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This paper investigates the fixed-time synchronization and the predefined-
time synchronization of memristive complex-valued bidirectional associative
memory neural networks (MCVBAMNNS) with leakage time-varying delay.
First, the proposed neural networks are regarded as two dynamic real-
valued systems. By designing a suitable feedback controller, combined with
the Lyapunov method and inequality technology, a more accurate upper
bound of stability time estimation is given. Then, a predefined-time stability
theorem is proposed, which can easily establish a direct relationship between
tuning gain and system stability time. Any predefined time can be set as
controller parameters to ensure that the synchronization error converges
within the predefined time. Finally, the developed chaotic MCVBAMNNSs and
predefined-time synchronization technology are applied to image encryption
and decryption. The correctness of the theory and the security of the
cryptographic system are verified by numerical simulation.

KEYWORDS

fixed-time synchronization, predefined-time synchronization, bidirectional
associative memory, image encryption and decryption, complex-valued neural
networks

1. Introduction

After entering the twenty-first century, brain-like intelligence and neural network
have developed rapidly. With the support of technologies such as artificial intelligence,
deep learning, and cloud computing, corresponding achievements have emerged in an
endless stream (Su et al., 2021; Wen and Su, 2022), which also poses greater challenges to
the large-scale information processing capacity of computing systems. Many researchers
have explored the direction of brain-like research (Rubinov and Sporns, 2010; Zhao H.
et al., 2021), trying to get inspiration from the structure of the human brain and the
way of information processing. Associative memory is one of the most active behaviors
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in the human brain, and it simulates the ability of the real
nervous system to process information. In 1988, Kosko extended
the traditional Hopfield neural networks and established
bidirectional associative memory (BAM) neural networks
(Kosko, 1988). The networks have a relatively complex structure,
and their neurons are distributed in two layers. Each neuron
in each layer is connected to all neurons in the other layer,
while all neurons in the same layer are not connected to
each other. At present, with the rapid development of artificial
intelligence, the synchronous control and stability analysis of
BAM neural networks has become the mainstream research
direction. Researchers have invested a lot of time and energy to
explore BAM neural networks, which provides a new research
idea for the theoretical analysis of complex networks (Ke and
Miao, 2013; Zhang et al.,, 2014; Qi et al., 2015; Zhang and Quan,
2015; Zhang and Yang, 2020; Zhao Y. etal., 2021; Liu et al., 2022).

In recent years, the development of many industrial
has The
introduction of complex signals extends the state variables

products involved complex signal problems.
of the controlled system from the real domain to the complex
domain, which leads to an upsurge of research on complex-
valued neural networks. The state variables, connection weights,
and activation functions of complex-valued neural networks
are complex numbers, which can solve problems that cannot
be solved by real-valued neural networks, such as XOR and
symmetry detection. The complex-valued neural networks
have more advantages in network learning ability and self-
organization. At present, some interesting results have been
proposed (Liu et al., 2017; Zhang et al., 2018; Li and Mu, 2019;
You et al., 2020).

The memristor was originally predicted by Chua (1971).
HP laboratory first developed the memristor components of
nanometer size in 2008 (Strukov et al., 2008). The resistance of
the memristor will vary with the charge flow and can remain
unchanged after power failure. In addition, the memristor is
considered to be a perfect device for simulating synapses due to
its advantages of nanometer size, low power consumption, and
easy large-scale integration. There has been much interesting
research on the dynamics of memristive neural networks (Li
and Cao, 2016; Wang et al., 2017; Yang et al., 2020). Compared
with traditional artificial neural networks, memristor neural
networks can better simulate the structure and function of the
human brain.

As one of the dynamic behaviors, synchronization behavior
describes the cooperative consistency in a group, which is
manifested in the network as the cooperative and consistent
relationship after the interaction of node states. Fixed-time
synchronization is a special kind of finite-time synchronization.
The corresponding synchronization time has a certain upper
bound, which is not dependent on the initial value of the
system but only related to the system parameters and the
controller. At present, there are some research results on fixed-
time synchronization. Cao and Li (2017) studied a fixed-time
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synchronization control method based on memristor and
recurrent neural networks with time delay and estimated
the settling time of fixed-time synchronization. Chen et al.
(2019) derived a new fixed-time stability theorem, and
sufficient conditions were derived to guarantee the fixed-time
(2019)
investigated the fixed-time synchronization of memristor-

synchronization of neural networks. Yang et al.

based neural networks with time-delay and coupling. The
research of fixed-time stability promotes the development of
many practical applications. In some practical engineering
applications, the system is required to reach the origin in the
specified time, but the main disadvantage of fixed-time stability
is that the relationship between the system parameters and the
convergence time is not clear. Then, Sanchez-Torres et al. (2014)
proposed the definition of predefined-time stability, which could
be solved by adjusting the parameters in the process of controller
design. Therefore, the system can achieve stability before the
predefined-time Tc. Predefined-time stability is the result of
fixed-time stability optimization. At present, there are some
research results on predefined-time synchronization. Lin et al.
(2020) proposed a predefined-time stability theorem based on a
piecewise Lyapunov function, in which the Lyapunov function
should satisfy the inequality: V(¢) < —%(a VP(t) + ¢) with
a,6p > 0, G is the minimum uppelc‘ bound for fixed-
time stability and T, is a custom parameter. Aldana-Lopez
et al. (2019) studied more relaxed predefined time stability
conditions, where the Lyapunov function should satisfy the
inequality V(t) < —%(avp(t) + BVI(t)) witha, B > 0,p > 1
and 0 < g < 1. Anguiano-Gijon et al. (2019) introduced
G, into inequality in the form of V() < —ﬁ(Vl_%(t) +

VH'g) with 0 < g < 1. The predefined-time stability
theorem proposed in this paper is more general than (Aldana-
Lopez et al., 2019; Anguiano-Gijon et al., 2019; Lin et al,
2020). Synchronization has important applications in many
fields, such as secure communication, nonlinear control systems,
pattern recognition, and information processing (Alimi et al.,
2019; Ouyang et al, 2020). Synchronization also plays an
important role in laser systems, superconducting materials,
and conventional bus dispatching (Gkiotsalitis et al.,, 2020;
Wang et al., 2021). In addition, Su et al. (2020) studied the
manipulator control based on an improved recurrent neural
network. The ultimate end-effector tracking error can reach
asymptotic convergence, which is also a concrete manifestation
of synchronous control.

This paper also studies the image encryption scheme based
on MCVBAMNNSs. As we all know, the research results of
brain-like neural networks have shown great power in practical
applications. Memristor-based neural networks, which are more
similar to the structure of human synapses, also show unique
functions and values in the application. The digital image is
an important way to represent information, research on image
data privacy protection based on a general memristor-based
neural network learning mode has broad application prospects.
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FIGURE 1
Circuit of memristor-based BAMNNs.

However, there are still few studies on image data privacy
protection using memristor-based artificial neural networks
and their network behavior characteristics. As an ideal tool
to simulate human neural networks, memristor-based neural
networks can be used to maximize the ability of the human
brain to recognize and classify, which shows the potential
of memristor-based neural networks in pattern recognition.
Recognition and classification of sensitive areas of digital
images and proposing appropriate privacy protection solutions
can give full play to the advantages of memory-based neural
networks in recognition and classification and have a wide range
of applications.

Motivated by the above discussions, we investigated
the fixed-time synchronization and the predefined-time
synchronization of MCVBAMNNSs with leakage time-varying
delay. The innovations of this paper are presented as follows:
First, based on the appropriate fixed-time stability lemma,
the feedback controller is designed, and the fixed-time
synchronization problem of MCVBAMNNSs is studied. By
comparison, the results of this paper are less conservative.
Second, a new predefined-time stability theorem is introduced,
where the predefined time is set more flexibly and in a
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more general form. Thirdly, a more simple and effective
discontinuous controller is designed, and sufficient conditions
for MCVBAMNN:S to achieve predefined-time synchronization
are obtained. The synchronization time does not depend
on the initial value and can be adjusted according to the
controller parameters. Finally, an image encryption and
decryption scheme based on predefined-time synchronization
is presented, and the predefined time can be used as the
secret key. Numerical simulation verifies the validity of
the theoretical results and the feasibility of the encryption
scheme.

Notations: In this study, R, C, R”, and C" represent the
real field, complex field, n-dimensional real space, and n-
dimensional complex space, respectively. u = R+ Ii € C, where

imeetsi = «/—1.

2. Problem formulation and
preliminaries

We consider the following MCVBAMNNS as the drive
system, which is given as:
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(1)
wherei = 1,2,.,n,j = 1,2,..m; xi‘i(t),xgj(t) € C represent
the voltage of the capacitor ith and jth nodes at time t.
The initial values of the system (1) are x%(0) @}(s) and
x(0) = ¢f(s), s € R; fj”(-) and gj'(-): C — C are complex-
valued activation functions; 7(t) and o (t) are the leakage time-

varying delays satisfying 0 < ©(t) < o(t) < C(Cisa
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FIGURE 2
Typical current-voltage characteristic of a memristor.
- 1
B0 = nOA G — O~ )+ 3 O 0) el — o) = o (Do M+ Mapsign; + -,
j=1 7 i=1 ]
m
+Zb]¥(xlf,-(t— r(t)))ﬁ“(xﬁ‘j(t—o(t))), W () — sign;i B (1 Ay signj;
i—1 “ji(xli( ) = CliMaji, ji(xli( —1(t)) = CliMbji,
S0 = — B — o (Ot — 0 (1) + Z Uk (D)g (x() :
_ signij uu _signyj
(xzj(f)) My dji(xy;(t — 0 (1)) = CZjMdij'
+Zd (5t — o (D))gl (it — (1)), .
The memristor-based BAM neural networks model can be

implemented by very large-scale integration (VLSI) circuits as
shown in Figure 1. Taking a real-valued system as an example,
where signjj = signjj = 1if i # j, otherwise signjj = signjj = —1,
x1i(+) and xzj(-) represent the state of the subsystems, ﬁ(-) and
gi(+) are amplifiers, Mg;j; is the connection memristor between
the amplifier ﬁ(xzj(t)) and state x1;(t), My; is the connection
memristor between the amplifier ﬁ(xzj(t—a (t))) and state x1;(t),
M_jj is the connection memristor between the amplifier g;(x1;(t))
and state xp;(t), Mdij is the connection memristor between the
amplifier g;(x1;(f — ©(t))) and state x5;(t), Rjj and Cj; are the
simplified current- voltage
we define the neuron
self-inhibition and connection weight as the following state

constant); n > 0 and & > 0 are the rates of neuron
self-inhibition; a ]“1, b4 i c“ d“ are the memristive connection
weights.

The parameters signification and performance of resistor and capacitor.
MCVBAMNNS are described as: Figure 2 illustrates the

characteristics of the memristor,
1
n?(X'fi(t — (1)) = Z(Mujz + Mb]l)Slgn]z —1,
bj=1 1 correlation functions:
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where the switching jumps Tj, T]{, N, R;, @j, w'j, > 0.
System (1) is called the drive system, the response system can be described as follows:

FHD) = = O = T = TW) + D al 0RO 040)
j=1
+ ) B — TN 05— o () + uf (1),
P n @)
() = = 108 — Ot — o) + 3 OB OO 1)
i=1

+ ) di0( — o (O)gl (e — (1) + v} (),
i=1

wherei=1,2,..,n, j= 1,2,...m;y'fi(t),y§‘j(t) € C. The initial values of the system (2) are y%'(0) = ¢}'(s) and y5(0) = ¢5(s). u(t) and
pH

]
work, Figure 3 is the flow chart of the system.

(t) are denoted as controllers. The remaining parameters are similar to those of the drive system. To better understand the following

Definition 1. Filippov (1999) consider dynamical systems with discontinuous right-hand side x(t) = F(t, x), x(t) is a solution of the
differential system on [0,T) in Filippov’s sense, if x(¢) is absolutely continuous and satisfies the differential inclusion of

x(t) € K[F](t,x),

where
K[Fl(tx) = () (] GlF(B(x8)\N),tl,
8>0(N)=0

where co[-] is the convex closure hull of a set, B(x,8) = {y:|ly — x|| < 8} is the ball centered at x(¢) with radius §, and w(N) is the
Lebesgue measure of set N.

Definition 2. Hu et al. (2017) the MCVBAMNNS (1) and (2) are said to achieve fixed-time synchronization if there exists a fixed-time
Timax > 0, which is independent of the initial values but may be relevant with some parameters of MCVBAMNNS and controller, and
a settling time function T(e(0)) < Timax such that lim;_, 7,(0)) le(t)]l2 = 0 and [le(#)]l2 = 0 for V¢ > T(e(0)).

Definition 3. Anguiano-Gijon et al. (2019) if the settling time T(e(0)) of fixed-time stability can be predicted by adjusting the constant
T¢, it means that the drive-response systems can achieve globally predefined-time stability, where T'(e(0)) < T¢, Ve(0) € R".
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Design the complex-valued BAM neural networks
(CVBAMNNS)

U

Using time-varying memristor connection weight,
the memristor-based complex-valued BAM neural
networks (MCVBAMNNS) 1s designed as the
driving system

U

Design controller added to MCVBAMNNS as
response system

U

Using Lyapunov function to judge the stability of
error system

U

Drive-response systems are synchronised

U

Numerical Simulation and Application Example
Verification

FIGURE 3
Flow chart of the system.

Remark 1. Predefined-time synchronization is a special kind of fixed-time synchronization. The problem of predefined-time
synchronization of drive-response systems can be converted into the predefined-time stability of the error systems. The purpose of
this paper is to design an appropriate controller to stabilize the error systems in the expected time by adjusting the controller parameter
T.
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Based on Definition 1 and the theory of differential inclusion, the drive system (1) can be written as

4(0) = — el — TNt — 7)) + Y olallel (F (e (0)
j=1

+ Y Bl — TN — o (),
j=1

3)
n
(1) = — Col&] (x;(t — o (NNt — o (1) + Y colelie(N)gf (e (1)
i=1
n
+ 3 ol it — o (gl (it — (D).
i=1
The response system (2) is represented as
m
FD) = = QO — TN — T(0) + Y N (e)
j=1
m
+ ) At — TNt — o (1) + (1),
= o
n
() = — o€/ (5t — s (ON)yhi(t — (1) + D colei(5(D)el Biy()
i=1
n
+ 3 it — o (OBt — (1) + V(o).
i=1
To obtain the synchronization criteria by set-valued mapping, let
i = max{|if], i1, if = max{[if], i} 1};
£R _ £R| 1£R £l _ 1) 1 £In.
Sj = max“% I, |EJ I} 5] = max“s]‘ l, |$] I}
ai; = max{|Af], 1AL}, af; = max{|Af], |AL]);
bj; = max{|B|. |Bf|), bl = max(|BL, 1B}
¢t = max{(|CE|, ICEI), ¢f; = max{|CL, |CLI);
dff = max{|Df|, |DE|), df; = max{|DJ;|, D).
The synchronization errors are defined as e;(t) = y¥;(t) — x¥,(¢), egj(t) = ygj(t) - xgj(t), we can conclude that
Rty =P(r) + WR() + uR (),
el (1) =P(t) + whie) + ul (), (5)
(0 =H(®) + Q) + v (1),

&;(0) =H(t) + Q[ (1) + 7] (®),

where i = 1,2,..,n,j = 1,2,..,m; the initial values of error system (5) are elf(s) = ¢>f(s) — (pf(s), e{(s) = ¢{(s) — (p{(s),
&3(5) = 95(5) — 95.(5), €3(s) = B3(s) — @3(s). We define P(1), (), H(¢), H(), W} (1), W] (1), QF (1), Q] (1) as follows:

P(t) = — [RyR(t — ©(1) — 71yt — e )] + R — 2 (1) — 7l (¢ — ()], (6)
P() = — Ryt — o) + 7lyR = @) + R0 — 2 () + 7Rt — ()], )
Frontiersin Neurorobotics 07
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H() = — [ERy5(t — o(1) — Elyhi(t — o ()] + [ERxi (e — 0 (1) — Eludy(t — 0 ()], ©
( [5; ng(t ®) +$ }/2]( o(1))] ] xé] —o(t) +§ x2]( a®)], )
Rity = S @8R 08 0) — AR ek 0) + algl () — a0 o)
j=1
+ Z{E}S Rt — o (1) — BEER (5t — o (1)) (10)
j=1

+ D B (gt — o (1) = B 0t — o (),
j=1

Wf(t)—Z{ akfl (50 — alfl (,(0) + aLFR 05(0) — alff (i)

+ ;{E}‘» (e = o (1) = BEfT G, — o (1)) (11)

+Z{ (1)) = bR (it — o (),

QR(t)—Z{EUg, 0hi(0) — EglGei(0) + Ehg] (1) — Eigl 01,0

+ Z{d e (e — T(1) — g (] (¢ — (1)) (12)

Z{d 8 01t — (1)) — diig] (e (t — T(O)))

Q(t)—Z{ HeR (1) — Egl (e (0) + gl (01:0) — Efigl (e (1)

+ Z{d,Jg, (it — T(1) — difg] (et — T(1))} (13)

+Z{dl,g, Rt — ) — digh e — <)),

Assumption 1. Suppose the activation functions satisfy [ij| < M]R, [ij| < MjI, |glR| < N,R» |gi1| < Nl.I, for MJR,M},Nf,NiI are positive

constants, i =1,2,..,n,j = 1,2..,m.

Lemma 1. Guo et al. (2020) the following inequality holds: |W,R(l‘)| < Af, IWl.I(t)I < AII, IQR(t)I < Q?, IQI»(t)I < QII for

AR —23] (MR (@ + bf) + M] (@], + b])]: —22 [MR(@; + b)) + M (@} + b5)): @ —zz[NR(cR+dR)+NI< L+ dD)];

]_
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Lemma 2. Hardy etal. (1952) ifay, 0, ...,y > 0, 0 < p <1, ¢ > 1, then we have

iaf’z(zai)p, Za§>n1 (Y @)

i=1 i=1 i=1 i=1

Lemma 3. Chen et al. (2020) suppose the continuous and positive definite function V(t) satisfies the following two conditions:
iH Vi) =0&t=0;
(ii) Any solution ¢ of system V(¢) satisfies

V() < —aVP(t) — bVE(t) — cV (D),

fora, b, c > 0,0 < p < 1,and ¢ > 1. Then the origin of the system V(¢) is fixed-time stable and the settling time is estimated by

1 c 1 c
Thay = ———1In(1 + =)+ ——— In(1 4 -).
max = o1 n( +a)+ @D n(1 + b)
Lemma 4. Polyakov (2012) suppose the continuous and positive definite function V/(¢) satisfies the following two conditions:
@HV(E)=0&t=0

(ii) Any solution t of system V(¢) satisfies

DYV() < —aVP () — bVE(p),

fora, b> 0,0 < p < 1,and ¢ > 1, where DT V(t) denotes the upper right-hand Dini derivative of V(t). Then the origin of the system
V(t) is fixed-time stable and the settling time is estimated by

5 1 1

T = .
max = 20 b — 1)

Lemma 5. Hu et al. (2017) suppose the continuous and positive definite function V(t) satisfies the following two conditions:
@HV(H)=0&t=0;
(ii) Any solution ¢ of system V(t) satisfies

V() < —aVP(t) — bVE (1),

fora, b> 0,0 < p < 1,and ¢ > 1. Then the origin of the system V/(¢) is fixed-time stable and the settling time is estimated by

max =

1
Thax = = - (5)= :
a b l—p ¢-—1
Lemma 6. Parsegov et al. (2013) suppose the continuous and positive definite function V(t) satisfies the following two conditions:
@HVH)=0&t=0
(ii) Any solution t of system V(t) satisfies

DYV(1) < —aVP(t)) — bVE (1),

fora,b>0,p=1-— Tlal’ and¢ =1+ ﬁ, where d > 1. Then the origin of the system V(¢) is fixed-time stable, and the settling time is
estimated by

T4 wd

max — ﬁ'

Remark 2. If m > 0, In(1+m) < m. Since £ > 0,% > 0,wehave ln(14 %) < &, In(1+ b) < b,then ( ln(1—|— )+

%) < u(%p) + ﬁ Therefore, Lemma 3 can give a more accurate Tyqx than Lemma 4.

a, In(1+

C(Z 1)

Remark 3. Most of the designed controllers are discontinuous. To ensure the solution existence of the error system, the Dini derivative
is introduced to guarantee continuity at breakpoints.
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3. Main results

3.1. Fixed-time synchronization analysis

We design the following controller:

ul(t) = — wisign(eR. (1) — AR (Rt — v(1)) — 2L el ,(t — v(0)))
— sign(eR () MaileR (O] + Azilel (1) + railefi(0)1P],

ul(t) = — kysign(el (1)) — whi(eR(t — v (1) — whi(el(t — = (1))
— sign(el;(D)[A2ilel (O] + Azilel;(OI* + ailel;(DIF],
VR (1) = — pysign(eR (1)) — kR (Rt — o (1) — KL(ehy(¢ — o (1)) (14)

— sign(e5 () [kyjle5 ()] + ksjleh: (D1 + kajle5 (011,
vi(8) = — gjsign(e;(1)) — pii(e5;(t — o (1) — pi;(eh;(t — o (1))
— sign(e3; (1)) kajles; (1)] + k3jleb; (D1 + kyjle;(DIP ],

where i = 1,2,..,n, j = 1,2,..,m, and the constants w;, A 11, )\11, ki, Wl;’ w{l, Pj> kﬁ, k{j, gj> pf}-, p{j should be determined later.
Meanwhile, 12, A3j, A4 kzj, k3j, k4j are any positive constants,and 0 < o« < 1, § > 1.

Theorem 1. 164, = 78,0, = il = il = 7K = B 2 Bl = Bl = Elowi = ARk = ALpy = o
9 > QI i=1,2,.,nj=12,..,m,then systems (1) and (2) can achieve the fixed-time synchronization under the controller (14).

Additionally, the settling time is Tmax = In(1 + C) + In(1 + ), wherea = X - ZHTH, p = D‘TH, b=2u,¢ = #,

1
c(1—p) o ﬁC(é“ 1) ’
¢ = 2w, A = min{min(A3;), min(ksj)}, p = min{min(rs;) - n~2 ", min(ks;) - mT}, o = min{min(;), min(ka;)}.
! J ! ] ! )

Proof 1. To prove this theorem, we construct the Lyapunov function as follows:

VH(t) = Vi) + V1),
= VRt)+ Vi) + v + vie),

where VR(t) = 1 z R vin =1 _21 CHORAGES Z (e3(0)% V(1) = 3 Z CHOR

We calculate the derivative of V{z(t):

VR =) el et

i=1

=Y lefi(®)lsign(el, (P + W) + uf (1)},
i=1

<Z{ lefOlef(t =T )+ el Dllel (=T} + Y leROUWR )]

i=1

+Z|e’f,»(t>|sign(ei(t)){—msign(eff,-(r))—xﬁ(eﬁ-(t—ra))) Milelt — (1))

i=1

+ 3 leR(0lsign(el(e){—sign(ef (N hailef(B)] + Azilef (DI + Aailef (DI 1).
i=1
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According to Assumption 1 and Lemma 1, we have

n n
VR <= DailefOF + A3ilef 01 T +agilel, 0P F1 + Y (AR — wilefe)]

i=1 i=1

+ ) AGR = ARl — @)} + Y UG = A lefidlle] ¢ — T®)).
i=1

i=1

n
<= > Dailel O + azilel O + agilefi 0P,

i=1

n n n
< —min(ai) Y [eNOF — min(a3;) Y 1elOI* ! = min(ug) Y 1RO,
! i=1 ! i=1 ! i=1
n n

< = minGo) (Y R OF) —minGa) (Y 1eRODF =0T < minGua)(3 16l 0

i=1 i=1 i=1
atl 1-p Bl
2 2

< = 2min(2) - VR(H) = 2°F minGis) - (VR@O)T —n 2" 2
1 1

The proofs of V{ (1), V§(t), and Vg (t) are similar with that of Vf(t):

. a+l a+1
Vi) < — 2min(ag) - Vi(t) — 272 min(3)) - (V{(5) 2
1 1

1-8 B+1 B+1
—n7 227 min(hg) - (Vi) 7,
1

VR(t) < = 2min(ky)) - V(1) = 2°F min(ks)) - (VR@) T
J J

1-8 B+1 B+l
—m 2 - 2% mjn(k4j) . (Vf(t))%,
j
Vi(t) < — 2min(kyj) - VA(t) — 2“T“m_in(k3j) (Vi
j j

1= B+l
2

1= ) =
—m 2 -2 2 min(kyj) - (V5(1)) 2.
]

According to the analysis above, we can obtain that

VU(t) < — 2 - (min(o)(VR(®) + min(a) (Vi)

- @inwzp(vé‘(t)) - mjin(kz;)(vé O)

a+l
2

—2T (minGa)(VE(O) 5 + min(ai)(v] T

t n/l]“/’(k:s])(Véz(t))QT-*—1 +1’Vl]lﬂ(k3j)(V£(t))aT-H}

B+1 1-8 B+1 1-8 B+1
—27 (n2 -minQu)(VR®) T 4072 - min(ug) (Vi)
1 1

1-8 B+1 1-8 B+1
+m 2 min(kg)(VR(£) 2 +m 2 - min(k)(V5() 7 }.
J J
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Therefore, we get
VI < =2+ {minGi) - VRO+ Vi) + min(kz)- [VR®O+ Vi)

2T {mm(xso[vR(tHv’(t)] +mzn(k3])[VR(t)+VI(t)] 3

B+l 1-8
2

I min(d.g;) - VRO+VIOI 2 +m2 - mjin(k4j) VRO+VIm 5,

<-27 [(Vl(t)) +(V2(t)) - [(Vl(t)) +(V2(t)) g

=20 [VI(t) + V3],
#

<= 2T A (VH) T 2 (VE(D) 2 —20 - VE(D).

According to the above results and referring to Lemma 3, it can be obtained that the systems (1) and (2) have achieved fixed-time

oc+1

synchronization under controller (14). Then the settling time Trl,mx = In(1 + C) + @D ; ) In(1 + b) anda = A-2 2

C(l 0)

1-p 1-p
O‘T'H,b = 2u, ¢ = #, ¢ = 2w, where A = min{m}n(ky),mjm(ky)}, n o= mzn{mizn(k4i) -n 2 ,mjm(k4j) -m 2},

p:

= min{min(%2;), min(kz;)}.
i j

1 ~] ~R 1 ~] 1R £R 1 R 1 R
Corollary 1. I35, > %, ALy = if, wiy = i wi; = i, ki = &5 Ky = &L pyy = Epyy = Elowi = AR i = AL pj = @
9 > Qi’ i=1,2,.,nj=12,..,m, then the systems (1) and (2) can achieve fixed-time synchronization under the controller (14).
QTH’bzzu'){ = 1+8

2 1 1 atl
Furthermore, T, = aT=p + m,where a=Xx-22 ,p=

Proof 2. Similarly, it can be proved that

1+8
2

V() < —a(VH(1) 2" — b(VH(E) 2 — V(D)

a+l 1-B 1-B
wherea = 27274, b = 2, ¢ = 2w, & = min{min(is;), min(ksj)}, u = min{min(rs;) - n2, min(kaj) - m~2"}. Since the Lyapunov
t J t J

function V¥(¢) is derivable, we have DT V%(t) = V*(t). Therefore,

e
=

DFVE(E) < — a(VH(5) EE — b(VE() 2 — cVi(r),

+,

~\
=

< —a(V¥(®) 3" = b(vV*(1)
According to Lemma 4, the origin of system (5) can achieve fixed-time stability.

R ~R R
Corollary 2. If AR >’7z”\11—”z’wﬁz”i’W{z—nwkﬁ—é lj_élpl_gl,pljzs wi > AR k>AI,p]>Q,q]>QI
i=12.,nj= 1, 2,...,m. According to Lemma 5, systems (1) and (2) can achieve fixed-time synchronization under the controller

1= atl 1 ) . .
(14). Furthermore, T3, = % . (%)5*/0 (ﬁ + ﬁ). wherea=1-2"2 ,p = O‘T’H, b=2u,¢ = %’3, A= mm{mim()%i)) W;m(k3j)}>
1-8 1-8
w = min{min(La;) - n"2",min(ksj) - m~2"}. The proof process is similar to Corollary 1, so it is omitted here.
! J

R ~R 41 ~1 ~R I ~1 R I =1 I R I R I
Corollary 3. If,\“zni,/\lizni,wfizn,-,wlizni,k{‘jzs Ky = & p1 > &R pljzé wi z A ki = Ajupj = Q7 5 = 2,

i=12,.,nj=12,.,m. According to Lemma 6 systems (1) and (2) can achleve fixed-time synchromzatlon under the controller
1-B 1-B
(14). Furthermore, Tﬁmx \7;% wherea =122 n b=2u, 1 = mm{mm()\y) m]m(k3])} U= mm{mzn(}uh) ‘nz mjin(k4j)~mT}.

The proof process is similar to Corollary 1, so it is omitted here.
3.2. Predefined-time synchronization analysis

Theorem 2. For system (5), if there exists a continuous and positive definite function V(e(t)) : C" — R, T, is a user-defined parameter,
and the following conditions hold:
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(i) V(e(t)) = 0 < e(t) = 0;
(ii) For any V(e(t)) > 0, there exist a,b,c > 0,0 < p < 1, g > 1 satisfying

. G,
V(e(t) < —?C(an(e(t)) + bVA(e(t)) + cV(e(t))),
Cc
then the origin of system (5) is predefined-time stable within predefined time T, in which

1
i1+ 5 b —— (1 + 5.
a b

1
Ge=—1
c(1-p) cg—1)

Proof 3. For any V(e(t)) > 0, the corresponding analysis is shown as follows:

. Ge

V(e() = === (aVP(e(t) + bVi(e(t) + cV(e(t).
Cc

The setting time function is given as follows:
T(e(0))
T(e(0)) = / dt.
0

Then we have

T(e(0))
T(e(0) = / d,
0

V() T, 1
[
0 GeaVP + bV + ¢V

T 1 oo T, 1

Cc Cc

5/ ——dv+/ B — 174
o GeaVP +bVi+cV 1 GeaVP 4+bVa+cV

1
Let W= V=P, dW = (1 — p)VPdV, V = W7, then we have

LT, 1 LT, 1
S R E— Y [ e —
0o GeaVP+bVi+cV 0o GeaVP+cV
Lt 1 vP
[EL W,
0o Gel—paVP +cV
T 1 1
0o Gel—pa+cw 7’
T, 1 c
= — ll ).
Ge (1 —p) g +a)

1
LetZ=V1=9,dz=01— q)V~49dV,V = Z1-1, then we have

+00 T, 1 +00 T, 1
—————————dV < ———dV,
1 GC aVP + bVq + cV 1 GC bV‘] + cV

_/12; Vi,
o Geq—1bVi+cV
Lt 1 1
0o Geq—1b+cZ
Te 1
T Geclqg—1)

>

>

c
1+ -).
In( +b)

Therefore, we have

T(e(0) 5%

<T..

( A+ 94— ma+ 9y,
a b

1
—
(1 —p) " c(g—1)
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In order to realize the predefined-time synchronization of systems (1) and (2), we designed the following controller:

ul(t) = — msign(e’f,-(t)) — et — T(0) = 2q,(e;(t — T(1)
- szgn(ell(t)) [k21|eh(t)| + 23ileR 1% + haileR(01P1,

ui(t) = — k,-sign<e1,-(t>> — Wii(efy(t — T(1) — wi;(el (¢ — T(1)))
—szgn(el,(t))) - Uhailet (O] 2ailel (O + hailel; (0],

vi (D) = - pjsign<e2j<t)> — kfj(exi(t — o(1) = kjj(ehi(t — o (1)) )
- szgn<e2]<r>>> - lojlegy ()] + kylehi (D1 + kaglegi (017,

vi(e) =— qjsign(ezj(t)) — PRt — o (1) = pl(eh;(t — o (1))

szgn(ezj(t))) [kzjlezj(t)l + ksjlezj(t)l"‘ + k4]|ezj(t)| I

Theorem 3. If}“R >nl’)“11—n1’wllel—n1’wlz nl’klj_gR kI S pllzjzéiR’p{jzgil’wizA?’kiZA{’ijQE’

i = 1j =
qi = QI, i=12,.,nj=12.,m G = In(1 + ) + In(1 + ) systems (1) and (2) can achieve the predefined-time

C(l 0) C(é 1)
synchronization within predefined time T, and the controller (15), where a=xr27 ,b=2u,¢c =20, p = 0‘+1 , ¢ = ﬂ

1-B
A = min{min(A3;), min(ksj)}, p = min{min(ra;) - n"2", min(ksj) - m 2 }, 0 = min{min(iy;), m;n(kzj)}.
4 J ! ] ! ]

Proof 4. To prove this theorem, we construct the Lyapunov function as follows:

V() =V + V5 (1),
=VR(®) + Vi) + V@) + Vi),

where V(1) = 3 3~ (efy(0)%, Vi) = 5 > (el (% V() = § 2 SO% V(1) = 3 X (e (1),
i=1 i= j=1 j=1

We calculate the derivative of Vf(t) as follows:

VR =) el et

i=1

=Y lefi(®)lsign(el, (P + WR(B) + uf (1)},
i=1

< Z{ lefe)llef(t — (D] + 7if el ()l el (¢ — TeNI} + Y R ONWT(8)]

i=1

+Z|e1, )Isign(eR () {—wisign(eR (1) — AR (R (t — z(1)) — ad,(ed ¢t — ()
i=1

+Z'€u )Isign(el(t){— szgn(ehu)) [A21|e1,<t>|+x3l|eh<>|a+x4i|e§,~<t>|ﬂ]}.
i=1
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According to Assumption 1 and Lemma 1, we have

n n
. G
IGOEEDY i[szeﬁ(t)F + 23ileN O 4 agilel O T+ > (AF — wilel(t)]
i=1 i=1

+ Z{(ﬁf‘ —aled NIl — T} + Y (G — MpledOllel (¢ — ()1}

i=1
Ge 0 N atl |y B+1

Z .l 21leF O + 23ilel; @)1 + agilel, 0P,

G, +1 1-B ﬁ
< - = mzn(kzl Z |eh ) + mm (A31) Z |eh(t az +n2 mzn(k4, (Z |e11 2 ],

i=1 i=1 i=1

G 1 1 1-8 B+1 B+1

< — 2 2minG) - VRW + 277 minGs) - (VRO)'T 4077 273 minGuai) - (V©) 7.
c 1 1 i

The proofs of V{ (1), Vf(t) and V% (t) are similar with that of Vf{(t). Additionally, we have

vl(t><—i—[zmm(xz» Vi +2F minGa) - (vi)F

1-B B+
w2t 2 min(x4i>~<V{(t))T 1,

atl
2

. G
V§(t>s—T[zmm(kzj> VRt +2°7 mm(ksj) (VR(®)

1-g B+l
2

727 minky) VRS,

G
Vz(t) < - T[me(kzj) Vz(t) + 2% mm(kg,]) (Vz(t))

18 _p+1
2

+m 2 -2 mjin(k4j) . (Vz(t))T]~

According to the analysis above, we can obtain that

. 2G:, . .
Vi) < — T{mim(xy)(vf‘(t» + m;n(xz,'xv{(t))

o+ minlky) - (VR®) + rnjin(kz;)(\é(t))}

a+1
22 G in(an(VR®) S + min(an (Vi) S

c

+ mjin(kijvg(t»“%l + minlky) (V@)

a+l
2

}

1
277 G
T;
18
2

e min(x4i)(V{‘(t))% +n 7 min(u) (Vi) T

+m mtn(k4j)(V2 (t)) fem rr;in(k4j)(vg(t))%},
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Therefore,

. 2Ge . .
VA < — T{m;n(ky)[V{‘(t) + Vi) + min(kz)- VRO + Vi)

a+l1

2 S mintia) VR + vin " minGes) (VRO + Vi1 F)
B+l

_ 2 Gc{miin(hu)-nl;ﬂ [VR(t)+VI(t)] b —|—mm(k4j) m 2 [VR(t)-I—VI(t)]%},
a+l

s—z%'Gf~[<vi‘(t>>“¥ v F - ZwT'CGC-[VI“<t)+V5’<t)]

B+l

—22% (v 5+ vy 5,

Gc
== ZERET A (V)T 42 (VD))

c

p+1
7 420 (VE)],

+

1-8 1-8
wherea=1-2"2 ,p = O‘TH, b=2u,¢ = 1;’3, c=2w, A = min{miin()g,-), n/ljin(k3j)}, n= min{miin(M,-) . nT,mjin(k4j) -m 2z

|8
o = min{min(y;), min(kyj)}.Under Theorem 2, the drive system (1) and the response system (2) can achieve predefined-time
! J

synchronization under the controller (15). The proof is completed.

Remark 4. In Theorems 2 and 3, the error system (5) can achieve predefined-time stability, in which G, can be considered as the
minimum upper bound T4y of the stability time in fixed-time stability. In addition, the theorem also provides a tuning parameter T
to adjust the stability time to the expected value.

4. Numerical examples

Three examples are shown in this section. Example 1 demonstrates the effects of Theorem 1, Example 2 verifies the validity of the
predefined-time synchronization in Theorems 2 and 3, and Example 3 is an application of image encryption and decryption.

Example 1. The simulation model is a two-dimensional MCVBAMNNSs with time-varying delays, and it is shown as follows:

&0 = = i (e — T @) — (e Z HOAHOM (5(0)
2
+ ) b — Tt — o (1)),
= (16)

() = — &' (xy(t — o ()t — o (1)) + Z HEHONACHO)

+ Z it — o ()l (it — T(D).
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The response system is

2
i) = = nf O = TN = T @) + ) a0 050)
j=1

2
# DO O o)

(17)
2
F(1) = = £ M — Yt — o (1) + 3 )04 (D)
i=1
2
+ ) dEOAi(t — o)l Ot — T() + v (D),
i=1
where i = 1,2,j = 1,2, T; = T]/ = wj = wj/ =0, R; = N; = 1; TI? — gju =1+ i;ﬁ“(z) = sin(|z|), gi”(z) = cos(|]z| — 1);

7(t) = t + 0.1sin(t), o (t) = t — 0.1cos(t). The initial values of system (16) are e1R(s) = 1,2.07, oll(s) = (1.3, -nT, ©2R(s) =

(0.4,1.2)T, 21 (s) = (1,0.25)T. The initial values of system (17) are ¢1R(s) = (0.9, —1)T, ¢p11(s) = (1.1,0.75)T, p2R(s) = (0.5, —0.8)7,
q)ZI (s) = (—0.6,1.4)T. The memristor-based connection weights are listed as follows:

AR _ GR_ (05 02 Al 08

’ —06 —1)° —0.8 ’

0.5
—1.2

0.8
0.5

—-0.3
0.1

A 08 0.1 R _ 03 02 BR_ 04 02
—-01 -11)’° 0.7 —06)° 03 —04)’
s 09 07 g (-12 08 CR _ -1 05
—-02 07)° —04 09)° 08 —-13)°
. ~-18 0.8 R —1.1 02 . —13 05
R = , = , = ,
12 -15 .1 -13 1.0 —12
MR 15 04 xR _(—18 05 A 10 03
03 -2/ 01 —-15)° 02 —-15)°
. -12 0.
bl = 06 )
05 —18

Some real and imaginary parts phase plots of the drive system (16) are shown in Figure 4. We choose w; = 1.5, k; = 1, p; = 1.3,
g =15 )\Ifi = )‘{i = Wlfi = W{i = kﬁ = k{j :p}fj = p{] = 1;22i = 12, kpj = 20; 23; = L4j = 0.4; k3; = kgj = 0.6. Errors of the drive
system (16) and the response system (17) without and with feedback controller (14) are shown in Figures 5A,B, respectively.

Table 1 shows that T}, .

1 and Lemma 3, T2,,, is derived by Corollary 1 and Lemma 4, T

is much smaller than T,%fa,% with the same controller parameters. In Table 1, T}Mx

max

is derived by Theorem
T4

is derived by Corollary 2 and Lemma 5, and T, is derived

by Corollary 3 and Lemma 6. Therefore, compared with Corollaries 1-3, Theorem 1 provides a more strict upper bound estimation

formula.

Example 2. According to Theorems 2-3, the settling time of the error system (5) can be adjusted by a tuning parameter Tk.
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FIGURE 4

Real part and imaginary part phase plots of the drive system (16). (A) Phase plot of real part with initial conditions x’fl(O) =1, xfz(O) =21.(B)
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TABLE 1 The comparisons among T, T2,... T5... and T

1 2 3 4
Tinax Tinax Tinax Tinax
1.2 11.94 11.94 9.37

We set two initial values:

(1) Initial value 1: 1R(s) = (1,2.1)7, p1l(s) = (1.3, -1,
e2R(s) = (0.4,12)7T, 921(s) = (1,025)T. p1R(s) = (0.9, —1)7,
o1l(s) = (1.1,0.75)7, ¢2R(s) = (0.5,—0.8)T, ¢2l(s) =
(—0.6,1.4)T;

(2) Initial value 2: @1R(s) = 0.5,2.5)7, olls) =
(13,-1.5)7T, p2R(s) = (2,1257, p2l(s) = (150257
p1R(s) = (09,—1.5)7, p1l(s) = (1.1,-1.2)T, p2R(s) =
0.5,—1.8)T, ¢p21(s) = (—0.6,1.4)T.

Figure 6 is the synchronization error diagram when
T, = 5. Figures 6A,B show that different initial values can
achieve synchronization within a given time. Figure 7 is the
synchronization error diagram when T, = 0.5. From Figures 6,
7, it can be seen that the actual synchronization time is changed
according to T;. We can set the ideal synchronization time T in
the controller, which is that the system can achieve predefined-
time stability.

Example 3. We use the predefined-time stability and chaotic
characters of the drive system (16) and response system (17) to
achieve image encryption and decryption. The proposed image
encryption algorithm consists of pixel scrambling and diffusion.

We choose T, = 0.2, and the other parameters are the
same as in Example 1. According to the drive system (16), our
encryption algorithm is designed as follows.

Step 1. Enter the color original image “Lena” with the size of
M x N x 3, where M = 256, N = 256.

Step 2. According to xﬁ‘l(t) of the drive system (16),
we can get the real part sequence and imaginary part

R _ R R
Sequence Xy 4y) = [xfl(l)’xll(z)’"”xll(MxN/Z)]’
Mgy = [41(1)”“{1(2)""’x{quN/z)]' Based on the

and x!

. ) R
descending order of chaotic sequences x|, k1) 11(k2)’ the

index of the sequences ¢ and g is obtained.
—3), descens’),

—3), descens’).

01 = sort(round(xlfl(kl),

02 = sort(round(xil(kz),

o1 is used to scramble half of the original image, and o is used
to scramble the other half of the original image.

Step 3. Scramble the pixels of R, G, B channels and compose
new R, G, B channels.

R= reshape(R, M, N); G= reshape(G, M, N);
B= reshape(B, M, N).

Step 4. Converts xlfz(k) and xiz(k) of the drive

system (16) into M x N dimension matrices z1(i,j)
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and  z2(3, ). the R channel as follows. For

even-row pixels,

z1(i,j) = mod(108(z1(k) — floor(z1(k))), 256);
newR(i, j) = bitxor(R(i,j),floor(zl(i,j)));

Encrypt

for odd-row pixels,

z2(i,j) = mod(108(z2(k) — floor(z2(k))), 256);
newR(i,j) = bitxor(R(i,j),ﬂoor(zZ(i,j)));

use x21 and x) to encrypt G, B channels according to the above
method, respectively.

The original picture is shown in Figure 8A. We use a chaotic
sequence to scramble the pixels in the encrypted area, as shown
in Figure 8B. The final encrypted image is shown in Figure 8C.
When the drive system (16) and the response system (17) reach
predefined-time synchronization, decryption is the opposite
process of encryption, and the decrypted picture is shown in
Figure 8D.

According to MCVBAMNNSs

synchronization, the flow charts of image encryption and

and predefined-time

decryption are shown in Figures 9, 10. We use the controller
(15) to flexibly set the parameter T¢, then the chaotic sequence
can be selected in a controllable range, which ensures the
effectiveness of the encryption and decryption algorithm. In this
scheme, T, = 0.2 is chosen as the secret key, and the wrong
secret key will affect the decryption result.

The histograms of the original and encrypted image are
shown in Figures 11, 12, which shows that the histograms of
the encryption image become highly disordered. In a digital
image, there is a high correlation between each pixel. Therefore,
the pixel adjacency correlation of encrypted images generated
by a reasonable encryption algorithm should be close to zero.
The horizontal correlation coeflicients of the original and the
encryption image in the R are shown in Figures 13, 14. The
correlation coefficient of the encryption image becomes much
lower. Table 2 lists the correlation coefficients of the encryption
algorithm and the comparisons with others, which indicates our
algorithm has good results’.

Remark 5. Digital images can convey information intuitively
and effectively and are widely used. A considerable part of
images in daily life and work contains sensitive data and belong
to sensitive areas. If the sensitive block data is not protected,
it may cause some losses to individuals or other objects.
Therefore, the image encryption and decryption scheme based
on the predefined-time synchronization of MCVBAMNNS in
this paper has important application value for the privacy
protection of image blocks with uncertain size without losing
image availability. For example, Figure 15 is a picture containing
employee information. In order to avoid privacy disclosure,
important information such as ID numbers or mobile phone
numbers can be encrypted.

1 Code is available at: https://github.com/Liu-aidi/MCVBAMNNSs.
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Synchronization errors with T. = 5. (A) Synchronization errors with initial value 1. (B) Synchronization errors with initial value 2.
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Remark 6. At present, most of the neural network dynamics
achievements are still in the theoretical stage, and the research
on relevant practical applications is not extensive enough. But
fortunately, researchers are aware of this problem and are trying
to explore its future research direction, such as its application in
human-computer interaction (Su et al., 2022).

5. Conclusion

In this paper, the fixed-time and predefined-time stability
of MCVBAMNNs with leakage
studied. Based on differential

time-varying delay is

inclusion and set-valued

Frontiersin Neurorobotics

20

mapping theory, an effective discontinuous controller is

designed, sufficient conditions for conservative smaller
fixed-time synchronization are obtained, and a more general
predefined-time stability theorem is proposed. By adjusting
the controller parameters, the MCVBAMNNSs can achieve
synchronization within a predetermined time. On this basis,
we design an effective image encryption scheme. Through
comparative analysis, the algorithm proposed in this paper
has good results. Inspired by Feng et al. (2020), in the
future, we will consider the method of complex-valued
nonseparation and propose more general predefined-
time stability conditions, which will be an interesting and

challenging job.
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FIGURE 8

decrypted picture (This image is taken from a public database).

Original encryption and decryption pictures. (A) Original picture “Lena.” (B) Pixel scrambling picture. (C) The encrypted picture. (D) The
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Histograms of RGB for the original picture.

TABLE 2 Comparison of correlation coefficients of encryption “Lena.”

H \'% D
Original image 0.94295 0.96873 0.91310
Our algorithm -0.0057 -0.0008 -0.0009
Liu et al. (2019) -0.0087 -0.02116 -0.00381
Xu et al. (2014) 0.01190 0.01806 0.0678
Wu et al. (2015) -0.0084 0.0004 -0.0015
Chen et al. (2016) -0.0043 -0.0037 0.0196
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FIGURE 13

R-channel correlation coefficients of the original image (From left to right: Horizontal Correlation Coefficient of R: 0.95722; Vertical Correlation
Coefficient of R: 0.9789; Diagonal Correlation Coefficient of R: 0.92933).
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FIGURE 14

R-channel correlation coefficients of encryption image (from left to right:Horizontal Correlation Coefficient of R:-0.0059807; Vertical
Correlation Coefficient of R: -0.0025902; Diagonal Correlation Coefficient of R: 0.0014835).

NAME SEX AGE ORIGIN I ID NUMBER PHONE NUMBER
Song Aimei Female 26 Shenyang, Liaoning }g;ifr"‘” 17211612834
Wang Zhifang Female 27 Jinan, Shandong 19165629173
Yu Guang Male 45 Linyi, Shandong 18996049094
Jia Juanxian Male 32 Linyi, Shandong 18596433125
Jia Yanqing Male 25 Cangzhou, Hebei 18578196676
Liu Zhenjie Male 28 Datong, Shanxi 13507441184
Guo Weidong Male 24 Baisha, Jilin 17657526814
Cui Hongyu Male 35 Daan, Anhui 18002258722
Ma Fuping Male 36 Jining, Shandong 18114258404
Feng Hong Male 42 Qingdao, Shandong 18010073204
Cui Jingwei Male 29 Jian, Jiangxi 1719740596
Mu Zengzhi Male 29 Cangzhou, Hebei 18528354436
Xie Zhiwei Male 33 Jinan, Shandong 16649133307
FIGURE 15
Employee information diagram of a company. (Encrypted ID Number).
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