r0 sin ϑ

⎧⎪⎪⎪⎨⎪⎪⎪⎩ (1)

where φ stands for the angle of the involute, ϑ for the orbiting angle,
rb for the basic radius of the involute, r0 for the orbiting radius, and
α0 for the starting angle. To define the geometry for each orbiting
angle ϑ, four sets of points describing four involutes must be
calculated for the selected range of involute angles from φ0 to
φmax, where φmax defines the length of the scroll i.e., the number
of turns of the involute and hence the compression ratio. The basic
radius rb and the starting angle α0 define the thickness of the blade
and hence the orbiting radius r0. If the orbiting radius r0 is defined by
a selected Oldham coupling mechanism, the basic radius rb and the
starting angle α0 must be appropriately selected.

The tangential gap between the two scrolls, denoted as g, is
fundamentally influenced by the basic radius (rb) and the starting
angle (α0). Ideally, this gap should be minimized to improve the
efficiency, but a very small gap may result in contact and sliding
between the scrolls, leading to wear and decreased performance. As
such, machining accuracy becomes a key factor in the
determination of rb and α0. An iterative approach can be
employed to estimate these parameters from a predefined
tangential gap, which is typically established based on the
machining tolerance and the design constraints that aim to
minimize leakage. In operational terms, the gap g is the
minimum distance between the two involutes during the
compressor action and should align with the desired machining
tolerance. Calculating rb and α0 for a given gap is a complex task as
it requires careful consideration of the scrolls’ geometry and
motion. However, a simplified iterative method can be applied
as follows:

Step 1. Commence with an initial guess for rb and α0.

Step 2. Compute the gap using the provided involute equations and
these initial parameter estimates.

Step 3. If the calculated gap exceeds the desired gap, increase rb or
decrease α0 (or both) and then return to Step 2. Conversely, if the
calculated gap is smaller than the desired gap, decrease rb or increase
α0 (or both) and then return to Step 2.

Step 4. Repeat this process until the calculated gap approximates
the desired gap as closely as possible.

This method provides a simplified yet practical approach for
estimating rb and α0. Although it may not offer complete accuracy

due to its simplifications, it serves as an effective starting point for
parameter estimation based on a machining tolerance-defined gap.

In this paper, the involute angle range was selected from φ = 0 to
φmax = 25.12, for rb = 3 mm and ro = 5 mm, with starting angle
α0 = ± 0.735 rad. The resolution of involutes plays an important role
in the numerical calculation of geometry. A resolution of 50 points
per radian results in 1,256 points to describe the involute, and a
resolution of 400 points per radian results in 10,048 points to
describe the involute.

During the numerical calculation of the involutes, their
Cartesian coordinates are calculated for each orbiting angle.
Discretized points are symbolically shown on the involute in
Figure 2. The consecutive numbers i and j of each point on the
involute increase from the beginning of the involute. The length of
the inner and outer involutes is different. Consequently, the number
of points describing the inner and outer involutes is also different
(N ≠ M). Figure 2 shows two adjacent involutes enclosing the
working volume. The working volume is bounded by two
marked points. The marked points are defined where the
distance between two adjacent involutes is the smallest, which
represents the point where the volume is closed, i.e., the
conjugate points k and k + 1 between the involutes. The distance
between all points can be calculated from involute A to involute B
(red) and from involute B to involute A (blue) by using two basic
equations, i.e., Eqs 2, 3.

rA,i,j ϑ( )∣∣∣∣ ∣∣∣∣ � ������������������
xi − xj( )2 + yi − yj( )2√

(2)
and

rB,j,i ϑ( )∣∣∣∣ ∣∣∣∣ � ������������������
xj − xi( )2 + yj − yi( )2√

. (3)

The matrices RA and RB can be defined. Both matrices are
populated with values of distances between each point on the inner
and outer involutes. RA and RB matrices are hence composed from
calculated distances |rA,i,j| and |rB,j,i|. The RA matrix has dimension
M × N, and the RB matrix has dimension N × M.

FIGURE 2
Vectors between each point on the inner involute and each point
on the outer involute can be defined, and their length is calculated.
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RA ϑ( ) �
rA,1,1
∣∣∣∣ ∣∣∣∣ rA,1,2

∣∣∣∣ ∣∣∣∣ ... rA,1,M
∣∣∣∣ ∣∣∣∣

rA,2,1
∣∣∣∣ ∣∣∣∣ rA,2,2

∣∣∣∣ ∣∣∣∣ ... :
: : rA,i,j

∣∣∣∣ ∣∣∣∣
rA,M,1

∣∣∣∣ ∣∣∣∣ ... rA,M,N

∣∣∣∣ ∣∣∣∣
���������������

��������������� (4)

and

RB ϑ( ) �
rB,1,1
∣∣∣∣ ∣∣∣∣ rB,1,2

∣∣∣∣ ∣∣∣∣ ... rB,1,N
∣∣∣∣ ∣∣∣∣

rB,2,1
∣∣∣∣ ∣∣∣∣ rB,2,2

∣∣∣∣ ∣∣∣∣ ... :
: : rB,j,i

∣∣∣∣ ∣∣∣∣
rB,N,1

∣∣∣∣ ∣∣∣∣ ... rB,N,M

∣∣∣∣ ∣∣∣∣
���������������

���������������. (5)

By extracting the minima from each row of the matrix, new
vectors rA,min and rB,min can be obtained:

rA,min ϑ( ) � min RA ϑ( )( ), (6)
and

rB,min ϑ( ) � min RB ϑ( )( ). (7)
Components of vectors rA,min and rB,min represent the minimal

calculated distances between two adjacent involutes extracted from
matrices RA and RB. When the resolution of the numerical
calculation is sufficient (M and N are large enough to adequately
describe the involute geometry), then components of vectors rA,min

and rB,min represent the distance in the normal direction from one
involute to the other adjacent involute. This approximates the
tangential/flank distance (gap) between two adjacent involutes.
The tangential/flank distance (gap) as a function of consequent
points on the involute is presented in Figure 3B. As shown in the
Figure, the distance reaches the maximum value at the middle and
minimum value where the involutes are closed. It is important to
notice that the minimum value directly represents the clearance
between two adjacent involutes, i.e., the tangential/flank gap where
leakage occurs, as shown in Figure 3B. Theoretically, the maximum
value should be 2 × radius of orbiting, but in practice, the algorithm
was not fully optimized, and instead of the maximum distance, it
calculated the minimum distance toward the neighboring involute
from the adjacent volume. Hence, the local minima are shown in
Figure 3A. This is not important for the procedure and does not

affect results since the threshold for minimum detection can be
easily applied to overcome this problem. More important is that the
minimum values should be as close to zero since they represent the
tangential/flank gap.

Therefore, rA,min and rB,min vectors can be used for four
applications:

1. For the adjustment of blade thickness by adaptively selecting the
starting angle of the involute α0;

2. For the automatic numerical detection of the conjugate point
during orbiting of one involute around another which is
necessary for the calculation of the chamber surface;

3. Calculation of the chamber surface defining the working volume
enveloped by the two adjacent involutes;

4. Estimation of the tangential/flank gap g.

2.2 Estimation of the surface area between
two involutes defined by their two conjugate
points

For the calculation of the surface area of the working
chamber, the distance between two adjacent points on the
involute is multiplied with the distance between two adjacent
involutes, as marked with two rectangles in Figure 4. The
following equation was used to calculate the width of the
rectangle:

ΔLA,i ϑ( ) � 1
2

�����������������������
xi+1 − xi−1( )2 + yi+1 − yi−1( )2√

(8)
and

ΔLB,i ϑ( ) � 1
2

�������������������������
xj+1 − xj−1( )2 + yj+1 − yj−1( )2.√

(9)

Due to different sizes of involutes, the distances differ from one
coordinate number to the other.

ΔLA,i ϑ( ) ≠ΔLB,j ϑ( ). (10)

FIGURE 3
Distance between two involutes extracted frommatrices RA and RB is shown on the left (A). Minimum values represent the tangential/flank gap, i.e.,
the clearance between two involutes at points closing the observed chamber (B).
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The size of the rectangle can be simply calculated as

ΔSA,i ϑ( ) � ΔLA,i ϑ( )rA,min ,i ϑ( ) (11)
and

ΔSB,j ϑ( ) � ΔLB,j ϑ( )rB,min ,j ϑ( ). (12)

Two estimated surface areas SA and SB can be obtained by
integrating the partial surface areas along the involute from one
conjugate point to the other. Integration of partial surface areasΔSA,i
and ΔSB,j is performed along the involute in two directions: from the
inner involute to the outer (Figure 4A) and from the outer involute
to the inner (Figure 4B).

SA ϑ( ) � ∑N
i�1
ΔLA,i ϑ( )rA,min ,i ϑ( ) (13)

and

SB ϑ( ) � ∑N
j�1
ΔLB,j ϑ( )rB,min ,j ϑ( ). (14)

The described simplification in the integration of partial
surfaces causes an error, which is canceled out with the
doubling of the partial surfaces, from the direction of involute
A to involute B and from the direction of involute B to involute A,
as shown in Figure 4. While one result is overestimated, the other
result is underestimated, as shown in Figure 4. Overestimation is
marked with red triangles, and underestimation is marked with
blue triangles. The integration error, which occurs due to
described simplification, can be, therefore, cancelled by
averaging the two results, Eq. 15.

FIGURE 4
Integration of partial surface areas along the involute in two directions, from the inner involute to the outer (A) and from the outer involute to the
inner (B). Integration error due to simplification of integration is minimized by averaging two results.

FIGURE 5
Distance between involutes along their length in their normal directions for one selected angle of orbit; normal to involute A (blue) and normal to
involute B (red).
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S ϑ( ) � SA ϑ( ) + SB ϑ( )( )
2

. (15)
Conjugate points between the fixed and orbiting involutes define

the surface areas of the chambers at a given orbital angle, as shown in
Figure 5 previously. The distances between the fixed involute and the
orbiting involute are different from the distances between the
orbiting involute and the fixed involute because their lengths are
not equal, as shown in Figure 5 in the following section. Figure 5
shows the difference in the estimated distance between the involutes
for the normal vector to involute A (blue) and the estimated distance
between the involutes for the normal vector to involute B (red) as a
function of their lengths. Integration of the distance between the
fixed and the orbiting involute along the involute length provides the
surface area of the chamber at the selected orbital angle. The
calculated surface area of the chambers based on the integration
of the distances from both directions is shown in Figure 6A as a
function of an orbital angle. The difference is particularly clear for
chamber #1 because the curvature of the scrolls is greatest. However,

Figure 6B shows that the error can be eliminated by averaging, and
approximately, linear decrease in the surface area is calculated even
for the smallest volume in chamber #1.

In numerical calculations of geometry, the resolution always
affects the results. Typically, the results of numerical calculations
approach the results of analytical solutions with the increasing
resolution. The analysis of numerical calculations is shown in
Figure 7. To evaluate the accuracy of numerical calculations, we
used the calculation of the tangential/flank gap between the scrolls,
depending on the angle of the orbit for different resolutions of the
geometry, as shown in Figure 7A. The minimum gap value and the
average gap value are shown in Figure 7B. As the resolution
increases, the values converge. The calculation of the surface area
of the suction chamber already converges at a resolution of
100 involute points per radian (Figure 7C). At an increased
resolution due to the numerical nature of calculations, the
surface area increases again and again, and converges at
400 points per radian to the solution, the same as with the

FIGURE 6
Integration of the distance in the normal direction from one involute is compensated with the integration error of distance in the normal direction
from the other involute. Calculated surface area from the individual involutes is shown on left side (A) and average values are shown on the right side (B).

FIGURE 7
Influence of discretization on the estimated tangential/flank (A, B) gap and surface area (C) calculation. The resolution is given by the number of
points in developing the involute for one radian.
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resolution of 100 points per radian. It follows that at a resolution of
100 points per radian, we can estimate the volume of the suction
chamber. With the same resolution, we can estimate the tangential/
flank gap from the minimum value in the calculation series for all
orbital angles.

3 Proposed method B

The calculation of chamber surfaces, as shown in method A,
is based on an engineering approach, but unfortunately, we
cannot prove that it is mathematically correct. To verify the
reliability of the results of method A, we developed another
numerical method B. In method B, the calculation of the
chamber surfaces was performed by discretization into
triangles. In method B, we only roughly estimate the position
of the conjugate points. The method for evaluating the conjugate
points aims specifically to evaluate the suction volume but it is
also suitable for the evaluation of all chamber volumes.

3.1 Estimation of conjugate points

The conjugate points can be calculated analytically or estimated
numerically for each orbiting angle. Method B is intended for quick
calculations of the geometry of scroll compressors, so a
simplification has been made. The conjugate point can be
approximated to lie at the intersection of the orbiting angle line
with the involutes, as shown in Figure 8. The error of such an
estimate is negligible for the conjugate point defining the suction
volume, which is farthest from the orbiting center (Figure 8A).
Therefore, the calculation error of the compressor suction volume is
negligible.

Discrete points on the fixed and orbiting involute can be
expressed with vectors pa and pb at a specific orbiting angle ϑ, as
shown in in Eq. 16, where index a indicates the fixed involute, index
b indicates the orbiting involute, I is the number of numerical points

defining the fixed involute, and J is the number of numerical points
defining the orbiting involute.

pa �

pa,0

pa,1

..

.

pa,i

..

.

pa,I

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, i ∈ 0, I[ ] and pb �

pb,0

pb,1

..

.

pb,j

..

.

pb,J

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, j ∈ 0, J[ ].

(16)
Assuming that all conjugate points lie on the same line and that

the angle of this line coincides with the orbiting angle ϑ, the criterion
for the elimination of discretional points (pa,i or pb,j) lying on the
line can be defined for the fixed involute using Eq. 17:

− sign atan
ya,i

xa,i
( ) − β( ) − sign atan

ya,i+1
xa,i+1

( ) − β( )[ ]> 0, i ∈ 0, I − 1[ ]
(17)

and for orbiting involute using Eq. 18:

− sign atan
yb,j

xb,j
( ) − β( ) − sign atan

yb,j+1
xb,j+1

( ) − β( )[ ]> 0,

j ∈ 0, J − 1[ ],
(18)

where pa,i(xa,i, ya,i) and pb,j(xb,j, yb,j) are conjugate points for
which the criterion is met and are saved to new vectors pac and
pbc, as shown in Eq. 19.

pac �

pa,0

pa,1

..

.

pa,n

..

.

pa,N

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, n ∈ 0, N[ ] and pbc �

pa,0

pa,1

..

.

pa,m

..

.

pa,M

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, m ∈ 0,M[ ],

(19)

whereN is the total number of identified points on the fixed involute
and M is the total number of identified points on the orbiting
involute. All the points lying at the intersections between the
involute and the orbit angle line do not represent an

FIGURE 8
(A) Approximation of conjugate points and (B) only the pairs that overlap each other are the coincidence points.
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approximation of the conjugate points between two involutes
(Figure 8B). An additional elimination criterion must be applied.
The Euclidian distance between each selected pair can be calculated
to extract points from vectors pac and pbc, which represent the
approximation of the conjugate points. Since involutes are
discretized, the Euclidian distance is verified against the error
value e, as shown in Eq. 20. Distances between conjugate points
can be saved and then used in further thermodynamical models as
the width of the tangential gap.

d pa,n, pa,m( ) � pa,n − pb,m

∣∣∣∣ ∣∣∣∣< e, n ∈ 0, N[ ], m ∈ 0,M[ ]. (20)

Pairs at which the criterion is met present approximate
coincidence points and boundaries for obtaining the compression
surface and can be written in the matrix form.

Pc �

pa,0 pb,0

pa,1 pb,1

..

...
.

pa,l pb,l

..

...
.

pa,L pb,L

�������������������������

�������������������������
, l ∈ 0, L[ ], (21)

where L represents the total number of coincidence points
between fixed and orbiting involutes.

3.2 Surface areas defined by two involutes
and estimated conjugate points

Pairs of points from Pc, which approximate conjugate points, are
used to define chamber surface areas and hence their working
volume, as shown in Figure 9A. Selected compression areas are
discretized in small triangles, and their vertices are neighboring
points on the involute, as shown in Figure 9B. For each triangle with
points A, B, and C, we can calculate the area using Eq. 22. Individual

surfaces must be summed together at intervals defined with matrix
Pc to obtain areas of different compression chambers.

SΔ � 1
2
xA yB − yC( ) + xB yC − yA( ) + xC yA − yB( )∣∣∣∣ ∣∣∣∣. (22)

The number of points on the fixed and orbiting involutes is not
equal; therefore, further simplification is needed. Figure 10 shows
the differences between calculated surface areas when we shorten the
interval of the longer involute to the number of points on the shorter
involute. The results show a negligible error when integrating over
two different involutes. We can also observe the dependence of the

FIGURE 9
(A) Identified coincidence points and division of chambers inside the scroll compressor; (B) compression chamber discretization on triangles.

FIGURE 10
Calculated suction chamber areas along fixed and along orbiting
involutes for different geometry resolutions.
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calculated area result on the number of points in the interval. The
conclusion is that the difference is negligible if enough discrete
points are chosen.

The computation in the proposed method B is numerical and
can easily handle discrete data with involute coordinates. The
algorithm is fast and easy to understand and implement. After
the fast and robust determination of the geometry of the
compressing volumes, many described thermodynamic models
can be used for parametric scroll compressor studies.

4 Discussion on numerical calculations
of geometry

Two approximations are discussed as follows: 1) conjugate
points lie on the intersection of the orbiting line with the
involutes, and 2) the surface area between two conjugate
involutes can be calculated using the distance in the direction of
the normal vector from one involute to the other and the distance in
the direction of the normal vector from the other involute back to
the first involute. It is shown that the first approximation results in
negligible errors in the calculation of the suction volume of the scroll
compressor and that the results of the suction volume calculation by
method A, which is based on the second approximation, are
comparable with the results of method B. Moreover, the results
of both methods are within 3% difference from the methods of Chen
et al. (2002a), Wang et al. (2005), and Bell et al. (2012).

4.1 Conjugate points lie on the intersection
of the orbiting line and involutes

The error caused by simplifying the location of the conjugate
points, i.e., the integration limits, on the involute has been
calculated. The location of the true conjugate point was defined
by the minimum distance between two involutes, as shown in

method A. Then, the intersection between the orbiting line and
the involute was calculated using method B. The distance between
the involutes in each chamber is shown in Figure 11 to demonstrate
the error resulting from the approximation of method B. The
mismatch between the true conjugate point and the
approximated conjugate point is shown symbolically in Figures
8A and Figure 11. The plot in Figure 11 suggests that the suction
volume calculated by method B is smaller than that calculated by
method A, as expected. The error calculated by both methods for the
volume of chambers #2 and #3 should be very similar since the
integration interval is only shifted. The results are shown in Table 1.
The error resulting from the simplification is given in angles
[rad]. It is smaller for the conjugate points running out of the
center of the orbit. The error for the last conjugate point defining
the suction chamber is only 0.066 rad. Moreover, the distance
between the involutes around the conjugate point is small, so the
contribution to the integration of the chamber surface is small, as
shown in Table 1.

4.2 Validation of methods based on suction
volume calculations

The design of compressors usually starts with the requirements
for their delivery, i.e., mass flow at the inlet. The delivery capacity of
the scroll compressor is determined primarily by the maximum size
of the suction volume and the frequency; therefore, we compared the
results of calculating the suction volume using methods A and B,
both of which are based on a pure numerical approach, with the
results of three analytical methods which represent fundamental
works on calculating scroll geometry by Chen et al. (2002a), Wang
et al. (2005), and Bell et al. (2012). Equation 9 in Chen’s work is
slightly different from Eq. 16 in Wang’s work, resulting in a
difference for the last part of the suction volume, where it starts
to decrease. Equations 11 and 12 in Bell’s work are cumbersome, and
errors occur easily. The results of calculating the suction volume for

FIGURE 11
Distance between fixed and orbiting involutes along the length of the fixed involute, identified chambers usingminimal distance between involutes,
and symbolic presentation of the integration intervals for the calculation of chamber surface areas using both methods A and B.
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the three established methods and the proposed numerical methods
are shown in Figure 12.

Figure 12A shows the suction volume as a function of the
orbiting angle. The results are in good agreement. The average
value of the calculated suction volume was used as a reference and
compared with the results of the individual methods. For all five
methods, the absolute and relative deviations of the obtained
suction volume at a given orbital angle were calculated with
respect to the mean value. The absolute deviation is shown in
Figure 12B and is calculated as a subtraction from the mean value
of all five methods. The relative deviation is calculated as the
percentage error of the absolute error with respect to the average
value and is shown in Figure 12C. The relative differences between
the maximum suction volumes that determine the compressor
delivery rate are calculated using five methods and are all within
3%. This result validates both numerical methods A and B for
calculating the suction volume and thus allows an estimate of the
delivery rate of the scroll compressor.

5 Measurement and modeling

Measurements were made on a 4-kW prototype of the oil-free
scroll compressor with 4.55-mm-thick blades, as shown in Figure 13.
The base radius of the scroll involute is 3.0 mm, with the starting
angle of scroll involutes at ± 0.735 rad. The orbiting radius is
5.0 mm. The total length of the involutes is approximately 1 m,
which results from an involute angle of 8π. The height of the scroll is

40 mm. The minimum gap size between scrolls, i.e., the location
where tangential/flank leakage occurs, was estimated to be
0.002 mm, with the numerical calculation of scrolls with the
same geometrical parameters. Two models for compressor
delivery were tested. The first model is based on the hybrid
modeling of the scroll compressor used in a micro-compressed
air energy storage system, proposed by Ma et al. (2019). The second
method is based on the numerically determined geometrical data
obtained using method B and the thermodynamical equation of
energy conservation.

5.1 Measurement setup

Measurements of flow and pressure were made using the Omega
Air portable data logger Omega Air OS 551-P6. The technical data
on the pressure sensor and flow sensor are given in Table 2. The
experimental setup was kept rudimentary to avoid complications, as
shown in Figure 14. The experimental design was also kept simple,
and only the filling of the pressure vessel from atmospheric pressure
to 8 bar was measured at different speeds (500 RPM, 1000 RPM,
1500 RPM, 2000 RPM, 2500 RPM, and 2900 RPM). Pressure and
mass flow on the suction and discharge sides were recorded. The
results of the mass flow measured on the discharge side showed
fluctuations and deviations, so they were not included in the results.
The filling of the pressure vessel, i.e., the increase in pressure p2 in
the vessel, is shown in Figure 15, together with the temperature of
the compressed air at T2.

TABLE 1 Deviation of the coincidence point angle and calculated surface area of the working chamber obtained using methods A and B.

Conjugate
point

Error
angle [rad]

Surface with the actual
conjugate point [mm2]

Surface with approximated
conjugate point [mm2]

Surface error due to
simplification

#1 0.146 78,88 78,86 0.029%

#2 0.074 503,59 503,35 0.049%

#3 0.048 1346,09 1346,05 0.003%

Suction chamber 0.037 2231,96 2231,91 0.002%

FIGURE 12
(A) Suction volume, (B) absolute error, and (C) relative error of the suction volume compared between five methods.
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The experimental design was built around filling the pressure
vessel with a total volume of 210 L, including the volume of the
pipes. Before each run, the pressure chamber was relieved to ambient
pressure. The compressor was started to fill the pressure chamber. At
the beginning of each run, the temperature of the compressor was
approximately 60°C as it was preheated from previous runs. The

pressure buildup was measured for different rotational frequencies
of the electric motor, as shown in Figure 15. From the results shown
in Figure 15, it can be seen that the compressor does not reach the
operating conditions when the rotation frequency is too low,
i.e., below 500 RPM. When compressing air at a rotation
frequency of 500 RPM, the compressor reaches a maximum

FIGURE 13
Omega Air scroll compressor prototype and geometry of the scrolls used in the experiment.

TABLE 2 Specifications of measurement equipment.

Pressure sensor Flow sensor

Measuring range 0–16 bar 0.5–90 m3/h

0.0001–0.0300 kg/s (at ambient temp. and pressure)

Installation method Thread G1/4 inch Thread G1/2 inch

Housing Stainless steel Stainless steel

Output signal 4–20 mA 4–20 mA

Measurement uncertainty ±0.5% of the full range ±0.5% of the full range

Temperature range −30°C–100°C −30°C–140°C

FIGURE 14
Experimental setup.
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pressure of only 2 bar. At a rotation frequency of 500 RPM, the air
does not heat up to the typical operating temperature of 60°C at
point T2 during compression so that the air temperature at the
measuring point T2 drops to approximately 45°C. Only when the
rotation frequency is increased to 1000 RPM, the compressor can
reach a pressure of 8 bar and heat the air at point T2 above the typical
temperature of the compressor.

5.2 Hybrid modeling of scroll compressors

Ma et al. (2019) presented a hybrid model of a scroll compressor.
This method is based on the following assumptions: 1) an oil-free
scroll compressor and clean gas are assumed; 2) an ideal gas is
assumed, and the kinetic energy of the gas can be neglected; 3) the
changes in temperature and pressure due to leakage in the same
chamber can be neglected; and 4) the temperature and pressure
losses due to internal leakage can be neglected as well. However,
internal leakage is integrated into the overall volumetric losses
together with the leakage of gas into the surrounding
atmosphere. Based on the aforementioned assumptions, internal
compression is considered an ideal adiabatic process. Although the
over and underpressure processes are considered, this model can
neither directly reflect the relationship between the output and
compressor speed, back pressure, and other conditions nor can it
reflect the distinction between different compressor types.

The model assumes that a scroll compressor operates as a
volumetric machine, where the ideal flow rate is defined by the
behavior of the suction volume with the rotational frequency. In this
model, all leakages are described integrally with a quadratic pressure
function, leading to equation Eq. 23, which models the mass flow:

qm � Ap2
b + Bω + C, (23)

where pB is the discharge pressure and ω is the rotation frequency.
Constants A, B, and C depend on the specific design of the scroll
compressor, but their values can be estimated using Eqs 24–26.

A � − γ3

μair
, (24)

B � Vsρair
2π

, (25)

C � −σ γx + γy( )L
2π

+ qcomp, (26)

where ρair is the density of air (1.092 kg/m
3 at 50°C and 1 bar), Vs is

the suction volume of the compressor (0.009 L), μair is the dynamic
viscosity of air (0.00002 kg/m s at 50°C), γx is the axial leakage area
(0.04 mm2), γy is the tangential/flank leakage area (0.12 mm2), and γ
is the combined leakage area (0.16 mm2). L is the length of the
involute, app 0.988 m. The leakage coefficient σ, merged for axial
and tangential directions, is 1, and compensation of the flow qcomp is
0.00095. Results are presented in Figure 16 with thin solid lines and
colored according to the rotation frequency. The hybrid model
calculates mass flow through the compressor with sufficient
precision at high rotational frequencies (2900 RPM and
2500 RPM). At lower rotational frequencies, at 2000 RPM and
1500 RPM, the influence of leakage is overestimated, and the
measured flow rate is higher than calculated. This simple model
is confirmed to be useful to estimate the working of a compressor
around its optimal operating point, and it is, therefore, very welcome
during the design of small compressed air storage systems.
Measurement results of compressor delivery at a rotational
frequency of 1000 RPM show signs of significant deterioration in
performance and instable operation due to low velocities, causing
high leakage.

The original model ignores the influence of the heating of the
intake air in the suction volume and the influence of the
underpressure in the suction volume. The mass of the actually
sucked volume of gas is smaller than that of the geometrically
calculated suction volume. We can then easily introduce a
volumetric suction rate ψ into the model to compensate for this.
Based on the assessment of the heating of the inlet air and the
vacuum, we can estimate the volumetric suction rate ψ to be 0.92.

FIGURE 15
Pressure p2 and temperature T2 during pressurizing the vessel with different rotational speeds.
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With its introduction, the mass flow compensation predicted by Ma
et al. decreases from 0.00095 to 0.00053, i.e., by 45%. It should be
noted that the equation for coefficient C as given in the article by Ma
et al. has reversed signs. With these modifications, we obtained the
results, as shown in Figure 16, in the form of points. We observed
that the results obtained according to themodified equations (Eqs 27
and 28) for B’ and C’ agree better with the measurements, resulting
in the smaller compensating term qcomp. Figure 16 shows
modifications that account for intake air heating and negative
pressure in the intake volume, and contribute to the accuracy of
the model as predicted results have better agreement with
measurements than predicted values from the original model.

B’ � ψ
Vsρair
2π

, (27)

C’ � +σ γx + γy( )L
2π

− qcomp. (28)

5.3 Compressor delivery modeling based on
numerical calculations of geometry

In this work, we are primarily interested in the delivery of a scroll
compressor and not in its efficiency; therefore, only leakage is
considered in a presented simplified delivery model. The input of
the simplified delivery model calculation is based on the results from
the numerical calculations of geometry using the proposed method
B. The presented model is based on the iterative calculation of
multiple thermodynamic variables inside the chambers of scroll
compressors. Such models already exist in Bell (2011), but
expanding them to access delivery with respect to discharge
pressure was not observed. Results of this simplified model are

compared with the results of the hybrid model for a small scroll
compressor proposed by Ma et al. (2019). Finally, the results of
modeling are compared with measurements.

The simplified delivery model is based on the conservation of
energy and mass and on the equation of the gas state. The working
fluid in each individual chamber of the scroll compressor is treated
like the 0D thermodynamic domain. According to the first law of
thermodynamics, the energy equation for the working fluid during
compression is established. Considering the moving working fluid,
the mass flow in and out of the domain, the ideal gas assumption,
and the derivation of the temperature with respect to the turning
angle of an orbiting scroll wrap, conservation of energy can be
written for the working fluid (Bell, 2011) as

dT

dϑ
� −T ρR dV

dϑ − v dmCV
dϑ[ ] − h dmCV

dϑ + _Q
ω + 1

ω
_minhin − _mouth( )

mCVCv,m
, (29)

where T is the temperature of the working fluid, ρ is its density, ϑ is
the orbiting angle, R is the specific gas constant, V is the volume, v is
the specific volume, mCV is the mass of the fluid in the working
chamber, h is the enthalpy, _Q is the heat transfer rate to the chamber,
ω is the rotational frequency, _min and _mout are the inlet and outlet
mass flow rates connected to the leakage, and hin is the specific
enthalpy of the inflowing fluid. Due to inflowing and outflowing
mass of fluid, we must also consider the conservation of mass (Bell,
2011):

dmCV

dϑ
� 1
ω

_min − _mout( ). (30)

The state equation of gas is used to calculate pressure:

P � RT

v
. (31)

The source of the significant decrease in the volumetric
efficiency comes from two types of leakage that can be identified
in a scroll compressor. Tangential or flank leakage comes from the
gap between the inner and outer scroll wraps among two
neighboring chambers, and radial leakage is formed by the gap
between fixed and orbiting scrolls. Both types are shown in
Figure 17. Basically, four modeling approaches for estimating
leakage in scroll compressors are reported in the literature: i) the

FIGURE 16
Measured compressor delivery (thick lines), result of the original
hybrid model provided by Ma et al. (thin dashed line), and themodified
hybrid model taking into account the volumetric suction rate ψ
(circles/dots).

FIGURE 17
Tangential/flank gap (A) and radial gap (B) as sources for leakage.
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isentropic flow model; ii) the incompressible viscous flow model; iii)
the adiabatic compressible viscous flow model (the Fanno flow
model); and iv) the quasi-one-dimensional model (Evandro et al.,
2020). In this paper, the mass flow rate through the described gaps is
calculated using equations for the isentropic-flow model of
compressible gas through the nozzle. From Fox et al. (2020), the
equation is corrected by flow factor f.

_m � fA

������������������
2κ

κ − 1
Phρh ε

2
κ– − ε

κ
κ−1( ),√

(32)

ε � max
Pl

Ph
,

2
κ + 1

( ) κ
κ−1( ), (33)

where A is the cross-sectional area of the leakage gap, Ph and Pl are
values of pressure on high- and low-pressure sides, respectively, ρh is
the density of the fluid on the high pressure side, and κ is the ratio of
specific heats. The cross-sectional area of the tangential gap can be
calculated using Eq. 34, and it is easily obtained because distance
between wraps δtagential is already calculated during the procedure in
method B from Section 3.1; h represents the height of the scroll wrap.

Atangential � δtagential h, (34)
Aradial � δradial L, (35)

where δradial is the width of the radial gap or distance between
conjugate points in method B and L is the length of the gap that can
be numerically calculated with summing distance between points on
a selected interval between neighboring coincidence points on
specific involutes.

The input data for the simplified delivery model are the volumes
of suction, compression, and discharge chambers as functions of the
orbital angle ϑ. All volumes are calculated using the proposed
method B. In our case, suction and three compression chambers

are modeled simultaneously. One revolution of the orbiting scroll is
discretized in small steps, and new values of gas properties are
calculated in each step. In the first step, the initial values of
temperature, pressure, mass, and density are calculated for each
chamber assuming adiabatic compression without heat transfer and
leakage. Then, the mass flow due to tangential and radial leakages
between the chambers is estimated using Eq. 32 from the
atmosphere and discharge vessel.

The mass conservation equation (Eq. 30) is used to calculate
new values of mass of the gas inside the specific chamber at the next
step. dVdϑ can be expanded in the mean of backward differences. Heat
transfer can also be calculated in this step using one of the models
(Bell, 2011; Pereira and Deschamps, 2017; Rak and Pietrowicz,
2020; Wang J. et al., 2022), but it is neglected in our study because
the only delivery of the compressor is the focus. Enthalpies are
calculated using state equations or tables. New values of
temperature (Ti) in a specific chamber are obtained by
numerically solving the energy conservation equation (Eq. 29).
This can be carried out using the forward Euler method (Eq. 36)
using a sufficiently small angle step size to ensure the stability of the
calculation.

Ti � Ti−1 + Δϑ
dT

dϑ
, (36)

where i is the time instant.
At the end, the pressure is calculated using ideal gas assumption

(Eq. 31). The described procedure is repeated for every discrete
angle. Due to the assumption of adiabatic compression for modeling
a real process, discontinuities in temperature and pressure curves
occur during the first iteration; therefore, more iterations are
needed, until reaching the threshold error value. Relaxation is
advised when transferring values between iterations.

FIGURE 18
Simulations of mass flow through the scroll compressor,
obtained using the simplified delivery model and numerically obtained
geometry data (thin lines), and measured mass flow of the scroll
compressor (thick line).

FIGURE 19
Correlation between the mass flow delivery (normalized per
revolution at the compressor inlet) and the discharge pressure,
according to Ma’s model (circles) and according to the simplified
delivery model (thin line).
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Tomodel the change in mass flow through the scroll compressor
as a function of discharge pressure, i.e., in the pressure vessel, the
discharge pressure was varied from the atmospheric pressure to a
value of 8 bar, simulating the pressure buildup in the vessel. The
calculated mass of the gas at the outlet was multiplied by the
rotational speed of the compressor. The results of the simulations
are shown in Figure 18 using a thin line, and the measurement
results are shown using a thick line. Simplicity and efficient
calculation are the flagship of the presented model, and we
must take into account that the assumptions made may affect
the accuracy of the results. The 0D model assumes the uniform
pressure and temperature field in the chambers of the scroll
compressor; the heat transfer between the chambers and the
environment is selected and could be taken into account in
further investigations. Moreover, the numerical nature and
time discretization may have a great impact on the results, so
sufficiently small time steps are required.

A comparison of the results of the delivery of the spiral
compressor according to the two methods is shown in Figure 19.
The mass flow rate is normalized for rotation frequency; therefore,
the mass flow is given for one rotation of the scroll. Under ideal
conditions, the mass flow to the compressor, normalized to one
revolution, should be equal to the suction volume and should be
independent of discharge pressure and rotation frequency. The
black line represents the ideal mass flow rate. Under ideal
conditions, the intake volume is filled with fresh gas; it does not
heat up, and since there are no leaks, no gas enters the suction
volume from the adjacent chambers where the pressure is already
increased. Due to the heating of the inlet air and due to air leakage
from the adjacent chambers, the mass flow decreases with
revolutions and with pressure. The results obtained according to
Ma’s model, which was upgraded for the volumetric suction rate ψ,
are shown with circles. Results of the simplified delivery model,
based on numerically calculated geometry, are shown using thin
lines. The figure shows how both models predict the change in mass
flow with discharge pressure. The difference between the hybrid
model and the presented model based on numerical geometric
analyses is minimal for revolutions from 2900 RPM to

2000 RPM. At revolutions of 1500 RPM, the difference is already
significant, and from the comparison of the modeling results with
the measurement results (Figures 16, 19), we can say that the
simplified delivery model based on the numerical calculation of
the geometry model sufficiently describes the delivery of the scroll
compressor for the wide operational range. At 1/3 of the nominal
revolutions, the deviation according to Ma’s model is already large
(Figure 16), while our model clearly describes what happens in the
compressor (Figure 19).

If we consider the mass flow normalized to one revolution as a
function of rotational frequency, we observe that as the rotational
frequency decreases, the normalized mass flow also decreases, as
shown in Figure 20. This is consistent with expectations as
volumetric losses are typically higher at lower rotational speeds,
which is also predicted by Ma’s model. The simplified delivery
model and Ma’s model describe well the delivery performance of the
scroll compressor at different discharge pressures and at higher
rotational frequencies. The simplified delivery model, on the other
hand, better describes the volumetric losses when the rotation
frequency decreases.

As observed, leakage contributes significantly to the overall
performance and efficiency of scroll compressors. The leakage is
directly related to the tangential and radial gaps, so its accurate
calculation in the models is essential for a good prediction of the
compressor performance. Using efficient resolutions, the proposed
methods A and B provide accurate determination of the tangential
gap compared to analytical approaches. We must emphasize here
that the comparison with real compressors is difficult due to the
small values of the gaps, the inaccessibility of the gap to measure it,
the lack of information from scroll compressor manufacturers, and
the changing gap size under real operating conditions due to poor air
quality (air contaminants).

6 Conclusion

In this paper, two new methods for a purely numerical
calculation of the chamber surface area in a scroll compressor

FIGURE 20
Measured and modeled mass flow, normalized to one revolution, as a function of the rotational frequency for discharge pressures 2 bar, 4 bar, and
8 bar.
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have been developed to make the process of the scroll compressor
design, investigation, and evaluation faster, easier, and more
understandable. Both methods consist of two steps. The first step
is to determine the conjugate points, and the second step is to
calculate the working surface area of the chamber as a function of the
orbital angle.

The first method is based on the numerical identification of the
conjugate point with the smallest distance between the fixed and the
orbiting scroll. The chamber volumes are then calculated by
integrating the partial areas defined by the normal distances
between the two curves and multiplying by the height of the
scroll. It is shown that discretization of scrolls with a resolution
of 400 points per radian provides accurate results with an estimated
maximum error of 3%, which includes the uncertainty/error of three
proposed methods based on analytical calculations and two
proposed numerical methods.

The second method simplifies the calculation of the conjugate
points and sets them to the intersection of the orbiting angle line
with the involutes. This simplification introduces an error, but the
numerical approach limits the total error, which ends up being
negligible. The chamber surfaces defined by two involutes and the
pair of their conjugate points are then discretized into triangles. The
surface integration of the triangles describes the surface area of the
chamber. The difference between the number of points describing
the inner and outer involutes has no significant effect on the
calculation of the chamber surface, and the error is negligible for
engineering use.

The results of the two proposed methods were compared with
three analytical models to justify all assumptions and simplifications.
The relative differences between the maximum suction volumes that
determine the compressor delivery rate are calculated using five
methods and are all within 3%. This result validates both numerical
methods A and B for the calculation of the suction volume, thus
allowing an estimation of the delivery rate of the scroll compressor.
The main advantage of the proposedmethods is that the numerically
obtained results of the geometry can be easily implemented in
thermodynamic models to simulate the behavior of scroll
compressors.

Finally, the results of the simplified delivery model were
calculated and compared with the results of the hybrid model
proposed by Ma et al. and with measurements of the scroll
compressor at different rotational frequencies and discharge
pressures. Ma’s hybrid method was slightly improved for the

mass flow rate. The results of the simplified delivery model agree
with the measurement results in the pressure range from 1 bar to
8 bar, and in the rotational frequency range, the results range from
1000 RPM to 3000 RPM.

Thus, we have proved that the proposed methods for the
numerical calculation of geometry can be applied to scroll
compressors and are useful for the study and design of these
machines. A similar approach can be used for other types of
compressors, such as scroll compressors and Z-compressors.
Methods enable simple implementation, further development,
and upgrading, especially in terms of heat transfer. They can be
further used in studies on compressed air storage systems (CAES),
air conditioning, heat pumps, and fuel cells.
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Nomenclature

Abbreviations Latin symbols

CFD computational fluid dynamics

Cv specific heat capacity at a constant volume (J
kg−1 K−1)

RPM rotations per minute

f flow correction factor ()

Greek symbols

h enthalpy (kJ kg−1)

α0 starting angle (rad)

L length (m)

γ leakage area (m2)

m mass (kg)

ϑ orbiting angle (rad)

_m, q mass flow rate (kg s−1)

κ ratio of specific heats ()

P pressure (Pa)

μ dynamic viscosity (kg m−1 s−1)

R specific gas constant (J kg−1 K−1)

π pi number ()

r0 orbiting radius (m)

ρ density (kg m−1)

rb radius of a basic circle (m)

σ leakage coefficient ()

S surface (m2)

ψ volumetric suction rate ()

T temperature (K)

ω rotational frequency (rad−1)

V volume (m3)

Subscripts

v specific volume (m3 kg−1)

CV control volume

x x-coordinate (m)

H high

y y-coordinate (m)

L low

S suction
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