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Gear contact behavior significantly influences system vibration, wear, and transmission efficiency. Among the factors governing this, contact deformation, flash temperature, and meshing stiffness are particularly critical. For complex tooth surfaces, especially under localized contact conditions, only partial regions engage during meshing, making the spatial distribution of mechanical and thermal parameters essential. This study presents a spatially resolved analysis of contact deformation, stiffness, and flash temperature in involute gear pairs, including spherical involute surfaces commonly found in bevel gears. By examining tangential velocity and deformation characteristics across the meshing region, the study quantifies stiffness and flash temperature distribution over the tooth surface. The interdependence of these variables is also investigated. The study’s results offer parameter-level references to support the informed selection of contact paths, especially where empirical or experience-based decisions dominate in practice. They provide theoretical support for optimizing contact path design and enhancing load capacity.
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1 INTRODUCTION
Gear meshing behavior is a key determinant of transmission performance, impact noise, vibration, load-carrying capacity, and fatigue life. Contact deformation, meshing stiffness, and flash temperature are three critical indicators of gear performance and reliability. Bevel gears, due to their three-dimensional curved tooth profiles, often experience spatially localized contact areas that deviate from ideal line or area contact patterns due to manufacturing tolerances, assembly errors, and elastic deformation (Suh et al., 2002; Chen et al., 2025; Barone et al., 2004). These factors give rise to highly non-uniform distributions of deformation, stiffness, and temperature across the tooth surface (Hu and Mao, 2017; Munro et al., 1999; Bracci et al., 2009; Kumar et al., 2019). The interplay between contact deformation and flash temperature is particularly significant in high-speed and high-load applications, where transient heat generation can alter material properties and stiffness characteristics (Hu et al., 2018; Vivet et al., 2018; Zheng et al., 2022). Understanding how peak temperature and stiffness evolve across the meshing trajectory is essential for optimizing contact path design and enhancing gear durability (Mao, 2007; Chin et al., 2023; Wu et al., 2024).
Existing studies have explored gear contact mechanics via analytical, numerical, and experimental approaches. Classical models such as Blok’s flash temperature theory, the formula of contact stiffness, and Sainsot’s deflection formulation have proven effective for simplified geometries and uniform conditions. However, there remains little research that integrates these models into a spatial framework capable of capturing localized variations on complex tooth surfaces. Furthermore, the interaction between mechanical and thermal responses in the meshing zone—particularly the influence of tangential velocity on localized heating—has not been comprehensively studied. The determination of contact geometry between surfaces is critical for solving various tribological problems (Wriggers, 1995; Sauer and De Lorenzis, 2013; Jiang and Liang, 2024). The theoretical study of rough surface contact is well-established and widely applied in engineering. In gear contact mechanics, substantial research has been conducted on contact analysis, friction, lubrication, and wear (Wang et al., 2022; Cheng et al., 2021; Li et al., 2024), leading to the development of widely used contact models and calculation formulas for contact stiffness (Yang and Sun, 1985; Yang and Lin, 1987; Zhang and Xu, 2025; Klee et al., 2009). The growing demand for precision transmissions and the advancement of manufacturing technologies have also led to the development of increasingly complex tooth surface geometries (Álvarez et al., 2018; Bo et al., 2020; Escudero et al., 2022). The accurate analysis of contact characteristics is fundamental for understanding gear dynamics and optimizing transmission performance (Karpat et al., 2008; Shi et al., 2019; Li et al., 2022; Zheng et al., 2024). For gears with complex tooth surfaces, such as bevel gears, contact analysis becomes more intricate (Chao and Tsay, 2008; Lin and Fong, 2015). The design of the contact pattern and the control of its geometric attributes, along with the study of displacement under actual operating conditions, are essential foundations for transmission performance evaluation (Sanchez-Marin et al., 2016; Jurkiewicz et al., 2017; Ding et al., 2017). As a fundamental aspect of gear transmission research, these contact models serve as the basis for evaluating meshing stiffness (Cooley et al., 2016; Natali et al., 2021; Marafona et al., 2021) and dynamic modeling, significantly reducing the complexity of subsequent analyses and enhancing computational efficiency. With enhanced surface control capabilities, coordinated management of the contact path presents significant prospects for improving transmission performance. However, determining which regions of a complex tooth surface are most suitable for sustained contact remains nontrivial, particularly when only partial areas participate in meshing due to manufacturing tolerances and deformation. This creates a need for spatially resolved data on how contact parameters vary across the surface to support informed and localized path design. Commercial gear analysis tools (e.g., Romax and KISSsoft) generally rely on lumped parameter models or predefined load conditions and cannot fully resolve the spatial gradients of physical fields within the meshing interface. While such tools are sufficient for general performance evaluation, they provide limited insight into how key parameters vary locally across complex tooth geometries, especially under partial-contact conditions typical in bevel gears.
This study conducts an application-oriented spatial analysis of contact deformation, stiffness, and flash temperature in involute gear pairs, including both planar and spherical geometries. The primary objective is not to propose new modeling methods but to offer quantitative reference data for contact parameter distributions over the tooth surface. This is particularly relevant in engineering contexts where contact paths are designed based on intuitive or empirical rules. The results presented here aim to support better-informed surface modifications and contact path selection. The study is structured as follows. Section 2 establishes the gear and contact model. Section 3 investigates the tangential velocity and flash temperature distribution of involute gears. In Section 4, the interrelations among flash temperature, contact stiffness, tooth deflection, and meshing stiffness are analyzed. Section 5 concludes the study.
2 MODELING THE INVOLUTE TOOTH SURFACE
The involute tooth surface is the theoretical tooth surface of the cylindrical and bevel gears. The contact characteristic of a gear system is primarily determined by the geometric properties of its tooth shape, which can be additionally influenced by the meshing forces. The orthogonal coordinate system Oxyz is defined in Figure 1a to establish the meshing model. The common plane where two axes are located is defined as plane xOz, with the pinion rotating around the z-axis. The rotation center of the gear is obtained by rotating the axis of the pinion shaft angle Σ in the positive direction of origin O. The intersection of the two axes is the origin of the coordinate system. The geometric model of the tooth shape in an involute gear has been extensively researched; here, we directly present its equation derived from spherical involute geometry and expressed by Equation 1 in this defined coordinate system.
x=R⁡sin⁡δb⁡cos⁡φ⁡cos⁡ψ+R⁡sin⁡φ⁡sin⁡ψy=R⁡sin⁡δb⁡cos⁡φ⁡sin⁡ψ−R⁡sin⁡φ⁡cos⁡ψz=R⁡cos⁡δb⁡cos⁡φψ=fR+φ/⁡sin⁡δb(1)
[image: Diagram showing geometric concepts for gear design. (a) Depicts base cones of gear and pinion with various angles and radii labeled, including \( R_{\text{min}} \), \( R_{\text{max}} \), and angles such as \(\psi_{\alpha g}\) and \(\psi_{\alpha p}\). (b) Displays a graph with dimensions and angles marked, such as \( R_{\text{max}} \), and labeled axes with coordinates.]FIGURE 1 | Schematic diagram of involute tooth surface meshing: (a) basic illustration of meshing principles in bevel gear; (b) sector area of contact. Curves in blue are the calculation result of the contact line by Equation 3; the sector area in (b) in the red dotted line is composed of the endpoints of the contact lines.—where R is the cone distance, φ is the involute angle and is related to the angle at which the cone rotates ψ in the equation, δb is the base cone angle, function fR=ψbo+c is defined for describing the tooth trace line, ψb is related to the rotational position of the tooth trace line, and c is related to the rotation of the gear system in the meshing process.
To clarify the relationship between planar and spherical involute surfaces, a mathematical derivation is included in Appendix A to show that the planar involute can be obtained as a limiting case of the spherical involute when the base cone angle approaches zero. Although this study focused on bevel gears with spherical involute surfaces, the analytical framework remains closely related to that of cylindrical gears. The geometric and contact properties of planar involute tooth surfaces can thus be regarded as the projection of spherical involute curves defined on a common cone distance extended along the generatrix direction. Therefore, spherical involute models provide a generalized analytical basis applicable to both bevel and spur gear analysis.
Our research centers on a spherical involute gear pair utilized in textile machines in a dobby system. The curved tooth along the cone distance is described by the tooth trace line f, which is defined as the angle around the axis of two points with different cone distances on the tooth line. It is a conical helix expressed in Equation 2 in the studied gear drive.
fR=ψbp=tan⁡β/⁡sin⁡δbplnRmax/Rψbg=tan⁡β/⁡sin⁡δbglnR/Rmax(2)
—where the spiral angle β=arctanR⁡sin⁡δbΔψb/ΔR. In a pair of meshing involute gear pairs, the teeth in the two gears have opposite helix directions. This means that one gear’s teeth rotate clockwise while the other’s rotate counterclockwise. The spiral angles of the teeth of a pair of meshing gears are opposite. As R decrease,s ψbp increases, and the extreme value satisfies fRmax−B−fRmax=ψb,⁡max−ψb,⁡min.
The contact area on a tooth surface moves from the meshing-in point to the meshing-out point while the tooth surface itself rotates around the axis of rotation. The involute surfaces contact at the tangent plane, and their contact line can be obtained from the intersection of one of the two tooth surfaces with the tangent plane Q (Zhang et al., 2023). The calculation formula within the coordinate system Oρφ is depicted as Equation 3, derived from Equation 1 (Table 1)
ρ=Rφ=ψα−fsin⁡δb(3)
TABLE 1 | Parameters of spherical involute.	Parameter	Symbol	Values (pinion/gear)
	Teeth number	zp	27/54
	Tooth width	B	30 mm
	Spiral angle	β	20°
	Shaft angle	Σ	90°
	Outer cone distance	Rmax	120.75 mm
	Pitch angle of pinion	δp	26.565°/63.435°
	Based cone angle	δb	24.595°/61.465°
	Dedendum cone angle	δf	24.850°/57.192°
	Addendum cone angle	δa	28.178°/65.048°


—where the function fR=ψb+c requires a further solution, ψb can be obtained by Equation 2, c=ωt A is the angle at which the gear teeth rotate, and ψα=arccossin⁡δb+sin⁡δb⁡cos⁡Σ/cos⁡δb⁡sin⁡Σ is a constant. The contact line in blue of the studied gear pairs is derived through Equation 3, as illustrated on plane Q (Figure 1b), forming a sector area within the red line on the tangent plane. Tooth contact analysis conventionally considers the tooth surface a stationary reference frame. The equation for the contact line of a curved teeth pair can be represented as Equation 4 derived from the above equation when it is held fixed in the coordinate system during meshing. This is achieved by incorporating rotation angle −ωt into Equation 3 to compensate for the displacement resulting from the rotation of the gear system.
x=R⁡sin⁡δb⁡cos⁡φ⁡cos⁡ψ+R⁡sin⁡φ⁡sin⁡ψy=R⁡sin⁡δb⁡cos⁡φ⁡sin⁡ψ−R⁡sin⁡φ⁡cos⁡ψz=R⁡cos⁡δb⁡cos⁡φφ=ψα−fsin⁡δbψ=ψα−ωt(4)
The contact ratio refers to the proportion of the total contact area between the meshing teeth of two gears within a specific time or angular range. This parameter indicates the stability and smoothness of meshing and is crucial for determining the meshing performance and design of a gear system. In addition to the transverse contact ratio, involute gears also possess an additional overlap contact ratio because their teeth are curved along the axis of rotation. εα = 1.520,929 and εβ = 1.062988 are calculated according to the gear pair listed in Table 1. The contact ratio of the studied involute gear pairs ε = 2.583,917 is thus obtained.
3 ANALYSIS OF CONTACT CHARACTERISTICS
The friction and compression between the tooth surfaces during the meshing lead to the release of energy, resulting in a sudden temperature rise that persists in the meshing process. The flash temperature is related to the contact characteristics and relative velocity between the tooth pair.
3.1 Tangential velocity of the contact area
The relative tangential velocity between two gears is defined as the speed difference at which the contact area moves across their respective tooth surfaces. This motion of the contact area can be conceptually understood as the progression of points along the involute direction on the tooth surface. The mathematical representation for the arc length of a spherical involute between two adjacent points is given by Equation 5.
ΔX=R⁡cot⁡δbcos⁡φ−cos⁡φ1(5)
—where φ=ψ⁡sin⁡δb is the angular displacement of the involute, ψ=ψα−ψb−ωt is related to the rotation angle of the gear. ψ1=ψα−ψb−ωt+Δt, and ω is the angular velocity of a gear rotating about its axis. The tangential velocity of the contact area on the pinion can be expressed as Equation 6 based on Equation 5:
v=limΔt→0ΔXΔt=ωR⁡cos⁡δb⁡sin⁡φ(6)
—where Δt is the time elapsed during the transition of the contact area to the adjacent point. The results obtained by Equation 6 according to the parameters in Table 1 are illustrated in Figure 2 as the rotating speed of the pinion n = 1200r/min.
[image: Two 3D graphs labeled (a) and (b) show color-coded data on a sloped plane, representing velocity measurements in meters per second. The x, y, and z axes are labeled in millimeters. The color gradient ranges from red (high values) to blue (low values). Annotations include "Mi," "Mo," "tooth root," "BSᵖ" in (a), and "BSᵍ" in (b). The legend indicates velocity ranges for vₚ in (a) and v₉ in (b).]FIGURE 2 | Velocity of the contact area (a) on the tooth surface of the pinion and (b) on the tooth surface of the gear, where Mi and Mo represent mesh-in and mesh-out, respectively.The contact area on the tooth surface moves at a faster rate as the cone distance, cone angle, and angular displacement of the involute increase (Equation 5). It is shown in Figure 2 that the minimum value occurs at the lower inner corner of the tooth surface. As the cone distance and tooth height increase, the value rises and reaches its peak at the upper outer end. The two calculation results from the tooth surfaces of the pinion and gear are entirely contained within each other, demonstrating symmetry around their respective midpoints. The tangential velocity range for the contact area on the pinion tooth surface is (0.939,805 m/s, 3.267457 m/s), which is larger than that on the gear (1.562,401 m/s, 2.076734 m/s) due to differences in angular velocity determined by the transmission ratio.
The relative tangential velocity shown in Equation 7 is obtained from the differences in the velocity of the contact area on the two surfaces:
vt=vp−vg(7)
Their results obtained according to the parameters in Table 1 are illustrated in Figure 3. The relative velocity is zero at the pitch circle. It then progressively rises from the pitch circle toward both the tooth tip and root. The peak value of 1.33 m/s marked by the red area increases as the cone distance rises.
[image: Two 3D contour plots (a) and (b) depict the velocity distribution \(v_t\) across a tooth root area. The plots feature colored bands from blue to red indicating velocity levels from zero to 1.33 meters per second. The axes represent dimensions in millimeters. Annotations indicate "Mi" for minimum, "Mo" for maximum velocities, and "BS" labels apparent sections. The color scale is provided on the right.]FIGURE 3 | Relative tangential velocity of the tooth pair in involute gear: (a) displayed on the tooth surface of the pinion; (b) displayed on the tooth surface of the gear. Mi and Mo are the mesh-in and mesh-out positions, respectively.Principal curvatures play a key role in defining the contact profile as they determine how surfaces interact. To clearly show the effect of gear displacement on the surface gap, a theoretical spherical involute tooth surface in Table 1 is used for analysis. It ensures a zero-distance area between meshing surfaces and covers the entire tooth surface throughout the meshing process.
κ1=1/R⁡sin⁡φκ2=sin⁡β/R(8)
Figure 4a shows the principal curvature κ1 of the pinion, where the values range more dramatically from 34.80 (1/m) near the toe to 121.4 (1/m) near the top. Similarly in Figure 4b, κ1 of the gear ranges from 13.20 (1/m) near the toe and root to 21.8 (1/m) near the top and heel, demonstrating an increase in curvature as the position moves toward the top of the tooth surface.
[image: Two heatmaps labeled (a) and (b) display color gradients representing values. Both maps transition from cyan to purple, with values ranging from 34.80 to 121.40 for (a) and from 13.20 to 21.80 for (b). The maps are titled "Top" and "Inner."]FIGURE 4 | Principal curvatures of the spherical involute tooth surface: (a) curvatures of the pinion along the tooth height direction; (b) curvatures of the gear along the tooth height direction.This significant disparity in curvature between the toe and top regions highlights a sharper geometry in the root region of the gear, suggesting higher stress concentrations and the potential for greater localized wear. Such non-uniform curvature distributions indicate the need for targeted optimization, especially in the vicinity of these extremities. The difference in principal curvature between the two tooth surfaces along the tooth height direction leads to a reduction in the contact area width in this direction.
3.2 Analysis of flash temperature
The flash temperature of the tooth surface can be determined using Equation 9, which is based on Blok’s flash temperature theory (Blok, 1963):
Tc=ufmFNvtΔsbhgpρpcpvp+ggρgcgvg(9)
—where u = 0.83 is the temperature rise coefficient, gi (i = p, g) is the thermal conductivity coefficient, ρi (i = p, g) is the material density, ci (i = p, g) is the specific heat capacity, fe (i = p, g) is the unit load, and fm (i = p, g) is the friction coefficient.
The flash temperature on a tooth surface in a full meshing cycle is visually represented in Figure 5. The results are based on Equation 9 and the parameters in Table 1, with an output torque of Tg = 500 Nm and the pinion rotating at n = 500 r/min.
[image: Four-panel 3D charts and diagrams illustrating temperature distributions along a cylindrical object labeled as "tooth root" with sections labeled "Mi" and "Mo." Panels (a) and (b) feature 3D models with color gradients indicating temperature ranging from 0 to 135 degrees Celsius, with additional labels "BSᵖ" and "BSᵍ." Panels (c) and (d) show side views with measurements labeled "φ" and "R." Axes measure in millimeters, and color bars are included for temperature reference.]FIGURE 5 | Flash temperature of the tooth surface in involute gear: (a) on the tooth surface of the pinion; (b) on the tooth surface of the gear; (c) on the plane Q of the pinion; (d) on the plane Q of the gear. Mi and Mo are respectively the mesh-in and mesh-out positions, the dotted line --- in (c,d) represents the pitch circle, and parameter R in (c,d) is the cone distance.The flash temperature initiates at zero along the pitch circle and gradually increases toward both the tooth tip and root. The rate of increase is correlated with the radians from the pitch circle. This indicates that the contact is not influenced by the cone distance, unlike the relative tangential velocity of the tooth surface. The observed temperature distribution closely follows the pattern of the relative tangential velocity, indicating a strong correlation with frictional heat generation. Crucially, the temperature remains remarkably uniform along the tooth width direction, showing no significant variation from the inner to the outer end. Contrary to what might be expected from the velocity profile, the temperature at the outer end is not markedly higher than at the inner end. The peak temperatures are localized within specific engagement zones, such as near the tooth root.
The contact area moves through positions Mi to Mo on the tooth surface and acts as a series of contact lines, synchronizing with the occurrence of flash temperature. The maximum flash temperature along a contact line, along with its corresponding position, is calculated and illustrated in Figures 6a, b, respectively. The flash temperature varies along a contact line, with its highest and lowest points occurring at the respective ends unless the contact line intersects with the pitch circle. Its average value closely aligns with the value at the midpoint of the contact line. This difference widens with the length of the contact line. Figure 6a shows that the maximum value is almost all at the upper and lower boundaries of the meshing area on the tooth surface.
[image: Panel (a) shows a 3D plot of a tooth root, illustrating maximum, mid, and minimum lines with different colors. Panel (b) features a line graph of temperature (Tₑ in degrees Celsius) over time, with maximum, average, mid, and minimum lines labeled and colored distinctly.]FIGURE 6 | Distribution law of flash temperature along the contact line in involute gear: (a) track of special points displayed on the tooth surface; (b) value analysis. Mi and Mo are the mesh-in and mesh-out positions, respectively.4 TOOTH DEFLECTION AND GEAR MESHING STIFFNESS
Meshing stiffness is an important time-varying parameter of the involute gear pair which changes with the spatial position of the meshing point along the action line. It is generally considered to be composed of Hertz contact stiffness kh, fillet-foundation stiffness kf, bending stiffness kb, shear stiffness ks, and axial compression stiffness ka. The calculation model of time-varying meshing stiffness (TVMS) is established and illustrated on the Q plane in this section based on the potential energy method.
4.1 Calculation of tooth stiffness
Hertzian contact stiffness kh characterizes the local elastic response at the contact interface. While for spur gears the contact geometry allows kh to be treated as approximately constant, the situation is fundamentally different in bevel gears with curved tooth surfaces. The effective contact area is confined along the tooth height direction due to the narrow contact width, making the contact length (along the tooth width) a primary geometric descriptor of the contact area. Under small-deformation assumptions, kh is inherently related to the contact area, which in turn is governed by the accessible contact length. This relationship has been analytically demonstrated by Zhang and Xu. (2025), where the correlation between the contact area and stiffness is explicitly derived. Hence, kh in bevel gears varies with contact position due to spatial variation of contact geometry and is primarily dictated by the evolving effective contact area across the meshing cycle. Hence, kh in bevel gears varies with contact position due to the spatial variation of contact geometry and can be quantitatively evaluated using the Hertzian formulation kh = πE∗l/2, where E∗ is the equivalent elastic modulus and l is the effective contact length.
The potential energy method is widely used for calculating the meshing stiffness of spur and helical gears. This method can also be adapted for use in analyzing involute gears wherein they are simplified into a series of sliced straight bevel gears along the tooth width direction. The normal force FN,i,j is in the same direction as the normal vector of the tooth surface ni,joij=ni,jMi,j measured in the coordinate system Oxyz. Mi,j is the transformation matrix from the coordinate system Oxyz to Oi,j,xyz. The mesh stiffness of tooth pairs ktp and ktg are all composed of bending stiffness kb, shear stiffness ks, and axial compression stiffness ka which can be expressed as Equation 10 integrally according to the elastic potential energy principle.
1kb=R∫δfδCFyRbδC−δ−Mz22EIdδ1ks=R∫δfδC1.2Fy22GAdδ1ka=R∫δfδCFx22EAdδ(10)
—where v is Poisson’s ratio, G=E/2+2v is the shearing modulus, A=sΔR is the area of cross-section, I=s3ΔR/12 is the moment of inertia of the cross section, Fx, Fy, and Fz are the components of meshing force along the x-, y-, and z- directions, respectively, Mz=sFx⁡sin⁡δ/2 and Mx=sFz⁡sin⁡δ/2 represents the torque caused by the translation of forces Fx and Fz, respectively, and s is the tooth thickness. 1/kt=1/ktp+1/ktg was obtained as shown in Figure 7.
[image: Three-dimensional and two-dimensional diagrams display color-coded mechanical properties of a structure, possibly a tooth, with parameters like \(k\) in \(N/m\). Labels such as "tooth root," "BS^p," and "BS^g" are noted. Each diagram shows axes for measurements \(x\), \(y\), \(z\), and \(R\), with color scales indicating different values.]FIGURE 7 | Tooth stiffness of involute gear: (a) on the tooth surface of the pinion; (b) on the tooth surface of the gear; (c) on the plane Q of the pinion; (d) on the plane Q of the gear. Mi and Mo are the mesh-in and mesh-out positions, respectively, the dotted line --- in (c,d) represents the pitch circle, and parameter R in (c,d) and (d) is the cone distance.It can be seen from the figure that the tooth stiffness gradually increases. This will increase to the maximum values first and then decrease when the contact remains constant as ωt∈2πεβ/zp,2πεα/zp. kh, kf, and ks are smaller and all less than 20 × 108 N/m, which had a great influence on the total mesh stiffness.
Analysis of the mesh stiffness distribution (Figure 7) reveals that the highest values (approximately 5.19 × 105 N/m to 6.09 × 105 N/m) are concentrated in a central band aligned with the pitch line and extending across the mid-face width region of the tooth flank. Stiffness progressively decreases with increasing distance from this central high-stiffness zone. Intermediate values (approximately 4.3 × 105 N/m to 5.19 × 105 N/m) are found in areas transitioning toward the tooth profile extremities and near the edges of the face width. The minimum stiffness values (approximately 3.4 × 105 N/m to 4.3 × 105 N/m) consistently occur at the tooth root fillet region and the tooth tip. This pattern arises due to the combined effects of the thickest effective material cross-section near the pitch line, susceptibility to bending deflection at the root, and localized edge contact conditions at the tip, with the steepest decrease observed toward the root.
4.2 Deflection of the tooth pair
Tooth deflection occurs as a result of the deformation in the gear foundation structure. The tooth is supposed to be rigid, and the gear foundation structure is modeled as an elastic half-plane for calculating fillet-foundation stiffness. The position change of a tooth caused by the meshing forces acting on its neighboring teeth is ignored here. An analytical formula proposed by Sainsot and et al. (2004) is expressed as Equation 11 for calculating the tooth deflection caused by the meshing force acting upon it.
δf=FN,i⁡cos2⁡αBEL1hsf2+M1hsf+P11+Q1⁡tan2⁡α(11)
—where sf and h are the tooth thickness at the critical section of the dedendum circle and the tooth height at the meshing point, respectively, and the coefficients L1, M1, P1, and Q1 are constants for a given mesh point. More details about the variables in Equation 10 can be found in Sainsot et al. (2004). The tooth deflection can be determined by combining the deflection caused by the meshing forces (Figure 8). This relationship can be mathematically expressed as Equation 12 in conjunction with the fillet-foundation stiffness.
ψδ=∑δfR⁡sin⁡δkfi=FN,iRψδp⁡sin⁡δp+ψδg⁡sin⁡δg(12)
[image: Two 3D graphs, labeled (a) and (b), illustrate the stiffness distribution on a gear tooth root, with color gradients from blue to yellow indicating stiffness values ranging from 2.36 to 3.58 times ten to the fifth newtons per meter. Both graphs have labeled points such as "BSᵖ", "BSᶜ", "Mi", and "Mo" to denote specific locations and measures on the tooth root surface, shown within a coordinate system of x, y, and z in millimeters.]FIGURE 8 | Fillet-foundation stiffness of involute gear: (a) on the tooth surface of the pinion; (b) on the tooth surface of the gear. Mi and Mo are the mesh-in and mesh-out positions, respectively.Tooth deflection is depicted as a rotational movement along the axis due to the varying radii of meshing forces along the contact line. The deformation and deflection of a tooth pair will not significantly change in a certain working condition because the meshing stiffness of the tooth pair follows the trends of the load distribution ratio. Based on the analysis of the fillet-foundation stiffness (kf, ×105 N/m) distribution on the pinion (Figure 8a) and gear (Figure 8b) tooth surfaces, a distinct pattern emerges characterized by the highest values concentrated within the central region of the tooth root area and decreasing toward the periphery. Specifically, the maximum fillet-foundation stiffness values (approximately 3.58 × 105 N/m) are consistently located near the middle of the face width (y-direction) and within the tooth root region (z = 121 mm for pinion, z = 124 mm for gear), as indicated by the deep blue contours near labels “tooth root/BSP” and “tooth root/BSg”. Stiffness progressively decreases with increasing distance from this central root zone. Intermediate values (approximately 2.77–3.17 × 105 N/m) are observed moving toward the edges of the face width and also extending slightly toward the pitch line direction (z decreasing toward 94 mm for pinion, 97/106 mm for gear). The minimum fillet-foundation stiffness values (approximately 2.36 × 105 N/m, shown in light yellow/green) consistently occur at the extremities of the analyzed root region, particularly toward the outer edges of the face width and the area bordering the active flank closer to the pitch line. This distribution pattern highlights that the foundation beneath the tooth root is most resistant to deflection centrally within the root zone across the face width, with reduced support stiffness toward the gear body edges and the transition towards the meshing flank.
4.3 Calculation model of TVMS
The meshing stiffness of a meshing point on the jth tooth pair and the meshing stiffness of a tooth pair in the involute gear kj can be integrally written as Equation 13 according to the elastic potential energy principle.
1kj,i=1ktp+1ktg+1kf+1khkj=∑kj,i(13)
The meshing stiffness of a tooth pair involute gear and its five adjacent tooth pairs in a full meshing period (Figure 9) can be obtained by Equation 13 according to the parameters in Table 1.
[image: Two 3D plots labeled (a) and (b) show a color gradient on an inclined rectangular surface, representing stiffness (k) in Newton per meter. Both plots have axes labeled in millimeters for x, y, and z dimensions, with annotations for "tooth root," "Mi," "Mo," and "BS." A color bar indicates values ranging from 1.32 to 1.88 times ten to the power of five.]FIGURE 9 | Single tooth stiffness in involute gear: (a) on the tooth surface of the pinion; (b) on the tooth surface of the gear. Mi and Mo are the mesh-in and mesh-out position, respectively.The meshing stiffness of a tooth pair increases with the size of the contact area and reaches its maximum value in the second three-tooth pair meshing region.
The contact ratio of the analyzed involute gear pair is determined to be 2.583,917. This indicates that two or three pairs of teeth are simultaneously engaged in meshing. The meshing stiffness of all tooth pairs is shown in Figure 10. The meshing stiffness is the superposition of the stiffness contributions from all tooth pairs simultaneously engaged in contact. The number of engaged teeth varies between two adjacent integers of the contact ratio and the contact positions on each tooth surface differ at any given moment. When the contact ratio falls between 2 and 3, the meshing process transitions through alternating phases of triple- and double-tooth engagement. Accordingly, the tooth surface is divided into triple- and double-tooth contact regions (Figures 10a and b, respectively). The overall meshing stiffness is obtained by summing the stiffness contributions over the active contact region, where the contact location shifts progressively from the Mi (meshing-in) end to the Mo (meshing-out) end.
[image: Diagram showing two turbine blade geometries labeled (a) and (b). Both diagrams feature color gradients indicating stress distribution across sections labeled K, H, C, S, F, J, N, V, and Mo. The section lengths R, ϕ_Mo, ϕ_p, ϕ_Mi, and R_max are marked along the horizontal axis with measurements in millimeters, and the widths are denoted by B.]FIGURE 10 | Meshing stiffness of involute gear pair: (a) three-pair teeth meshing; (b) double-pair teeth meshing. Mi and Mo are the mesh-in and mesh-out position, respectively, the dotted line --- is the pitch circle, and parameter R represents the cone distance.4.4 Correlation analysis of stiffness, deflection, and thermal fields
The spatial distributions of tooth stiffness and flash temperature exhibit a strong resemblance. Both parameters remain nearly invariant along the face width direction and display symmetrical profiles with respect to the pitch circle along the tooth height. This symmetry indicates that cone distance has minimal influence on these two parameters, whereas tooth height plays a dominant role. Moreover, the relative tangential velocity and local tooth stiffness exhibit similar spatial behavior: both increase with distance from the pitch circle and are predominantly governed by the angular displacement and local curvature of the involute surface.
The fillet-foundation stiffness (Figure 8) shows a spatial distribution that aligns more closely with the velocity distribution on the tooth surface and the curvature of the spherical involute. This indicates a stronger dependence on cone distance and radial positioning than observed in contact stiffness alone. Such coupling arises because both curvature and local motion trajectories influence the contact pressure footprint and structural compliance of the tooth root region. Although the TVMS is composed of multiple stiffness components—including bending, shear, axial compression, contact, and foundation stiffness—its overall variation is largely governed by the spatial distribution of local tooth stiffness. Consequently, the TVMS contour maps demonstrate a distribution pattern similar to that of contact stiffness and flash temperature, with maximum values near the pitch circle and minima toward the tooth root and tip. This co-evolution of thermal and mechanical parameters provides insight into the coupled thermo-mechanical behavior of bevel gears and offers guidance for localized surface modifications aimed at reducing peak stresses and thermal loads.
5 CONCLUSION
This study presents an application-driven spatial analysis of contact deformation, meshing stiffness, and flash temperature in involute gear pairs. While the methods used are based on classical formulations, the value of the work lies in providing a complete spatial mapping of contact-related quantities across the tooth surface. This distributional information serves as a practical reference for gear designers, especially in cases where only partial contact occurs and contact path design is based on intuition or oversimplified criteria. By identifying characteristic trends and sensitivities along the tooth width and height directions, the results contribute to a more quantitative understanding of localized contact behavior.
Tangential velocity, a key factor that influences flash temperature, increases with tooth height and cone distance on both driving and driven gear surfaces, reaching its maximum at the tooth tip on the outer end. The relative tangential velocity between the two mating surfaces increases from the pitch circle toward both the root and tip and shows a mild increase with cone distance. This trend mirrors the flash temperature distribution: the highest values persistently appear at the tooth root and tip, while the minimum is observed near the pitch circle. Edge regions, particularly on the inner end, exhibit elevated flash temperatures.
Contact stiffness exhibits symmetry along the tooth-height direction. It peaks near the pitch circle, corresponding to regions of minimal flash temperature and tangential sliding. Although variations in meshing stiffness across the surface are less pronounced, it generally decreases at the root and tip, with the inner end exhibiting lower stiffness than the outer end. Regions near the outer end are more favorable for contact due to their relatively lower flash temperature and higher stiffness. High flash temperature and low contact stiffness at the tooth tip and inner end suggest the need for profile modifications, particularly tip relief, to suppress excessive flash temperature and improve load capacity. These findings provide a quantitative basis for optimizing contact paths and modifying surface geometry in gear design.
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B, β, Σ, tooth width, spiral angle, shaft angle; E, G, v, modulus of elasticity, transverse modulus of elasticity, Poisson’s ratio; Fm, FN,i (i = 1,2,···, nj), meshing force, normal forces acting on teeth along the contact line; Fa, Fr, Ft, axial force, radial force, tangential force; I, A, moment of inertia, area of the section; L, load distribution ratio; Q, common tangent plane of base cones; R, Rmax, Rmin, cone distance, outer cone distance, inner cone distance; T, temperature; h, s, tooth height, tooth thickness; lj, lm, length of contact line on the jth tooth, total length of the contact line; kt, kb, ks, ka, kh, kf, stiffness, bending, shear, axial compression, contact, and fillet-foundation stiffness; v, vt, tangential velocity, relative velocity between contact area on tooth pair; n, normal vector; zp, zg, number of teeth on the pinion and gear, respectively; ΔR, Δs, tooth width of the current element and its contact line; δf, δh, fillet-foundation deflection, contact deformation; εm, εα, εβ, contact ratio, transverse contact ratio, overlap contact ratio; θp, θg, rotation angle of the pinion and gear as they mesh in, respectively; τ, 1, τ2, tangent vector of spherical involute and contact line, respectively; φb, φp, φf, φa, involute angle corresponding to base, reference, dedendum, and addendum angle; ψ, ψb, rotation angle of the base cone, parameter for the tooth trace line function f (·); ωp, ωg, angular velocity of pinion and gear, respectively; Mi, Mo, mesh-in, mesh-out; i = 1, 2,···, nj, order of the meshing forces and tooth slices; j = 1, 2, 3,···, z, jth tooth pair; m = 2, 3, n = 1,···, m, codes of different meshing regions; o = p, g, pinion (o = p) and gear (o = g).
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APPENDIX A: DERIVATION OF PLANAR INVOLUTE EQUATION AS A LIMITING CASE OF THE SPHERICAL INVOLUTE
A base cone with apex at the origin, axis aligned with the z-axis, base cone angle δb, and cone distance R. When intersected by a plane z = (R–B)cosδb for a constant tooth width B, a truncated cone is formed. The radii of its two circular cross-sections are
rb=R⁡sin⁡δbrb1=R⁡sin⁡δb(A1)
As δb tends to zero and R tends to infinity while keeping rb constant, the cone degenerates into a cylinder of radius rb and height B. This establishes the geometric transition from a conical to a cylindrical shape. Denoting r = Rsinδb, φ = ψsinδb, the spherical involute in Equation 1 reduces to the parametric equations of the planar involute:
x=rb⁡cos⁡ψ+rbψ⁡sin⁡ψy=rb⁡sin⁡ψ−rbψ⁡cos⁡ψ(A2)
This limiting process also applies to other parameters such as pressure angle and profile shift, confirming that a cylindrical gear can be viewed as a limiting case of a bevel gear with an infinitesimally small cone angle and infinitely long generatrix. The derived relations are analytically exact.
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