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Nonlinear photonics is a promising platform for neuromorphic hardware, offering
high-speed processing, broad bandwidth, and scalable integration. Within this
framework, Reservoir Computing (RC) and Extreme Learning Machines (ELM) are
powerful approaches that leverage the dynamics of a complex nonlinear system
to process information. In photonics, a key open challenge is controlling the
nonlinear response required by photonic RC systems to tailor the photonic
substrate (i.e., the physical implementation of the reservoir) to the specific
task requirements. In this theoretical work, we propose a nonlinear photonic
reservoir based on Erbium-DopedMulti-Mode Fibres (ED-MMF). In our approach,
RC is implemented by structuring the pump and probe beams using phase-only
spatial light modulators. Thanks to the nonlinear interactions between signal and
pump modes within the gain medium, we show how the ED-MMF implements a
tunable nonlinear transformation of the input field, where the degree of nonlinear
coupling between different fibre modes can be controlled through easily
accessible global parameters, such as pump and signal power. The ability to
dynamically tune the degree of nonlinearity in our system enables us to identify
the best operating conditions for our reservoir system across regression,
classification, and time-series prediction tasks. We discuss the physical origin
of the optimal regions by analysing the information theory and linear algebra
properties of the readout matrix, unveiling a deep connection between the
computational performance of the system and the Kolmogorov algorithmic
complexity of the nonlinear features generated by the reservoir. Our results
pave the way to developing optimised nonlinear photonic reservoirs leveraging
structured complexity and controllable nonlinearity as fundamental design
principles.
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1 Introduction

Artificial Intelligence (AI) andMachine Learning (ML) techniques are transforming our
ability to tackle complex scientific, engineering, and societal problems (Jumper et al., 2021).
As model sizes continue to grow, the computational cost of training and inference has
clearly surpassed the capacities of general-purpose digital processors (Amodei et al., 2018;
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Bhardwaj et al., 2025). To sustain progress, researchers are moving
toward hardware acceleration, shifting key computational
primitives, such as matrix-vector multiplication or artificial
neuron (perceptron) layers, from software implementations in
silico to physical processing in materio (Kudithipudi et al., 2025;
Marković et al., 2020; Roy et al., 2019; Xu et al., 2024; Olivieri et al.,
2025). A key open challenge in this area is the limited availability of
fast and scalable reconfigurable hardware to enable on-device
training, and most neuromorphic systems are deployed only at
the inference stage (Marković et al., 2020; Merolla et al., 2014).
As a compelling approach, physical Reservoir Computing (RC)
exploits the complex dynamics of a physical system, such as an
optical or electronic device or even a quantum system, to process
data (Tanaka et al., 2019; Marković et al., 2020; McCaul et al., 2023;
Nerenberg et al., 2025). In close analogy with echo state networks
and liquid state machines (Jaeger and Haas, 2004; Maass, 2011), the
physical system (reservoir) processes input signals through its
dynamic response, and the target output is obtained by linear
combination (i.e., linear regression) of specific measurements of
the reservoir state (readout). This approach exploits the rich
dynamics of the complex system to solve various tasks, ranging
from signal processing to regression, classification, and prediction,
without training or modifying the internal structure of the reservoir
(Ghosh et al., 2019). As such, RC and its feed-forward variant, the
Extreme Learning Machine (ELM), are appealing because only the
final linear readout is trained, a strategy that greatly simplifies
hardware implementation and eliminates the need to propagate
errors through physical components (Tanaka et al., 2019; Wang D.
et al., 2024).

In this context, nonlinear optical waves have emerged as a
compelling substrate (i.e., the physical system embodying the
reservoir) for physical reservoir computing (Brunner et al., 2025;
McMahon, 2023; Pierangeli et al., 2021). Unlike standard
neuromorphic photonic systems, where artificial neurons are
mapped one-to-one to interconnected photonic devices, wave-
based photonic reservoirs can encode and process information
entirely in the optical domain, granting access to significant
parallelism within single optical components (Shastri et al., 2021;
Marcucci et al., 2020; Valensise et al., 2022;Wang Z. et al., 2024;Wang
et al., 2024c). The computational capabilities of wave-based reservoirs
rely on the interplay between complex wave interactions (e.g., in linear
scattering media) and optical nonlinearity (e.g., cubic nonlinearities in
optical fibres or nonlinear crystals) (Marcucci et al., 2020; Teğin et al.,
2021; Valensise et al., 2022; Gigan, 2022; Hurtado et al., 2022;
Shishavan et al., 2025). Intuitively, wave mixing and nonlinear
interactions can be understood as the two ingredients required to
implement a controlled nonlinear transformation of the input data, in
close analogy with the combination of linear connections and
activation functions in multilayer perceptrons (Dong et al., 2020a;
Dong et al., 2020b; Pierangeli et al., 2020). Recent results suggest that
wave-based reservoirs must exceed a specific degree of nonlinearity or
configurational disorder to achieve effective learning (Marcucci et al.,
2020; Pierro et al., 2023; Hary et al., 2025). The role of the reservoir is,
in fact, to project the input data into a high-dimensional space of
nonlinear features expressed by the observable degrees of freedom of
the state of the system (Dale et al., 2019; McCaul et al., 2025a).
However, in optics, nonlinearity and disorder are generally fixed by
the geometric and material properties of the photonic device.

Achieving a controllable degree of tunability could enable a single
photonic device to adapt to different tasks, avoiding suboptimal
performance that occurs when a reservoir is too linear or,
conversely, chaotic (Wang et al., 2024d; Xia et al., 2024). In this
context, a detailed analysis of the critical thresholds in nonlinearity
and complexity required to perform computations is still critically
missing, even though recent results in spin wave reservoirs suggest
that nonlinearity, memory, and complexity need to be adapted to the
specific task at hand (Gartside et al., 2022; Lee et al., 2024).

Within this framework, light-matter interactions in gain media
provide an attractive platform to investigate the mutual interplay
between complexity and nonlinearity (Totero Gongora et al., 2017).
Gain media, such as erbium-doped fibres or semiconductor amplifiers,
can induce nonlinear optical effects due to the saturation of their
amplification processes (Rowley et al., 2022). As the intensity of the
signal and pump fields increases, the gain medium’s response becomes
nonlinear, leading to phenomena such as gain saturation, frequency
pulling, and mode competition (Haken and Sauermann, 1963; Agrawal
and Premaratne, 2011; Stone et al., 2005). Nonlinear effects in gain
media can facilitatemode coupling, where differentmodes of the optical
signal interact and exchange energy, enabling its manipulation and
transformationwithin themedium.Within the neuromorphic photonic
community, gain-based systems such as VCSELs, III-V integrated
lasers, and semiconductor optical amplifiers have been proposed as
potential candidates for photonic reservoir computing and optical
neural networks (Farhat et al., 1985; Psaltis and Farhat, 1985; Ng
et al., 2024; Talukder et al., 2025; Skalli et al., 2025; Robertson et al.,
2020; Owen-Newns et al., 2025; Dong et al., 2025).

In this theoretical work, we explore this opportunity by
considering a feed-forward reservoir embodied by an erbium-
doped multimode fibre. Similarly to previous works on
multimode-fibre-based reservoirs (Teğin et al., 2021; Rahmani
et al., 2022; Kesgin and Tegin, 2025), the input data is encoded in
the wavefront of the signal beam, leading to a specific distribution of
signal mode amplitudes and phases. Due to the interaction with the
gain medium, however, the doped fibre effectively applies a nonlinear
transformation of the signal mode distribution characterised by
nonlinear mode coupling, amplification, and losses. These effects
are driven by the spatial profile of the pump beam (which we
consider fixed) and can be controlled through global parameters
such as the signal and pump powers. Our results show that the
combination of strongmode coupling and tunable nonlinear response
can be achieved within a single multimode component, and the best
regime of operation for different tasks can be attained by varying only
easily accessible global parameters (pump and signal powers). Using
this model, we examine how the expressivity and data-processing
capabilities of the photonic reservoir are affected by the degree of
nonlinearity and complexity of the system. To this end, we assess the
computational and physical origin of the optimal regions by analysing
the information theory and linear algebra properties of the readout
matrix (more particularly, the Kolmogorov complexity of the sample
and feature spaces). We unveil a deep connection between the
reservoir’s computational performance and the algorithmic
(Kolmogorov) complexity of the nonlinear features it generates.
Our results show that, by adjusting the pump and signal powers,
the reservoir best operates at an intermediate nonlinear
regime—neither too linear nor fully chaotic—which maximises
performance in close analogy to the optimal “edge-of-chaos”
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operation of time-dependent RC systems (Legenstein and Maass,
2007; Bertschinger et al., 2004; Jiménez-González et al., 2025). Our
results pave the way to developing optimised nonlinear photonic
reservoirs leveraging complexity and controllable nonlinearity as
fundamental design principles.

2 Methods

2.1 Photonic system configuration

Our photonic implementation is shown in Figure 1a. We use a
1m Er-doped step-index MMF (core diameter 30μm,NA 0.32, ncore

1.45) supporting 94 signal modes (λs � 1550 nm) and 227 pump
modes (λp � 982 nm) per polarisation. The signal beam (red beam)
is coupled at the input end of the fibre. To control the transmission
properties of the multi-mode fibre, we introduce a pump beam co-
propagating with the signal beam (green beam). To simplify
computations, we employ a co-propagating pump configuration,
but, in actual experimental implementations, a counter-propagating
scheme would be generally preferred to minimise the effects of
Amplified Spontaneous Emission (ASE) (Agrawal and Premaratne,
2011). Upon propagation, the output field intensity is collected at the
end of the fibre and imaged on a CCD camera. Our data-encoding
pipeline is shown in Figure 1b. The input data is fed into the system
by impressing a series of spatial patterns on the signal beam using a

FIGURE 1
System configuration and computational framework. (a) Sketch of our photonic implementation, comprising an erbium-doped multimode fibre,
two spatial lightmodulators (SLM) for the signal (red beam) and pump (green beam) fields, and a CCD camera. The signal and pump beams are injected on
the same facet of the fibre and co-propagate across the fibre. The field at the output facet is imaged on the CCD array. The physical parameters are
detailed in Supplementary Section S2. (b) Illustration of our computational framework, where the input data uk is encoded in a phase profile for the
signal field. The pump field is shaped with a fixed structured pattern that fixes a random configuration of nonlinear connections among the fibre modes.
The output intensity distribution is collected at the end of the fibre and stored in the readout matrix H. The computational task is performed via linear
regression of the readoutmatrix. (c) Schematic of the key nonlinear transformation components in our reservoir, including the data encoding (embedding
function θ and phase encoding), nonlinear evolution within the fibre (controlled by the signal and pump powers), and intensity detection on the CCD.
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phase-only Spatial Light Modulator (SLM). Similarly, the pump
beam is phase-modulated with a control pattern Q(x) that sets the
nonlinear coupling and relative gain experienced by each signal
mode in the fibre. The CCD images corresponding to each input
data point are then flattened and stored in a readout matrix H (see
Section 2.2). Without loss of generality, we assume that the camera
and SLM have the same number of pixels (30 × 30). On the fibre
facet, we consider a total illumination area A � 31.8μm × 31.8μm
corresponding to approximately 1.5

�(√
2) times the fibre core

diameter and a pixel size Δx � 1.06μm. In our system, the total
pump power Pp and the signal power Ps set the operating regime of
the system. The combination of spatial patterning and varying pump
power enables the simultaneous control of the amount of gain
experienced by each mode and the degree of nonlinear coupling
taking place in the multimode fibre (Florentin et al., 2017; Wei et al.,
2020; Sperber et al., 2019; Sperber et al., 2020).

2.2 Computational framework

Our system, sketched in Figure 1b, is designed to complete
supervised learning tasks through the ELM computational
framework (Maass et al., 2002; Maass et al., 2007). Consider a
dataset {uk, yk}, where k � 1, . . . ,M is the sample index (we
recall that M is the total number of samples), dim(u) � dx, and
dim(y) � dy. An ELM consists of a feed-forward network of N
nonlinear nodes that maps the input data vector uk into a high-
dimensional representation Hk, denoted as the hidden layer output,
through a nonlinear transformation of the form:

Hk � FELM uk[ ], (1)
where FELM[/ ] is a function describing the response of the
network nodes, e.g., a multi-layer perceptron or the readout of a
physical system. The predicted output ŷk is obtained through linear
regression of the hidden layer output:

ŷ � WH. (2)
Here,H � (H1 . . .HM) is aN × M so-called readout matrix obtained
by concatenating all the hidden layer outputs defined in Equation 1 and
W is the dy × N readout weight matrix. The readout weights are
obtained through ridge regression (Hastie et al., 2009) as follows:

W � yHT HHT + λI( )−1, (3)
where y � {yk} is the ground-truth dataset, λ is the regularisation
parameter, and I is an N × N identity matrix. Across all our
examples, we considered a fixed value of λ � 10−4. To assess the
generalisation capabilities of the system (i.e., the ability to generalise
predictions to unseen data), we aligned each dataset into a training
and testing set, composed of Mtrain and Mtest samples, respectively.
The training set is used to compute the readout weightsW, while the
testing set is used to evaluate the generalisation performance on
unseen data. To characterise the ELM performance in both training
and testing, we compute the Mean Square Error (MSE) between the
predicted output ŷk and the true output yk as

MSE � 1
M

∑
k

‖ŷk − yk‖22, (4)

where ‖/‖2 is the 2-norm.
In our system, the ELM hidden layer is embodied by the

transmission modes of the multimode fibre, which, in the presence
of structured external pumping, evolve according to a nonlinear set of
coupled Maxwell-Bloch equations (Totero Gongora et al., 2017;
Totero Gongora et al., 2016) (see Supplementary Section S1 for a
complete derivation of the model). Following standard approaches
(Buck, 2004; Trinel et al., 2017), we express the signal and pump fields
in the fibre as a superposition of Linearly Polarised (LP)-modesψm(x)
and ϕn(x), respectively, and derive a set of evolution equations for the
signal Sm(z) and pump Pn(z) mode amplitudes:

∂zSm z( ) � ıβmSm z( ) + 1 + ıKric( )∑
n

Sn z( )Gs
mn z( ),

∂zPj z( ) � ıβ′jPj z( ) + 1 + ıKric( )∑
k

Pk z( )Gp
mn z( ), (5)

where z is the propagation direction,Kric is the refractive index change
constant (Sperber et al., 2020), βm and β′n are the propagation constants
of Sm and Pn, and Gs,p

mn are nonlinear coupling matrices originating
from the interaction of the signal and pump fields with the gain
medium. Our model captures the main nonlinear effects originating
from such interaction and includes saturation and refractive index
effects. Due to the explicit dependence of Gs

mn(z) and Gp
jk(z) on the

local intensity distributions, the signal and pump modes are coupled in
a nonlinear saturable fashion (Sperber et al., 2019; Sperber et al., 2020).
This self-consistent coupling is at the core of the nonlinearmixing effect
controlling the performance of our system.

In our scheme, shown in Figures 1b,c the input data uk is
encoded on the signal SLM through an embedding function
uk → θ(k)(x) dependent on the task in hand, where x � (x, y) is
the transverse coordinate vector. The case-by-case definitions of
uk → θ(k)(x) are detailed in the next section. The embedding
function plays the role of introducing a first mapping from the
input data space to the physical coordinates of the system (the pixel
space), and can be considered as the input layer to the ELM (McCaul
et al., 2025a). The corresponding input field injected in the
multimode fibre reads as follows:

E k( )
in x( ) � As exp 2πıθ k( ) x( )[ ], (6)

where As �
���������
2Ps/(Acε0)

√
is the signal field amplitude (we recall that

A denotes the illumination area, c is the speed of light and ε0 is the
vacuum permittivity). Similarly, we initialise the ELM by applying a
fixed phase pattern Q(x) on the pump SLM, leading to the control
pump field

EQ x( ) � Ap exp 2πıQ x( )[ ], (7)

where Ap �
����������
2Pp/(Acε0)

√
is the signal field amplitude. The

combination of embedding function θ and projection of the data
pattern on the multimode fibre eigenmodes expressed by Equation 6
effectively plays the role of the fan-in matrix Win of standard echo-
state network models (Lukoševičius et al., 2012). The field
distributions in Equations 6, 7 correspond to a specific set of
complex amplitudes for the signal and pump beams, respectively:

S k( )
m z � 0( ) � ∫ dx E k( )

in x( )ψm* x( ),
Pj z � 0( ) � ∫ dx EQ x( )ϕj′ x( ).

(8)
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Upon propagation under Equation 5, the electric field distribution of
the signal beam at the output facet of the fibre Esignal(x, z � L) is
expressed as a superposition of the fibre modes:

Esignal x, L( ) � ∑
m

Sm L( )ψm x( ). (9)

For simplicity, we assume that the CCD camera detects the intensity
of the field defined in Equation 9 at the output, namely

ICCD x( ) � |Esignal x, L( )|2. (10)

Finally, to construct the ELM hidden layer matrixH, we flatten each
CCD camera distribution from Equation 10 in a 1D column vector
Hk, and concatenate all the different CCD outputs into a single
matrix of dimensions N × M, where N � 900 is the number of
pixels in the readout camera and M is the total number of samples.

2.3 Machine learning tasks

2.3.1 Nonlinear regression
As a first regression task, we consider the interpolation of one-

dimensional nonlinear functions of an input variable uk. Specifically,
we utilise a training dataset of Mtrain � 500 points and a testing
dataset of Mtest � 125 points uniformly sampled in [−π, π]. As a
standard benchmark (Marcucci et al., 2020; Teğin et al., 2021), we
consider the sinc regression task, simply defined as

un → yn � sinc auk( ) � sin πauk( )
πauk

, (11)

where a is a scaling factor that determines the frequency of the sinc
function. For this task, the embedding function is defined as follows:

θ k( ) x( ) � R x( )u k( ), (12)
where R(x) is a random uniform vector in [0,1], and where we
normalise the input data uk to u(k) in the interval [0,1]. In practice,
we multiply each normalised input data point with a random mask
of sizeN × 1, fixed across all samples, which is a standard encoding
for nonlinear regression tasks (Teğin et al., 2021). The role of the
fixed random mask is to create anN-dimensional input embedding
to enrich the feature space at the input of the ELM (McCaul
et al., 2025a).

2.3.2 Spiral classification dataset
As a first step towards more complex tasks, we consider the

spiral classification dataset (McCaul et al., 2025a; Saeed et al., 2025).
The dataset consists of two spirals in the (u1, u2) plane, each
containing 300 points, and is generated by the following
equation system:

u k( )
1 � t k( ) sin 2πχt k( ) + c k( )π( ) + η k( )( )

u k( )
2 � t k( ) cos 2πχt k( ) + c k( )π( ) + η k( )( )

⎧⎨⎩ , (13)

where c(k) � 0 for the first spiral and c(k) � 1 for the second spiral,
t(k) ∈ [0, 1] is a parameter, χ is a winding number controlling the
number of revolutions of the spiral branches, and η(k) is an
uncorrelated Gaussian random variable (noise) with zero mean
and variance η. The dataset is aligned into a training set with
Mtrain � 400 and a testing set with Mtest � 200. The target output

for the binary classification is defined as the scalar c(k). In this case,
the embedding function is defined as follows:

θ k( ) x( ) � R x( ) S x( )u k( )
1 + 1 − S x( )[ ]u k( )

2[ ], (14)

where R(x) is a random uniform vector in [0,1]. Each input data
component u1, u2 is normalised to the interval [0,1], and S(x) is a
random binary mask (with complement 1 − S(x)). In practice, the
embedding in Equation 14 randomly assigns u1 and u2 to distinct
pixels on the SLM, and the resulting pattern is then randomly
weighted as in Equation 12.

2.3.3 Linear and nonlinear time-series prediction
(non-autonomous)

As a final example of the capabilities of our system, we
considered two variations of the Mackey-Glass time series
prediction task (Appeltant et al., 2011). The Mackey-Glass
equation is a well-known chaotic time series that can be used to
test the performance of nonlinear prediction algorithms and is
defined as follows:

dx t( )
dt

� βx t − τ( )/ 1 + xn t − τ( )( ) − γx t( ), (15)

where β and γ are the growth and decay rates, respectively, τ is the
time delay, and n is a parameter that controls the system
nonlinearity. In our case, we considered β � 0.2, γ � 0.1, τ � 25,
and n � 10, and the same embedding function defined as in
Equation 12.

Time-series prediction is widely considered the cornerstone of
RC systems, and it relies on an internal memory mechanism
commonly implemented in terms of recurrent connections
(Goldmann et al., 2020). For systems lacking internal memory,
as in the case of our gain-controlled photonic reservoir, artificial
memory must be engineered through delay embedding in the
encoding or readout matrix. The standard approach in feed-
forward photonic RC systems is to close the feedback loop by
feeding the output into the subsequent input (Rafayelyan et al.,
2020; Dong et al., 2020a). This self-feedback transforms the system
into a recurrent network, endowing it with the fading memory—or
echo property—characteristic of echo state networks, thereby
compensating for the speed mismatch between the light
propagation and the slower electronic encoding (SLM) and
decoding (CCD) hardware (Gallicchio and Micheli, 2017; Jaeger
and Haas, 2004). However, adding further light structuring to our
system raises questions beyond the scope of this paper, such as
“What is the optimal MMFmode distribution that should carry the
previous output information, thereby making the network
memory fade controllably?” As our focus remains on
characterising an optimal nonlinear regime by structuring the
signal to encode data and the pump to tune the RC nonlinear
transformation, we prefer to utilise a different strategy. A recent
post-processing method for delay embedding, developed by
Jaurigue et al. (2025), offers an alternative to making the system
autonomous while maintaining the agile feed-forward structure of
the ELM: instead of routing a delayed version of the optical output
back into the input, we chain a delayed version of the readout
matrix H to itself. To express this mathematically, we first define
the number of delaysNδ . Then, the concatenated readout matrix is
constructed as:
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Hdelay �
H
Hδ

..

.

HNδ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (16)

with Hδ the readout matrix computed at a step δ behind H. In our
simulations, we considered the case Nδ � 2. Equations 2, 3 are
modified accordingly, following the same concatenation criterion
introduced by Equation 16 for the predicted output ŷ, the ground-
truth vector y, and the readout weight matrix W, leading to a non-
autonomous, still feed-forward version of the ELM with prediction
capabilities.

As an initial scenario, we consider a one-step prediction task,
where the goal is to predict the next value of the time series given the
previous values, namely, u(tn) → ELM → u(tn+1). The training set
consists of 500 points, and the testing set consists of 125 points. As a
second, more advanced task, we considered the one-step prediction
of a cubic function u3(t) of the Mackey-Glass time series. The
second task tests the reservoir’s ability to not only model the chaotic
time evolution but also perform a nonlinear transformation on it
(predicting [u(tn+1)]3). Similarly to the nonlinear regression case

described above, here the reservoir realisation and its hidden layer
output are identical, and we only vary the target function y in
Equation 3 following u(tn) → ELM → u3(tn+1). The ability to
perform both tasks with a single reservoir process would indicate
that the same physical reservoir can handle multiple tasks simply by
retraining the output weights, underlining the system versatility as
enabled by the nonlinear features generated by the reservoir.

3 Results

3.1 Gain response and nonlinear landscape

To capture the nonlinear response of the system, we first analyse
the gain experienced by the signal field as a function of the signal Ps

and pump Pp powers. The results are shown in Figure 2a, where the
gain G � Pout/Pin is expressed in dB and where we consider a
random phase field at the signal input of the fibre. Since our
model incorporates the gain and saturation effects for both the
signal and pump fields, we can identify three distinct regions of
operation: (i) For low pump and signal powers, the dynamics of the

FIGURE 2
Gain profile and nonlinear regimes. (a) Three-dimensional plot of the total gainG � Pin/Pout (in dB) as experienced by the signal field as a function of
the signal Ps and pump Pp powers. The transition region of net gain (G � 0 in dB units, corresponding to G � 1 in linear units) is denoted by a
semitransparent plane. The white dots indicate three key regimes of operation and correspond to the amplitude evolution plots included in (c–e). (b)
Derivative of the total gain with respect to the pump power dG/dPp across the signal and pump powers. The high-gradient region (dark red)
corresponds to the operating point of the system with the highest degree of sensitivity to the input data. The white dots correspond to the amplitude
evolution plots included in (c–e). (c–e) Logarithmic pseudocolour map of themodal amplitudes log10|Sn(z)| as a function of themode number n and the
propagation distance z for the three configurations marked in (a,b). Semi-logarithmic plots of the same amplitudes are included in Supplementary
Figure S1.
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signal modes are dominated by absorption across the fibre, leading
to a low-gain flat region and negligible mode mixing. In practical
terms, each mode injected according to Equation 8 will be
exponentially attenuated in propagation. (ii) For high powers,
conversely, the system is dominated by amplification and gain
saturation (Figure 2a—points d, e, respectively). In this regime,
the nonlinear mixing originating from the gain-induced mode
coupling leads to a complex nonlinear response, where the gain
is not uniform across the different modes and strongly z-dependent.
This is the regime of operation where we expect the highest degree of
nonlinear transformation of the input data, but also potentially the
one characterised by the highest degree of randomness. (iii) Finally,
close to the gain threshold (denoted by a horizontal transparent
plane in Figure 2a), the signal response experiences a rapid
transition from negative-gain to positive-gain regime, leading to a
region of high sensitivity to the input signal. This is the region where
we expect the highest degree of nonlinear separation, as it enables a
rapid and efficient transformation of the input data into a high-
dimensional space of nonlinear features.

Since the input data is encoded in the signal beam, it is
instructive to analyse the variation of gain experienced by the
signal for fixed pump power. This can easily be computed as a
derivative of the gain with respect to the signal power. The results are
shown in Figure 2b, where we show a two-dimensional map of the
derivative dG/dPs as a function of Ps and Pp. From this simple
analysis, one can discern a region of high variation for low pump
powers and relatively high signal powers (Figures 2a,b—point c).
Three representative cases are shown in Figures 2c–e, where we
show the amplitude of the 94 signal modes supported by the fibre as
a function of the propagation distance z. The corresponding
combinations of signal and pump powers are indicated in Figures
2a,b as labelled white dots. A semi-logarithmic plot of the three
amplitude distributions is included in Supplementary Figure S1. A
complete analysis of the derivatives up to the second order of the
gain map is included in Supplementary Figure S2, where it is shown
that the second-order gain derivative is also peaked in region (iii),
confirming it as a point of maximal nonlinearity variation. The gain
analysis identifies two potential regions of interest, corresponding to
maximal nonlinearity (ii) and near-threshold sensitivity (iii), that
will be the centre of focus for our computational tasks.

3.2 Nonlinear regression

As an initial task, we consider the interpolation of the sinc
function defined by Equation 11 in the first paragraph of Section 2.3,
with related embedding function in Equation 12. This task is
beneficial for assessing the nonlinear expressivity of the system.
The results for the case a � 1 are shown in Figures 3a,b, where we
plot the training (panel a) and testing (panel b) MSE, defined in
Equation 4, as a function of the signal power for different pump
powers. Two immediate observations can be drawn: first, the
training and testing errors are in excellent agreement, suggesting
minimal overfitting. Secondly, the system can perform the
regression task accurately within the two highly nonlinear
regions described in Section 3.1, suggesting that this task benefits
from a combination of nonlinear transformation and separability.
By comparing against Figures 2a,b, one can infer that the optimal

operating point of the system is located in the region of high gain
variation, where the system is most sensitive to the input signal. The
test predictions for two specific combinations are shown in Figures
3e,f. Examples of high-error (poor regression) performance are
included in Supplementary Figure S3.

To further assess the expressivity of the reservoir, we considered
a second, more challenging regression task on the same reservoir
realisation by modifying the target function parameter to a � 3. The
results are shown in Figures 3c,d. Interestingly, we observe a
significant shrinking in the optimal regions and a corresponding
increase in prediction error. The reservoir, however, remains capable
of accomplishing the task in both high-sensitivity and high-
nonlinearity regions, as illustrated by the testing prediction
reported in Figures 3g,h. Examples of high-error (poor
regression) performance are included in Supplementary Figure
S3. These results suggest that the optimal operating point of the
system is not fixed but can be adjusted by varying the input power
and pump profile, allowing it to be adapted to the specific task at
hand. As a further remark, we note that these results were obtained
for the same reservoir realisation: we only processed the input data
u(k) once through the multimode fibre model, and we tested the
expressivity only by varying the target function set for the ridge
regression. This is a significant result, as it suggests that the system
can be trained to perform multiple tasks without requiring
reconfiguration of the pump profile or SLM patterns and with
only one iteration over the training dataset.

3.3 Classification

While nonlinear regression tasks can help assess the expressivity
of the system, they do not necessarily reveal the nonlinear separation
capabilities of the reservoir. The spiral classification defined by
Equation 13 - with an embedding function given by Equation 14
- serves as a benchmark of the system nonlinear separability onmore
complex tasks. An example dataset is shown in Figure 4a, where we
plot the two spirals in the u1-u2 plane for a winding number χ � 2
and a Gaussian noise of variance η � 0.05. In Figure 4b, we show the
MSE of the regression task associated with the binary classification
(u(k)1 , u(k)2 ) → c(k) ∈ {0, 1}, as obtained through ridge regression.
While classification tasks often include a rounding or winner-
takes-all procedure, here these are omitted to illustrate the raw
results of the linear regression fitting (i.e., c(k) ∈ [0, 1]). In Figures
4c,d, conversely, we show the classification accuracy, defined as the
percentage of correctly classified points, for the training and testing
datasets as obtained by rounding the predicted output to the closest
integer (i.e., c(k) ∈ {0, 1}). The results demonstrate that the system
achieves a classification accuracy of up to 100% for both the training
and testing datasets across regions, aligning with the nonlinear
regression scenario described in Section 3.2. This suggests that
the system can effectively learn the underlying structure of the
data and generalise to unseen samples. In both panels, the white
crosses denote points with 100% accuracy. In the highly nonlinear
regimes, the testing accuracy drops below 90%, suggesting
overfitting. Quite remarkably, our gain-controlled reservoir can
tackle a more straightforward task (obtained via Equation 13 by
setting χ = 1) with almost perfect accuracy across the whole range of
signal and pump powers (see Supplementary Figure S5). Examples
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FIGURE 3
Nonlinear Regression. (a,b) Training (a) and Testing (b)MSE error for the task u(k) → sinc(u(k)) as a function of the signal Ps and pump Pp powers. The
MSE is plotted on a logarithmic scale (i.e., log10MSE). The twowhite dots in (b) correspond to the prediction results shown in (e,f), respectively. (c,d) Same
as (a,b), but for the case u(k) → sinc(3u(k)). (e–h) Plot of the predicted regression output (solid blue line) and the ground truth values (red crosses) for the
testing datasets. Each panel corresponds to the operating points highlighted in (b,d), respectively.

FIGURE 4
Spiral dataset classification. (a) Test dataset for the spiral dataset as defined by Equation 13. The two spiral arms are denoted as blue dots (class
c(k) � 0) and orange dots (class c(k) � 1). Here, the winding number is set as χ � 2, leading to a two-dimensional dataset, a well-known challenging task for
binary classification based on linear separation. (b) MSE for the training dataset for the task (u(k)

1 ,u(k)
2 ) → c(k) as a function of the signal Ps and pump Pp

powers. TheMSE is plotted on a logarithmic scale (i.e., log10MSE). Here, we report the rawMSE obtained via ridge regression before winner-takes-all
classification is implemented, essentially comparing the raw prediction outputs to the target values. (c,d) Training (c) and Testing (d) classification
accuracy (%) as a function of the signal Ps and pump Pp powers. The accuracy is defined as the percentage of correct classifications. The white crosses
denote points with 100% accuracy. In the highly nonlinear regimes, the testing accuracy drops below 90%, suggesting overfitting.
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of low and high-accuracy scenarios are included in
Supplementary Figure S4.

3.4 Time-series prediction

To conclude our system benchmarking, we consider the linear
and nonlinear (i.e., cubic) variations of the Mackey-Glass time
series, non-autonomous prediction described in the final part of
Section 2.3. The dynamical system is defined by Equation 15, and the
related embedding function is in Equation 12.

The results for u(tn) → ELM → u(tn+1) are shown in Figures
5a,b, where we plot the MSE for the training and testing sets,
respectively. They show that the system can achieve an MSE of
the order of 10−5 across the entire dataset for both the training and
testing sets, which is particularly striking when considering our
reservoir does not possess an intrinsic memory, but relies on a
combination of highly nonlinear processing (provided by the gain-
controlled fibre) and post-processing delay-embedding (Jaurigue
et al., 2025). The training and test datasets (blue and orange circles)
are shown in Figure 5c, along with the predicted training and testing
time-series (blue and orange lines). Figure 5d provides a zoomed
view of the testing stage.

The results for u(tn) → ELM → u3(tn+1) are shown in Figure
6a,b, where we plot the MSE of the regression task associated with
the nonlinear function of the Mackey-Glass time series, as obtained
through ridge regression. The results show that the system can
achieve an MSE of about 3 × 10−5 for both the training and testing
sets, indicating that the system can effectively learn the underlying
structure of the data and generalise to unseen samples. Similarly to
the previous case, the training and test datasets (blue and orange

squares) are shown in Figures 6c,d, along with the predicted training
and testing time-series (blue and orange lines). Our results show that
when trained to predict a nonlinear function of the time series, the
reservoir still finds an optimal regime and can learn the task, but
with higher overall error and a narrower optimal window. This
parallels our regression findings: increasing the task complexity
(here by a nonlinear transformation) demands greater reservoir
complexity and pushes the system closer to its limits. We stress here
that, in close comparison with Ref. (Jaurigue et al., 2025), our results
correspond to a non-autonomous prediction task, where the ground-
truth time-series is fed as an input during both the training and
testing phases. In this scenario, with the inclusion of delay
embedding on the readout matrix, the prediction task is
effectively recast into a regression one (McCaul et al., 2025b).
Our non-autonomous prediction results are quantitatively
consistent with our recent observations in analysing quantum RC
systems based on Rydberg atoms (McCaul et al., 2025b), since the
variance of the ground-truth data amounts to 0.2209 for the case in
Figure 5 0.008 for the case in Figure 6.

4 Discussion

In summary, across all tasks – static function approximation,
binary classification, and temporal prediction – the reservoir
consistently performs best in an intermediate regime of
operation. Specifically, configurations with moderate gain and
high sensitivity (near the gain threshold) yield the lowest errors,
whereas too little nonlinearity (low power) or excessive nonlinearity
(deep into gain saturation) degrade performance. This robust trend
suggests an underlying principle governing optimal reservoir

FIGURE 5
Non-autonomous time-series prediction, linear case (a,b) Training (a) and Testing (b)MSE error for the task u(tn) → u(tn+1) as a function of the signal
Ps and pump Pp powers. The MSE is plotted on a logarithmic scale (i.e., log10MSE). The white dot corresponds to the prediction results shown in (c,d). (c)
Full Mackey-Glass time-series target for the training (blue crosses) and testing (orange crosses) datasets, superimposed on the reservoir prediction (blue
and orange lines, respectively). The ground-truth target (cross markers) is plotted every 3 data points for visualisation purposes. (d) Same as (c), but
illustrating only the testing dataset. Predicted values correspond to the blue line, while red crosses denote ground-truth targets.
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performance, which we explore next by analysing the system’s
expressivity and complexity.

4.1 Readout analysis: linear algebra
properties

At the core of our photonic reservoir lies the combination of
controllable nonlinear transformations and separability enabled by
the internal dynamics of the multimode fibre. The physical properties
of the transformation directly map into the readout matrix H
employed as the design matrix of the ridge regression in Equation
3. As such, it is useful to analyse the standard linear algebraic metrics
associated with the regularised linear regression problem y � WH. In
Figures 7a–c, we show the rank (Axler, 2015) of the readout matrixH
for the three different tasks discussed in the previous section. All of
these matrices have a number of rows corresponding to the number of
pixels (N � 900) and a number of columns corresponding to the
number of samples in the training set (included in the title of each
subplot). As a rule of thumb reminder, it is expected that the best-
performing configurations for the linear regression in Equation 3
should correspond to regions of the parameter space where the rank of
the design matrix is maximised (Hastie et al., 2009). Comparing
Figures 7a–c, it can be easily seen that our analysis is in good
agreement with this intuitive consideration.

In the presence of ridge regularisation, however, the inclusion of
a penalisation term automatically forces the rank of the matrices to
be near maximal, as even near-singular directions in H can be
inverted (at the cost of a penalty). This means that the true rank of
the matrix to be inverted is effectively full at the matrix-inversion
stage in most cases. A more suitable metric to analyse the

expressivity of the design matrix is provided by the effective
degrees of freedom (edf) of H, defined as (Hastie, 2020):

edf H, λ( ) � ∑
n

σ2n
σ2n + λ

, (17)

where σn are the singular values of H. As suggested by the name,
edf(H, λ) provides a quantitative estimation of the number of
singular values above the ridge regularisation threshold, namely,
σn >

�
λ

√ � 10−8. Different from the rank, which measures the
number of independent columns or rows in the matrix, edf
measures the number of effective dimensions carrying
meaningful information in the design matrix before readout
training. The results for our three learning tasks are shown in
Figures 7d–f. For each task, we also computed additional metrics,
including the conditioning number, the average Shannon entropy of
the readout matrix, and the average sample Shannon entropy. These
results are included in Supplementary Figures S6–S8.

In summary, the matrix rank reveals how well H can span the
output space (flagging very poor configurations such as extremely
lossy regimes). However, once the reservoir enters the nonlinear
regime, even chaotic/random features can make H full-rank, which
improves training fit but not necessarily generalisation. The edf
provides a finer view by counting only the active dimensions given λ.
We find that as the edf increases, the model can fit more complex
relations, and typically, performance improves, up to a point.
Beyond that point, extra degrees of freedom confer no benefit
and may even hurt generalisation.

The trade-off can be clearly appreciated by comparing our
analysis to the prediction results for each task (cf. Figures 3–6).
For the sinc task, we observed that training and testing MSE were
consistent across the different signal and pump powers, suggesting

FIGURE 6
Non-autonomous time-series prediction, nonlinear case. (a,b) Training (a) and Testing (b)MSE error for the task u(tn) → u3(tn+1) as a function of the
signal Ps and pump Pp powers. The MSE is plotted on a logarithmic scale (i.e., log10MSE). The white dot corresponds to the prediction results shown in
(c,d). (c) Full Mackey-Glass time-series target for the training (blue crosses) and testing (orange crosses) datasets, superimposed on the reservoir
prediction (blue and orange lines, respectively). The ground-truth target (cross markers) is plotted every 3 data points for visualisation purposes. (d)
Same as (c), but illustrating only the testing dataset. Predicted values correspond to the blue line, while red crosses denote ground-truth targets.
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minimal overfitting. This is reflected in both high rank and edf
across both regions. In the case of time-series prediction, both the
rank and edf follow the same trend as the nonlinear regression
scenario, as the two tasks (before setting a target) essentially match
(generating a set of nonlinear features out of a one-dimensional
dataset). For the classification case, conversely, the MSE analysis
suggested strong overfitting in the highly nonlinear regime. In this
case, the rank is nearly maximised across the high sensitivity and
high nonlinearity regions, but the edf is remarkably high for the
latter. This is a clear indication that the reservoir is generating a large
number of nonlinear features, but most of these are too chaotic to
contribute to effective generalisation. Here, the reservoir manifests
optimal performance in the high-sensitivity region, which is to be
expected for a challenging classification task requiring nonlinear
separability.

4.2 The role of complexity

In RC, learning occurs only after propagation in the reservoir via
linear regression, and the task target is never part of the encoding

and processing. As shown in our results, in fact, an identical
reservoir readout can accommodate different tasks, suggesting
that successful computations not only originate from intrinsic
properties of the readout (or design) matrix H, but also on its
ability to generate structured features of the input data that can be
adapted across a wide range of target functions. In essence,
expressivity in our photonic reservoir is not just a linear algebra
property; on the contrary, we need to assess how much information
is generated from the input to the hidden layer and what structure
the reservoir and embedding layers impose on it. In a physical RC
system, these properties will derive from the physical transformation
that originates from the system’s evolution. Said differently,
information is encoded and transformed in a way that optimises
the amount of information exposed at the readout of the reservoir,
and our system is particularly suitable for assessing the information
content of the readout matrix across different nonlinear regimes for
the three types of tasks under consideration.

Linear algebraic metrics such as rank, conditioning, and effective
degrees of freedom provide valuable but incomplete insights into the
reservoir computational performance, and they mainly offer
guidance on the ability of the system to fit the training data and

FIGURE 7
Linear Algebra metrics of the readout matrix H. (a–c)Matrix rank of the readout matrix H as a function of the signal Ps and pump Pp powers for the
regression (a), classification (b), and time-series prediction (c) tasks. The size of the readout matrix isN × Mtrain. The number of training samples, included
in the title of each panel, corresponds toMtrain � 500 for the regression task,Mtrain � 400 for the spiral classification, andMtrain � 1000 for the time-series
prediction. The number of features (pixels) in all cases is N � 900. (d–f) Effective degrees of freedom (edf) of the readout matrix H as a function of
the signal Ps and pump Pp powers for the regression (d), classification (e), and time-series prediction (f) tasks. The edf is defined in Equation 17, and we
fixed the regression coefficient to λ � 10−4 for all cases and tasks.
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do not fully capture the underlying dynamical complexity that
dictates performance in nonlinear tasks. To address this
limitation, we analysed the reservoir output using algorithmic
complexity, expressed by the Kolmogorov Complexity (KC),
which measures the structured complexity or regularity of the
reservoir-generated features.

The KCmeasures the algorithmic randomness of a string of bits,
which is informally defined as the length of the shortest program
that can produce that specific string of bits. While a unique
definition of KC is not readily available, several approaches have
been proposed, which are mostly dependent on the type of data
under consideration. Following recent results in the analysis of
pattern formation in nonlinear photonic systems (Perego et al.,
2022), we approximate the KC of our reservoir processing via the
Lempel–Ziv algorithm as implemented by Kaspar and Schuster
(Kaspar and Schuster, 1987).

In this approach, the value of each output pixel is binarised
relative to its mean (1 above mean and 0 otherwise), and the
resulting binary pattern is analysed for compressibility. This
initial complexity count is then normalised by the complexity of
a random binary pattern of the same size (N/log2(N)), so that KC =
1 corresponds to a maximally random (incompressible) output
distribution by definition. Consequently, any KC value below 1,
denoted as “sub-unity” KC in Ref (Kaspar and Schuster, 1987),
indicates the presence of some underlying order or redundancy in
the reservoir outputs. In this case, the output patterns are not purely
random but contain structure that makes them algorithmically
compressible.

We compute two different versions of the KC following the
procedures detailed in Supplementary Section S4. If the mean is
computed across the sample space (average the value of the pixel
across all samples), we are computing the feature KC. If the mean is
computed across the feature space (average the value of the pixel
across all pixels for a given sample), we obtain the sample KC. In
brief, sample KC characterises complexity across spatial features
(pixels) for each individual reservoir output (sample), whereas
feature KC measures complexity across samples for each spatial
feature (pixel). Here, we primarily focus on sample KC as it directly
captures how structured (compressible) or random (incompressible)
each reservoir output pattern is, and thus correlates closely with the
quality of reservoir transformations relevant for task performance.
The results for the sample KC are shown in Figure 8, while the
feature KC plots are in Supplementary Figure S9.

Figures 8a–c illustrate the normalised sample KC averaged
across all samples, computed as a function of pump and signal
powers for each computational task. A clear and consistent pattern
emerges: in regimes of low optical power, the KC values are
substantially below unity, indicating highly structured (overly
regular) reservoir responses. This aligns with poor task
performance due to insufficient nonlinearity in the reservoir
transformations. Conversely, in regimes of excessively high pump
and signal power—corresponding to chaotic or strongly saturated
dynamics—the KC approaches unity, reflecting output patterns that
resemble random noise. Such randomness provides high
expressivity but limits generalisation, resulting in suboptimal task
accuracy. To quantify the KC variability across samples, we also
compute the standard deviation of the KC values (Figures 8d–f). The
standard deviation is normalised by the mean KC value to provide a

relative measure of variability. This analysis reveals that the KC
variability is significantly lower in the optimal regime, indicating
that the reservoir outputs are not only structured but also exhibit
consistent patterns across samples.

It is important to note that KC is a finer measure of order/
disorder than simple statistical metrics. Kolmogorov algorithmic
complexity can detect the emergence of subtle structures in high-
dimensional nonlinear systems that other measures might miss. For
instance, a binary output pattern might have high Shannon entropy
(each pixel is 0/1 50% of the time) but still be highly structured (e.g.,
repeated patterns), yielding a KC well below 1. The sub-unity KC
captures this hidden regularity, whereas an entropy measure could
mistakenly suggest “maximal randomness.” Essentially, KC< 1
indicates that the reservoir outputs exhibit inherent structure or
redundancy beyond random noise, reflecting the reservoir’s
dynamics on the output distribution.

In this context, the KC provides a metric that is closer to the
spectral radius or Lyapunov coefficients in time-series analysis and
time-dependent reservoir systems ruled by ordinary differential
equations (Li and Vitányi, 2019). In echo state networks, for
instance, the spectral radius of the reservoir matrix needs to be
carefully tuned to balance stability and chaos (Lukoševičius et al.,
2012). Here, the KC of the outputs serves a similar role: it
quantitatively reflects where our system lies on the spectrum
from linear, nonlinear, and chaotic. Specifically, KC≪ 1
corresponds to an overly stable/linear regime (too much order),
KC ~ 1 corresponds to a chaotic regime (output is effectively
random), and intermediate KC indicates a complex but
learnable regime, which is exactly where we see optimal
computational performance across all our tasks. This deep
connection between performance and output complexity
provides a quantitative underpinning to the oft-mentioned
‘optimal balance’ or task-dependent sweet spot in reservoir
computing (e.g., as observed in spin-wave reservoirs (Gartside
et al., 2022; Lee et al., 2024)).

5 Conclusion

In this work, we tackle the challenge of nonlinear tunability in
photonic reservoir computing by designing a single system that can
adapt its nonlinearity and complexity to different tasks. Using gain-
controlled multimode fibre and wavefront encoding, we
demonstrated that simply adjusting pump and signal powers
provides such tunability, effectively reconfiguring the nonlinear
operating regime of the reservoir on demand. Through
simulations on regression, classification, and time-series
benchmarks, we found a consistent trend: an intermediate regime
near the gain threshold yields optimal performance, whereas
regimes that are too linear or overly nonlinear underperform. A
central contribution of this work is linking the reservoir computing
performance to the Kolmogorov complexity of its outputs. We
showed that in the optimal regime, the reservoir generates
outputs with high algorithmic structure, detectable as a sub-unity
Kolmogorov complexity, indicating maximal exploitation of
nonlinear dynamics to produce informative features.
Conventional metrics (including rank, effective degrees of
freedom, and condition number) alone could not fully explain
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the learning performance in the nonlinear regime, whereas the
complexity measure provided critical insight into why the ‘just-
right’ amount of chaos is best. Unlike conventional metrics, in fact,
the KC assesses the reservoir’s intrinsic output diversity: since the
reservoir is not trained toward any one task while processing the
dataset, it should produce a wealth of structured input
transformations so that the linear readout can adapt to any
required function. In summary, all metrics are important pieces
of the puzzle: rank, conditioning, and edf are essential to
understanding the fitting capabilities of the system, while the KC
provides key insights to understand how the reservoir behaves once
you’re in the nonlinear regime. Our findings suggest that complexity
can serve as a design metric for neuromorphic photonics. By
quantifying output complexity, one can objectively tune a
photonic reservoir to its optimal state without exhaustive task-
specific trials. In practice, this could guide the development of
self-optimising photonic circuits that adjust their gain or
nonlinearity in real-time to maintain maximal computational
performance. Future work will explore implementing explicit
feedback to tackle temporal tasks more naturally, and include the
effects of ASE and experimental noise, although such analysis will
likely require direct experimental implementation due to the

computational costs associated with more involved modelling of
the multimode fibre dynamics. In this context, key experimental
challenges are likely related to the stability of the multimode fibre
across the dataset processing, as mechanical perturbations and
bending can affect the linear (and potentially, nonlinear)
coupling of the MMF modes and introduce dynamical changes in
the transmission matrix of the system (Shekel et al., 2024). In the
presence of gain media, however, preliminary experimental results
suggest that nonlinear wavefront control is achievable in practice
(Sperber et al., 2020). Overall, our work demonstrates that
harnessing and optimising complexity is a viable pathway to
significantly improve photonic reservoir computing performance,
paving the way for adaptive, task-flexible optical data processors.
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29482847. Numerical codes are available from the corresponding
author upon reasonable request.

FIGURE 8
Sample Kolmogorov Complexity (KC) of the readout matrix H. (a–c) Average sample KC of the readout matrix H as a function of the signal Ps and
pump Pp powers for the regression (a), classification (b), and time-series prediction (c) tasks. For each combination (Ps,Pp), the sample KC is computed
for each CCD output and then averaged across all samples. (d–f) Relative variability of sample KC across the dataset as a function of the signal Ps and
pump Pp powers for the regression (d), classification (e), and time-series prediction (f) tasks. The relative variability is the ratio of the standard
deviation associated with each average in (a–c) divided by the corresponding average.
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