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On separating long- and
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hyperdimensional computing
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Operations on high-dimensional, fixed-width vectors can be used to distribute
information from several vectors over a single vector of the same width.
For example, a set of key-value pairs can be encoded into a single vector
with multiplication and addition of the corresponding key and value vectors:
the keys are bound to their values with component-wise multiplication, and
the key-value pairs are combined into a single superposition vector with
component-wise addition. The superposition vector is, thus, a memory which
can then be queried for the value of any of the keys, but the result of the
query is approximate. The exact vector is retrieved from a codebook (a.k.a.
item memory), which contains vectors defined in the system. To perform these
operations, the item memory vectors and the superposition vector must be
the same width. Increasing the capacity of the memory requires increasing
the width of the superposition and item memory vectors. In this article, we
demonstrate that in a regime where many (e.g., 1,000 or more) key-value pairs
are stored, an associative memory which maps key vectors to value vectors
requires less memory and less computing to obtain the same reliability of
storage as a superposition vector. These advantages are obtained because
the number of storage locations in an associate memory can be increased
without increasing the width of the vectors in the item memory. An associative
memory would not replace a superposition vector as a medium of storage,
but could augment it, because data recalled from an associative memory
could be used in algorithms that use a superposition vector. This would be
analogous to how human working memory (which stores about seven items)
uses information recalled from long-term memory (which is much larger
than the working memory). We demonstrate the advantages of an associative
memory experimentally using the storage of large finite-state automata, which
could model the storage and recall of state-dependent behavior by brains.
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1. Introduction

Hyperdimensional (HD) computing, also known as
Vector Symbolic Architectures (Gayler, 2003; Kanerva, 2009;
Kleyko et al., 2022¢,d), with origins in Holographic Reduced
Representation (Plate, 1994a, 1995), is an approach to perform
computations using vectors that contain many (in order of
at least hundreds) of components. In HD computing, each
basic concept within a domain is associated with a single
vector. A measure of similarity between vectors is specified,
for example, the Hamming distance if binary vectors are used.
The computations to be performed, such as formation of
representation of compositional concepts, are implemented
using operations on, and between, the vectors. Commonly,
three operations are defined:

e Addition (denoted as +), also called “bundling” or
“superposition,” which takes several vectors and produces
a vector similar to all of the input vectors.

e Multiplication (denoted as o), also called “binding,” which
takes two vectors and generates a vector dissimilar to both
input vectors. In the case of binary and bipolar vectors
(which were used in this study), the binding operation can
be reversed (“unbound” or “released”) by multiplying the
result of binding by one of the input vectors to retrieve
the other input vector. The binding operation distributes
over addition.

e A permutation operation—denoted as p()—which takes
one input vector and produces a vector dissimilar to it. The
permutation operation distributes over both addition and
multiplications, and it has an inverse.

A fundamental decision that must be made when designing
a system with HD computing is how wide should the vectors
be (that is, how many components should they contain)? The
vectors must be wide enough to allow the functionality (e.g.,
retrieval from the distributed vector representations) to be
performed with the desired accuracy. However, if the vectors are
too wide, then the system will be less efficient because storage
space or computations or both will be used inefficiently.

Of the three operations used in HD computing mentioned
above, the addition operation is the one that mainly determines
how wide the vectors must be. This is because a vector generated
using the addition operation (called a superposition vector)
is usually compared to other vectors stored in a codebook
(using a measure of similarity) to find those that were used
to form the superposition. The more vectors that are added
when forming a superposition vector, the wider the vectors
must be to allow high retrieval accuracy. This phenomenon was
investigated in, e.g., Plate (1994a), Gallant and Okaywe (2013),
and Thomas et al. (2021) and treated in great details by Frady
etal. (2018).
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A data structure primitive that is often performed in HD
computing that makes extensive use of the addition operation
is to use a superposition vector as a memory for a set of key-
value pairs (Kanerva, 2009; Kleyko et al., 2022a). To store key-
value pairs in a superposition vector, the binding and addition
operations are used together. For example, if key-value pairs are:
(k1,v1) and (kp,v7) these can be encoded into a superposition
vector (s) by setting s =
operation can be performed by multiplying s with the inverse

(k1 o v1) + (ky o v2). The releasing

of a key, which is the key itself for binary and bipolar vectors.
For example k; o s, to return a vector with a high similarity
to the matching value (v). Sequences can also be stored in a
superposition vector using the same method, with each key set
to vector that is generated from the position of the item in the
sequence. For instance, the key can be formed by permuting a
particular vector by the number of times corresponding to the
position (Plate, 1992; Kanerva, 2009).

To enable storage of key-value pairs in this way (using
a superposition vector), the system must have a memory
containing the possible vectors that are read out in order to find
the one most similar to the result of releasing. This memory is

» «

called the “item memory,” “cleanup memory,” or “codebook.”

Because a superposition vector is formed by the addition
operation, a characteristic of systems that store information
in a superposition vector is that the minimum width of the
superposition vector is inextricably linked to the number of
items that the system can store with a given level of reliability.
That is, the more items that must be stored, the wider the
superposition vector must be. Another characteristic is that since
representations are of fixed width, the width of the superposition
vector determines the width of all other vectors including those
in the item memory. Thus, even for moderately sized item
memories, if the item memory is explicitly represented, most of
the storage required to implement the system will be used by
the item memory (but in certain scenarios hashing might help,
see Thomas et al., 2022).

Nevertheless, if only a small number of items are to be stored
in the superposition vector, these two characteristics could have
a minimal effect on the total storage required for the system
because all the vectors must be a minimal width to facilitate
HD computing and the increase in vector width needed for
storing items in the superposition vector will be relatively small.
However, if there are many items that should be stored, the
additional width required for the superposition vector to allow
reliable storage will increase greatly the total storage required to
implement the system.

At a high level of abstraction, one can think about the
examples above in terms of using the superposition vector
either as short-term or long-term memory. Thus, we suggest
to only consider the superposition vector for short-term
memory and look for alternative solutions to implement the
long-term memory.
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To investigate how the storage of key-values pairs might
be stored more efficiently for HD computing, we experimented
with using an associative memory (Gritsenko et al., 2017) for
vectors and compare that to using a superposition vector. The
associative memory that we used in these experiments is the
Sparse Distributed Memory (SDM) (Kanerva, 1984, 1988, 1993).
With the SDM, the capacity of the memory is not determined by
the width of the vectors, but instead, by the number of memory
locations that are included in the SDM. This decoupling of
vector width from memory capacity allows creating a system
which has an arbitrarily large capacity, without requiring the
width of vectors in the item memory to increase.

To do the experiments we compared the computational
resources (storage space and computations) required to store a
large finite-state automaton with the same recall error rate using
two variations of the superposition vector memory and four
variations of the SDM. Different variations of the superposition
vector and SDM were used because each variant requires
different computational resources to attain the same recall error
rate so considering different variations allows making a more
general conclusion regarding the comparison of a superposition
vector and an associative memory. Also, some variations (those
that threshold—or binarize—the memory, i.e., make into vectors
of 0s and 1s, or 1s and —1s, as appropriate) are only suitable if
changes to the memory are not needed after the data is stored,
while those that do not binarize the memory are suitable for
continual learning.

The article is organized as follows: Section 2 describes the
superposition vector and associative memories, and the finite-
state automata. It also gives equations used to predict the
error rate of the memories. Section 3 gives the dimensions
of the different types of memories required to store a large
finite-state automaton at different error rates, then uses those
dimensions to compare the performance of the superposition
vector and associative memories with respect to the space (bits)
and computations required for recall. Section 4 summarizes the
results and describes some of the broader implications.

2. Materials and methods

2.1. Superposition vector memory

Two types of superposition vector memory were used in the
experiments. The first, called here “S1,” used a binary vector to
store the data, while the second (called “$2”) used a vector of
8-bit integer values to store the data. The implementation of S1
is described first, followed by the description of $2. It is worth
noting that throughout the article, we consider two well-known
models of HD computing: Binary Spatter Codes (Kanerva,
1996) and Multiply-Add-Permute (Gayler, 1998) that use binary
and bipolar vectors, respectively. Under some assumptions,
these models are interchangeable. We will actively use this fact
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below when introducing memory models investigated in this
study. Note that the family of HD computing includes many
other models, for example, those computing with sparse binary
vectors (Rachkovskij, 2001; Laiho et al., 2015; Kleyko et al., 2016;
Frady et al., 2021b). This topic is, however, outside the scope of
this article but we refer interested readers to Schlegel et al. (2022)
and Kleyko et al. (2022c¢) that treat the topic in detail.

2.1.1. Variant 51
The implementation of SI matches the description provided
in Kanerva (1997).

e Binary vectors (of width #s) are used for both vectors in the
item memory and the superposition vector. The vectors in
the item memory are initialized to random 0s and 1s.

e The superposition vector is created as follows: First,
an array of integer counters of the same width as the
superposition vector is initialized to zeros. The range of
each counter is limited to [—127, 127] so each counter can
be stored using 8 bits. For each bit in each vector stored
in the memory, the counter aligned to the position of the
bit is incremented if the bit is one or decremented if the
bit is zero. The counters are then binarized to {0, 1}. To
do that, first, if an even number of vectors are stored, a
random binary vector is included so that the number of
stored vectors is odd. Then bits in the binary superposition
vector are set to 1 if the sum in the corresponding counters
are positive, and to 0 if they are negative. Note that since
an odd number of vectors are stored, the counter sums can
never be zero.

e A key-value pair is stored in the superposition vector
memory by binding the key and value vectors using
component-wise XOR and then storing the resulting vector
in the memory as described above (incrementing or
decrementing the counters).

e The recall of a value associated with a key is accomplished
by computing the XOR of the key with the superposition
vector. This result is compared to vectors in the item
memory using the Hamming distance and the vector which
most closely matches is selected as the recalled value. If
there are more than one vector that have the same smallest
Hamming distance, then either one of them is selected at
random, or this could be counted as an error in recall. In
this study, the latter was done.

2.1.2. Variant S2

The 82 Superposition vector operates similarly to S1, with
the following changes:

e Bipolar vectors {—1,+1} are used for the item memory
instead of binary vectors.
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TABLE 1 Variations of superposition vector memory and the SDM.

Name Binarized memory Threshold sum
S1 Yes -

$2 No -

Al No Yes

A2 Yes Yes

A3 Yes No

A4 No No

The superposition vector memories do not sum counters, so the last column is not
applicable to those.

e Binding between the key and value vectors is done by
component-wise multiplication instead of XOR. (As with
S§1, the result—a bipolar vector—is added to the counters).

e The superposition vector is set to the vector of counters
after the data vectors are stored (the counters are
not binarized).

e The recall of a value is performed by component-wise
multiplication of a key and the superposition vector and
the resulting vector is then compared with vectors in the
item memory using the dot product; the vector in the item
memory which has the largest dot product is selected as the
matching value.

A result of these changes is that the superposition vector
used for S2 has 8 bits per component, whereas the superposition
vector used in SI has only one bit per component. As will be
shown in Section 3, this difference causes the two variations to
require different amounts of storage space and computation to
have the same reliability. The two variations are summarized in
the first two rows of Table 1.

2.2. Sparse distributed memory

We evaluate four variations of the SDM, which we refer
to as “Al) “A2” “A3) and “A4.” All of these variations
operate the same way during the data storage phase. Unlike
the superposition vector memory, which takes single vectors
as input (and stores them by adding them together using the
addition operation), the SDM takes pairs of vectors as input.
Each pair consists of an “address vector” and a “data vector.”
Recall is done by presenting an address vector, then recalling the
data vector, which should be associated with that address, using
the corresponding SDM’s algorithm. In essence, the address
vector is a key, and the data vector is a value. Figure 1 illustrates
the organization of the SDM.

The storage of data in the SDM is similar to the storage of
data in a superposition vector in that there are integer counters
in the SDM that are initialized to zero and incremented or
decremented according to the value of the corresponding bit of
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the data vector being stored.! However, instead of there being
just one row of counters (as is the case with the superposition
vector), there is a matrix of counters (the “contents matrix”).
Each row in the matrix is a storage location and only a small
fraction of them are activated to store and recall the data vector
associated with a particular address vector. To determine which
rows of counters are activated by an address vector, each row

»

in the memory, referred to as a “hard location,” is associated
with a fixed random label that is a row in the “address matrix”
A (see Figure 1). The hard locations whose labels most closely
match the address vector are activated. This selection can be
done by choosing those within a certain Hamming distance, or
by choosing a fixed number of rows with the smallest Hamming
distance. In the experiments reported in this article, the latter
method is used.

Storage of the data vector in an address-data pair is
accomplished by incrementing or decrementing the counters
in all the activated storage locations according to the value
of the corresponding bits in the data vector as done with the
superposition vector.

Up to this point, all of the SDM variations (A1-A4) operate
in the same manner. The computations performed to read data
from the SDM and find the closest matching vector in the item
memory are, however, different for each variant so we specify
them below.

2.2.1. Variant A1

This is the most commonly described variant of the SDM.
During the recall phase, the corresponding counters in the
activated rows are added together and thresholded at zero, so
that each bit in the returned data is one if the corresponding
counter sum is greater than zero, and zero otherwise. The search
in the item memory is done using the Hamming distance.

2.2.2. Variant A2

This variant operates in the same way as A1, but before the
recall phase, each counter in the contents matrix is binarized
to {—1,+1} by a procedure similar to that used to binarize
the counters in variant S1 of the superposition vector (see
Section 2.1.1).

2.2.3. Variant A3

A binarized contents matrix is used (as in variant A2),
however, the sums of the counters are not thresholded, and the
search in the item memory is done by finding the vector in the
item memory that has the largest dot product with the recalled
vector as is done with variant $2 of the superposition vector (see
Section 2.1.2).

1 Infact, a superposition vector could be considered as the special case

of SDM with only one storage location that is always activated.
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Address vector

FIGURE 1

thresholding at zero for variations A1 and A2.

|101 1111101 | (Counters not binarized)____| 107611 01001
l n, d_ L [ — R 5 e
0000011001 5 0 3-3-5-1311-11-11
0110011110 6 0 420-421-11-111
1001010100 4 0 511311 1-1-111
1011010011 4 0 20-24211-11-11
1001011100 3 1 2-4-42011-1-1-11
0100101101 5 0 1 1-3-151-1-1-111
A . C
Random Address > > Contents Matrix
Matrix m X n_ counters
m addresses (m hard locations)
(labels)
1011111110 2 1 204-24v1-11-1-1
0111101100 4 0 -1-3153:1-1-1-11
0111111010 5 0 3-13354-1-111-1
m 1010101010 5 0 m|0-2-420i-1111-1

Hamming Activations
distances  (m, smallest)

Thresholded sums (> 0) | 1000010000 |

An outline of the organization of the SDM. The memory locations activated for storage or recall phases (shaded rows) are those with the
smallest Hamming distance between the address vector and addresses (labels) in the address matrix. To store data, counters in the activated
rows (hard locations) in the contents matrix are incremented or decremented according to the bits in the data vector. For variations A2 and A3
the counters are binarized before recall. The recall is done by column-wise superposition (adding) the counters in activated rows and

§| 44004 22020 |

2.2.4. Variant A4

The contents matrix counters are not binarized and the sums
are not thresholded. As with variant A3, the search in item
memory is done using the dot product.

2.2.5. Comparison of SDM variations

For both A3 and A4, components of the vectors in item
memory are bipolar to enable the dot product to be used to
find the closest match to the non-thresholded recalled vector,
and components of the address matrix are also bipolar to allow
calculating the Hamming distance between location labels and
bipolar vectors. An overview of the SDM operation is given in
Figure 1. The different variations of the SDM are summarized
in Table 1.

In our experiments, the number of hard locations activated
by each address vector used for storing or recalling data is
set to:

ma = [m /(2 km)1/3), 1)

where m is the number of locations (rows) in the SDM
and k is the number of items (data vectors) to be stored in
the SDM and |-] indicates rounding to the nearest positive
integer for variations Al, A3 and A4; and to the nearest
odd integer for variant A2. This value is used because it
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was shown to be optimal for variant Al (Kanerva, 1988,
1993).2 An odd value for my, is used for variant A2 since
with this variant the recalled vector is the superposition
of mg, bipolar vectors. Thus, an odd m, is useful for
preventing zeros in the recalled vector before thresholding
because a zero provides no information about the recalled
bit value. To select the m, hard locations for an address
vector, the Hamming distance to all of the hard location
labels is found and the locations corresponding to the my,
closest matches are activated. If there are multiple sets of
locations that have the closest matches, one of them is
selected deterministically so that the same address always
activates the same set of m, locations. For the results given
in Section 3, the Python NumPy argpartition function with
introselect as the selection algorithm was used to select the my
closest matches.

For all variations, the width of the vectors (n.) was
set to 512 because that is wide enough to ensure clean
separability when matching vectors to the item memory,

2 This formula might not give the optimal value of m, for other
variations. If so, with a more optimal value, the SDM may perform even

better than what was reported in the experiments described in Section 3.
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but not so wide that the item memory would take up too
much space.

2.3. Finite-state automata

HD computing has been used in various application
domains. Some examples are classification (Rahimi et al., 2019;
Diao et al., 2021; Osipov et al., 2022), clustering (Bandaragoda
et al., 2019; Imani et al., 2019), communications (Jakimovski
et al, 2012; Kleyko et al, 2012; Kim, 2018), cognitive
architectures (Plate, 1994b; Rachkovskij, 2004; Eliasmith, 2013),
and approximation of kernel-based methods (Frady et al., 2021a,
2022). In the scope of this article, we focus on studying various
memory variations rather than on a particular application
scenario. Therefore, to compare the performance of the different
memory variations, we store in each system a large finite-state
automaton that has been shown before to be represented via
HD computing. In this section, we describe what finite-state
automata are and how they can be stored using a superposition
vector and SDM.

A deterministic finite-state automaton is an abstract
computational model that is specified via a finite set of allowed
input symbols, a finite set of states, a transition function, the
start state, and a finite set of accepting states. The automaton
is always in one of its possible states. The current state can
change in response to an input. The current state and input
symbol together uniquely determine the next state of the
automaton. Changing from one state to another is called a
transition. All possible transitions in the automaton are defined
by the transition function. To illustrate the concept of finite-
state automaton, an intuitive example of controlling logic of a
turnstile is presented in Figure 2. The set of states is {“Locked”,
“Unlocked”} and the set of input symbols is {“Push”, “Token”}
and the transition function can be easily derived from the
state diagram.

Token

Push

Token

Push

FIGURE 2

An example of a state diagram of a finite-state automaton
modeling the control logic of a turnstile. It has two states and
two possible inputs. The start state is depicted by the arrow
pointing from the black circle.
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HD computing-based implementations of finite-state
automata were proposed in Osipov et al. (2017) and Yerxa et al.
(2018). The transformation involves all three HD computing
operations and uses two item memories. One item memory
stores random vectors corresponding to the set of states
(denoted as 1 for “Locked” and u for “Unlocked”). Another
item memory stores random vectors corresponding to the set of
input symbols (denoted as p for “Push” and t for “Token”). The
vectors from the item memories are used to form a vector which
represents the transition. For example, the transition from
“Locked” state to “Unlocked” state, contingent on receiving
“Token,” is represented as:

tolop(u).

2.3.1. Storing a finite-state automaton using a
superposition vector

Given the vector representations of all transitions of
the automaton, the transition function of the automaton
is represented by the superposition (denoted as s) of the

individual transitions:
s=polop()+tolopu)+pouocpl)+touopu). (2)

Depending on the variant of the superposition vector
memory, s can be either binarized (variant SI) or kept as
is (variant $2). In order to execute the automaton, we need
to query the vector of the transition function for the next
state given the current state and input. Therefore, we query
s with the binding of the vectors of the current state and
input symbol followed by the inverse permutation operation
applied to the result. Calculated in this way, the result is the
noisy version of the vector representing the next state. For
example, if the current state is 1 and the input symbol is p then
we have:

p_l(s opol) =1+ noise.

Finally, this vector should be passed to the item memory in
order to retrieve the noiseless vector L.

This example can be generalized as follows: Each transition
to be stored consists of an initial state (s;), an input ) and
a next state (sg). To store each transition in the superposition
vector s, a vector formed by s; o pj o p(sg) is added to the
superposition vector s. To recall from the superposition vector
given a state s; and input pj, the recalled (noisy) next state (r)
is obtained by: r = p Ysosjo pj). The recalled vector r must
then be used to retrieve the noiseless next state (s;) from the
item memory.
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2.3.2. Storing a finite-state automaton using a
SDM

To store each transition in the SDM, the address vector (a;j)
is setto ajj = sjop;j and the data vector is set to ajjo p(sy). During
the recall phase, given a state and input vector, the address
vector is formed as above. Once the data vector (denoted as d)
is recalled from the SDM, the noisy next state is computed by
r=p1 (ajjod). The reason the address vector is bound to form
the data vector before storing is to reduce interference between
the same next state being stored from different transitions in
the SDM contents matrix. Finally, the noisy vector r of the next
state is then used to select the noiseless next state (s;) using the
item memory.

2.3.3. Interference between terms

In this section, we describe a potential shortcoming of
the method described in Section 2.3.1 for storing a finite-
state automaton in a superposition vector. In particular, the
method of creating the vectors stored into the superposition
vector may introduce dependencies between the vectors that
reduces the reliability of the recall. This shortcoming did
not affect the experiments reported in this article but could
be significant in other situations. To describe the potential
shortcoming (below), we will assume that variant SI is
being used which has binarized counters. The interference
would also occur in variant $2 but the analysis would
be different.

The example given in Section 2.3.1 creates the superposition
vector s by superimposing together four vectors, each of which
encodes a single transition. Since this is an even number of
vectors, a random vector will be added to the superposition
vector to break ties before it is used for recall. So, for a specific
vector stored, there are four other vectors added (which we
will call “overlaps”). As will be described in Section 2.4.4.1,
if all of the vectors are independent, then the probability of
error in one bit when recalling a vector is the probability
that none or one out of the four overlaps matches the value
of the bit stored. This probability is (g) /2% = 1/16 (for zero
matching) plus (‘11)/24 = 4/16 (for 1 matching). The total
is 5/16 = 0.3125. However, the actual probability of error
when recalling a vector formed using Equation (2) is higher
(0.375) because the terms are not independent, as is shown
below.

The terms in Equation (2) can be rearranged by collecting
common terms as:

a=polop(l)+tolop(u)+pouopl)+touop(u)
=popM)ol+u)+(top(u)ol+u)
=(pop)+top()old+u)

3)

The first expression in the above equation (po p(1)+to p(u))
must be either —2, 0, or 42 because it is the sum of two bipolar
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values {—1,+1}. The possible combinations forming the sum
are:14+1=2,1—-1=0,—-14+1=0,—1—1= —2. From the
possible combinations, it can be seen that the probability of each
value is: 2(1/4), 0(2/4), and —2 (1/4). These same properties
hold for the second expression in the last line of Equation (3),
that is: (1 + u). Since the result is the product of these two
expression, the product must be either —4, 0 or +4. There are
two ways the product can equal four: 2 - 2 and (—2) - (—2). The
chance of each of these is (1/4) - (1/4) = 1/16, so the total
probability is 2/16. The probability of the product being —4 is
the same (2/16). So the probability that the product is either
+4 or —4 is 4/16 and, thus, the probability that the product
is zero is 12/16 or 3/4. If the product is zero, then the chance
of error is 0.5 because a random vector is added to break ties.
So the overall probability of the error is 3/4 - 1/2 = 3/8 =
0.375.

For the experiments described in this article, this reduction
in accuracy did not seem to be significant, probably because the
state change combinations that cause the interference occurred
infrequently relative to other state transitions that did not
cause interference. Such interference could be prevented by
using a unique permutation to encode each input instead of
a vector.

2.4. Predicting the error rate

As described in Sections 2.3.1 and 2.3.2, for both
superposition and SDM-based memories the final step of
recalling a transition is to compare the recalled noisy next state
vector (r) to the vectors in the item memory to select the
state associated with the vector in the item memory with the
closest match. In this section, we present methods we used to
predict the error rate of this match, that is the rate for which an
incorrect state is selected as the next state. The methods work by
calculating the probability of correct recall (pcorr) then the error
rate is given by 1 — peorr-

2.4.1. High-level equations for probability of
correct recall

For all of the memory variations (superposition vector and
SDM) the probability of correct recall given a key vector is the
probability that the vector obtained from the memory during
the recall phase more closely matches the value associated with
that key (the matching vector) in the item memory and not
one of the other vectors (distractor vectors). Let us assume that
r is the noisy vector recalled from the memory, I is the item
memory (an array of vectors), I;; is the matching vector in the
item memory, I; is any distractor vector, D(a,b) is a function
returning the distance between two vectors a and b, and there are
i vectors in the item memory. The probability of correct recall is
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then expressed mathematically (adapted from Equation 2.10 in
Frady et al., 2018) as:

Peorr =P (D(r, In) < D(r,1;) Vd # m)

o i—1 4
= / p(D(r, 1) = h) [p(D(x, 1) > h)|"™ " dh

2.4.2. Predicting error rate of Hamming
distance match memories

If the distance function D in Equation (4) is the Hamming
distance, then the equation can be re-written as:

peorr = 3 pUH(E L) = b) [p(H(r. 1) > )] (5)
h=0

where H(:, -) is the Hamming distance between two vectors and
n is the width of the vectors. In Equation (5), the expression:
p(H(r,1;) = h) is the “match Hamming distribution” which
is the probability mass function for the “match Hamming
distance;” that is, the Hamming distance between the vector
recalled from the memory (r) and the matching vector in
item memory (I;). Similarly, expression p(H(r,I;) > h) is
CCDEF;(h) where CCDF is the complementary cumulative
distribution function for the “distractor Hamming distribution”
(the distribution of Hamming distances between r and
distractor vectors).

For all of the memories using the Hamming distance match,
the distractor Hamming distribution is just the distribution
of Hamming distances between two random binary vectors of
width #n; (for the superposition vector memory) or n. (for the
SDM variations). This distribution is a binomial distribution
B(n,p) with n being the vector width and p = 0.5, so the
pn = P =

0.25n. So, the distractor Hamming distribution used

mean is u = 0.5n and variance is p =
pn =
to calculate p(H(r,I;) > h) in Equation (5) is known (given
by the binomial distribution just described). What is still
needed is the match Hamming distribution, p(H(r,I,;) = h)
for Hamming distances (h), in range 0 < h < n. The
determination of this for the different memory variations that
use the Hamming distance as the similarity measure are given

below in Section 2.4.4.

2.4.3. Predicting error rate for dot product
match memories

Memories that use the dot product to determine the
similarity between the recalled vector and vectors in item
memory use a different representation of vectors and a different
operation for the binding. Instead of binary vectors and XOR
being used for binding as for the memory variations using
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the Hamming distance, bipolar vectors are used and binding
is implemented by component-wise multiplication. The reason
these different methods are used is that the recalled vector
in memory variations using the dot product contains integer
values (non-binarized counters for the superposition vector
or the non-thresholded recalled vector for SDM) and XOR
cannot be used as the binding operation with non-binary
vectors, but component-wise multiplication with bipolar vectors
can.

If the dot product is used as a measure of similarity, Equation
(4) can be expressed as:

peor = [ pttn o) =W 1 < W] dn (@

Where (-, -) is the dot product between the vector recalled
from the memory (r) and the vector (either matching or
distractor) in item memory. To calculate the error for memories
that use the dot product match, it is necessary to calculate
the distributions for the dot products for both the case in
which the vector in item memory is the correct match to the
recalled vector (the match distribution, p((r,I,;) = h)) and
also for the case in which the vector in item memory is not the
correct match to the recalled vector (the distractor distribution,
p(r,1;) = h)). Equations (5) and (6) cannot be solved
analytically but can be calculated numerically if the distributions
are known.

2.4.4. Predicting the error rate for each
memory variant

Here, we describe how the error rate for each memory
variant can be predicted using Equations (5) and (6) and the
analysis given above.

244.1.51

Superposition vector memory SI uses the Hamming
distance between the recalled binary vector and the vectors
in item memory to select the closest match. To calculate the
probability mass function for the match Hamming distance,
the binomial distribution is used twice: first to calculate the
probability of error in a single bit in the recalled vector,
and second, to calculate the distribution for the match
Hamming distance.

If there are k vectors added to form the superposition
vector (k is always odd as described in Section 2.1.1), then the
probability that an individual component (bit) in the recalled
vector r will be in error (that is, not match the corresponding
bit of the stored vector being recalled) is the probability that
fewer than (k — 1)/2 of the other values added to form the
superposition match the target value. This probability (which is
the expected value of the normalized Hamming distance, symbol
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J5) is the CDF of the binomial distribution B(n, p) with n = k—1,
p = 0.5 evaluated at (k—1)/2 — 1. It is approximated by Kanerva
(1997):

8s = 0.5 —0.4/+/k — 0.44. (7)
The expected normalized Hamming distance (d5) is the
chance that one bit in the recalled vector will not match the
corresponding bit in the matching item memory vector. The
probabilities of each of the possible Hamming distances to
the match vector (that is, the match Hamming distribution in
Equation 5) is a binomial distribution, B(n,p) with n = n;,
p = & The mean of the distribution is u = pn = §sn;
and variance p = p(l — p)n = 85(1 — &) ns. Since n is
large, both the match and the distractor Hamming distributions
may be approximated by normal distributions and integration
(Equation 4) can be used instead of summation (Equation 5).

24.42.52

Superposition vector S2 uses non-binarized components in
the superposition vector and the similarity between the recalled
vector and vectors in item memory is found using the dot
product. As described in Section 2.4.3, in order to calculate the
recall error rate it is necessary to calculate the distributions for
the distance from the recalled vector to both the matching vector
in the item memory and a distractor vector. Once obtained,
these distributions can be used to calculate the error rate using
Equation (6).

To determine these distributions we follow the analysis
presented in the Appendix of Gallant and Okaywe (2013). This
analysis uses the property that the sum of independent random
variables is a random variable with mean equal to the sum of the
means and variance equal to the sum of the variances. Since the
counter sum consists of the bit for the matching vector {—1, +1}
plus the sum of k—1 bits from other vectors, the mean will be the
bit value from the matching vector since the mean of the other
values is zero. The variance will be k — 1 since the variance of
the data bit is zero and the variance of the others is 1. The value
of the product of the sum with a bit in the matching vector will
have mean 1 (since if the bit is 1 or —1, the product will be 1)
and the same variance (k — 1). The sum forming the dot product
will have mean n; and variance ng (k — 1) since it is the sum
of ng random variables, each with mean 1 and variance k — 1.
Since it is formed by the sum of independent random variables,
the central limit theorem applies so the match distribution can
be approximated by a normal distribution with mean ng and
variance ng (k — 1). The distribution for the distractor distance
is determined using the same reasoning, except since the dot
product is with a random vector, the mean of the counter sum
times a random bit will be zero, and the variance is k; so the
distribution for the distractor distance is a normal distribution
with mean 0 and variance #; k.
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2.4.4.3. Memories A1-A4

To predict the accuracy of the SDM variations Al, A2,
and A4 (but not A3) we used computational methods, which
calculate the probabilities of different numbers of overlaps onto
activated rows in the SDM’s contents matrix and from these
estimate the match and distractor distributions which can be
used in Equations (5) and (6). We did not find a method to
predict the accuracy of variant A3. However, we discovered that
empirically, for the same number of rows in the SDM’s contents
matrix, memory variations A1 and A3 had very close to the same
error rate. So we used the prediction of error rate for A1 as also
the predicted error rate for A3. The details of the methods we
used to predict the accuracy of the SDM variations are given in
the Supplementary material.

3. Results

3.1. Memory dimensions for different
error rates

The error rates of the different memory variations when
storing and recalling a fixed number of vectors is determined
by the dimension of the memory, where the dimension of
superposition vectors is the width of the vectors (1) and the
dimension of the SDM variations is the number of rows (m)
in the SDM. To compare the efficiency of the different memory
variations for storing data we estimated the dimension required
for each variant to store and recall the transitions in a random
large finite-state automaton at nine different error rates. Each
finite-state automaton was randomly generated and contains
100 states, 10 inputs, and 10 transitions per state. This makes
the total number of transitions equal to 1,000 which is the
number of vectors that must be stored and recalled from a
memory (either superposition vector or SDM). Each automaton
has two item memories, one containing vectors corresponding
to each state (100 vectors), and one containing a vector for each
input symbol (10 vectors). There are a total of 110 vectors in
item memory. The error rates that we used for comparing the
memory variations were inverse powers of ten, (10~") where r is
an integer in the range 1 to 9 inclusive.

To estimate the dimension of each memory variant that
resulted in each of the different error rates when storing
the finite-state automaton, we used the methods described in
Section 2.4 to predict the error rate of a memory variant of
a particular dimension, and we varied the dimension using a
binary search to find the dimension that resulted in the closest
match to each of the desired error rates. The results of this
process are shown in Table 2.

To test if the estimated dimensions for the different memory
variations resulted in the error rate that was predicted for
storing the large finite-state automaton, we implemented these

frontiersin.org


https://doi.org/10.3389/fnins.2022.867568
https://www.frontiersin.org/journals/neuroscience
https://www.frontiersin.org

Teeters et al.

TABLE 2 Estimated memory dimensions to achieve different error rates.

Error rate S1 S2

107! 24002 15221
102 40503 25717
1073 55649 35352
1074 70239 44633
1073 84572 53750
10-¢ 98790 62795
1077 112965 71812
1078 127134 80825
1077 141311 89843

10.3389/fnins.2022.867568

Al A2 A3 A4
5151 5051 5151 3151
86;2 9751 86;2 5751
125;2 158;3 125;2 82;1
168;2 208;3 168;2 101;2
196;3 262;3 196;3 129;2
238;3 322;3 238;3 160;2
285;3 368;5 28553 177;3
3114 425;5 3114 205;3
357;4 486;5 3574 238;3

The error rate is the probability that an incorrect vector is selected as the matching vector in the item memory when a vector is recalled from the memory variant. The dimensions for the
superposition vector memories (SI and $2) are the vector widths (). The dimensions for the SDM variations (A1-A4) are the number of rows in the SDM (), then a semicolon and the

number of rows activated (1m,) during the storage and recall phases.

memory variations and simulated storage and recall phases,
which allowed measuring the error rate empirically.

Two measurements of error rate were made. The first, which
we call the “empirical count error rate” is the number of errors
(incorrect state selected in the item memory) per recalled vector.
This is the most direct measure, but requires a large number
of trials in order to create enough errors if the error rate is
small. To match the error rate predicted by Equations (5) and (6)
(which have a strict inequality) if there were multiple closest
matches in item memory to the recalled vector, this was counted
as an error even if the correct matching vector was among the
closest matches.

The second method, called the “empirical PMF error rate”
empirically determines the probability mass function (PMF) for
the distance to the matching vector in the item memory and
also to the closest distractor. These distributions are then used
to calculate what the empirical error rate would be assuming
that the distributions do not change between each recall. The
accuracy of the PMF error rate can be determined by comparing
the PMF error rate to the count error rate in the range for which
enough errors occur to allow accurate estimation of the count
error rate.

The results of these empirical tests are shown in Figure 3. For
the superposition vector experiments (Figure 3A), the empirical
count error was obtained through an error rate of 107 and
closely matched the predicted error rate. At smaller error rates,
it took too long to run the necessary number of simulations to
get an accurate count error estimate. However, for these and all
error rates the empirical PMF error is in good agreement with
the predicted error rate. For the SDM variations (Figure 3B),
the empirical count error was obtained through an error rate
of 10~7. For memory variations AI and A3, there was a good
agreement between the empirical count and the predicted error
rates. The Al empirical PMF error rate closely matched the
predicted value for all error rates but the A3 PMF error rate was
slightly higher than the predicted values. The A2 empirical PMF
and empirical count error rates agreed, but for error rates less
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than 1073 they were slightly higher than the predicted value, but
still close to it. Variant A4 had the biggest difference between the
predicted and empirically found error rates—both the empirical
count and empirical PMF were lower than the predicted error
rate for error rates less than 104, Despite this, the predicted
dimensions for A4 were always less than 10% different from the
empirically found dimension for the same error rate, thus, the
predicted dimensions are sufficiently accurate for the purpose of
comparing the performance of the different memory variations.

3.2. Storage required

In this section, we use the estimated dimensions of the
different memory variations required to attain particular error
rates (cf. Table2) to compare the storage (number of bits)
required for each memory variant to store the large finite-state
automaton at each error rate. For each memory variant, the
storage required consists of two types of bits: “fixed bits” that
contain fixed random values that are compared to vectors being
stored or recalled, and “counter bits” that contain counters or
the result of binarizing counters. For the superposition vector
memories, the fixed bits are the item memories and the counter
bits are the superposition vector itself. For the SDM variations,
the fixed bits are the address matrix and the item memories, and
the counter bits are the SDM’s contents matrix.

Depending on how a memory is implemented, the fixed
bits may, or may not, be completely present. For example,
because vectors in the item memories and SDM’s address
matrix consist of fixed random bits, it would be possible
to implement them in a manner that does not store them
explicitly, but instead generates them when needed using a
pseudorandom number generator (Kleyko and Osipov, 2017;
Schmuck et al., 2019; Eggimann et al, 2021; Kleyko et al,
2022b).

Since (depending on the implementation) the fraction of
the fixed bits physically present could range from zero (none
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FIGURE 3
Predicted and empirical error rate vs. dimensions for memory variations. (A) Superposition vectors (S1 and S2). (B) SDM variations A1-A4. The
dimensions of each memory variation for each error rate are given in Table 1.

physically present) to one (all physically present), to facilitate where s; is the total storage (bits) taken up by the SDM; m
comparing the memory with different fractions present, we is the number of address locations; . is the width of rows in
define a variable named “fi np” (stands for “fraction of the item the address and contents matrices as well as vectors in the item
memory present”) which is in [0, 1] and has the fraction of memories; and b, is the number of bits in each counter of the
fixed bits present. We use this variable to compare the storage contents matrix. For memory variations using the non-binarized
required for the different memory variations in three cases: if contents matrix (A1 and A4) b; was set to 8 (each counter was
no fixed bits are present (fi pp = 0), if all fixed bits are present one byte) and for variations using the binarized contents matrix
(fi mp = 1) and for a particular error rate (1079) if the fraction (A2 and A3) b was set to 1 because bipolar values {—1, 1} could
of fixed bits present ranges from none to all (0 < fi pp < 1). be stored using one bit, e.g., {0, 1} with 0 representing —1. For
To calculate the storage for each superposition vector all memory variations #, was set to 512.
memory the following formula is used: The comparison of storage required for the different

memory variations is shown in Figure 4. The case of fixed bits
ss = s (fi np it + be), ®) (item memory and SDM’s address matrix) not physically present
. o . is shown in Figures 4A, B. The three memory variations that
where s; is the total storage (in bits) of the superposition vector .
use binarized counters (S1, A3, and A2) use the least amount of
storage, with SI using the least followed by A3 and A2. The three

memory variations that use non-binarized counters (A1, A4 and

memory, it is the total number of vectors in the item memories
(that is 110), b, is the number of bits per component in the
superposition vector (1 for S1 and 8 for $2) and #; is the width . ) )
§2) require the most amount of storage, with A1 using the most.
(number of components) of all of the vectors (see Table 2). . ) ]
o . . There is a clear separation between the three using the least, and
The storage of the SDM variations is calculated using: .
the three using the most.
The storage required for the different memory variations

sa = mnc (be + fi np) + it fi np e, ©) if the fixed bits are fully present (fipp = 1) is shown in
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FIGURE 4
Storage required for different memory variations when different fractions of fixed bits (item memory and SDM'’s address memory) are present. (A,
C, E) Top row shows the storage required. (B, D, F) Bottom row shows the ratio between the storage required by each variant and that used by
the variant occupying minimal storage. Left column: fixed bits (item memory and SDM's address memory) are not present (f; p = 0). Middle
column: fixed bits are fully present (f; yp = 1). Right column: Storage required for different memory variations for error rate of 10 6 when fraction
of fixed bits present ranges from0to 1 (0 < fipp < 1).

Figures 4C, D. The SDM variations (A3, A2, A4 and Al) use
the least amount of storage in that order. The superposition
vectors (SI and §2) require the most storage with SI requiring
substantially more than S2. Both of the superposition vectors
require much more storage than the SDM variations. The
storage used by superposition vector memories S1 and S2 are,
respectively: 25 to 35, and 15 to 25 times larger than that used
by the smallest SDM variant (A3), while the storage used by the
other SDM variations is less than five times that used by A3. The
largest SDM variant (A1) uses less than a fifth of the storage used
by the smallest superposition vector (S2).

For a specific error rate (1079) the storage required for
the different memory variations as the fraction of the fixed
bits present varied from zero (no fixed bits present) to one
(all fixed bits present), ie., 0 < fi mp =< L is shown in
Figures 4E, F. On the left side of the graphs, when fi np = 0 the
superposition vector memory SI uses less storage than the other
memory variations and S2 uses less storage than two of the SDM
variations (A1 and A4). As the fraction of the fixed bits present
increases (toward the right of Figures 4E, F) the increase in the
storage required by the SDM variations is minimal compared
to the increase in the storage for the superposition vectors
causing all of the SDM variations to be much smaller than the
superposition vector sizes on the right side of the graphs.

A zoomed in view of the lower left corner of Figure 4E
is shown in Figure 5. The size of superposition vector SI is
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A zoomed view of lower left of Figure 4E. The storage required
for different memory variations when fraction of fixed bits (item
memory and SDM's address memory) present ranges as
0<fimp=<0.14.

smaller than all other memory variations only when f; np is less
than about 0.005 (0.5%). When f; np is about 0.01 (1%), the
SDM variations A2 and A3 already require less space than S1I
and when fi pp is about 0.08, the largest associative memory
variant (AI) approximately matches the size of the smallest
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superposition vector (S1I), and for fi yp larger than that, all
of the sizes of the SDM variations are smaller than all of the
superposition vector sizes.

Note that while the graphs in Figures 4E, 5 are for the error
rate 10~%, the graphs for all other error rates look very similar to
these except for a change in the scale of the y-axis.

3.3. Computations required

The previous Section (3.2) compared the storage (number of
bits) required to store a fixed amount of data using each memory
variant so that it can be recalled at different error rates. In this
section, we compare the number of computations required to
recall a vector from each memory variant at the different error
rates. To do this we first derive equations giving the approximate
number of computations (operations on vector components, i.e.,
addition, XOR, multiplication and permutation) that must be
performed for recalling a vector from each memory variant as a
function of the memory dimension. We then use the dimensions
given in Table 2 as input to the derived equations to estimate
the number of operations required for each memory variant to
recall a vector from the stored large finite-state automaton at
the specific error rate. We also compare the estimated number
of operations to the empirically observed computation time
required to recall vectors in a software implementations of
the memory variations. Lastly, we compare the number of
computations required to recall vectors for the different memory
variations if operations that are performed on vectors are done
in parallel.

To derive the equations for the number of operations, each
computation that is performed on a scalar value is assumed
to require one operation, except for the computations used to
search for the closest match in the state item memory, which
is done using either the Hamming distance or the dot product.
The computations performed to find the Hamming distance are
thresholding a counter and computing the XOR between the
thresholded value and the corresponding bit of the vector in
item memory. The computations performed for the dot product
are to multiply the counter sum by the bit {—1,+1} in the item
memory. It was determined empirically that the computation
required for the dot product (multiplication) require about 3.4
more time than the computations required for the Hamming
distance. To allow a single equation to be given for both
cases, we incorporate a variable g which equals 1 for the
Hamming distance calculation and 3.4 for the dot product
calculation.

For the superposition vector memories, the computations
performed when recalling the next state vector are (i) release the
state and input vectors from the superposition vector (assumed
number of operations: 2 ny); (ii) permute the result of binding
(assumed number of operations: #); (iii) compute the Hamming
distances (S81) or dot products (§2) between the result vector
and each vector in the state item memory (assumed number of
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operations: (q ns + ns) is, where i is the number of vectors in the
state item memory, i.e., 100)*; and (iv) select the closest match to
the result vector (assumed is operations). Thus, the total number
of operations is:

5522”5+”5+(qns+”5)is+is

=ns(3+is(q+ 1)) +is (10)

where ¢ is the number of operations for recalling a vector and
finding the closest match in item memory for variant S1 (¢ = 1)
and $2 (q = 3.4). This equation does not include operations that
could be used to generate the item memory if the item memory
is created when needed instead of being stored (fi pp < 1, as
described in Section 3.2).

For the SDM variations, the computations performed when
recalling a vector are: (i) compute the address vector a by
binding the current state and input vectors (assumed number
of operations: n.); (ii) find the Hamming distance between the
address vector and each hard location label in the SDM (assumed
number of operations: m n); (iii) select the m, locations with
the smallest Hamming distance (assumed number of operations:
mmyg)*; (iv) compute the sum of counters in each column of the
mg activated rows (assumed number of operations: mg nc); (v)
release the address vector a from the sum to form the permuted
noisy next state vector (assumed number of operations: n.);
(vi) inverse permute the permuted noisy next state vector to
form the recalled vector (assumed number of operations: n);
(vii) compute the Hamming distances (for variants A1 and A2)
or dot products (variants A3 and A4) between the recalled
vector and vectors in the item memory (assumed number of
operations: (g n¢ + n¢) is); and (viii) select the closest match to
the result vector (assumed is; operations). Thus, the total number
of operations is:

Ca =N+ mnc+mmg + magne + ne + ne + (qne + ne) is + is
=ncB+m+mg+is(q+ 1) +mmg+is
(11)
where ¢, is the number of operations for recalling a vector and
finding the closest match in item memory for memory variations
Al and A2 (g = 1) as well as variations A3 and A4 (q = 3.4).

3.3.1. Serial computations required

The result of using the dimensions of the memory
variations for the different error rates (see Table 2) as input to
Equations (10) and (11) to calculate the number of operations

3 The second ng in the expression is present because the result of the
ns component-wise operations—either XOR or multiplication—must be
added using approximately n; sums to calculate the similarity.

4 If m, > 1, the actual number of operations will be less than this
depending on the algorithm used. For example, if the m, smallest values
found so far were maintained using a heap, the number of operations
would be about m log(m,), since the time to insert a new value into a heap

of size m, is order log(m,).
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required to recall a vector for the different memory variations
and the corresponding empirically found computation times
are shown in Figure 6A. The empirical times were scaled so
that the time for variant SI at error rate 10~ ! corresponds
to the number of operations of SI at that error rate.
There was a good qualitative agreement between the number
of operations calculated for each memory variant and the
empirical computation time. The time required for both of the
superposition vectors (S1 and S$2) was always much higher and
increased much faster as the error rate was reduced than that for
every SDM variant, which all required a comparatively constant
time for the different error rates.

The ratios between the number of operations for each
variant to the number of operations used by the most efficient
variant (A1) is shown in Figure 6B. On the left side of the graph
(error rate 10™1), the superposition vectors 1 and S2 required
respectively about 37 and 51 times as many operations as did
variant AI. As the error rate was reduced (direction to the right
of the graph), the difference between the computations required
for the superposition vectors and SDM variations increased.
At the lowest error rate (10~?), the number of computations
required by SI and S$2 were, respectively, about 100 and 135
times higher than that of A1.

3.3.2. Parallel computations required

The empirical computation times shown in Figure 6A were
obtained from a program running on a computer that was not
performing vector operations in parallel. Here we estimate how
much faster the computations could be done if the operations
that are performed on multiple vectors were done in parallel, so
that the time required to perform the operation on a group of
vectors was equal to the time required to perform the operation
on a single vector.

To do this, we derive alternatives to Equations (10) and (11)
(which give the number of operations required to recall a
vector from the different memory variations) by replacing each
assumed number of operations that is a computation on a group
of vectors with the number of operations used for a single vector.
For the superposition vector, the specific change is in step (iii):
find the distance between the result vector and each vector in
item memory. The assumed number of operations ((q s+ ns) is)
is changed to: (q ns + 1) (all matches to item memory are done
in parallel). For the SDM variations, the specific changes are in
steps: (ii) find the Hamming distance between the address and
each hard location label in the SDM; the assumed number of
operations (mn¢) is changed to n; (iv) compute the sum of
counters in each column of the m, activated rows; the assumed
number of operations (m, n¢) is changed to myg; (vil) compute
the Hamming distances (A1 and A2) or dot products (A3 and
A4) between the recalled vector and vectors in item memory.
The assumed number of operations ((g n¢ + n¢) is) is changed to
(gne +ne).
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With the above changes, the modified equations, which give
the number of operations required if operations performed on
more than one vector are counted as a single operation, are:

c;=2ns+n5+qns+ns+i3

=n5(4+q) + is; (12)
c/a=nc—|—nc—|—mma—I—ma—|—nc—{—nc—l—qnc—i—nc—l—iS
=nc(5+q) +mg (m41) +is, (13)

where ¢, and ¢, are, respectively, the number of parallel
operations (operations that are in parallel if possible) for
recall using the superposition and SDM variations. The plot of
the number of operations using these equations is shown in
Figure 6C. Having parallel operations reduces the number of
operations required (as evident in the change in scale between
Figures 6A, C), but the slopes of the curves remain similar, which
means that the SDM variations still use far fewer operations than
the superposition vector memories.

The ratios of number of operations are shown in Figure 6D.
At error rate 107! the superposition vectors required about
35 times as many operations as did variant Al. This factor
increased as the error rate was reduced, so at error rate 1072,
the superposition vector memories require about 150 times the
number of computations required by variant A1.

4. Discussion

4.1. General discussion

Computing with vectors is based on three operations:
addition, component-wise multiplication (XOR for binary
vectors) and permutation of vector components. They allow
multiple vectors to be combined “holographically” and
superimposed in a single vector of the same width, and to
decode such composite vectors.

Such a vector can be used as a memory for values that
are accessed with keys (their vectors, that is). The memory is
formed by binding the keys to their values with multiplication
and adding together the vectors for the key-value pairs. The sum
vector is then queried with a vector for a key, and the answer
is the value vector for that key, plus noise that can make the
memory unreliable.

When using a superposition vector to store key-value pairs
in this way, the more pairs that are stored, the greater the
chance that individual components of the vector recalled will be
different from the corresponding bits in the value. This can be
seen easily when analyzing the probability of agreement between
the individual components of the superposition vector and its
input vectors (see Kleyko et al., 2017 for an example of such
analysis).

To overcome the increased probability of mismatch for each
bit, the width of the superposition vector and the vectors in the
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item memory must be increased. This results in more resources
(storage space and computations) being required to implement
the system.

We investigated how an alternative method for storing
and recalling vectors compares to a superposition vector when
performing the same task. The alternative method that we
used is an associative memory for vectors, specifically variations
of the Sparse Distributed Memory (Kanerva, 1988, 1993).
Although the idea that the superposition vector shall be used
as a working memory while the Sparse Distributed Memory is
suitable to implement the long-term memory has been expressed
previously, e.g., by Emruli et al. (2015), no studies have been
done to quantitatively compare these two alternatives. Also
in a vein similar to this study, Steinberg and Sompolinsky
(2022) examined how sets of key-value pairs represented with
HD computing can be stored in associative memories using
a Hopfield network. In Steinberg and Sompolinsky, however,
the main focus was on the aspect of using HD computing for
flexibly forming fixed-length distributed representations. This
aspect can, nevertheless, be interpreted as a way of using the
superposition vector to form a working memory.

We compared the storage space and computations required
by two variations of a superposition vector memory (SI, and
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§2) and four variations of Sparse Distributed Memory (AI-
A4) in the storage and retrieval of a finite-state automaton
containing 1,000 vectors with 110 vectors in item memory. All
of the memory variations store data by adding bipolar vectors
to vectors of counters. In the superposition vector memories,
there is only one vector of counters, while the Sparse Distributed
Memory variations have multiple vectors of counters. In half
of the memory variations (SI, A2 and A3), the counters are
binarized (converted to 1-bit) after the data is stored and before
recall; in the others, the counters are not binarized. Two of the
associative memory variations (AI and A2) threshold the sums
of counters before the match to item memory, the other two
do not.

In order to compare the memory variations, we first devised
methods to predict the error rate of recall of each variant
given the number of items stored and the dimensions of the
memory (width of the superposition vectors and number of
locations in the associative memories) and the item memory
size. We used these methods to estimate the dimensions of the
memory needed to store and recall the finite-state automaton at
different levels of reliability. These dimensions were then used
to compare the storage space and computations required of the
memory variations at the different error rates. When devising

frontiersin.org


https://doi.org/10.3389/fnins.2022.867568
https://www.frontiersin.org/journals/neuroscience
https://www.frontiersin.org

Teeters et al.

the methods, we found that the dimensions for associative
memory variations A1 and A3 were approximately the same for
the same error rate. In variant A1, the counters are not binarized
but the sums are thresholded; in variant A3 the counters are
binarized but the sums are not thresholded.

The storage space required by each memory variant depends
on the fraction of item memory (and address locations in the
Sparse Distributed Memory) that is explicitly represented and
the recall error rate. If none of the item memory is explicitly
represented, the three memory variations that use binarized
vectors to store data use much less space than the others, with
81 using the least. As the fraction of item memory explicitly
represented increases, the space required by the superposition
vectors increases much faster than the space required by the
Sparse Distributed Memory variations, so that when just 10%
of the item memory is explicitly represented, all of the Sparse
Distributed Memory variations use less storage space than the
two superposition vector variations. When the item memory is
fully present, the superposition vectors memories require from
15 to 35 times the space used by the smallest associative memory
and all associative memories use less than a fifth of the space than
either of the superposition vector memories.
showed that the
superposition vector memories required about 37 and 51 times

The comparison of computations

as many operations to recall a vector as the most efficient
associative memory when the error rate of recall was high
(0.1). As the error rate is reduced, the superposition vector
memories become even less efficient relative to the associative
memories. At recall error rate 10~ the superposition vector
memories require 100 and 135 times the number of operations
of the most efficient associative memory. If the computations
were implemented using operations that work on multiple
vectors in parallel, the number of operation is reduced but the
associative memory variations still use far fewer operations than
the superposition vector memories.

The reason that the Sparse Distributed Memory performs
better than a superposition vector for the recall of key-value
pairs is due to the difference in how the vector that is compared
to the vectors in the item memory (to find the matching
value) is generated. For the superposition vector, this vector
is generated by multiplying the superposition vector with the
key. This generates a vector which is similar to the value, but
the probability of a component in this vector matching the
corresponding bit in the value is reduced as more key-value
pairs are superimposed, and there is no way to improve the
probability. With the Sparse Distributed Memory, the vector
that is compared to the item memory is generated by summing
the activated hard locations in the Sparse Distributed Memory’s
contents matrix. As with a superposition vector, the probability
of a component in this vector matching the corresponding bit
in the value is reduced as more key-value pairs are stored in the
Sparse Distributed Memory. However, unlike the superposition
vector, the probability that each component will match the
corresponding bit in the value can be increased by increasing
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Sparse Distributed Memory capacity (that is, increasing the
number of rows in the Sparse Distributed Memory’s contents
matrix). This allows the width of vectors in the Sparse
Distributed Memory to be shorter than the superposition vector
while still correctly finding the matching value vector in the item
memory. The shorter vectors used with the Sparse Distributed
Memory reduces the space required to store the item memory
and reduces the number of operations needed for comparison
during recall which improves the performance of the Sparse
Distributed Memory as compared to a superposition vector.

The performance improvements we describe do not mean
that it is always advantageous to use a Sparse Distributed
Memory instead of a superposition vector. There are some
situations where certain manipulations can be performed using
a superposition vector that cannot easily be done with a Sparse
Distributed Memory. The most prominent example of such a
manipulation is the formation of hierarchical representations
(that are also called sketches in some context) when the
representation of some compositional data structure (e.g., a set
of key-value pairs) is used to form a representation of a larger
structure that subsumes the compositional data structure as
its part at some level of hierarchy (Plate, 1994a; Rachkovskij
et al., 2013; Ghazi et al., 2019). It is straightforward to use the
superposition vector to form such hierarchical representations
while in the case of a Sparse Distributed Memory one first
needs to design a procedure that will convert the relevant part
of the memory into a vector representation that can be further
manipulated with HD computing.

There were two sets of item memories used to encode the
finite-state automaton: one for states and the other for inputs.
The vectors recalled from the memories were compared to the
state item memory contents, but not the input item memory.
If there were multiple item memories, and the vectors recalled
had to be compared selectively to vectors in a particular item
memory, there would need to be some mechanism to identify
which item memory was appropriate to use and circuitry to route
recalled vectors to the proper item memory for comparison. The
identification of the item memory might be done using codes (bit
patterns) that could be included in the vectors to identify them
as being of a particular type of item memory. We did not include
such methods in the analysis presented in this article.

4.2. Connection to psychology and
neuroscience

Cognitive psychology likens brains to computers: to physical
devices that manipulate information (e.g., Miller, 1956). The
encoding of information by brains and the organization of
memory have been described in computer-like terms since
the 1960s and ’70s (e.g., Anderson and Bower, 1967; Bower,
1967; Neisser, 1967; Atkinson and Shiffrin, 1968). For example,
information is encoded into chunks in working memory and the
chunks are used both as cues to long-term memory and as data
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to be stored. The data can then be retrieved if the chunks used
as the cue are the same as when the data were stored. This has
been called “encoding specificity” and has been demonstrated
in psychological experiments (Tulving and Thomson, 1973). In
computer terms it simply means that stored data can be recalled
by knowing the address.

While human long-term memory seems boundless, human
short-term memory—referred to here as the working memory—
is limited to a mere seven or so items (Miller, 1956). This
suggests a two-tier memory organization similar to that of
a computer. The computer’s working memory comprises an
Arithmetic-Logic Unit (ALU) and a handful of registers that are
wired for arithmetic and Boolean operations. The computer’s
long-term memory is an array of registers addressed by their
position in the array—it is the RAM (Random Access Memory)
that today’s computers have billions of bytes of. The contents of
the ALU—the working memory—turn over completely millions
of times a second whereas the contents of the RAM change
hardly at all in comparison. This raises the question, are
there brain structures and processes suggestive of computer-like
memory and processing? The answer for the long-term memory
is “yes” and for the working memory “possibly.”

A computer RAM is a simple and highly regular circuit
that has over half the computer’s transistors. Among the
brain’s circuits, the cortex of the cerebellum has over half
the brain’s neurons (and 5 trillion modifiable synapses). It
was interpreted as an associative memory by Marr (1969).
Furthermore, its three-dimensional structure corresponds to
how an engineer would build a RAM-like memory from neuron-
like components (Albus, 1971; Kanerva, 1993): mossy fibers
(200 million) as address lines, granule cells (50 billion) as
memory locations, climbing fibers (15 million) as data-input
lines, and Purkinje cells (15 million) providing the output—
the numbers in parentheses are estimates for the human
cerebellum. A recent study shows that the small number
inputs to a cerebellar granule cell, and the large number
of inputs to a Purkinje cell, are optimal for an associative
memory (Litwin-Kumar et al., 2017). Brains may have other
long-term memory structures as well, including the fly olfactory
system (Dasgupta et al., 2017), but none that is as large and
equally well-understood.

The issue with working memory is more complicated
because no brain structure is an obvious candidate. However, we
can conjecture its nature by analogy to the computer’s working
memory (the ALU). The ALU takes a pair of numbers as input
and outputs their sum or product or some other arithmetic
function, and it operates similarly with logical bit strings. The
inputs and the outputs are stored in the RAM. Complex relations
and structures can thus be expressed in the long-term memory
by combining their constituent parts, piece by piece, in the
working memory.

This manner of representing relations and structure is
possible also when we compute with high-dimensional vectors
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(Plate, 1994a), and presumably possible for brains. Three
simple operations on vectors are sufficient, besides being readily
realizable in neurons. The working memory needs to combine
a few vectors at a time and store the result in the long-
term memory, and to decode vectors stored therein. The
superposition vector provides such a mechanism and its capacity
is limited by its width, as discussed above.

The item memory, however, is an engineering artifact. It
is long-term, and a (neural) associative memory can fulfill
the functions of both the item memory and the more
general long-term memory. The engineering of a high-capacity
associative memory, however, is a major challenge. We have
modeled it here with the Sparse Distributed Memory, but
its circuit for selecting memory locations is inefficient and
quite different from the cerebellum’s. This is clearly an
area where a more complete understanding and modeling
of the cerebellum can lead to a more efficient engineering
design.

Finally, it is worth noting that the finite-state automata
that were stored in our experiments could be seen as a
model for biological reflexive response to sensory stimuli
and also for robotics (Osipov et al, 2017; Neubert et al,
2019).

Data availability statement

The datasets presented in this study can be found in
online repositories. The names of the repository/repositories
and accession number(s) can be found below: https://github.
com/jeftteeters/hdfsa.

Author contributions

JLT, DK, PK, and BAO came up with the idea for the study.
JLT wrote and ran the programs that generated the figures and
did most of the mathematical analysis. DK contributed to the
mathematical analysis and also wrote some of the programs used
to obtain the results. JLT, DK, and PK wrote the manuscript.
BAO supervised the project. All authors contributed to the
article and approved the submitted version.

Funding

This research was supported by Air Force Office of
Scientific Research Program on Cognitive and Computational
Neuroscience, FA9550-19-1-0241. DK has received funding
from the European Union’s Horizon 2020 Research and
Innovation Programme under the Marie Sktodowska-Curie
grant agreement no. 839179. Publication made possible in part
by support from the Berkeley Research Impact Initiative (BRII)
sponsored by the UC Berkeley Library.

frontiersin.org


https://doi.org/10.3389/fnins.2022.867568
https://github.com/jeffteeters/hdfsa
https://github.com/jeffteeters/hdfsa
https://www.frontiersin.org/journals/neuroscience
https://www.frontiersin.org

Teeters et al.

Conflict of interest

The authors declare that the research was conducted in the
absence of any commercial or financial relationships that could
be construed as a potential conflict of interest.

Publisher’s note

All claims expressed in this article are solely those of the
authors and do not necessarily represent those of their affiliated

References

Albus, J. S. (1971). A theory of cerebellar function. Math. Biosci. 10, 25-61.
doi: 10.1016/0025-5564(71)90051-4

Anderson, J. R., and Bower, G. H. (1967). Human Associative Memory.
Washington, DC: V. H. Winston & Sons.

Atkinson, R. C., and Shiffrin, R. M. (1968). “Human memory: a proposed system
and its control processes,” in The Psychology of Learning and Motivation, Vol. 2,
eds K. W. Spence and J. T. Spence (New York, NY: Academic Press), 89-195.
doi: 10.1016/S0079-7421(08)60422-3

Bandaragoda, T., Silva, D. D., Kleyko, D., Osipov, E., Wiklund, U., and
Alahakoon, D. (2019). “Trajectory clustering of road traffic in urban environments
using incremental machine learning in combination with hyperdimensional
computing” in IEEE Intelligent Transportation Systems Conference (ITSC)
(Auckland), 1664-1670. doi: 10.1109/ITSC.2019.8917320

Bower, G. (1967). “A multicomponent theory of the memory trace,” in The
Psychology of Learning and Motivation, Vol. 1, eds K. W. Spence and J. T.
Spence (New York, NY: Academic Press), 229-325. doi: 10.1016/S0079-7421(08)
60515-0

Dasgupta, S., Stevens, C. F., and Navlakha, S. (2017). A neural
algorithm for a fundamental computing problem. Science 358, 793-796.
doi: 10.1126/science.aam9868

Diao, C., Kleyko, D., Rabaey, J. M., and Olshausen, B. A. (2021). “Generalized
learning vector quantization for classification in randomized neural networks
and hyperdimensional computing,” in International Joint Conference on Neural
Networks (IJCNN), 1-9. doi: 10.1109/IJCNN52387.2021.9533316

Eggimann, M., Rahimi, A., and Benini, L. (2021). A 5 uW standard cell
memory-based configurable hyperdimensional computing accelerator for always-
on smart sensing. IEEE Trans. Circ. Syst. I Regular Pap. 68, 4116-4128.
doi: 10.1109/TCS1.2021.3100266

Eliasmith, C. (2013). How to Build a Brain: A Neural Architecture
for Biological ~Cognition. New York, NY: Oxford University Press.
doi: 10.1093/acprof:0s0/9780199794546.001.0001

Emruli, B., Sandin, F., and Delsing, J. (2015). Vector space architecture for
emergent interoperability of systems by learning from demonstration. Biol.
Inspired Cogn. Arch. 11, 53-64. doi: 10.1016/j.bica.2014.11.015

Frady, E. P., Kleyko, D., Kymn, C.]., Olshausen, B. A., and Sommer, F. T. (2021a).
Computing on functions using randomized vector representations. arXiv preprint
arXiv:2109.03429. doi: 10.1145/3517343.3522597

Frady, E. P., Kleyko, D., Kymn, C. J., Olshausen, B. A., and Sommer, F. T. (2022).
“Computing on functions using randomized vector representations (in brief),”
in Neuro-Inspired Computational Elements Conference (NICE) (New York, NY:
Association for Computing Machinery), 115-122.

Frady, E. P., Kleyko, D., and Sommer, F. T. (2018). A theory of sequence
indexing and working memory in recurrent neural networks. Neural Comput. 30,
1449-1513. doi: 10.1162/neco_a_01084

Frady, E. P., Kleyko, D., and Sommer, F. T. (2021b). Variable binding for sparse
distributed representations: theory and applications. IEEE Trans. Neural Netw.
Learn. Syst. 99, 1-14. doi: 10.1109/TNNLS.2021.3105949

Gallant, S. I, and Okaywe, T. W. (2013). Representing objects, relations, and
sequences. Neural Comput. 25, 2038-2078. doi: 10.1162/NECO_a_00467

Frontiersin Neuroscience

18

10.3389/fnins.2022.867568

organizations, or those of the publisher, the editors and the
reviewers. Any product that may be evaluated in this article, or
claim that may be made by its manufacturer, is not guaranteed
or endorsed by the publisher.

Supplementary material

The Supplementary Material for this article can be
found online at: https://www.frontiersin.org/articles/10.3389/
fnins.2022.867568/full#supplementary-material

Gayler, R. W. (1998). “Multiplicative binding, representation operators &
analogy,” in Advances in Analogy Research: Integration of Theory and Data from the
Cognitive, Computational, and Neural Sciences, eds K. Holyoak, D. Gentner, and B.
Kokinov (Sofia Bulgaria: New Bulgarian University), 1-4.

Gayler, R. W. (2003). “Vector symbolic architectures answer Jackendoft’s
challenges for cognitive neuroscience,” in Joint International Conference on
Cognitive Science (ICCS/ASCS) (Sydney, NSW), 133-138.

Ghazi, B., Panigrahy, R., and Wang, J. (2019). “Recursive sketches for
modular deep learning,” in International Conference on Machine Learning (ICML)
(Long Beach, CA), 2211-2220.

Gritsenko, V. I, Rachkovskij, D. A., Frolov, A. A., Gayler, R. W., Kleyko, D., and
Osipov, E. (2017). Neural distributed autoassociative memories: a survey. Cybernet.
Comput. Eng. 2, 5-35. doi: 10.15407/kvt188.02.005

Imani, M., Kim, Y., Worley, T., Gupta, S., and Rosing, T. (2019). “HDCluster: an
accurate clustering using brain-inspired high-dimensional computing,” in Design,
Automation Test in Europe Conference Exhibition (DATE) (Florence), 1591-1594.
doi: 10.23919/DATE.2019.8715147

Jakimovski, P., Schmidtke, H. R., Sigg, S., Chaves, L. W. F., and Beigl, M.
(2012). Collective communication for dense sensing environments. J. Ambient
Intell. Smart Environ. 4, 123-134. doi: 10.3233/AIS-2012-0139

Kanerva, P. (1984). Self-propagating search: A unified theory of memory (Ph.D.
thesis). Department of Philosophy, Stanford University, Stanford, CA, United
States.

Kanerva, P. (1988). Sparse Distributed Memory. Cambridge, MA: The MIT Press.

Kanerva, P. (1993). “Sparse distributed memory and related models,” in
Associative Neural Memories: Theory and Implementation, ed M. H. Hassoun (New
York, NY: Oxford University Press), 50-76.

Kanerva, P. (1996). “Binary spatter-coding of ordered k-tuples,” in International
Conference on Artificial Neural Networks (ICANN) (Bochum), 869-873.
doi: 10.1007/3-540-61510-5_146

Kanerva, P. (1997). “Fully distributed representation,” in Proceedings RWC
Symposium (Tokyo), 358-365.

Kanerva, P. (2009). Hyperdimensional computing: an introduction to computing
in distributed representation with high-dimensional random vectors. Cogn.
Comput. 1, 139-159. doi: 10.1007/s12559-009-9009-8

Kim, H. -S. (2018). “HDM: hyper-dimensional modulation for robust low-power
communications,” in IEEE International Conference on Communications (ICC)
(Kansas City, MO), 1-6. doi: 10.1109/ICC.2018.8422472

Kleyko, D., Davies, M., Frady, E. P., Kanerva, P., Kent, S. ., Olshausen, B. A, et al.
(2022a). “Vector symbolic architectures as a computing framework for emerging
hardware,” in Proc. IEEE, 1-34.

Kleyko, D., Frady, E. P., and Sommer, F. T. (2022b). Cellular automata can reduce
memory requirements of collective-state computing. IEEE Trans. Neural Netw.
Learn. Syst. 33,2701-2713. doi: 10.1109/TNNLS.2021.3119543

Kleyko, D., Lyamin, N., Osipov, E., and Riliskis, L. (2012). “Dependable
MAC layer architecture based on holographic data representation using hyper-
dimensional binary spatter codes,” in Multiple Access Communications (MACOM)
(Maynooth), 134-145. doi: 10.1007/978-3-642-34976-8_15

frontiersin.org


https://doi.org/10.3389/fnins.2022.867568
https://www.frontiersin.org/articles/10.3389/fnins.2022.867568/full#supplementary-material
https://doi.org/10.1016/0025-5564(71)90051-4
https://doi.org/10.1016/S0079-7421(08)60422-3
https://doi.org/10.1109/ITSC.2019.8917320
https://doi.org/10.1016/S0079-7421(08)60515-0
https://doi.org/10.1126/science.aam9868
https://doi.org/10.1109/IJCNN52387.2021.9533316
https://doi.org/10.1109/TCSI.2021.3100266
https://doi.org/10.1093/acprof:oso/9780199794546.001.0001
https://doi.org/10.1016/j.bica.2014.11.015
https://doi.org/10.1145/3517343.3522597
https://doi.org/10.1162/neco_a_01084
https://doi.org/10.1109/TNNLS.2021.3105949
https://doi.org/10.1162/NECO_a_00467
https://doi.org/10.15407/kvt188.02.005
https://doi.org/10.23919/DATE.2019.8715147
https://doi.org/10.3233/AIS-2012-0139
https://doi.org/10.1007/3-540-61510-5_146
https://doi.org/10.1007/s12559-009-9009-8
https://doi.org/10.1109/ICC.2018.8422472
https://doi.org/10.1109/TNNLS.2021.3119543
https://doi.org/10.1007/978-3-642-34976-8_15
https://www.frontiersin.org/journals/neuroscience
https://www.frontiersin.org

Teeters et al.

Kleyko, D., and Osipov, E. (2017). “No two brains are alike: cloning a
hyperdimensional associative memory using cellular automata computations,”
in Biologically Inspired Cognitive Architectures (BICA) (Moscow), 91-100.
doi: 10.1007/978-3-319-63940-6_13

Kleyko, D., Osipov, E., and Rachkovskij, D. A. (2016). Modification of
holographic graph neuron using sparse distributed representations. Proc. Comput.
Sci. 88, 39-45. doi: 10.1016/j.procs.2016.07.404

Kleyko, D., Osipov, E., Senior, A., Khan, A. L, and Sekercioglu, Y. A. (2017).
Holographic graph neuron: a bioinspired architecture for pattern processing. IEEE
Trans. Neural Netw. Learn. Syst. 28, 1250-1262. doi: 10.1109/TNNLS.2016.2535338

Kleyko, D., Rachkovskij, D. A., Osipov, E., and Rahimi, A. (2022c¢). A survey on
hyperdimensional computing aka vector symbolic architectures, part I: models and
data transformations. ACM Comput. Surv. doi: 10.1145/3538531. [Epub ahead of
print].

Kleyko, D., Rachkovskij, D. A., Osipov, E., and Rahimi, A. (2022d). A
survey on hyperdimensional computing aka vector symbolic architectures,
Part II: applications, cognitive models, and challenges. ACM Comput. Surv.
doi: 10.1145/3558000. [Epub ahead of print].

Laiho, M., Poikonen, J. H., Kanerva, P., and Lehtonen, E. (2015).
“High-dimensional computing with sparse vectors, in IEEE Biomedical
Circuits  and ~ Systems  Conference  (BioCAS)  (Atlanta, GA), 1-4.
doi: 10.1109/BioCAS.2015.7348414

Litwin-Kumar, A., Harris, K. D., Axel, R,, Sompolinsky, H., and Abbott, L.
F. (2017). Optimal degrees of synaptic connectivity. Neuron 93, 1153-1164.
doi: 10.1016/j.neuron.2017.01.030

Marr, D. (1969). A theory of cerebellar cortex. J. Physiol. 202, 437-470.
doi: 10.1113/jphysiol.1969.sp008820

Miller, G. A. (1956). The magical number seven plus or minus two: some
limits on our capacity for processing information. Psychol. Rev. 63, 81-97.
doi: 10.1037/h0043158

Neisser, U. (1967). Cognitive Psychology. Englewood Cliffs, NJ: Prentice-Hall.

Neubert, P., Schubert, S., and Protzel, P. (2019). An introduction to
hyperdimensional computing for robotics. - Kunstliche Intelligenz 33, 319-330.
doi: 10.1007/s13218-019-00623-z

Osipov, E., Kleyko, D., and Legalov, A. (2017). “Associative synthesis of finite
state automata model of a controlled object with hyperdimensional computing,”
in Annual Conference of the IEEE Industrial Electronics Society (IECON) (Beijing),
3276-3281. doi: 10.1109/IECON.2017.8216554

Osipov, E., Kahawala, S., Haputhanthri, D., Kempitiya, T., Silva, D. D,
Alahakoon, D., et al. (2022). Hyperseed: unsupervised learning with vector
symbolic architectures. IEEE Trans. Neural Netw. Learn. Syst.

Plate, T. A. (1992). “Holographic recurrent networks,” in Advances in Neural
Information Processing Systems (NIPS), eds S. Hanson, J. Cowan, and C. Giles
(San Francisco, CA: Morgan Kaufmann), 34-41.

Frontiersin Neuroscience

19

10.3389/fnins.2022.867568

Plate, T. A. (1994a). Distributed representations and nested compositional
structure (Ph.D. thesis). University of Toronto, Toronto, ON, Canada.

Plate, T. A. (1994b). “Estimating analogical similarity by dot-products
of holographic reduced representations,” in Advances in Neural Information
Processing Systems (NIPS), eds G. Tesauro, D. Touretzky, and T. Leen
(Cambridge, MA: MIT Press), 1109-1116.

Plate, T. A. (1995). Holographic reduced representations. IEEE Trans. Neural
Netw. 6,623-641. doi: 10.1109/72.377968

Rachkovskij, D. A. (2001). Representation and processing of structures with
binary sparse distributed codes. IEEE Trans. Knowledge Data Eng. 3, 261-276.
doi: 10.1109/69.917565

Rachkovskij, D. A. (2004). Some approaches to analogical mapping with
structure sensitive distributed representations. J. Exp. Theoret. Artif. Intell. 16,
125-145. doi: 10.1080/09528130410001712862

Rachkovskij, D. A., Kussul, E. M., and Baidyk, T. N. (2013). Building
a world model with structure-sensitive sparse binary distributed
representations. Biol. Inspired Cogn. Arch. 3, 64-86. doi: 10.1016/j.bica.2012.
09.004

Rahimi, A., Kanerva, P., Benini, L., and Rabaey, J. M. (2019). Efficient
biosignal processing using hyperdimensional computing: network templates for
combined learning and classification of exg signals. Proc. IEEE 107, 123-143.
doi: 10.1109/JPROC.2018.2871163

Schlegel, K., Neubert, P., and Protzel, P. (2022). A comparison of vector
symbolic architectures. Artif. Intell. Rev. 55, 4523-4555. doi: 10.1007/510462-021-
10110-3

Schmuck, M., Benini, L., and Rahimi, A. (2019). Hardware optimizations of
dense binary hyperdimensional computing: rematerialization of hypervectors,
binarized bundling, and combinational associative memory. ACM ]. Emerg.
Technol. Comput. Syst. 15, 1-25. doi: 10.1145/3314326

Steinberg, J., and Sompolinsky, H. (2022). Associative memory of structured
knowledge. bioRxiv [Preprint]. doi: 10.1101/2022.02.22.481380

Thomas, A., Dasgupta, S., and Rosing, T. (2021). A theoretical perspective
on hyperdimensional computing. J. Artif. Intell. Res. 72, 215-249.
doi: 10.1613/jair.1.12664

Thomas, A., Khaleghi, B., Jha, G. K., Dasgupta, S., Himayat, N., Iyer, R,, et al.
(2022). Streaming encoding algorithms for scalable hyperdimensional computing.
arXiv [Preprint]. doi: 10.48550/arxiv.2209.09868

Tulving, E., and Thomson, D. M. (1973). Encoding specificity and retrieval
processes in episodic memory. Psychol. Rev. 80, 352-373. doi: 10.1037/h00
20071

Yerxa, T., Anderson, A., and Weiss, E. (2018). “The hyperdimensional stack

machine” in Cognitive Computing 2018 Conference, Dec 18-20 (Hannover),
1-2.

frontiersin.org


https://doi.org/10.3389/fnins.2022.867568
https://doi.org/10.1007/978-3-319-63940-6_13
https://doi.org/10.1016/j.procs.2016.07.404
https://doi.org/10.1109/TNNLS.2016.2535338
https://doi.org/10.1145/3538531
https://doi.org/10.1145/3558000
https://doi.org/10.1109/BioCAS.2015.7348414
https://doi.org/10.1016/j.neuron.2017.01.030
https://doi.org/10.1113/jphysiol.1969.sp008820
https://doi.org/10.1037/h0043158
https://doi.org/10.1007/s13218-019-00623-z
https://doi.org/10.1109/IECON.2017.8216554
https://doi.org/10.1109/72.377968
https://doi.org/10.1109/69.917565
https://doi.org/10.1080/09528130410001712862
https://doi.org/10.1016/j.bica.2012.09.004
https://doi.org/10.1109/JPROC.2018.2871163
https://doi.org/10.1007/s10462-021-10110-3
https://doi.org/10.1145/3314326
https://doi.org/10.1101/2022.02.22.481380
https://doi.org/10.1613/jair.1.12664
https://doi.org/10.48550/arxiv.2209.09868
https://doi.org/10.1037/h0020071
https://www.frontiersin.org/journals/neuroscience
https://www.frontiersin.org

	On separating long- and short-term memories in hyperdimensional computing
	1. Introduction
	2. Materials and methods
	2.1. Superposition vector memory
	2.1.1. Variant S1
	2.1.2. Variant S2

	2.2. Sparse distributed memory
	2.2.1. Variant A1
	2.2.2. Variant A2
	2.2.3. Variant A3
	2.2.4. Variant A4
	2.2.5. Comparison of SDM variations

	2.3. Finite-state automata
	2.3.1. Storing a finite-state automaton using a superposition vector
	2.3.2. Storing a finite-state automaton using a SDM
	2.3.3. Interference between terms

	2.4. Predicting the error rate
	2.4.1. High-level equations for probability of correct recall
	2.4.2. Predicting error rate of Hamming distance match memories
	2.4.3. Predicting error rate for dot product match memories
	2.4.4. Predicting the error rate for each memory variant
	2.4.4.1. S1
	2.4.4.2. S2
	2.4.4.3. Memories A1-A4



	3. Results
	3.1. Memory dimensions for different error rates
	3.2. Storage required
	3.3. Computations required
	3.3.1. Serial computations required
	3.3.2. Parallel computations required


	4. Discussion
	4.1. General discussion
	4.2. Connection to psychology and neuroscience

	Data availability statement
	Author contributions
	Funding
	Conflict of interest
	Publisher's note
	Supplementary material
	References


