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Starting from the dual Lagrangians recently obtained for (partially) massless spin-2
fields in the Stueckelberg formulation, we write the equations of motion for (partially)
massless gravitons in (A)dS in the form of twisted-duality relations. In both cases,
the latter admit a smooth flat limit. In the massless case, this limit reproduces the
gravitational twisted-duality relations previously known for Minkowski spacetime. In the
partially-massless case, our twisted-duality relations preserve the number of degrees of
freedom in the flat limit, in the sense that they split into a decoupled pair of dualities for
spin-1 and spin-2 fields. Our results apply to spacetimes of any dimension greater than
three. In four dimensions, the twisted-duality relations for partially massless fields that
appeared in the literature are recovered by gauging away the Stueckelberg field.

Keywords: electric-magnetic duality, dual graviton, Stueckelberg formalism, constant curvature spacetimes,
partially massless fields

1. INTRODUCTION AND CONVENTIONS

Electric-magnetic duality, the symmetry of vacuum Maxwell equations under the exchange of
electric and magnetic fields that interchanges dynamical equations with Bianchi identities, has
counterparts in other physical systems, including supersymmetric field theories, linearised gravity
and free higher-spin gauge theories. In supersymmetric Yang-Mills theories, electric-magnetic
duality—see Olive and West [1] and references therein—acts as a strong/weak duality and, as such,
has found applications in the study of non-perturbative phenomena like confinement (see e.g., [2]).
In extended supergravity theories it is part of the U-duality symmetry and, since the pioneering
work [3], it has been extensively studied.

If the dimension of spacetime is bigger than four, electric-magnetic duality actually links
different descriptions of the same physical system. For linearised gravity on a flat background
in n dimensions, for instance, it relates the Fierz-Pauli description in terms of the tensor hy,
with a description in terms of an irreducible mixed-symmetry tensor T,, 4, 5> completely
antisymmetric in its first n — 3 indices. This link has however been established only at the linearised
level: non-linear Einstein gravity cannot be reproduced in the dual mixed-symmetry picture by
means of local interactions [4, 5]. The problems encountered in the attempts to lift gravitational
dualities from the linearised formulation in flat background to the interacting level suggest that the
study of electric-magnetic duality in curved backgrounds may be particularly promising. Positive
results about interaction vertices for mixed-symmetry fields are indeed available in this context [6]
and may indicate a way to extend the duality to the interacting theory.

Recently Boulanger et al. [7], built manifestly covariant action principles in the Stueckelberg
formulation for dual massless, partially massless and massive spin-2 fields in maximally symmetric
spacetimes of arbitrary dimensions n > 3, such that the degrees of freedom are preserved in the
flat limit. The action principles for the dual fields were also related to the standard ones for such
field theories by building on the previous works [8-19]. See also Mignaco [20] for references on
earlier works.
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In this Letter we focus on the massless and partially-massless
cases and formulate the field equations derived from the actions
of Boulanger et al. [7] as twisted-duality relations. In the
massless case, our twisted-duality relation—see Equation 2.34—
generalizes to (A)dS backgrounds the twisted-duality relation
written in Hull [21, 22] for linearised Einstein gravity in flat
spacetimes. Our duality relation actually smoothly reproduces
the latter duality relation in the flat limit, thanks to the crucial
role played by the Stueckelberg fields.

In the case of a partially-massless spin-2 field [23], the
twisted-duality relation that we obtain—see Equation 3.35—
has a smooth flat limit that reproduces a couple of twisted-
duality relations in flat background, one for a massless spin-2
field and the other for a massless spin-1 field, thereby
correctly accounting for the degrees of freedom of a partially-
massless spin-2 field. Moreover, keeping the cosmological
constant non-zero and setting the dimension of spacetime
to n = 4, our twisted-duality relation reproduces the one
given in Hinterbichler [24], upon eliminating the Stueckelberg
field.

Twisted-duality relations are interesting for many reasons. In
particular they relate, for a pair of dual theories, the Bianchi
identities of one system to the field equations of the dual one,
and vice versa. In the present work, we show that the field
equations of two dual theories are formulated as a twisted-duality
equation, although we note that the latter is not obtained from
a variational principle that is manifestly spacetime covariant.
Forgoing the latter requirement, for linearised Einstein theory
around flat spacetime Bunster et al. [25] gave an action principle
that yields the twisted self-duality conditions as equations of
motion, keeping the graviton and its dual on equal footing.
Finally, let us mention that, for the fully nonlinear Einstein-
Hilbert theory, an action principle was given in Boulanger
and Hohm [26] where both the graviton and its dual appear
inside the action, albeit not on an equal footing and together
with extra auxiliary fields. For recent interesting works where
twisted (self) duality relations play a central role and for
more references, see Henneaux et al. [27-29] and Lekeu
[30].

As for our conventions, we work on constant-curvature
spacetimes with either negative or positive cosmological constant
A . We denote the number of spacetime dimensions by n and
define the quantity A> = %, o = =I, that is
always positive. When the background is AdS, one has 0 =
1, while ¢ = -1 for dS,,. The commutator of covariant
derivatives gives [V,, V]V, = — o2 (gach — gcha) , where
gab is the background (A)dS, metric. The symbols €;,...,, and
€% denote the totally antisymmetric tensors obtained from
the corresponding densities upon multiplication and division by

V=g
2. MASSLESS SPIN-2 TWISTED DUALITY

2.1. Fierz-Pauli Formulation

In the Fierz-Pauli formulation for a massless spin-2 field around a
maximally-symmetric spacetime of dimension 7, the Lagrangian
(where we omit the factor ,/—g for the sake of conciseness) is

given by

L = — LV, VORY 4 Yoy VP + L V,hveh

@.1)
— VyhVyheb — =Doi? (z hph — h2) .

It is invariant, up to a total derivative, under the gauge
transformations!

Shap = 2 Viaéy) - (2.2)

The primary gauge-invariant quantity for the Fierz-Pauli theory
is given by

Kablmn _ _% <Vav[mhn]b _ ybylmpnla | ymylaybln
_an[uhb]m) + O.)\Z (ga[mhn]h _gb[mhn]a) )
(2.3)

It possesses the same symmetries as the components of the
Riemann tensor,

K[ab|c]d =0, (2.4)
and obeys the differential Bianchi identity
ylagbelimn — ¢ (2.5)

The field equations derived from the Lagrangian £ imply the
tracelessness of the curvature:

Konn: = g% Kypapp ~ 0, (2.6)
where weak equalities are used throughout this paper to indicate
equalities that hold on the surface of the solutions to the

equations of motion. More precisely, defining K = g?K,;,, the
left-hand side of the field equations read

sLFP

Shat (2.7)

= -2 (Kub — %gubK) .

By virtue of the differential Bianchi identity for the curvature, one
also finds that, on-shell, the curvature has vanishing divergence:
V" Kpntap X 0 - (2.8)
To summarize, the important equations in this section are 2.4,
2.5, and 2.6. The latter relation was derived from the Lagrangian
LFP . For the purpose of deriving a twisted-duality relation, we

can actually forget the origin of 2.6 and focus on the three
Equations 2.4, 2.5, and 2.6.

Indices enclosed between (square) round brackets are (anti)symmetrised,
and dividing by the number of terms involved is understood (strength-one
convention). Moreover, we will use a vertical bar to separate groups of
antisymmetrised indices, see e.g., Equation 2.3.
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2.2. Dual Formulation

We start from the dual formulation of the massless spin-2
theory as given by the Lagrangian Lo(Y, W) in Equation (20) of
Boulanger et al. [7]:

Lo(T, W) = 35 [ 3 VWUV W gy 4+ 2 VW

VhYablcvd cdl _+_A YathYaclb]
(2.9)

+ 3y

This Lagrangian describes the propagation of the same degrees
of freedom as the Fierz-Pauli one in Equation 2.1. It has been
built in two steps: a Lagrangian depending only on the field
?ahlc (that is a traceless combination of the components of the
spin connection) is obtained by eliminating the vielbein from
the first-order formulation of linearised gravity in (A)dS. The full
Lagrangian 2.9 then results from the Stueckelberg shift
Y, — b, 4+ Lywhed, (2.10)
The Lagrangian 2.9 possesses as many differential gauge
symmetries as the Lagrangian obtained in Boulanger et al.
[13] that describes dual (linearised) gravity in Minkowski
background.
We now define the following quantities

Rap™: =2 Vg (VeWCdew] + ?de]) ; (2.11)

d. _ {red cd rd
Kab| =2 V[a‘VCY 1) + 20(n —2)A (VCW lalb] T+ AY [a\b]) ,
(2.12)

together with their various non-vanishing traces

Re* = Rapy?, Ko = Kap (2.13)

Further introducing the traceless tensor Vab|‘d encoding the
traceless projection of Rabfd ,

Vo = Rap — 45 81 Ry

n—2

(2.14)

we find that Vabfd
transformations:

is invariant under the following gauge

§Y0 =V el 4V, A2 8,10V AM - (n — 3)oa x P

(2.15)
wacd\a =V bede| T v X 8 [bvxcd]e )Lé'de‘a
(2.16)
Finally, the traceless tensor
Xap© = Kap)* + 527 81aKy) (2.17)

is also found to be gauge invariant.

As in Boulanger et al. [7], one can also express the fields W
and ¥ in terms of their Hodge duals, that we denote by C and T:2

b 1 —3]ab,
w cld _ e[n—3]a CCe

n— 3)v € [n—3]|d »

?uh|d e[n 2]a bT (218)

= z)v e[n—2]|d -

The corresponding curvatures are obtained from the previous
gauge-invariant tensors V and X as follows:

C 1 d T d
Koln—a)ibc = 71 €aln—21de Vo “ > Kpu_1)jpe = €aln—11d Xbel
(2.19)

In components, the curvature tensors read

K" =20 = 2)(=1)" VIV, Copg) T + 22 VT T+

a

(2.20)
Ko™ = 20 = D)(=1)"VV, Tapn—2
- 20’)&(}1 — 1)(1’! - 2)2 s[buvaca[n—?)]\d
+ 202323 (n — 1)(n — 2) Tapuo 8.7+ ..., (2.21)

where the ellipses denote terms that are necessary to ensure
GL(n)-irreducibility of the curvatures Kca[n_z] bc and KTa[n_l] lbe
on the two-column Young tableaux of types [n — 2,2] and
[n-1, 2], respectively. Pictorially, they are represented by

ay b
ay b
ap c
a c
and
an—2
ap—2
an—1

Indeed, tracelessness of th\ and X, implies that the Hodge

dual tensors KC[ 2lbe and KT aln—1]lbe obey the following algebraic
Bianchi identities:

C — T
K [n—2]lac = 0, K

a aln—1]|ac

=0. (2.22)

The two curvatures are linked via the following differential
Bianchi identities:

C be _ 4 (=D)"(n=3) b
VaK 2] e (—D(n1—=2) Ka[n 1] ‘, (2.23)
VIR ey = & L KT gy V9 (2.24)
These are equivalent to the following two identities:
ViV = = 2553 Xy VoVea)? = 1225 80 Xeay” -
(2.25)

The equations of motion for the dual gauge fields Cgp,,—37, and
Tain—2)p derived from the Lagrangian Lo(C, T) —obtained by
substituting 2.18 in 2.9 and given in Equation (23) of Boulanger

2We substitute groups of antisymmetrised indices with a label denoting the total
number of indices, e.g., €4,...q, = €4[n] . Moreover, repeated indices denote an
antisymmetrisation, e.g., AqBs = A[4, Bs,]-
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et al. [7]—can be written in terms of the traces of the gauge-
invariant curvatures K& ) and K T Explicitly, one

aln—2]|b[2 a[n—1]|b[2]

has

5L 1

= K, a[n—3]c| b + n—3 K a[n—4]cd| ab) ~0,
Sca[n—3]|b 22(n—3)! ( C c 2 C cd&
(2.26)

8L aln—2]c| b | n—=2 a[n—3]cd| ab

STainaib 2 (KT ot K 8 ) ~0.

(2.27)

The field equations 2.26 and 2.27 can easily be obtained by starting
from the field equations of the Lagrangian Lo(W, }A’) and then
expressing the fields Wl ; and !, in terms of their Hodge
duals Capy—311p and Typu—2)p » respectively. More in details, the
left-hand sides of the field equations derived from Lo(W, ¥) read

SLy(W,Y) | J

SLy(W,Y) oy d
(SW“bC‘d = 252 Vlabl] > ab| >

S?Gb\d — T 2(n—2))2

(2.28)
and the gauge invariant tensors X and V can be expressed as

d 1 —1]d T
Xap* = gty e HIK

d 1
Var™ = — Gz

c[n—1]|ab »

e[n—2]cd KCe[th]\ub .

(2.29)
The field equations 2.26 and 2.27 imply the tracelessness of the
curvatures:

Kcu[n—3]clcb ~0, KTa[n—Z]clcb ~0. (2.30)
In fact, from a result in representation theory of the orthogonal
group—see the theorem on p. 394 of Hamermesh [31]—, the
second equation above implies that

KTa[n—l]\bc ~0. (2.31)

The curvature for the field T thus vanishes on shell, consistently
with the observation that this field does not propagate any
degrees of freedom in the flat limit [7, 19].

Upon using the first and second differential Bianchi identities
2.23 and 2.24, we also find the following two relations that are
true on shell:

C be by C d]
v01Ka[n—2]\ ‘~0, vl Ka[n—2]\c I~0. (2.32)
These equations, together with 2.30, imply that the divergences
of the curvature K¢ vanish on shell:

VbK<

C
VK, a[n—2]|bc

ab[n—3]|cd

~0, ~0. (2.33)
To summarise, the important equations of this section are the
equations of motion 2.30 and the Bianchi identities 2.22, 2.23
and 2.24. In the following section we will relate them to the
field equations and the Bianchi identities of the Fierz-Pauli

formulation via a twisted-duality relation.

2.3. Massless Twisted Duality
The twisted-duality relations for the massless spin-2 theory
around (A)dS backgrounds are

(2.34)

C ~ 1 Kl
Ka[n—Z]lbc ~ 5 €aln-2lij K% -

As usual for twisted-duality relations, the Bianchi identities in a
formulation of the theory are mapped to the field equations of the
dual formulation, and vice versa, as we now explain in details.

First, the algebraic Bianchi identity 2.22 for the left-hand
side of the twisted-duality relation 2.34 implies that the trace of
Kapjeqa vanishes on-shell, which is the field equation 2.6 in the
metric formulation. The converse is true: If one takes the trace
of the relation 2.34, the right-hand side vanishes by virtue of the
algebraic Bianchi identity 2.4. This implies that the trace of the
left-hand side of 2.34 vanishes, which enforces the field equation
2.30 in the dual formulation.

Second, starting again from the twisted-duality equation 2.34,
the differential Bianchi identity 2.24 on the second column of
K® combined with the Bianchi differential identity 2.5 imply
the on-shell vanishing of KT, that is, 2.31. Using this result, the
differential Bianchi identity 2.23 on the first column of K€ gives
the first equation of 2.32 that implies in its turn, via 2.34, the
field equation 2.8 in the metric formulation of the massless spin-2
theory. The converse is also true: acting on the twisted-duality
relation 2.34 with V# gives identically zero, from the right-hand
side and as a consequence of the differential Bianchi identity
2.5 for the curvature in the metric formulation of linearised
gravity around (A)dS. This implies the first field equation 2.33
for the dual graviton. Moreover, acting on 2.34 with V; and
antisymmetrising over the three indices {b, ¢, d} gives identically
zero from the right-hand side of 2.34, as a consequence of 2.5.
That implies the field equation 2.31 (and therefore the second
field equation 2.32) by virtue of the identity 2.24. Finally, the field
equation 2.8 is mapped to the second field equation in 2.33.

Third, the twisted-duality relation 2.34 exactly reproduces,
in the limit where the cosmological constant goes to zero, the
twisted-duality relations given by Hull [22] for linearised gravity
in flat spacetime, see also section 4 of Bekaert and Boulanger [32].

3. PARTIALLY-MASSLESS SPIN-2 TWISTED
DUALITY

3.1. Standard Stueckelberg Formulation

We consider the Stueckelberg Lagrangian for a partially-massless,
symmetric spin-2 field in which both signatures are allowed
(making AdS manifestly non-unitary at the classical level):

Lom = —1 Vahy VR + Vohy VoY + L V,hv°h — Vb, h
— B9 (2 h?) + o ViaAy VAT 401 — 1324,4°

oM A, (V“h - Vbh“”) ot (habh“b - hZ) , (3.1)

where the partially massless theory really appears in the limit

> (n—2)1%
m — — .

5 (3.2)
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The last two lines in the expression 3.1 are new terms in
comparison with the Lagrangian for a strictly massless spin-2
field in (A)dS, see 2.1. In the limit 3.2, the Lagrangian
Lpy is invariant, up to total derivatives, under the gauge
transformations

Shabzzv(aéb)'i' 8Ag =Vie+20mé,.

(3.3)

2
n—2 8ab € >

The quantity

Hgp = hap — 2 ViaAp) (3.4)

is invariant under the gauge transformations with parameter &,,
but not under the gauge transformations with parameter €. A
fully gauge-invariant quantity is provided by the antisymmetrised
curl of Hyy, . Indeed, defining

’Cab|c 1 =2ViViaAy) — 40')L2gc[aAb] —4dom V[ahb]c = —4om VieHpic »
(3.5)

we have that KCpp . is fully gauge invariant in the partially massless
limit 3.2, hence so is V[;Hp).. We further define the derived
quantity Q%" as follows:

Qub\mn —

_ % <Vuv[mHn]b_vbv[mHn]a_I_vmv[aHb]n _ an[qu]m>

+(1— Az)axz (g“[’”H”]b g’“[’”H”]“). (3.6)

(n 2)
It possesses the symmetries of the components of the Riemann
tensor, like Kjpjcq in the massless case. The second line of the
above expression is identically vanishing in the limit 3.2, so that
Q™" is indeed a composite object purely built out of the gauge-
invariant quantity V;Hp.. The writing that we adopted in 3.6
facilitates the relation between K g and Qgpjcq - The interest in
defining 3.6 rests in the fact that the field equations for h,;, read

8Lpm

b =-2Gy,

L e Q) .
(3.7)

where G :

(Qaclh

As a consequence, the field equations for hg, imply that the
curvature Qgpcq is traceless on-shell, as it was for Kgpcq in the
strictly massless case.

The Noether identities associated with the gauge parameter &,
give the left-hand side of the field equations for the vector A, :

(3.8)

The non-vanishing of the covariant divergence of G, is also
related to the Bianchi identity
S[G[M’Cbc]\n]

v[aQbC”mn = —ni (3.9)

-2

where the gauge-invariant quantity Kz . was defined above in
3.5 and satisfies the identity ICjgp) = 0. In terms of gy, the
left-hand side of the field equations for A, reads

8Lpm
SA?

=0 Ky, (3.10)

so that the field equations for A, imply that the curvature /C g is
traceless on-shell.

3.2. Dual Formulation

We now consider the dual formulation of the partially-massless
spin-2 theory that is described by the Lagrangian Lpy(W, U) in
Equation (39) of Boulanger et al. [7]:

Uub deﬂbd‘c

Lpm(W,U) = VaWOAOeW e + 2

2)»2
UabC Uahc .
(3.11)

v.usteviy 22

2m?2

= 2(n— 2 m?

A Lagrangian depending only on the field Wy g has first
been obtained by solving the equations of motion given by
the variation of the vielbein in a first-order formulation of the
partially-massless theory. In analogy with the massless case, the
additional field U has then been introduced by a Stueckelberg
shift.

Starting from 3.11 one can define the following quantities

2
Rap™ =2V (VeW“”ew] — U|b]”d) , (3.12)
Y, = 2V VU + 201 — 2 (VeW“[aw] — o Uabc) ,
(3.13)
together with the successive traces
Ra|c = 'Rab|Cb > R = 'Ra‘ =0, IC;J = Kl%lb =0.
(3.14)

In a similar manner to the massless case, we introduce the
traceless tensor Vabfd according to

Vub|Cd = Rab‘Cd — % S[C[Q'R,b”d] (3.15)
and we find that the tensors Vabfd and IC{%C are invariant under
the following gauge transformations:

8Wbcd|a=vevhcde\a+vaxbcd _ % (Sa[bVeXCd]e _ UT)LZ phcda ,
(3.16)
SUabc — Vdpahcd _ (ﬂ _ 3)ﬁ1xabc (3.17)

Also in this case, we then express W and U in terms of their
Hodge duals

d[n73]abcAd

3id » Uhc_ 1

abel] _ 1 e[n—3]abc
W= —3)! € C (n—=3)! €

(n=3)! [n—3]-

(3.18)

The curvature tensor for C is defined, as in the massless case, by

Kein-21ipe = 71 aln-21de Voo™ (3.19)
We also define the curvature K" =21l via
KV = (=" €z K (3.20)

(n—2)!
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In order to invert this relation, we first compute

(_Zl)n Ed[n—Z]ab ’CUablc — ]zd[n—Z]\C _ (I’l _ 2)8dc }Eed[n—3]\e
(3.21)
and take the trace of the above relation, which produces
Eab[nfﬁv]la 1 617[7173}cde ICUcd\ (3.22)

Inserting this relation back in 3.21 gives
Ea[n—Z]lb — (—21) 6a[n—3]cde (5ae ]CUcdlb _ anz 8’117 ’CUcdle) )
(3.23)

Explicitly, we have

Raln-2lb _ (n—2) (vaaAa[nfﬂ +(n—2) yacaln=31ib

—o(n—2)A2 g% A“[”_3]) : (3.24)

which is gauge invariant under [7]

_ ~ 2 ~
Sca[n73]|h =(-1)" l(n —3) (Vava[nfél]\b - %gba pa[n—4])

+ 223 (Y Rain—3] + (=1)"VaZafu—app) » (3.25)

8Aa[n—3] = (” - 3) ((_l)n_lva/sa[n—ﬂ —m )Za[n—.”]) . (3-26)

The curvatures obey the following algebraic Bianchi identities
Ea[n—Z]\a =0,

KCatn—2)iab =0, (3.27)

which means that ICCa[n,ZHbC and /Ea[H“b are projected on the
following GL(n)-irreducible Young tableaux

ay b ay b ‘
ap c a
and
an—2 an—2

The left-hand sides of the equations of motion derived from the
Lagrangian 3.11 are given by

SLpm

SLpM 1 lablc
8 Upe

[ab|c]
2 d> IC .
5 Wahc| d 20

= Sm 2 = (3.28)

Combining with what we obtained above, the field equations
therefore imply

/%a[n73]b|b ~0, Kca[n,3]b|b‘ ~0. (3.29)
The Bianchi identities read
VgV = 0& 0D KV, ViaVog* = 2255 6190 KV g
3. 30)
In terms of the curvatures K€ and K , they become
VaKC oz = (=1)" 2(;;\2(” 3 51, o, (3.31)

2~
V[alccd[n_z]‘bc] = —%L K[ad[n_mb SC]d (3.32)

By taking a trace of the Bianchi identity and using the field
equations, one therefore deduces that

_ 2~

Vh’CCa[an]lbc ~ (_l)n(r(lnjit;,% K:a[n—2]\c > (3-33)
2~

VbKCa[n—?v]blCd ~ _(nzf;),’;l ’C[Ca[n—?a]ld] . (3.34)

3.3. Partially-Massless Twisted Duality

The twisted duality that mixes the field equations and Bianchi
identities of the two dual theories, the one for Lpy;(h,p, A;) on the
one hand, and the one for Lpp(Cajy—3p> Aain—3]) on the other
hand, is

/Ca[n 2”;,5 ! fa[n—z]ij Qlj‘bc . (3.35)
This equation plays the same role as 2.34 in the strictly massless
case.

What is new in the partially massless case compared to the
massless case is that the flat limit of 3.35 is not enough to
describe all degrees of freedom of a partially massless field. In fact,
the twisted-duality relation 3.35 also induces a duality relation
between the curvatures Ea[n—Z]\b and Kgpc . This can be viewed
by acting on 3.35 with V, and contracting the result with e?(*~114
One then uses 3.31 and the trace of 3.9, taking into account that,
on shell, the traces of the four curvatures ICa[n 20lb> ICa[n 2lbe?
Qabjed and Kgpc vanish. We obtain

Kapn—ayp = (=1 ZTmzz €aln—2ea Ky (3.36)
where we stress that 3.35 and 3.36 are equivalent for non-zero
cosmological constant.

Now, taking the flat limit of both 3.35 and 3.36, we obtain two
decoupled twisted-duality relations for the two decoupled pairs
of fields (Cypp—311p> hap) and (Agpn—3), Ag) . Both together, they
propagate the correct degrees of freedom for a partially massless
spin-2 field in the flat limit, as was found and discussed in section
4.3 of Boulanger et al. [7]. The flat limit of 3.36 gives

abﬁa[n—Z] ~ (=1)" @ €aln—2]cd abFCd > (3.37)
where E[y,_z] = (n — 2) 04A4[n—3) and Fy, = 29(4Ap) are the
field strengths for Ay,_3) and Ay, respectively. In the flat limit,
these latter quantities are gauge invariant, therefore the gradient
dp on both sides of the above relation 3.37 can be stripped off
to give, up to an unessential coefficient that can be absorbed
into a redefinition of Ag[,—3] , the usual electric-magnetic duality
between a 1-form and its dual (n — 3)-form in dimension 7.

As a consistency check for the second duality relation 3.36, one
can start from the twisted-duality relation 3.35 and this time take
the curl of K¢ on its second column of indices, which yields

V[b,cca[n—z]\c I~

~ Leapnoayy VIPQ; . (3.38)
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We then use the Bianchi identities 3.32 and 3.9 and take a trace,
taking into account the field equation 3.29, which allows us to
obtain the relation

Katn=311p1g ~ (=1

CLoat )
)" €KY

(3.39)
which is fully consistent with 3.36.

Finally, we come back to the twisted-duality relation 3.36 and
gauge fix to zero both A, and A4[,—3] since they are Stueckelberg
fields as long as A is different from zero. In these gauges for
the dual formulations, our second twisted-duality relation 3.36
becomes

(” - z)vuca[nfﬂ\b ~ ) ea[n—Z]CdVChdb >

] (3.40)

while the first twisted-duality relation 3.35 is just its curl, as
one can readily check. This duality relation makes immediate
contact with the one proposed for the specific case n = 4 in
Equation (2.3) of Hinterbichler [24]. Relation 3.40 identifies the
dual curvature Eb‘c in Hinterbichler [24] with 4 V[, Cy)¢ , the curl
of the dual potential Cp. = C,; . Note that, once the Stueckelberg
fields A, and Agp,—3) have been set to zero, one cannot take a
smooth flat limit any longer in the sense that physical degrees of
freedom are lost in the flat limit.
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