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In this paper, the operators of fractional integration introduced by Marichev-Saigo-
Maeda involving Appell’s function F3(-) are applied, and several new image formulas
of generalized Lommel-Wright function are established. Also, by implementing some
integral transforms on the resulting formulas, few more image formulas have been
presented. We can conclude that all derived results in our work generalize numerous
well-known results and are capable of yielding a number of applications in the theory of
special functions.
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1. INTRODUCTION AND PRELIMINARIES

Fractional calculus (FC) represents a complex physical phenomenon in a more accurate and
efficient way than classical calculus. In recent years, many researchers [1-7] have used fractional
order integral models in real-world problems in various fields of science and technology. There
exists several definitions of fractional order integrals in the literature that can be used to solve the
fractional integral equations involving special functions. For an exhaustive literature review, one
may refer to the paper by Srivastava and Saxena [8].

The generalized functions such as Bessel, Lommel, Struve, and Lommel-Wright functions have
originated from concrete problems in applied fields of sciences viz mechanics, physics, engineering,
astronomy, etc.

The generalized Lommel-Wright function ]Z;:g‘(z) is defined by de’Oteiza et al. [9] and is
represented in the following manner:

(—Dk(z/2)%*
L@ +k+1))"Ne + ke + 0 + 1)

IO = (/277 > (
k=0 (1.1)
= (/2" Y1 [(L1); (9 +1,1), (w+ 0+ 1,9); —2%/4]
N—— e —
m—times

z€ C\(—00,0], ¢ >0, meN, w,¥eC,
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where ,1, denotes the Fox-Wright generalized hypergeometric
function which is defined as given in Srivastava and Karlsson [10,
p- 21] and Kilbas et al. [11, P. 56]

" ( (a1, A1), ..(ap, Ap):; Z> _ i M (g + nA)) on

PEAN\ (by, By), ..., (bg, By); — n—]fz=1r(bj+ nB;) e
(1.2)

(—00,00); A;, Bj # 0,

9 P
i= 1,2,...,p,j = 1,2,...,q, ZB] — ZA] > —1.
j=1 j=1

A useful generalization of the Lommel-Wright function
and its special cases, ]ﬁ(z)]g’ﬁ(z), depending on the arbitrary
fractional parameter ¢ > 0 presents a fractional order extension
of the Bessel function J,(z).

Prieto et al. [12] studied some useful results in the theory
of fractional calculus operators of generalized Lommel-Wright
function. The convergence of series involving generalized
Lommel-Wright function was studied by Konovska [13].

When m = 1, the following generalization of the Bessel
function, introduced by Pathak [14] is obtained as a special case
of generalized Lommel-Wright function (1.1) (see e.g., [15, p.
353]):

I () = 2% (2)

where a;,b; € Cand A;,Bj € R =

- 5 k™ (13)
T \2 k=0F(z9+k+1)l"(a)+kgp+z9+1)’ ’
z€ C\(—00,0], ¢ >0, w,®eC.

Ontakingm = 1,¢ = l,and ¥ = % in (1.1), we obtain the Struve
function H,(-) (see e.g., [16, p. 28, Equation (1.170)])

Hy(2) = ;;,11/2
0 (5)*

z\o+1 0
- (5> gr(k+§)r(k+w+§)

z,w € C(1.4)

If we take m = 1,9 = 1, and ¥ = 0 in (1.1), it gives the
relationship with the Bessel function as follows (see e.g., [16, p.
27, Equation (1.161)]):

e¢}

i S (DR et
Ju(2) = I5h() = gm

z,w€C, z#0, Rw)> —1.

(1.5)

A generalization of the hypergeometric fractional integrals,
including the Saigo operators [17, 18] has been introduced by
Marichev [19]. The details of these fractional operators have been
found in Samko et al. [5, p. 194, Equation (10.47)] and later
extended and studied by Saigo and Maeda [20, p. 393, Equation
(4.12) and Equation (4.13)] in terms of complex order Appell
function Fs(-) of two variables (see [10, p. 23]) in the kernel

F(0,¢ 0,0 m: %)

_ (E)m (& (@m0 In xf}’f} (max{|x], lyl} < 1).

(Mmtn m! n!

m,n=0

(L.6)

The Appell function F3 reduces to the Gauss hypergeomatric
function »F; and satisfies the system of two linear partial
differential equations of the second order as follows (see [10, p.
301, Equation 9.4]):

Fn—t,0n—omxy) =R 0mx+y—xp). (1.7)
Further, it is easy to see that
F3(£,0,0,0 51 %,9) = 2F1(Z, 05 7; X) (1.8)

and

FS(O)C/,Q,Q/,W;X)}/) =,R(,0; n; ). (1.9)

In this paper, we develop and study the image formulas involving
the generalized Lommel-Wright function using fractional
calculus integral operators. We use the generalized Marichev-
Saigo-Maeda fractional integral operators, involving the Appell
function, defined as follows:

0.8 0.0 X —1,-¢
(IO_’,_”’f>(x)=ﬁ/0(x_t)K ¢
' , t X
x F3 C,C,Q,Q;K;l—al—? f(t)dt,
X

Rk) > 0,¢,¢,0,0,k €Cox >0

(1.10)
and
(zg £ /’Q"’/”‘f> @
— ﬁ O?t — x)*'tF (C,C/,Q’Q/; k31— f,l - E)J((t)dt’
I'e Jy g ¥

N(k) > O,C,C/,Q,Q/,K € C,x> 0.
(1.11)

respectively.

The power functions of left-hand sided and right-hand sided
Marichev-Saigo-Maeda fractional integral operators as given in
the Equations (1.10) and (1.11) (see Saigo et al. [6, 20]) are given

by

(Iéf o tX*‘) (x)

_ TOrte—c- —alx+e =¢) oo
T(x+e)T(x+x—=¢ = )Mx+x—-¢ =0 '

(1.12)

where {,C/,Q,Q/,K € C,x > 0andif Rk) > 0,N(x) >
max{0,N(¢ +¢ +o — k), N —0)})

! ’
(Igf 10,0 ,fctxfl) x)

_ T —x—k+ e+ MU —x+5+0 —F1—x~0)
PA-—0r-x+¢+¢+e+eo —KFA—x+¢—0)

,
x xX—¢=¢ +K71’

(1.13)

where {,;‘/,Q,Q’,K € C are such that %i(k) > 0 and R(x) <
1 4+ min{R(—0), N +¢ —«), N +0 —«)}.
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1.1. Relation Among the Operators
In this section, we recall some relationships between the
fractional integral operators.

If we set g’ = 0 then in view of the formula (1.8),
the relationship between Marichev-Saigo-Maeda and the Saigo
fractional integral operators is found by Saxena and Saigo [6, p.
93, Equation (2.15)] as

(15,;?’9’9/’%) (x) = (zgj *"’*Qf) ), M) >0 (1.14)

and

(Ii,’é’f"’/’"f) () = (") 0, 0 > 0), (115)

’ !’
:0,0,0 5 ,0,0,0
where the general operators Ié 92" and Ig 22T reduce,

respectively, to the Saigo operators Ié”f’n and I,i;i;" [17] defined
as follows:

xFy <§ +o, -8 1 — i)f(t)dt, (M) > 0)
(1.16)

and

() w = [ a-vteee
* X
:

<F1 (¢ 4+ —mi5:1= ) f0dt, - (1) > 0)
(1.17)

where integrals in (1.16) and (1.17) exist.
Let ¢,0,1, x € C with 3(¢) > 0. Then the following power
function formulas involving the Saigo operators hold true:

FGOr(x +n—o0)
F'(x —o)l'(x +n+2¢)

x—e=1 = (1.18)

(527 ) @ =

NR(x) > max{O, NRo — 17)}
and

'l—x+ol' - x+n)

= xX—o-1
FrA—-)rd—-x+<¢+o+n)

>

(&)
(1.19)

(M(x) < 1+ min {N(), R(}.

On replacing 0 = —¢ in the operators Ig)f’"(-) and 1§;§;’7(-), these
reduce to the Riemann-Liouville and the Weyl fractional integral
operators, respectively, by means of the following relationships
(see Kilbas [11]):

(R§.1) @ = (155 ) (1.20)

and
(Weaeo ) @ = (KX . (1.21)

The Riemann-Liouville fractional integral operator and the Weyl
fractional integral operator are defined as follows (see e.g., [21]):

/ o= 0 Od 01C) > 0)
° (1.22)

(Rg,xf ) (x) = %Z)

and

¢ I S PP
(Wef) 0 = 5 | =05 p0a, 010 > )
(1.23)
provided both the integrals converge.
The operators Ié,’f’"(-) and Ii’ogén(-) reduce to Erdélyi-Kober
fractional integral operators on setting 0 = 0 as follows:

(£627) 00 = (16275) (0, (124
and
(Kﬁ,’gof) (x) = (Ig,’f’"f) (), (1.25)

where the Erdélyi-Kober type fractional integral operators are
defined as follows (see [22]):

X

—¢=n  prx
(s820) @ =Ty |, o= o <m(;)>(<1>)26)

and

(k) @ = £ [ =0 roa o) > o,

(1.27)
The function f(t) is constrained so that both the defining
integrals (1.26) and (1.27) converge.

The Beta transform (see, e.g.[23]) of a complex valued function
f(t) of a real variable t is defined as follows:

1

B{f(t):a,b} = /tﬂ—lu — 0P (@) dt,
0
R(t) > 0, N(a), R(b) > 0.

(1.28)

Beta transform of the power function tX 1 is given by:

1
B{t*';a,b} :/ tatx=2(1 — pb-1gt
0

_ I'la+x —DI'()
= m, NR(t) > 0, Si(a),ﬂi(b)(fzg).

The Ps - transform of a complex valued function f(t) of a real
variable t denoted by Ps[f(t); s] is a function F(s) of a complex
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variable s, valid under certain conditions on f(¢), (given below is
defined as (see Kumar [24])

Ps[f(t); s] = F(s) = /Oo[l + (8 — 1)5]7ﬁf(t)dt, §>1.
0

(1.30)
Here f(¢) as a function is integrable over any finite interval (a, b),
0 < a < t < b; there exists a real number c¢ such that

(i) ifb > 0is arbitrary, then [, bT e~ f(t)dz tends to a finite limit
as” — o0

(ii) for arbitrary a > 0, f(j |f(t)dt| tends to a finite limit
as w — 0+, then the Ps-transform Ps[f(t);s] exists for

N (W) > cfors e C.
Ps - transform of the power function tX ! is given by

Ps[zX "l s] = = XF()
N T e -nsl | 2

x€C, RNx)>0 &>1.

(1.31)

Ps-transform has found many applications. The pathway
transforms are the paths going from the binomial form
In[1+ (8 — 1)5]7ﬁ to the exponential from e™*. In Ps-
transform, the variable t is shifted from the binomial factor
In[1+ (6 — 1)5]7ﬁ to the exponent, Hence, this form is more
suitable for obtaining translation, convolution, etc. Recently,
Agarwal et al. [25] found the solution of non-homogeneous time
fractional heat equation and fractional Volterra integral equation
using integral transform of pathway type. Also, Srivastava
et al. [26] and [27] found some results involving generalized
hypergeometric function and generalized incomplete gamma
function by using Ps-transform.
If we take § — 1 in Equation (1.30), the Ps-transform reduces
to Laplace integral transform (Sneddon [23]):
o
L [f(t); s] = /e_tsf(t)dz; , NR(s) > 0. (1.32)
0
The following relationship between the Ps-transform is defined
by (1.30) and the classical Laplace transform is defined by (1.32)

e g ] @ =

S AUtk - - —0,(A+e — 2.0
41ﬁ4+m (A+Q’2))(A+K _{ _é- >2)>(A+K_C _Q>2)>(w+0+ 1"/)):(ﬁ+ 1>1)
——

In[1 + (8 — 1)s]

P,;[f(t):s]:L|:f(t): 51

], 6>1 (1.33)

or, equivalently,

(5—1)5 _ 1
I , (6 >1), (1.34)

e
L[f(t):s] = Ps |:f(t):8—
which can be applied to convert the table of Laplace
transforms into the corresponding table of Ps-transforms and
vice versa.

The following integral formula involving the Whittaker
function (see Mathai etal. [16, p. 56]) is used in finding the image
formula:

oo

Fr+n+Hrc—n+1
[tf—le—%wa,n(t)dt: Crn+r DIE—nt2) (35
) [(t—0+3)

(c €C, N(rxn) >—-1/2).

The Whittaker function (see e.g., Mathai et al. [16, p. 22]) is
defined by

'(—2n) I"'(2n)
Wep(z) = ———— My, (2) + ———— My _,(z
) = 1y M@ Ry M@
= W(r,—n(z): (1.36)
oceC, N1/24+n+to)>0
where
z 1
My, (z =z’7+%e_i F <f—a+ ) +1;z>,
a,n() 111 2 n; zn (1.37)

N(1/24+n+0) >0, |argz| <.

2. IMAGE FORMULA ASSOCIATED WITH
FRACTIONAL INTEGRAL OPERATORS

Here, we establish image formulas for the generalized Lommel-
Wright function involving Saigo-Maeda fractional integral
operators (1.10) and (1.11), in terms of the Fox-Wright
function.

Theorem 2.1. Leté’,é’/,Q,Q/,K,ﬂ eCmeN, 9o >0andx >0
be such that

Rk) >0, NRw)> -1, @1
/ b 2.1
R(x + @) > max{0,N(¢ +¢ +o0—«), N —0)}
then there holds the formula
z>w+219
(zx)? (2.2)
4

m—times

where A = x + o + 29.

Proof: Under the conditions stated with the Theorem 2.1, by
taking the fractional integral of (1.1) using the equation (1.10)
therein and changing the order of integration and summation,
we get

e [ 6] 9
3 i (_l)k(%)w+20+2kr(k+ 1)
SO+ k+ 1) (0 + kg + 9 + DR

X I (g () (23)
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Further, applying the result (1.12) with x replaced by x + o +
29 + 2k, we obtain

B [ ] @

= At e (5)6‘%’ i (—1FT(A + 20T (k + 1)
2 prt F(A+ 0 + 2@ +1+ k)™
y FA+k—¢—¢ —0+20T(A+0 —¢ +2k)
FA4+k—¢ —0+20T(@+9 +1+T(A+k — ¢ — ¢ +2k)
(Zx)Zk
4kk!

(2.4)

Here A = x + w + 20.
Interpreting the right-hand side of the above equation, in view
of the definition (1.2), we arrive at the result (2.2).

Theorem 2.2. Let;“,{/,g,g’,/(,ﬁ eCmeN, o >0andx >0
be such that
R(k) > 0, RNw) > —1,
R(x — ®) > 1+ min{R(—0), R + ¢ — k), RC +0 —«)}

(2.5)
then there holds the formula
ko gz o+20
GO [ ] = A ()
A=k +5+,20,(A+¢ +0 —K,2),
(A-02),(11) 2

Wi [(ADA+C+E +0' — 62, (A+E —0,2),|— —

4x2
(w+3+ L), @ +1,1)
————
m—times
(2.6)

where A=1— x + o+ 20.
Proof: Under the conditions stated with the Theorem 2.2, on
making use of the definitions (1.11) and (1.1) and changing the
order of integration and summation, we have
I5 00 [ @] @)
i (_1)k(%)w+20+2kr(k+ 1)
C = (PO +k+ )" (o + kg + 9 + D!

% Ig’f 10,05k (tx—w—zﬁ—zk—l) (x)

(2.7)

Here, on applying the formula (1.13) with x replaced by x —w —
29 — 2k, we obtain

0 [ ay0)] ()

] (Z>w+2r9 3 “ (—=D*T'(A — o +2k)

2 A+ 2T @ +k+ )"

k=0
T+ DA —k+C+¢ +20TA+¢ +0 —k +2k)

“TA+¢ -0+ 2T (@ +kp+ 9+ DIA+C+¢ +0 —k +2K)
(Z)Zk

@)kl (2.8)

where A =1— x +w + 29.

So in view of the definition of the generalized Lommel-Wright
function given by (1.1), the Equation (2.8) leads to the result
(2.6).

For m = 1 and in the light of Equation (1.3), Theorem 2.1
leads to the following corollaries:

Corollary 2.1. Under the conditions stated with the Equation
(2.1), the following image formula

0.0, —1,0,1 et 41 (7
5 0 [y )] ) = o e (2

(A4.2,(A+k—¢—¢ —0.2)

)a)+219

(A+e¢ -¢,2,0,1) (2x)?
X 4¥s ) ) , i
(A+0,2),(A4+K—¢—0¢,2),(A+K—¢ —0,2),
(w+9+1Lg),®+1,1)
(2.9)

A = x + w + 20, for generalized Bessel function ]23119 (zt) holds
true.

Corollary 2.2. Under the conditions stated with the Equation
(2.5), the image formula

£ 0.0, —179,1
IS [ e | @

’ Z\ 0+20
i )

2
A—k+7+7,2,A4+C+0 —K,2),
(A—Q,Z),(l,l) z2
X 45 / T2
ADA+E+ +0 -2, A+ —02),|
(@+10+1,9),+1,1)
(2.10)

A =1— x + o+ 20, for generalized Bessel function ]2:119 (z/1)
holds true.

Ifwetakem =1, ¢ = 1l,and ¥ = % in (2.2), then we obtain
the corresponding results for the Struve function H,,(-) [16] as

Corollary 2.3. Under the conditions stated with the Equation
(2.1), the following image formula

155 0 [ Hy(20)] (x)
:focff/Jr’C*l (E)w+1
2
(A,2),(A+Kk—¢—¢ —0,2),

(A+Q/ _g/,2),(1,1) (ZX)Z
X 45 ) . -
A+0.2,(A+k—-¢—¢2), 4
A+k—¢ =02, (0+3,1,3,1)
(2.11)

A = x + w+ 1, for Struve function H,,(zt) holds true.
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Corollary 2.4. Under the conditions stated with the Equation
(2.5), the following image formula

155 29K [ H (2/1)] (x)

’ z\ o+1
— x)(—(u—{—{ +r—=2 (7)

2
A—k+e+¢,2,(A+C+0 —k,2),
(A_Q:Z))(lal) zz
X 45 , )
ADA+E+E +0 —1,2,(A+¢—0,2),|
(@0+3,1),(3,1)
(2.12)

where A = 2 — x + w, for Struve function H,(z/t) holds true.

2.1. Special Cases

(1) Ontakinggp = 1, m = 1,9 = 0, and z = 1 in Theorem 2.1,
we obtain the image formula for the Bessel function considered
by Purohit et al. [28, Theorem 1].

Corollary 2.5. Under the conditions stated with the Equation
(2.1), the following image formula

I 0 [ 0] (0
xxHo—g = -1
2w
(X + ,2), (x totx —4“/—;“/ -0,2),
xt+tw+eo —¢,2) 2
X 34 ) ) -
X+o+0,2),(x +o+x—-¢-20,2),

X+o+rk—0 —02),(w+1,1)

(2.13)

for Bessel function ], (t) holds true.

(2) Further, on taking ¢ = 1,m = 1, and ¢ = 0 in Theorem 2.2,
we arrive the right-sided image formula for the Bessel function
considered by Purohit et al. [28, Theorem 2].

Corollary 2.6. Under the conditions stated with the Equation
(2.5), the image formula

I [ (/0] ()
K== —14x—0

26()
X 34 [
for Bessel function J,(1/t) holds true.

3. IMAGE FORMULAS ASSOCIATED WITH
INTEGRAL TRANSFORMS

In this section, we obtain the theorem involving the results
obtained in previous sections associated with the integral

I—x+w—k++,2,(01—x+w+l+0 —k,2),01—x+w—0,2)
I-x+w2)0-x+to+i+¢ +0 —«2),(1-x+0+¢-02),(@+11)

transforms such as Beta transform, pathway transform, Laplace
transform, and Whittaker transform.

3.1. Image Formulas for Beta Transform

Theorem3.1. Let,¢ ,0,0,6,9 € C,meN, ¢ > 0,andx > 0
be such that

RA) >0, NRn) >0 NRk)>0 Nw)>-1,

/ , , (3.1)
R(x + ) > max{0,N(¢ +¢ +0—k),N(E& —o0)}

then the following Beta transform formula holds:

’ [Iéf O () () ]

xA—{—;/+x—1F(n)
= Qw+20
(4,2),(A+x—¢ ¢ = 0,2),
(A+o —¢,2),(C—n2)(1,1) R
x
sUstm (A +0,2,(A+k—¢—¢ 2, (A+x—¢ —02),| " 7
(w4 +1,9),(C2), (0 +1,1)
—
m—times
(3.2)
Here A= x +w+20andC=14+w+ 20 +n.
Proof: For our convenience, let the left-hand side of the formula
(3.2) be denoted by ¢. Applying (1.28) to Equation (3.2), we get

1 ’ ,
c= / 2711 — 2! [Igf PO (1 (1)) (x)] dz.
0

Here, applying Equation (2.2) to the integral, we obtain the
following expression

1 yA=C—¢ +r=1
c= /(; Zl—l(l _ z)n—lzw+217 e
> (=D*T(A 4+ 20T (k+ 1)

X,(X;F(A+g’+2k)r<A+K—;—;’+2k)

TA+0 —¢ +20T(A+k—¢ —¢ —0+2Kk)

FTA+xk—¢ —0+20(w~+ 9 + 14+ k(T + 1+ k)™
2\k
)

(zx
4kt

dz

(2.14)

1
4x2

Here A = x + w + 20.

Interchanging the order of integration and summation, we

have
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JA—C—¢ -1

T(A+2KT(A+x —¢ —¢ —o+2k)

§= Qw+20

T(A+40 —¢ + 20Tk + 1)(—=1)F

ZT(A+K == +20T(A+x —¢ —o+2k)

()

X ’
T(A+0 + 20T (w49 + 1+ gk)(C@W + 1+ k)m 4kkl ~ J

1
% / Zl+a)+219+2k71(1 _ Z)nfldz
(3.3)

A (4 04+ 29 + 20T (DA 4 20T (A + 6 — ¢ — ¢ — 0+ 2K)

2w+279

F(A+o —¢ +200(k+1)

— I+ w+29 +2k+n)T(A+0 +2kT(A +k — ¢ — ¢ +2k)

(—x2)k

“TA+k—¢ —0+ 20T @+ 0 + 1+ oD@+ 10"

Interpreting the right-hand side of the above equation, in the
view of the definition (1.2), we arrive at the required result (3.2).

Theorem 3.2. Let{,g/,g,g’,x,ﬁ,w eCmeN, ¢ >0, and
x > 0 be such that

R(k) > 0,

R(x — ®) > 1+ min{R(—0), RE + ¢ — k), R +0 —K)}
(3.4)

RNw) > -1, RU) >0, R(n) >0,

then the following Beta transform formula holds:

B [Igf/’“” (28 /1) ()1 1, n}
xK*Z*Z/*AF(n)
= Q0120
A—k+c+2), A+t +0 —«,2),
(A—0,2),(C—n,2),(1,1)

XsUstm (A, 2)A+¢+¢ +0 — 6,2, (A+¢ —0,2),| T 12
(w40 +1,9),(C2),(0+1,1)
——

m—times

where A=1—x+w+20andC=14w+ 29 + n.

Proof: The proof of the fractional integral formula (3.5) is similar
to the proof of the formula (3.2) given in Theorem 3.1.

Remark 3.1.

(1) For m = 1, Theorem 3.1 and Theorem 3.2 leads to the
corresponding results for fractional integral of generalized Bessel
function defined by (1.3).

(2) Ifwetakem =1, ¢ = 1, and ¥ = % in (3.2) and (3.5),
we get the corresponding results for fractional integral of Struve
function defined in (1.4).

(3) On takingm =1, ¢ = 1, and ¥ = 0, in (3.2) and (3.5), we
get the results for fractional integral of Bessel function defined
in (1.5).

XA—C=E =1 0

4k

3.2. Image Formulas for Ps-Transform
Theorem 3.3. Let {,¢,0,0,6, %9 € Cm € N, ¢ >
0, N(x) > 0, N(s) >0, § > 1, and x > 0 be such that

Rk) >0, Rw)>—1, NR(s) >0, |
, , , 3.6
N(x + o) > max{O,N(¢ +¢ +0—«),N¢ —o)}
then the following Ps-transform formula holds:
Ps |::/:l’1 (Igf ’Q’Q/’Kt)“l]z:g(tz)) (x): 5}
w420 A=E=¢ Hx1
= (A(8;9) e
(4.2),(A+K=C~1 —02) T
(A+o0 —¢,2),(I+w+20,2),(1,1)
, , ARy
X 5Wasm (A+Q,2),(A+{(—{—{,2), _M
(A+r—¢ —02), 4
(@+0+1,9), (@ +1,1)
———
L m—times _
(3.7)

where A = x + w + 29 and A(8;s) = (Mﬁ)

Proof: For our convenience, we let the left-hand side of the
formula (3.7) be denoted as 5. Applying (1.30) to Equation (3.2)
we get,

[e%s) 4 ’
g = /0 [+ @ = s 712 g0 (70 (12)) (x)dz

Here, applying Equation (2.4) to the integral, we obtain the
following expression:

(—DFT(A + 20T (A +x —¢ = — 0 +2k)

-
==

2w+2%

TA+0 —¢ +20T(k+1)  (x)%*

—TA+0 +20T(A+k —¢ ¢ +20T(A+k — ¢ —0+2k)

C(w+ 9+ 14 k) (T + 1+ k)™ 4kk!

o0
% / [1 + ((S _ l)s]—ajzw+219+2k+l—ldz
0
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Here making use of the result (1.31) and interchanging the order
of integration and summation, we obtain,

Corollary 3.2. Under the conditions stated with the Equation
(3.9), the following Laplace transform formula holds true:

Lhortan XA HL A LT (A+k — ¢ — & — 0+ 2K)

g = (A(S; S)) Qw+21

k=0
T(w+20 +2k+DT(A+0 — ¢ + 20T (k+ 1)(—1)F

TA+0 +2KF(A+k —¢ —¢ +2k)
{A(S; 5)x)

“TA+xk—0 0+ 20T @+ 9+ 1+ @ +1+h)"

(3.8)

where A = x + w + 29 and A(§; s) = (ln[l-i(;él—l)s]) ’
In view of the definition (1.2), we arrive at the required result
(3.7).

Theorem 3.4. Letg’,;'/,g,g’,/c,ﬂ eCmeN, ¢ >0NR(y) >
0, N(s) > 0, 8§ > 1, and x > 0 be such that

Rk) >0, R(w) > —1, R(s) >0,
R(x — w) > 1+ min{N(—p), N(¢ + g/ —K), N + Q, —x)}

(3.9)
then the following Ps- transform formula holds:
Ps <2171 [Igf,’g’g/"( tXfl]:i:?(z/t)] (x) :s)
x—w—20—¢—¢ +x—1
= (A s))lerJrzz7 a Sot20
A—k+¢+¢.2.(A++0 —x.2),
(A—0,2),(I+w+29,2),(1,1)
) {A@3; 9))
XV ADA+E+E 0 02, A+ -0 | T g2
(w+9+1Lg), @ +1,1)
—_— —
m—times
(3.10)

where A=1— x +w+ 2% and A(8;s) = {ln[l-i(;sl—l)s]}
Proof: Our demonstration of the Ps-transform of generalized
Lommel-Wright function (3.10) is based upon the known result
(2.6).

A limit case of the Theorems 3.3 and 3.4 when § — 1 yields
the following corollaries for the Laplace transform in view of the
(1.32).

Corollary 3.1. Under the conditions stated with the Equation
(3.6), the following Laplace transform formula holds true:

;o Y i !
I— £,¢ 0,0, - 8 .

Py (Z ! (Io+ e lfﬁ,?(fz)) (x)~5) =g

A2,A+k—¢ -t —0.2.,A+0 -¢,2),

I+ w+2v,2),(1,1)
xz
XsVatml(A+ 0,2, (A+k —¢—¢,2),(A+x—¢ — 0.2, 94

(@+ 0 +19),0+11)
[ —

m—times

(3.11)

where A = x + w + 20.

4kk!
ro, xxfw72z?7{7§,+/<71
Py (2171 [Igf 00K tXfl]Z:gl(z/t)] (x) :s) N —

A—k+¢+E.2,(A+¢+0 —«,2),
(A—0,2),(+w+2,2),(,1)

X 5Warm|(A,2)A+C4+¢ +0 —k,2), (A+¢ —0,2),

sl po+20

T 20 4x2
@+ + 1,9 (D +1,1) o
———
m—times
(3.12)

where A=1— x + w + 20.
Remark 3.2.

(1) On taking m = 1, Theorems 3.3 and 3.4 lead to the
Ps-transform formulas for fractional integrals of generalized
Bessel function.

(2) A limit case of the Theorems 3.3 and 3.4, when § — 1 and
m = 1, yields the Laplace transform formulas for fractional
integrals of generalized Bessel function.

(3) On takingm =1, ¢ = 1, and ¥ = %, Theorems 3.3 and
3.4 yield the Ps-transform formulas for fractional integrals of
Struve function.

(4) A limit case of Theorem 3.3 and 3.4, when § — 1 and
m=1 ¢ = l,and ¥ = %, yield the Laplace transform
formulas for fractional integrals of Struve function.

(5) Ontakingm =1, ¢ = 1, and ¥ = 0, Theorem 3.3 and 3.4
yield the corresponding results for fractional integrals of Bessel
function.

(6) A limit case of Theorem 3.3 when § — landm =1, ¢ =
1, and O = 0 yield the corresponding Laplace transform
formulas for fractional integrals of Bessel function.

3.3. Image Formulas for Whittaker
Transform
Theorem 3.5. Let;,{r,g,g’,/(,ﬁ,n,a eC,meN, ¢ >0,and
x > 0 be such that

R(x) > 0,N(w) > -1, N(r £n) > —1/2,

/ o / 3.13
Nt +0) > max(0,0(¢ +¢ +0 -0, — o 1
then the following Whittaker transform formula holds:
f 27?2 [Wg,nléf/’g’gl"( (tX_IIz:g'(zt)) (x)] dz
0
A== =1
T et
(4,2),(A+Kk—¢~¢ —02,(A+0 —1,2),
, (E+n,2),(E—n2),11) 2
61//5+m (A+Q )2)3(A+K _C _C )2))(A+K _Z _Q’z)) - —
(w+9+1,¢),(E—0,2),(0+1,1)
— —
m—times
(3.14)
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where A= x +w+20andE=1t+w+29 +1/2.

Proof: For simplicity, let o be the left-hand side of the formula
(3.14). Applying (1.35) to Equation (3.14), we have

o0 7 ,
w = /o 201772 Wo [Igf il (tx_l]gjg(zt)) (x)] dz.

(3.15)
Here, applying Equation (2.2) to the integral, we obtain the
following expression:

o0
o = / Z0+w+219—le—z/2 W(T,r]
0

{xA;c’Hl S TA+ 20T A4k —¢—¢ —0+2k)

20420 = T(A+0 +20T(A+x — ¢ — ¢ +2k)

TA+0 —¢ +20T(k+ 1)(—1)F

* FA+k—¢ —o+20T(w+ 9 + 1+ k)T + 1 + k)™
(Zx)Zki|
X dz

4k

where A = x+w+29. Interchanging the order of integration and
summation, we have

o =

Proof: We can establish the result given in Theorem 3.6 similar to
the proof of Theorem 3.5.

Remark 3.3.

(1) For m = 1, Theorems 3.5 and 3.6 lead to the corresponding
results for fractional integral of generalized Bessel function
defined in (1.3).

(2) If wetakem =1, ¢ = 1, and ¥ = % Theorems 3.5 and 3.6
yield the corresponding results for fractional integral of Struve
function defined in (1.4).

(3) Ontakingm =1, ¢ = 1, and 9 = 0, Theorems 3.5 and 3.6
yield the corresponding results for fractional integral of Bessel
function defined in (1.5).

4. SPECIAL CASES AND CONCLUDING
REMARKS

In this section, we consider some special cases of our main results
involved in Theorems 2.1-3.6 which can be obtained by setting
¢ = 0. These interesting corollaries of our results involve the
Ig)’f’" 1,{;50’” and can be

Saigo fractional integral operators and

At 2 PB4y 4 2T (E — 0+ 20T (A+k — ¢ — ¢ — 0+ 2K)

Qw+279
k=0

(—DFT(A + 20T (A 40 — ¢ + 20T (k + 1)

T(E—o+2kT(A+Kk —¢ —o+2k)

x2k

“TA+0 4 20T Atk - —¢ + 20T (@~ 0 + 1+ k(O + 1 + k)" 4kK!

(3.16)

where A= x +w+20andE=1 4+ w+ 20 + 1/2.
Interpreting the right-hand side of the above equation, in view of
the definition (1.2), we arrive at the required result (3.14).

Theorem 3.6. Let £, ,0,0,k,9,m,0 € C,me N, ¢ > 0, and
x > 0 be such that

Rk) >0, Nw) > -1, R(rxn)>—-1/2,
R(x — w) > 1+ min{R(—0), R(¢ + C/ — k), N + Q/ — )}

(3.17)
then there holds the formula
[o¢] / ,
/O 27 PW,, [(Iéf 00K px =1 Jg;g’(zt)> (x)] dz
X —0=20-7— +r—1
= 2w+219
A-k+2+.2,(A+¢+0 —K,2),
(A—0,2),(E+1n,2),(E—n,2),(1,1)
1
6Vsim | (A, DA+ +E +0 — 2, (A+E —0.2)| " 22
(@+9+1,9),(E—0,2),d +1)
——
m—times
(3.18)

where A=1—x+w+20andE=1t+ w0+ 20 +1/2.

deduced from the Theorems 2.1-3.6 by appropriately applying
the relationships given in the definitions (1.16) and (1.17). If we
set 0 = —¢ in the Theorems 2.1-3.6, then from the relationships
(1.20) and (1.21) we obtain the corresponding results for the
Riemann-Liouville and the Weyl fractional integral operators,
respectively. Again, if we put ¢ = 0 in the Theorems 2.1-
3.6, then from the relationships (1.24) and (1.25) we obtain
the analogous results for Erdélyi-Kober type fractional integral
operators.

In our present investigation, we establish the relationship
between well-known fractional integral operators with novel
integral transforms. The results obtained here are useful in
deriving at various image formulas. The results presented here
are very generic and can be specialized to give further potentially
interesting and useful formulas involving fractional integral
operators.
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