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Slightly off-axis digital holographic microscopy (DHM) has recently gained

considerable attention due to its unique ability to improve the space-

bandwidth product (SBP) of the imaging system while separating the object

information from the background intensity to a certain extent. In order to obtain

a decent image reconstruction, the spectral aliasing problem still needs to be

addressed, which, however, is difficult to be achieved by the conventional linear

Fourier domain filtering. To this end, in this paper, we propose a high-

throughput artifact-free slightly off-axis holographic reconstruction method

based on Fourier ptychographic microscopy (FPM). Inspired by the nonlinear

optimized phase reconstruction algorithm of FPM, we perform constrained

updates between the real and Fourier domains in an iterative manner to

reconstruct the complex amplitude by the hologram intensity. Experimental

results on live HeLa cell samples show that the proposed method can provide

higher reconstruction accuracy and better image quality compared with the

conventional Fourier method and the Kramers–Kronig (KK) relation-based

method.
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Introduction

In the field of optical microscopy, quantitative phase imaging (QPI) is an essential

tool for biomedical research, possessing the distinctive ability of optical thickness

measurement of live cells without exogenous contrast agents (Lee et al., 2013; Zuo

et al., 2015; Sun et al., 2017; Zuo et al., 2017; Fan et al., 2019; Zuo et al., 2020). As a

classical QPI technique, digital holographic microscopy (DHM) (Cuche et al., 1999;

Mann et al., 2005; Chen et al., 2011) combines the principle of interferometry and

holography, allowing for single-shot digital recording and numerical reconstruction
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of the object wavefront to quantitatively recover amplitude

and phase with high accuracy in real time. Based on the off-

axis architecture, DHM introduces an additional coherent

reference beam that is tilted superimposed with the object

beam, which encodes the invisible phase information into an

interferogram. Capture the intensity signal of the hologram by

imaging devices such as a CCD and then perform phase

demodulation with fringe analysis algorithms.

During the hologram acquisition process, the intensity of

the two coherent beams (often referred to as the zero-order

term) and the object complex amplitude information are

superimposed on the recorded signal simultaneously (Gao

et al., 2013). Conventional off-axis holography completely

separates the real image from its twin image and zero-order

term in the spatial frequency domain by adjusting the tilt

angle. Combining band-pass filtering and deconvolution to

realize high-speed single-shot measurement, i.e. Fourier

method (Takeda et al., 1982). However, the linear solution

involves solely Fourier domain filtering , sacrificing the

utilization of spatial bandwidth. The imaging throughput

is quantitatively described by the space-bandwidth product

(SBP), which varies with the recovery method and the

modulation direction of the reference beam. Since the

zero-order has a bandwidth of twice the one of the

imaging term (the twin images), the maximum spatial

bandwidth achieved by this linear solution is N
2+3 �

2
√

(Pavillon et al., 2009) for a region of N × N pixels with

uniform sampling in the absence of spectral overlap. The

limited bandwidth of the off-axis system is inefficient

regarding the SBP of the complex amplitude image. It is

negative for enhancing the imaging resolution, while the

realization of real-time high-throughput imaging is the

fundamental target constantly pursued in the development

of microscopic imaging technology (Trusiak, 2021).

To improve the SBP of off-axis holography, spectral

aliasing of zero-order with diffraction terms in the spatial

frequency domain is unavoidable, which leads to a loss of

imaging quality, such as reduced resolution or produced

artifacts. So how to make full use of the spatial bandwidth

and achieve artifact-free imaging while maintaining the

diffraction limit resolution is a crucial issue. Various zero-

order suppression methods have been proposed (Trusiak

et al., 2020). The nonlinear filtering (Pavillon et al., 2009)

in the cepstral domain can confine the object wave

modulation to one quadrant of the spectrum and enhance

the utilization of spatial bandwidth to N
4 . Alternatively, the

zero-order can be suppressed by subtracting the object

intensity from the hologram with the reconstructed object

wavefront in an iterative manner, loosening the constraints

on bandwidth (Pavillon et al., 2010). Furthermore, on the

basis of the nonlinear filtering method, high SBP off-axis

holographic imaging can be achieved by exploiting the

Kramers–Kronig (KK) relations (Baek et al., 2019). With

the zero-padding operation in the frequency domain, the

spectral aliasing is substantially reduced without an iterative

process or imposing any restriction on objects, which

theoretically increases the spatial bandwidth to N
2+ �

2
√ .

However, these methods are not applicable when the

intensity of the reference beam is smaller than that of the

object beam since the power series of the object-reference

ratio is divergent in the Fourier domain.

With the proposal of phase retrieval (Fienup, 1982;

Bauschke et al., 2002; Shechtman et al., 2015), nonlinear

optimization algorithms provide a new demodulation

perspective on optical phase microscopy. A particularly

classic method in this field to recover phase from a single

intensity measurement is the Gechberg-Saxton (GS) algorithm

(Gerchberg, 1972, 1971), and related improved algorithms have

also been proposed (Gonsalves, 1976; Fienup, 1978). These

methods are based on nonlinear optimal iterations, which

usually define a cost function similar to the intensity

difference, and reconstruct the phase by constrained updates

back and forth between the intensity in the spatial domain and

aperture in the frequency domain. Nonlinear optimal iterative

reconstruction methods have been widely applied in the field of

QPI, such as lens-free microscopic imaging (Ozcan and

Demirci, 2008; Seo et al., 2009) and Fourier ptychographic

microscopy (FPM) (Zheng et al., 2013), etc. The original

solutions to FPM are based on the gradient descent method,

which retrieves the phase information of the samples by

alternating iterations in the real and Fourier spaces, and is a

highly representative integration of nonlinear optimization

algorithms and QPI techniques.

Nevertheless, nonlinear optimization algorithms are rarely

reported in holographic phase recovery since conventional

DHM already has convenient demodulation methods (Fourier

method for off-axis holography (Takeda et al., 1982) and phase-

shift method for on-axis holography (Hariharan et al., 1987)),

which can recover the phase in a single step without complicated

iterative processes (Latychevskaia, 2019). However, when breaking

the SBP limitation of conventional off-axis holography, the Fourier

method cannot reconstruct the phase correctly due to the aliasing

of spectral information. Therefore, nonlinear optimization

algorithms are considered to solve the above problem. We

present and experimentally demonstrate a QPI technique for

high-throughput artifact-free slightly off-axis holographic

imaging based on a nonlinear optimization algorithm similar to

Fourier ptychographic reconstruction. Inspired by the phase

retrieval process of FPM, the complex amplitude recovery is

viewed as a nonlinear optimization problem to be solved by a

method like the GS algorithm. In the premise that the linear

method cannot correctly solve for the object wavefront, the

proposed optimal iterative solution algorithm is more universal

with no restrictions on the intensity of two coherent beams and

unconstrained spectral configuration, which is distinct from all

previous off-axis holography phase recovery methods.
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Principle

Based on the nonlinear iterative solution of FPM, first built

the forward mathematical modeling of the off-axis digital

holographic imaging process. The spectrum of the object

beam that reaches the camera target surface is O(u, v)P(u, v),

where O (u, v) is the spectrum of the complex amplitude

distribution of the measured object, P(u, v) represents the

pupil function defined by the NA of the microscope objective

and the illumination wavelength, and (u, v) denotes the

frequency domain coordinates. The corresponding complex

amplitude of the object beam is

O(x, y)� F −1[O(u, v)P(u, v)], where F −1 denotes inverse

Fourier transform. The reference beam is considered as a

quasi-plane wave with a tilt angle θ to the object beam, which

is expressed as R(x, y) = |R| exp(−ik sin θx). According to the

interference principle of coherent superposition, the complex

amplitude distribution of the hologram is

U x, y( ) � O x, y( ) + R x, y( ) (1)

where the complex amplitude of the reference beam is

reconstructed by the amplitude information obtained from

the captured intensity image of the reference beam and the

offset of ±1-order in the hologram spectrum. So R (x, y) is

regarded as a known quantity for the subsequent

calculations.

Since only the intensity distribution of the optical

wavefield can be converted to a digital signal while the

phase information is completely lost during the camera

recording process, the complex wavefront requires some

phase recovery methods for reconstruction. We learn from

the nonlinear optimization idea of FPM and use the

alternating projection method similar to the GS iterative

algorithm, which recognize the complex amplitude

reconstruction of the hologram as a nonlinear optimization

problem. Essentially, the proposed phase recovery method for

the slightly off-axis holography is to define a cost function that

will converge to a minimum by updating functions back and

forth between the real and Fourier spaces.

Next, we specify the objective cost function and the optimal

solution algorithm used in the proposed iterative method. Define

the cost function with the purpose of minimizing the amplitude

error

ε O( ) � ∑
x,y

������
I x, y( )√

− F−1 O u, v( )P u, v( )[ ] + R x, y( )∣∣∣∣ ∣∣∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣2. (2)

where I(x, y) � |U(x, y)|2 is the intensity of the hologram. As

the iterations proceed, the amplitude of the hologram

reconstructed from the object complex wavefront to be

recovered will gradually approach that of the captured

hologram. Theoretically, the cost function, i.e., the amplitude

error function, can eventually converge to zero, at which point

the hologram complex amplitude update also converges to the

real distribution.

Then we derive the update equation for the nonlinear

optimization solution algorithm mentioned above. According

to Parseval’s theorem, the cost function ε can be simplified as

ε O( ) � ∑
u,v

Uu u, v( ) − Ue u, v( )‖ ‖2 (3)

where Ue(u, v) = O(u, v)P(u, v) + R(u, v) represents the

subspectrum before the update and Uu(u, v) represents the

subspectrum after the update exploiting the captured

hologram intensity I (x, y). The update process is expressed

by the equation Uu(x, y) � ������
I(x, y)√ Ue(x,y)

|Ue(x,y)|.
The first-order derivative of the cost function is thus a

component of Eq 11 and can be expressed as

∇Oε O( ) � − Pp u, v( ) Uu u, v( ) − Ue u, v( )( )[ ]. (4)

The derivation process is explained in Appendix A. By

minimizing the derivative with the gradient descent method

to make it infinitely close to zero, thus the cost function Eq 2

can be reduced to the minimum value.

Finally, we achieve the update equation for the hologram

complex amplitude distribution

U u, v( ) � U u, v( )

+ α
P u, v( )| |2
P u, v( )| |2max

Pp u, v( )
P u, v( )| |2 + δ

Uu u, v( ) − Ue u, v( )[ ].
(5)

α is the update step length and usually ranges from 0.5 to 1.

Values of α around 1 (not greater than 1) works well in our

simulations and experiments. δ is a regularization parameter (a

minimal value near 0) to prevent the denominator from going to

zero. It should be noted that the P(u, v) in Eqs 3–5 is a mask

function for spectrum selection of the numerical reconstruction

in the actual phase recovery process (the ideal state is the above-

mentioned pupil function determined by NA).

The iterative procedures derived from Eq 5 are shown in

algorithm 1 and Figure 1 as an example for the case where the

value of update step α is 1. During the iterative process, the

square root of the intensity of the recorded digital hologram is

always employed to update the reconstructed complex

amplitude. Based on the gradient descent method, the cost

function gradually converges to zero by updating functions

back and forth between the real and Fourier spaces. Then the

complex amplitude distribution of the hologram is reconstructed

to recover the phase information of the sample.

Exploiting the nonlinear optimization algorithm, we can

construct an slightly off-axis holographic system with extreme

resolution that makes full use of the space bandwidth, in which

the spectral configuration of the twin images is exactly tangent at

the origin without overlapping by diagonal modulation of the

reference beam and selection of suitable system parameters. In
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other words, it is able to iteratively reconstruct the object

complex amplitude while guaranteeing a maximum spatial

bandwidth of N
2+ �

2
√ , and there is no additional requirement for

the intensity of the object and reference beam in the iterative

process.

Algorithm 1. Nonlinear optimization iterative algorithm based

on FPM for slightly off-axis DHM phase recovery

Simulation

Simulations are carried out to verify the validity and

effectiveness of the proposed algorithm. To investigate the

performance of the proposed method for phase demodulation

at R < O, we choose the case of R/O = 0.7 for simulation and

compare the reconstruction results with that of the conventional

off-axis method and KK method. The simulation results are

shown in Figure 2. Figure 2A1, A2 are used as amplitude image

and phase image respectively to generate the hologram [Figue

2A3]. Here we used a vertical reference beammodulation in these

simulations and the spectrum of the hologram is shown in

Figure 2A4. To compare the QPI results of the above methods

more intuitively, we also calculated the root mean square error

(RMSE) images of the reconstructed amplitude and phase. It is

obvious that the proposed algorithm can reconstruct the complex

amplitude image of the object wave with high accuracy and its

errors are almost indistinguishable to the naked eye, as shown in

Figures 2B1–B4. In contrast, the conventional off-axis method

has many artifacts in the reconstructed amplitude and phase due

to the inability to suppress the 0-order term [Figures 2C1–C4],

and the results of the KK method not only have artifacts, but also

a constant term error on the background of the amplitude image

[Figures 2D1–D4].

In order to further verify the stability, convergence, and

robustness properties of the proposed nonlinear optimization

algorithm, and further compare the effectiveness of the above

methods at an arbitrary reference-object ratio (R/O), we simulate

all cases with R/O from 0 to 1.2 and plotted the correlation curves

demonstrated in Figure 3. It can be seen that the blue curve

always lies above the curves of the other colors and tends to be

FIGURE 1
Flow chart of the nonlinear optimization iterative algorithm for phase recovery.
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close to one even when the intensity of the reference beam is as

small as almost one-tenth of the object beam, much higher than

the other curves. This shows that the proposed method is

applicable to all reference-object ratios and has better

performance than the linear methods even when R > O. We

also compare the convergence of the RMSE between the

proposed iterative method and Pavillon method for the case

of R/O = 0.7 and R/O = 0.9 of the hologram in Figure 4 and

display the best reconstruction result during the iteration (R/O =

0.7). It is obvious that the RMSE of the Pavillon method is

divergent when R/O = 0.7 and its best result still has serious

artifacts. In comparison, our method has a stable declining RMSE

trend and maintains a very small error, which means that the

RMSE converges in only 10 iterations, ensuring the efficiency of

phase recovery. (RMSE 0.0188 rad, total computation time 0.035s

with a 2.60 GHz laptop).

Let’s specifically analyze why the Pavillon method and KK

method are not applicable in the case of object-reference ratios

(O/R) greater than or equal to 1. The parasitic terms of the error

between the estimator and the object 0-order of the Pavillon

method are powers ofO/R that must meet the conditions ofO < R

to not diverge. The nonlinear filtering and KK methods convert

the extraction of +1-order to the solution of log(1 + O/R), which
is a power series of O/R through Taylor expansion. When O/R <
1, (O/R)n decreases rapidly with increasing order n and decays

outward in the spectrum along the modulation direction, with

the overflow superimposed on its conjugate image on the other

side of the spectrum. The KK method ensures the continuity and

FIGURE 2
Comparison of the simulation results of the proposed method, conventional off-axis method and KK method in case of R/O = 0.7. (A1,A2)
Simulated amplitude and phase. (A3) Hologram simulated with (A1,A2). (A4) Spectrum of the hologram. (B1–B4) Reconstructed amplitude, phase
and the corresponding errors with the proposedmethod. (C1–C4) Reconstructed amplitude, phase and the corresponding errors with conventional
off-axis method. (D1–D4) Reconstructed amplitude, phase and the corresponding errors with KK method.
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integrity of higher-order terms in the frequency domain by

zero-padding. Nevertheless, if O/R ≥ 1, the higher-order terms

tend to diverge and overlap severely with the conjugate term. As

a result, the Hilbert transform (HT) cannot separate log(1 +
O/R) and thus the residual intensity information will damage

the accuracy of phase recovery. Therefore, only when the

reference-object ratio is greater than 1, the convergence of

the Pavillon method can be guaranteed and high precision

recovery of the KK method can be ensured. In addition, the KK

method should change the direction of the zero-padding

operation and HT for different spectral configurations, so

the parameters have to be adjusted according to the imaging

system in practice.

Experiment

To demonstrate the capability of the nonlinear optimization

algorithm, various samples are imaged, under the condition

where the zero-order and diffraction terms severely overlap in

the frequency space. Digital holographic smart computational

light microscope (DH-SCLM) (Fan et al., 2021) developed by

SCILab is used to acquire the hologram. The beam is transmitted

by the objective lens (UPLanSAPO ×10/0.4NA, Olympus, Japan)

and recorded by the camera (The Imaging Source DMK 23U274,

1600 × 1200, 4.4 μm). The central wavelength of the illumination

is 532 nm. With these system parameters, adjust the tilt angle of

the reference beam until the imaging term is diagonally tangent

FIGURE 3
Correlation curves of the proposed method, KK method, Pavillon method and conventional Fourier method.

FIGURE 4
Comparison between two iterative methods. Left: RMSE curves versus the iteration number for the case of R/O = 0.7 and R/O = 0.9 of the
hologram. Right: the best reconstruction results for the case of R/O = 0.7.
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in the frequency space to achieve maximum utilization of the

spatial bandwidth. The biggest advantage of the proposed

method is the relaxed restriction on the reference-object ratio,

so we conduct the experiments under the same conditions as the

simulation (R/O = 0.7). Complex amplitudes are recovered by the

proposed method, the KK method, and the conventional off-axis

method, respectively. For comparison, an identical interferogram

per sample is used for the three methods. In addition, the

intensity of the reference beam is recorded for the subsequent

phase reconstruction algorithm, which needs to be measured

only once.

Interferogram of a standard phase resolution target (QPTTM,

Benchmark Technologies Corporation, United States , RIn =

1.52) is imaged as shown in Figure 5. The proposed iterative

method recovers the quantitative phase with high accuracy in the

case of reaching the theoretical resolution of the holographic

imaging system and without excess background [Figures 5A1,

A2]. However, since the reference-object ratio of the system is

less than 1, the KKmethod cannot suppress all the 0-order so that

the reconstructed phase image still carries some artifacts formed

by the intensity information of the hologram [Figures 5B1, B2].

And in the conventional method, the recovered phase image has

severe artifacts [Figures 5C1, C2] due to the lack of ability to

remove the part of the 0-order term that overlaps with the +1-

order in the frequency domain by bandpass filtering. In this case,

the slightly off-axis hologram has a fringe pattern with high

spatial frequency [Figure 5D1] and a spectral configuration with

the maximum SBP [Figure 5D2].

Then the nonlinear optimization algorithm is applied to the

QPI of live HeLa cells as shown in Figure 6. The phase images

reconstructed by the proposed iterative method are shown in

Figures 6A1–A3, which obtain the internal structure of the cells

without any artifacts since the unwanted zero-order term is

completely suppressed. The field of view (FoV) of Figure 6A1

is 0.33 × 0.44 mm with a diffraction-limited size of 0.81 μm. The

SBP of the complex amplitude image is 257000 pixels [the area of

the FoV, 0.1452 mm2, multiplied by the area of the spatial

frequency band, π(NA/λ)2]. For comparison, the KK method

can suppress the zero-order term to some extent, but it cannot

converge and result in blurring or even loss of cell details and

obvious artifacts in the background [Figures 6B1–B3]. When the

phase is recovered by the conventional method, simple filtering

retains some of the intensity information of the object beam and

reference beam, thus drastically reducing the correctness of the

phase reconstruction [Figures 6C1–C3].

Finally, we perform an experiment to verify the enhancement

in the SBP of the proposed method. For imaging, an Olympus

20× (0.4 NA) objective lens is adopted. The total magnification of

the setup is kept at 20, identical to the magnification of the

objective lens. Adjust the tilt angle of the reference beam to

generate an absolute diagonal off-axis hologram with the ±1-

order completely separated from the 0-order. Image the same

FIGURE 5
Comparison of the experimental results of the proposedmethod, KKmethod and conventional Fourier method. (A1) Reconstructed phase with
the proposed method. (A2) The enlarged sub-region of interest of the reconstructed phase in (A1). (B1) Reconstructed phase with KK method. (B2)
The enlarged sub-region of interest of the reconstructed phase in (B1). (C1) Reconstructed phase with conventional off-axis method. (C2) The
enlarged sub-region of interest of the reconstructed phase in (C1). (D1)Hologram in the experimental condition. (D2) Fourier transform of (D1)
(red circle indicates 0-order, white circles indicate ±1-order).
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HeLa sample with the system and conduct phase recovery by

the conventional off-axis method. The measured quantitative

phase image is shown in Figures 6D1, D2, which is almost the

same as that reconstructed by our proposed nonlinear optimization

method in a diagonal tangent spectral configuration. The

×10 and ×20 objectives have the same numerical aperture,

which means both achieve the same lateral resolution.

However, the difference in objective magnification results in

the FoV and SBP at ×20 objective reduced to 1/4 of that

at ×10 objective, where SBP is only 64200 pixels. In contrast,

the proposed method provide a 4-fold increase in the SBP

compared to the conventional method while performing the

phase recovery correctly.

Discussion and conclusion

We have demonstrated a QPI technique for high-SBP slightly

off-axis DHM based on Fourier ptychographic reconstruction.

Exploiting the reconstruction principle of FPM, the optimal

iterative solution algorithm reconstructs an exact complex

amplitude of the object wavefront without imposing any

constraint on the reference-object ratio. It effectively utilizes the

spatial bandwidth to provide a 4-fold increase in the SBP

compared to the linear solution and achieve the ultimate

maximum bandwidth in all off-axis holography since there is

no requirement for spectral configuration. The nonlinear

optimization algorithm is experimentally demonstrated to have

FIGURE 6
Comparison of the experimental results of the proposedmethod, KKmethod and conventional off-axis method. (A1) Reconstructed phasewith
the proposed method. (A2,A3) The sub-regions of interest of phase in (A1). (B1) Reconstructed phase with KK method. (B2), (B3) The sub-regions of
interest of phase in (B1). (C1) Reconstructed phase with conventional off-axis method (magnification = 10). (C2,C3) The sub-regions of interest of
phase in (C1). (D1) Reconstructed phase with conventional off-axis method (magnification = 20). (D2) The sub-regions of interest of phase
in (D1).
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high accuracy at an arbitrary reference-object ratio and can realize

high-throughput artifact-free imaging with spectral aliasing.

The optimal iterative solution algorithm is fundamentally

different from previous methods for zero-order suppression

under the spectral overlap in slightly off-axis holography. The

suppression principle of the nonlinear filtering and KK method

involves constructing an intermediate function whose Taylor

expansion is a power series of the object-reference ratio.

Nonlinear filtering first proposes the idea of taking the

logarithm of the intensity ratio of the hologram to the

reference beam, which transforms the product into a sum,

allowing for the subsequent separation of the interference

terms from the zero-order term. The KK method brilliantly

proves the analyticity of the intermediate function, i. e., a

variant of the object-reference ratio, in the upper half-plane,

thus guaranteeing the KK relationship between the real and

imaginary parts of the intermediate function. However, these

must be based on the condition that the object-reference ratio is

less than 1. Otherwise, the higher-order terms will diverge in the

frequency domain and severely overlap with other terms as the

order increases. Similarly, the error between the estimator and

the object zero-order in the Pavillon method contains a power

series of the object-reference ratio, which also converges only

under this condition.

In contrast, the proposed method uses the nonlinear

optimization algorithm to derive the update equation by

forward modeling the process of holographic imaging. As long

as the spectrum of the +1-order and -1-order do not overlap

(which is sufficiently fulfilled by all off-axis holographic systems),

the optimal iterative solution algorithm can be applied. During

the phase recovery process, the reconstructed hologram

amplitude gradually approximates the recorded true value by

iteration until the error converges to zero, i.e., the measured

complex amplitude is exact. The nonlinear optimization iteration

is unconstrained for object-reference ratio and spectral

configuration, which greatly relaxes the requirements on the

system parameters and exhibits enhanced robustness to system

errors.

The proposed method can be combined with other

techniques for further improvement. Referring to the adaptive

step-size strategy introduced by Zuo (Zuo et al., 2016) et al., the

stability and robustness of the phase reconstruction towards

noise can be enhanced by altering the fixed step-size to an

adaptive step-size. OU (Ou et al., 2014) et al. propose the

embedded pupil function recovery (EPRY), which is expected

to be combined with the proposed method to reconstruct the

aberration of the objective lens while recovering the quantitative

phase of the object. In addition, the integration of nonlinear

optimization with synthetic aperture digital holography can also

be considered to improve the spatial resolution (Gao and Yuan,

2022).We envision that the proposedmethod will benefit off-axis

holographic imaging with an enhanced SBP and contribute to the

combination of nonlinear optimal phase reconstruction

algorithm with more QPI techniques for application in large-

scale studies of cells and other fields.
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Appendix A: Gradient calculation

Eq 3 can be transformed as follows (coordinates are omitted

for convenience):

ε O( ) � ∑ Uu − Ue‖ ‖2 � ∑ Ue| |2 − 2
�
I

√
Ue| | + I( ). (6)

Then calculate the derivative of ε with respect to O, and it can

then be expressed as

∇Oε O( ) � ∑ zε O( )
zO

[ ]p

. (7)

The equation in parentheses in Eq. 7 can be decomposed into

three parts combined with Eq. 6 as follows:

z Ue| |2
zO

� z OP + R| |2
zO

� Op P| |2 + PRp (8)
z 2

�
I

√
Ue| |( )

zO
� 2

�
I

√ z OP + R| |
zO

� �
I

√
P
OpPp + Rp

OP + R| | (9)
zI

zO
� 0 (10)

By plugging these three terms into Eq. 6, the gradient of ε with

respect to O becomes

∇Oε O( ) � ∑ O P| |2 + PpR − �
I

√
Pp OP + R

OP + R| |( )
� ∑ Pp Ue − Uu( )[ ]. (11)
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