1' frontiers
in Physics

ORIGINAL RESEARCH
published: 09 July 2019
doi: 10.3389/fphy.2019.00093

OPEN ACCESS

Edited by:
Mustafa Inc,
Firat University, Turkey

Reviewed by:

Guo-Cheng Wu,

Neijiang Normal University, China
Praveen Agarwal,

Anand International College of
Engineering, India

Carla M. A. Pinto,

Instituto Superior de Engenharia do
Porto (ISEP), Portugal

*Correspondence:
Amar Debbouche
amar_debbouche@yahoo.fr

Specialty section:

This article was submitted to
Mathematical Physics,

a section of the journal
Frontiers in Physics

Received: 25 March 2019
Accepted: 19 June 2019
Published: 09 July 2019

Citation:

Manimaran J, Shangerganesh L,
Debbouche A and Antonov V (2019)
Numerical Solutions for
Time-Fractional Cancer Invasion
System With Nonlocal Diffusion.
Front. Phys. 7:93.

doi: 10.3389/fohy.2019.00093

Check for
updates

Numerical Solutions for
Time-Fractional Cancer Invasion
System With Nonlocal Diffusion

J. Manimaran', L. Shangerganesh’, Amar Debbouche?* and Valery Antonov?
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This article studies the existence and uniqueness of a weak solution of the time-fractional
cancer invasion system with nonlocal diffusion operator. Existence and uniqueness
results are ensured by adapting the Faedo-Galerkin method and some a priori estimates.
Further, finite element numerical scheme is implemented for the considered system.
Finally, various numerical computations are performed along with the convergence
analysis of the scheme.
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1. INTRODUCTION

In the past few decades, a large number of mathematical models have been applied for biological
studies. In addition, mathematical models give a deeper conceptual understanding of behavioral
dynamics of complex systems. Some of the advantages of mathematical models include cost efficient
experiments, which can be performed speedily without disturbing biological variants. Cancer is
a disease defined by a normal cell which starts replicating out-of-control. Over the years, cancer
modeling has gained popularity with applied mathematicians because of its challenges, resulting
in numerous research findings on the dynamics of tumor invasion. Some of these propositions are
available in the literature to acquaint oneself with the developments in cancer modeling (see for
instance [1-4]).

On the other hand, fractional differential equations (FDEs) have been extensively used for
constructing biological models and other areas of science and engineering. We refer the following
monographs [5-7] and research articles [8-12] that have explored recent developments using
FDEs. Biological phenomena have an anomalous diffusion property which includes heterogeneous
systems that are witnessed in porous materials (see for example [13, 14]). Linear and nonlinear
models of anomalous diffusion, which have been experimented by researchers could not do justice
to the biological phenomena. But the fractional models have contributed to replicate the biological
phenomena with a greater accuracy. Diffusions in biological tissue has characterized as anomalous.
Therefore, it has been shown to be best described using fractional calculus tools. It means equations
involving non-integer derivatives and integrals. Cancer models adapting fractional differential
equations are studied by Ahmed et al. [15] and Iyiola and Zaman [16] and also see the references
there in.

Theoretical and numerical analysis of fractional partial differential equations (FPDEs),
concerned with only very few articles, are available in the literature. Alikhanov [17] applied
the method of energy inequalities to obtain the existence of solutions for a time-fractional
boundary value problem of the diffusion-wave equation. Jiao and Zhou [18] established an
existence result for a fractional boundary value problem with the application of the critical
point theory. Further, Zhou et al. [19] analyzed the time-fractional reaction-diffusion equation

Frontiers in Physics | www.frontiersin.org

1 July 2019 | Volume 7 | Article 93


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org/journals/physics#editorial-board
https://www.frontiersin.org/journals/physics#editorial-board
https://www.frontiersin.org/journals/physics#editorial-board
https://www.frontiersin.org/journals/physics#editorial-board
https://doi.org/10.3389/fphy.2019.00093
http://crossmark.crossref.org/dialog/?doi=10.3389/fphy.2019.00093&domain=pdf&date_stamp=2019-07-09
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles
https://creativecommons.org/licenses/by/4.0/
mailto:amar_debbouche@yahoo.fr
https://doi.org/10.3389/fphy.2019.00093
https://www.frontiersin.org/articles/10.3389/fphy.2019.00093/full
http://loop.frontiersin.org/people/615060/overview

Manimaran et al.

Time-Fractional Cancer Invasion System

under nonlocal boundary condition. Zhou and Peng [I11]
established the existence, uniqueness and regularity of time-
fractional Navier-Stokes equations. Further, they ensured the
existence of weak solutions and also provided the sufficient
conditions for optimal controls in Zhou and Peng [12]. Finite
volume method [20-22], meshless method [23, 24], finite
difference method [25-28], finite element method [29-31] and
the spectral method [32-35] are widely preferred numerical
methods in the literature to solve fractional partial differential
equations. Finite element methods have become popular for
numerical simulations of time-fractional diffusion equations
due to their good approximation and feasibility to work with
any domains. Recently, Esen et al. [36] studied the numerical
solutions of time-fractional diffusion equations and diffusion-
wave equations using Galerkin finite element method. Jin et al.
[29] analyzed the numerical solutions of multiple time-fractional
derivative using the Galerkin finite element method. Wang et al.
[37] combined second-order time approximation with the finite
element method to solve nonlinear fractional Cable equation.
Liu et al. [38] used fully discrete mixed finite element scheme
to study the second order convergence for nonlinear time-
fractional diffusion problem with fourth-order derivative term.
Jin et al. [39] solved proposed Crank-Nicolson-Galerkin finite
element scheme to solve the linear time FPDEs. Kumar et al.
[40] proposed Crank-Nicolson-Galerkin finite element scheme
to solve the time-fractional nonlinear diffusion equation using
Newton’s algorithm. However, according to author’s knowledge
there is no paper available in the literature to study the fractional
order cancer invasion system using finite element method.

Recently fractional reaction-diffusion systems are applied
for many applications in science and engineering. Fractional
models are proposed and used in chemical reactions, propagation
phenomena, transport systems, pattern formation processes and
spatiotemporal distribution of species [41-45] and references
therein. In this connection, we are interested to study
and analyze the time-fractional cancer invasion model with
nonlocal diffusion operator. Existence and uniqueness of a weak
solution and various numerical simulations are presented for
the below considered model. We considered a mathematical
model proposed in Solis and Delgadillo [46] with four unknown
variables namely two cancer cells density, normal cells density
and acidification medium concentration. Further, we extend the
same model for fractional differential equations and we show the
importance of fractional derivatives using numerical simulations.
The dynamics of cancer invasion system with time-fractional is
governed by the following nonlocal diffusion system:

8;"u1 — d1 (l(ul)) Aul =

u1(1 — uy) — Pruguy — puy — y1uju3
3;11,{2 — dz (l(uz)) Auz =

raua(1 — uz) — Baugup + puy — S1upus in Qr,
3?143 = 1’3143(1 — Ll3)

in Qr,

— yauruz — Srupu3 — O U3y in Qr,
8f‘u4 —dy (l(u4)) Auy =
E(u1 + uy — ug) in Qr,

with initial and boundary conditions

uj(x,0) = ujp(x), j = 1,2,3,4in Q,
ui(x,t) =0, i = 1,2,4in 7,

where Qr = Q x (0, T), T = 3R x (0, T), T > 0 is final time
and « € (0,1]. Here, 2 is a bounded domain in RY with smooth
boundary 9. The unknown functions u;(x,t) and wus(x, 1),
respectively, describe the density of two types of cancer cells.
Further, u3(x, t) and u4(x, t), respectively, represent the density
of normal cells and medium acidification concentration due to
excess HT ions. The constants B; and B, respectively, denote
the rates of interaction and the positive constant p delineates the
intrinsic mutation rate of cancer cells. Furthermore, y; and §;
represent the rate of consumption of cancer cell populations. The
proliferation rate of cancer cells is given by r, > 0 and r3 > 0.
Here, & represents the production rate of the HTions. Moreover,
y2 and 8, respectively, denote the interaction rate of two types
of cancer cells with normal cells and o denotes the degradation
rate of normal cells due to acidification. In (1.1), the diffusion
rates di: R — R are the Lipschitz continuous functions with
di(§) = m; > 0 where i = 1,2,4. Further, d;, i = 1,2,4
are taken to be depend on the whole of each population in the
domain rather than on the local density. From a physical point
of view of biological models, especially migration of cancer cells
through normal cell is more like movement in a porous medium.
Therefore, we consider the cell random motility to be a function
of unknowns, see for example Szymanska et al. [47]. Therefore,
it is more realistic to work with density dependent diffusion like
nonlocal diffusion instead of linear diffusion function. Further,
we assume that linear continuous nonlocal operator I(s) €
(L3(Q)) where s € R. This work investigates existence and
uniqueness of a weak solution and numerical solutions for the
time-fractional cancer invasion system (1.1).

It should be remarked that throughout the paper, we use
the Caputo sense fractional derivatives for time. The main
advantage the Caputo derivative, we can use initial conditions as
in integer order derivatives. However, for more details we refer
the interested readers to the book [48].

The rest of the manuscript is arranged as follows. In
section 2, we present some preliminaries of fractional calculus
and existence and uniqueness of weak solution of (1.1)
using the Faedo-Galerkin approximation method and priori
estimates. In section 3, we give the variational formulation of
(1.1), finite element discretization and temporal discretization.
Finally, in section 4, we present the convergence study of
the numerical scheme and some computations with various
numerical experiments.

2. EXISTENCE AND UNIQUENESS

The goal of this section is to prove existence and uniqueness of
a weak solution of nonlocal density dependent diffusion cancer
invasion parabolic system with time-fractional derivative (1.1).
By adopting the Faedo-Galerkin approximation method and
deriving uniform a priori estimates for approximation solution,
we show the existence of a weak solution in appropriate solution
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space. Here, we use the same notations and definitions as in Zhou
et al. [19, 49]. Further, in order to avoid too many notations, we
use a generic constant C instead of different constants.

Theorem 2.1 ([6]). Consider the fractional ordinary differential
equation (FODE)

CDa

M(O) = f(xu(x), 0 <x < T, } @.1)

= by,

where 0 < o < 1 and by € R be a given constant. Suppose U be
an open and connected set in R and Q = [0, T] x U. Assume that
f(x,9):(0,T) x U — R be a continuous function satisfying the
Lipschitz condition. Then for any (xo,y0) € S, there exists h > 0
such that the real interval [xo — h, xo +h] C (0, T) and there exists
a unique solution u(x) :[xg — h,xo + h] — U for (2.1) such that
u(x) € Clxo — h,xo + h], and for any x € [xo — h,xo + h].

Lemma 2.1. Suppose u:[0, T] —> X where X : = L3(Q) is a real

Hilbert space. Assume that there exists fractional derivative of u in
the Caputo sense, then the following inequality holds true:

1
(u(t), § DY (u(t))) > EOCD?nun%(.

Lemma 2.2. Leto € (0,1) and a non-negative integrable function
c1(t) for t € [0, T] satisfies the inequality

SDYu(t) < ci (1), (2.2)
for almost all t € [0, T]. Then
u(t) < ul0) + = / (=9 la@ds.  (23)

Lemma 2.3 ([50], p.9). Let « € (0,1). Suppose u,v are two
integrable functions, v is nondecreasing and g is a continuous
function in [a, b]. If

t
u(t) < v(t) + g(t) / (t — )" lu(s)ds,Vt € [a,b],

then
u(t) = v(OE|gOT @)t — )"
where Ey () is one parameter Mittag-Leffler function.
Lemma2.4. Let « € (0,1). Suppose u(-) is a non-negative,
absolute continuous function on [0, T, which satisfies for a.e. t the
following differential inequality
SDu(r) < Cu(t), (2.4)

for constant C > 0. Then

u(t) < u(0)Eq [Ct*].

Proof: From (2.4),

a—1
()<u(o>+m / (t — 9% u(s)ds,

where we use the Lemma 2.2. Using the Lemma 2.3, we get

u(t) < u(0)E, [Cto‘].

Assume that Xy, X1, X are Hilbert spaces. The Fourier transform
o0

of u:R — X is defined by ii(r) = / e 20T (1) dt (See [51]).
—00

Then, we have
€ DY) = (2i07)" in(z).

For 0 < o < 1, define a Hilbert space
W*(R, Xo, X1) = {u € I*(R,Xo) : D"‘ e LA(R, Xl)}
endowed with the norm

2 A2 2
e = {11225 + 170225, }

For any set ] C R, define a subspace W}" of W (see p. 274, [49])
as with support contained in J:

WY (R, X0, X1) = {v € W*(R, Xo, X)) : supp(v) C ]},
Further, we use the space
V= H}(Q) x Hy(Q) x L*(Q) x Hy(Q);

throughout the article.

Theorem 2.2 ([51]). Assume that X — X < X\ is continuous
and Xo — X is compact. Then for any bounded set ] and o > 0,
Wf‘ (R, Xo, X1) = L2(R,X) is compact.

rewrite the nonlocal
invasion parabolic
derivative in the

Without loss of generality, we
density dependent diffusion cancer
system (1.1) with time-fractional
following form:

o uy —dy (Iwr)) Auy + Gi(x, tur, uz,u3) = (1— p)uy in Qr,

3 uz — da (I(u2)) Auz + Go(x, £, w1, up, u3) = rauz + puy in Qr,

9] us + Gs(x, t, uy, ua, us, ud) = r3uz in Qr,

9 ug — dy (l(u4)) Auy = E(uy + up — uy) in QT(, :
2.5

where

Gi(x, t, uy, up, u3) ur(uy + Bruz + y1uz),
Go(x, tyut, up, u3) = up(Paug + raup + S1u3),
G3(x, t,ur, up, us, ug) = us(yaur + Saux + r3u3 + oug).
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Theorem 2.3. Suppose the initial conditions ujp, j = 1,2,3,4
are in L*(Q). Then the system (2.5) admits a weak solution
uy, Uz, Uz, us, which satisfies the following conditions:

u, ua, ug € L0, T; L*(Q)) N L*(0, T; Hy()),

us € L%(0, T; L*(Q)),

such that for every ¢ € L*(0, T; HY(Q)), j = 1,2,3,4,

Vu Ve dxdt

T
/ 3?(”1,(}51)(# +d; (l(ul))/

0 Qr

+ / Gy (x, t, uy, up, uz)prdxdt
Qr

=(1-—p) uprdxdt,
Qr
T
f 8?(Ll2,¢2)dt +dy (l(uz)) / Vu, Vg, dxdt
0 Qr

+ / Ga(x, t, uy, un, uz)rdxdt
Qr

= | (ruz + pui)grdxdt,
Qr

T
f Bf‘(u3,¢3)dt+/ Gs(x, tuy, uy, uz, ug)P3dxdt
0 Qr

:/ r3us¢sdxdt,
Qr

T
| o e+ da ) [ usvoudsat
0 Qr

E(uy +up — u4)¢4dxdt.
Qr

(2.6)

Now, we use the following regularized system in order to find
weak solutions of the system (2.5). For € > 0,

9 ul —di (l(ui)) Auf + Gre(x, t,uf, u5,us) = uj — puj  inQr,

9y us — da (l(ug)) AU + Gae(x, t, uf, u5, u§) = raus + puf in Qr,

07 u§ + Ga e (x, t, uf, us, u§, ug) = r3u§ in Qr,

A u§ — dy (1)) Au§ = E(u + uS — uf) in Qr,
2.7)

with initial and boundary conditions

U (x,0) = uj(x),j = 1,2,3,4in Q,
uS(x,t) = 0,i = 1,2,4in T,

where Gje = 1,2,3.

j C_
1+elGl”

We apply the Faedo-Galerkin method to solve (2.7). Let {e;}

be a denumerable orthogonal base of Hé(Q) orthonormal with

respect to L>($2). We consider the sequence of finite dimensional

n
spaces Sy, span {e;, I < n}. Let u;n(x, t) = ch)n,l(t)el(x),

I=1

j = 1,2,3,4, be the weak solution of system (2.7), where c]-,,,)l(t),
j = 1,2,3,4 are unknowns of the nonlinear FODE system,

/ o uf emdx + d (l(uin))/ Vui ,Vendx
Q Q
+ /;2 Gre(X, t, U, U5, U3, )emdx = (1 — p) /Q ui pemdx,
/ Of U5 ,emdx + dy (l(ug’n))/ Vs, Vendx
Q Q
+ /Q Goe(x, t, uin, ug’n, ug’n)emdx
= / (raus , + pul,)emdx, (2.8)
Q
/Q 0f U ,emdx + /Q G3,e (X, t Uy US s U5 s UG, )emdx

f 13US emdx,
Q

/ O Uy ,emdx + dy (l(ui’n))f Vg, Vendx
Q Qr

= L&(uin +us, — uf ,emdx,

foralle,, € Sy. Thus, we get

6D ctm(t) = —dy (ICus ) /Q Vui, Vendx
—/QGl,e(x, £ 1S US o US ) emdx + (1 —p)/guinemdx,
= F' (6 el i= s (omd) = o lesmd = s {eanili— 1)
gD‘thZ,n,m(t) = —d, (l(ué,n)) /Q Vus§ , Veydx
*/QGLG("’ t, uin,uin,ué,n)emdx+/Q(rzu;n + pus,,)p2,ndx,

=: ng(t) {Cl,n,l}]n: 1> {Cz,n,l}]n: 1 {‘:3,11,1}]”: 1’ {C4,n,l}]n: 1)’
(2.9)

D o) = = [ G105 el
+ / r3u§ ,emdx,
o .
=: an(t’ {Cl,n,l}ln: 1 {Cz,n,l}ln: 1 {CS,H,I}ln: 1 {54,n,l}[n: 1))
gD‘;‘a;,,,,m(t) = —d, (l(ufm)) ./;2 Vui,nVemdx—i-
/ E(uf, + u5, — uy,)emdx,
Q
= Ff(t» {Cl,n,l}?: I {CZ,n,l}?: I {‘:3,n,l}1n: 1 {C4,n,l}ln: 1)'
Further, it is east to see that all FJ’-", j = 1,2,3,4 are continuous
functions of cj,,,)l(t). From the Theorem 2.1, the system (2.9) has
a local solution ¢j,(t), j = 1,2,3,4 on some interval [0, #,),

0 < t, < T.The extension of these solutions to the whole interval
[0, T] is a consequence of the following apriori estimates.
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Lemma 2.5. Assume the hypothesis of Theorem 2.3. Then there
exists a constant C > 0 is independent on n such that

[ (uin’ u;,n’ ug,n’ ui,n) ||L°°(0,T;L2(Q))
€ € €
=G ”(ul,n’uZ,n’u4,n)||L2(O,T:Hé(Q)) <G

|G1e(x, t, “iw u;,n’ ug,n)uin ”LI(QT) (2.10)

+IGae (%, 1, ui,n’ ug,n’ ug,n)ug,n ||L1(QT)

+|| G3’€ (X, £, ui,n’ u;,n’ ug,n’ ui,n)ug,n ”Ll(QT) =C

n
Proof: Now, we set ¢;,(x,t) = Z bini(tex), j = 1,2,3,4.
I=1
the coeflicients {b;,},j = 1,2,3,4. are absolutely continuous
functions. Then, from (2.8), the Faedo-Galerkin approximation
solution satisfy the following weak formulation

/Q O us ,Prandx + dy (I(uf ) /Q Vu§ , V1 ndx
+ /Q Gle(x t, uin, ug’n, ug’n)¢1,ndx
== p) [ w10

/ Su ybandx + da (I(u5 ) /Q Vus§ Ve ndx
+ fg Gae (X, t, U 5 U5 5 U3, )2 ndx

= /;2(1’2@’” —I—puf)n)(i)z,ndx, (2.11)

/;2 O U5 3 ndx + /;2 G3,e (X, £ Uy U5 15 US 5 UG )3 ndX

= / r3u3 ,$3 ndx,
Q
/ u4n¢4ndx+d4 (l(u4n)) /

Qr

Vufl’nvm)ndx

= / E(ui , + u5, — g ,)Pandx.
Q

Choosing ¢, = ujfn, j = 1,2,3,4,, respectively, in the above

system (2.11) and summing the resulting terms, we get
1
CD"‘/ Z\ nl dx + /Q(rleui,nlz +m2|Vu§),,\2 + m4|VuZ,,,|2)dx
+ /Q Gue (3, £, US pp U 10 1S, U X + /Q Gae (X, b, uf o S o 45 U5, dx

2
/Gse(x’t”ln’”Zn’”3n’u4")u3”dx<C/ Zl ]”‘ dx,

j=1

where C is the positive constant which does not depend on # and
t. Further, using the Lemma 2.3, we have,

/ZI IPdx < C,

]—1

(2.12)

for some positive constant C depending only on the given data
and independent of n. From (2.12), we get

Il (uin’ ”S,n’ ug,n’ uf},n) ”L"O(O,T;LZ(Q)) =G

(2.13)
”(uin’ u;,n’ ufl,n)”Lz(O,T;Hé(Q)) =C
Using the results (2.12) and (2.13), we get
1G1e (x. 1, uin’ u;,n’ ug,n)uin ”Ll(Qr)
+ |G (x, 1, uin, ”E,n’ ug,n)uin L (2.14)

+IGs,e(x 1, uin’ u;,n’ u;,n’ ui,n)ug,n ||L1(QT) =C

Lemma 2.6. Assume the hypothesis of Theorem 2.3. Then
(@15, U5, Uy .} is bounded set of W* (R, H}(),L*(R2)), where

Ze,n(x7 t) te[0,T],

Zen(x,t) = { 0 R\ [0, T]. (2.15)

Proof: In order to prove the result, Theorem 2.2 with Lemma 2.5,
we have to show that

/w e, (0l de

for some y > 0, where #

IA

Cj=124 (2.16)

AS,,, j = 1,2,4 denote the Fourier
b= 124

Now, rewrltten is defined as in (2.7),

transform of u u

SDYES . ) = (F}, ) + (u1,(0), ) —ocl{ %80
—(u1,0(T), ¢))—c0l; 37,

(DTS, b)) = (F3, ) + (u2,0(0), §))—c0I} 80
—(u2n(T), ) —c01; 37,

(DTS, d) = (Fi ) + (0(0), §))—coI} 80
—(ugn(T), §)—c0l} 81,

(2.17)

where Fi” is defined as in (2.15),

F! = dy (I0u)) A
FY = dy (I(u5)) Au — Goe (x, £, uf, u§, u§) + raus + puf,
Fy = dy (Iuf)) Auf + E(u§ + u§ — u).

€ € € € €
— Gre(x tyuf, u5, ug) + uj — pu,

Here 8y and 81 denote the Dirac distribution at 0 and T.
Indeed, it is classical that since itm has discontinuities at 0
and T, the Caputo derivatives of #, is given by Zhou and
Peng [12] and Zhou et al. [19]. Substitute ¢;, = ]en]

1,2,4,, respectively, in (2.11), and using the Fourier transform,
we get

Qim )85 (D = (FL45,,) + (u1,0(0), 55, ()i r)* !
—(uy(T), ul,n(f))e_z’”TT

15, () = (Fz, ) + (u2,0(0), 15, ()i T)* !
—(uzn(T), 85, (2))e 21T,

Qimt)*|i5,,(V) = (F},i5,) + (ugn(0), 05, (v) QinT)* !
(g (T, 85, (x))e 2717,

Qin7)?| (2.18)
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It is obvious that the boundedness of solution

shows that,

sup [F1(D) g1y < G ¥n, i = 1,2,4,

teR

On account of
L*(0, T; LA()),

where C > 0 is a positive constant.
{(u],pu5,,uy,)} is bounded set in
we get

(|M1,n(0)|, [t2,,(0)], |u4,n(0)|)
< Cand (lul,n(T)|) [t2,2(T)|, |u4,n(T)|) <G

and from (2.18), we get

2112, (1) < Cmax{L ") 25, (Dl oy i = 12,4

For y fixed, y < §, we see that

1+ |t]?
2y
| < Cly) ——————.
o = CON s
Accordingly
*© . R ol 1
2 2 2
/_Oo [T| Y |25, (0)|“dr < C(V)/ R |i; ,|“de

<) [ iy g it

717 185, (D )
+C2(V)/ Tt
Applying the Parseval identity, the first integral is

bounded as n — o0, and we have to prove that

7|~ Hag (O
/ H(Q)dt <C.
I g

From the Schwarz inequality, we prove (2.19) as follows.

o dr 2
T =< —_—
(/—oo 1+ |T|°‘_27’)2>
o0
(/;oo |T|2a_2”i’\lin(‘[)”?{é(g)dr) >

the first integral is finite due to y < i. On the other hand, it
follows from the Parseval identity that

(2.19)

/‘00 |T|a71”a1€,ﬂ(r)”Hé(Q)d
oo LT

o0 o0 -
/ PR () g e = / T Oyl

T
_ 11—«
= /0 [T

Tlfoi 2
< (m)/{) ||”m(t)||H1(Q)

From the above integral, we understand that (2.19) is true. Thus,
{ﬁin, ﬁg’n, ﬁfm} is bounded set of WY (R, H(l)(Q), L2(2)).

Theorem 2.4. Suppose the hypotheses of Theorem 2.3 hold true,
then the regularized system (2.7) possesses a weak solution
(u, us, us, uy), which satisfies the following conditions:

u, uS, u§ € L0, T; L*(R2)) N L2(0, T; Hy(R2)),
u§ € L0, T; L2(Q)),

such that for every ¢; € L2(0, T; Hé(Q)), j= 12,34,

Jo 08, ¢t + dy ([ uSdx) [, Vs Vo dudt
+ Jo, Gre(x tuf, us, u§)prdxdt = (1 - p) [,
Jo 08, do)dt + dy ([ usdx) [, VuusVpodxt
+ fQT Goye (x, t, U, uS, u§) podxdt = fQT(rzug + pus)rdxdt,
Jo 08uS, ¢3)dt + [, Ga(x, b1, g, uS, uf) st
= fQT r3upsdxdt,
Jo 08w, ¢t + d ([ ) [, Vs Vpadxat
= fQT E(u] + u§ — ug)padxdt.

ugp1dxdt,

Proof: By Lemma 2.5, Lemma 2.6 and Theorem 2.2, we can
extract the subsequences of (u{ ,, u5 ,, u5 . uj ) such thatasn —
00, we get

(U U5 U3 UG ) — (uf, 15, 3, uf) weak * in L*°(0, T; L3(Q)),

(5 o 115 S, ,) — (5, uS, 1) weakly in L*(0, T; Hy(S2)).

It is enough, we show that
di((us,) — di(()) in L*(0, T),VT > 0,j = 1,2,4.
Since dj is continuous functions, it is enough to show that

I(u5,,) — 1(u5) strongly in L*(0, T).

Now,

T T
/|l< D= 1P = [, — = C [, - e
0 0 0

This result concludes that

di(l(u5,) — di(1(us)) in L2(0, T),¥T > 0, j = 1,2,4.
Substitute ¢, = v and integrate the first equation of (2.11)
from 0 to t and 0 to fy, respectively. Then, subtract the resulting
equation, we get

(uf,(t0), v) —
to

(tg — ) ' — (t —

(Ui, (1), v)

9“7 (dy (s ,) Vs, V)
G (5 5 5,) — (1= ), )
- /0 "= 9 () Vi T

H(Gre (o t,uf o, 15 ,) — (1= p)ug,, v)ds.
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Using the Lemma 2.6 and the Lebesgue dominated convergence
theorem, we can prove that (u{(t),v) — (u{(to),v) — Oast — t
as in Zhou and Peng [12] and Zhou et al. [19]. Similarly, it can
be show that (u5(t),v) — (u5(tp),v) — Oast — to, (u5(),v) —
(u§(to),v) — O0ast — toand (uy(t),v) — (ug(to),v) — 0 as
t — to.

Now, we prove the Theorem 2.3 and some priori estimates and
compactness results.

Lemma 2.7. Assume that the assumptions of Theorem 2.3 are
satisfied, then

”Gl,e (X, L Mi, M;, ug)”i ||L1(QT) + ”GZ,E (x’ t, ui’ ”5» ug)”; ||L1(QT)

Nl 3, us, ugllpeeo,rir20)) < G llufs u uill 20,20 < G }
G Cor 1 115, U0 11y < C.

(2.20)

Proof: Let us presume u;e 1,2,3,4.
Multiplying the first equation (2.7) by u] “and integrating over

2, we get

= sup(O,—uJ?),j =

1
CDO‘ f luy € 12dx + my / [Vui €| |2dx
+/ Gre(x, t, ul_s,uz_e,uge)ul_edxleq/ (1- ,o)lul_elzdx
Q Q
Using the assumptions of the given data, we get

1
CD"‘/ lu;€|2dx < 0.

This concludes that the solution u is a nonnegative solution.
Similarly, we can claim that solution u$, u§, u§ are nonnegative.
We prove (2.20) as in Lemma 2.5, by replacing u;, by v, j =
1,2,3,4.

Lemma 2.8. Assume the hypothesis of Theorem 2.3 are hold true.
Then {1, 115, 11y} is bounded set of W*(R, Hé (Q),L*(R)), where

- ) ze(x,t) t [0, T,
%) = {0 R\ [0, T].

Proof: As similar as proof of the Lemma 2.6.

Proof of Theorem 2.3: From Lemma 2.7, Lemma 2.8 and
Theorem 2.2, we understand that sequences have convergent
subsequences which are still denoted by (uf,u$, u§, uy). Then
there exists (uy, ua, u3, ug) as n — 00, we get

(s, u§, uS, u§) — (uy, u, us, ug) weak * in L(0, T; L*(2)),
(uf, u, uy) — (u1, uz, ug) weakly in L*(0, T: Hé(Q)).
This concludes the proof of the Theorem 2.3.

Theorem 2.5. The solution
is unique.

(u1,up, u3, ug) of system (1.1)

Proof: Let (v1,v2,v3,v4) and (¥1, ¥2, V3, 4) be any two solutions
of (1.1). Now, we consider u; = v; — v, i = 1,2,3,4 and choose
¢i = u;,i = 1,2,3,41in (2.6), we get

1CD“f |u (%, t)|2dx+/(d1(l(v1))Vv1
—dl(l(le)VT/I))Vuldx—i—/Q(Gl(x,t, VI, V2, 3)
—G1(x,t, 71, V2, V3))urdx < (1 — p)/ up|dx,
CD“ / |uz (x, 1) 2dx + / (d2(I(v2))Vva

—dy(I(7,) V) Vitpd + f (Gl £, v1, v, 3)
Q

—Gi(x,t, V1, V2, ¥3))urdx

< fz/ |u2|2dx+pf uypdx,

CD“f [uz(x, )] dx+/(G3(x,t V1, V2, V3, V4)
—G1(x, £, V1, V2, V3, Vy))uzdx < 73/ lus|dx,

S / 2o, 1) el + / (ds(l(vs)) Vs
—dz(l V4)VV4))Vu4dx
< 5[ (u1 + up — ug)uydx.
Q

Using the Lipschitz assumptions of d;, i = 1,2,4, the non-
negativity and boundedness of solutions of (2.7) with the Young
inequality, we obtain

1 2 1 2

= | e Odx < = fui(x, 0)]7dx

2 Jo 2 Ja

C
+m ( (t—S)a—l(|M1|2+|u2|2+|u3|2+|u4|2)dxds>)

5/ ez, e < 1/ Ju2(x, 0)|Pekx
+F( )</ (t—9)*" 1(|M1| +|M2| —|—|u3| + |ugl )dxds)

E/Q|u3(3€,t)| dx < 5/ng(x,on d

C
+m ( (t =) Nlw | + w2l + usl* + |”4|2)dxds) ’

5/ |u4(~x,t)| dxf l/ |u4(X,0)|2dx
+F( )<f (t—9)*" 1(|141| +|M2| —|—|u3| + |ugl )dxds)

Summing up the above inequalities and using the Lemma 2.3,
we get

/Zujlu](x,t)l dx</ Zlu](x,O)l dxE, [Ct]

Qj=1 Qj=1

This concludes the proof of the theorem.
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3. FINITE ELEMENT SCHEME

In this section, we present a finite element scheme for the
considered model (1.1). Here, first we present a weak formulation
for time-fractional cancer invasion system (1.1), where the time-
fractional derivative is the Caputo derivative. Further, the spatial
and temporal discretization are presented. Furthermore, an
iteration fixed point type is proposed to handle the nonlinear
terms of the system as in Ganesan and Shangerganesh [52, 53]
and Ganesan and Tobiska [54].

3.1. Finite Element Semi-discretization

Let 7}, be a partition of 2 into non overlapping triangles T € 7y,
cells, and use the piecewise linear (P1) finite elements on each
cell. Now, let V;; C V be a conforming finite element subspace
of V with basis function {qbk}{(\i | such that V, = span{¢y}, where
N is the number of degrees of freedom. Then the semidiscrete
problem, based on (2.6) is to find a solution wj, € Vj, such that
foraet e (0,T), forally € vy

(0F whs W) + Bwp, ¥r) = Flwp, ), (3.1)

by, (uy s uy s g s Uz gy Y1)
by, (Uy s UL s Us s Us iy
where B(wy, 1) = s ( 25 WL U2 U ¥2) &
bus (U s vy s to s Uz s Ug s Y3)
by (g p; tig s Ya)

]:(Wh) 10) =

Further,

by (1 s UL Ua s Uz ps Y1)

0
Si(uyp v2)
0

Sy ps sy Vra)

bu, (uy s uy s g s Uz gy Y2)

bus (us sty s Up s Uz s Ua s V3)

by, (ugps vy g o s Us gy Ya)

Siluip, ¥2)

:tLdmumh»Vwﬁvwax

+/Q”1,h(“1,h + Bruap
+p + yiuzp — Dndx,

=A@w%mvhwma

+/ uy p(raug py + Bauiy
Q

+81uzp — r2)Yadx,

/ uzp(r3usp + yatyp
Q

+0uypy + ouyp — 13)Y3dx,

:L@wamvaﬂma

+ / Euy ppadx,
Q

/Pm,m//zdx,fz(m,h, Uy s Y4)
Q

TABLE 1 | Errors and order of convergence when « = 0.4.

TABLE 2 | Errors and order of convergence when o = 0.7.

Solution DOF Eq Order Ej Order Solution DOF Eq Order Ej Order
1,681 8.8022e-04 - 6.7042e-05 - 1,681 7.7526e-04 - 4.6665e-05 -
3,721 3.7878e-04 2.0796 2.6989e-05 2.2441 3,721 3.4257e-04 2.0143 2.0324e-05 2.0500
6,561 2.0931e-04 2.0618 1.4391e-06 2.1858 6,561 1.9216e-04 2.0096 1.1325e-05 2.0327
uy 10,201 1.3242¢-04 2.0517 8.9000e-06 2.1535 Uy 10,201 1.2279e-04 2.0072 7.2090e-06 2.0242
14,641 9.1204e-05 2.0451 6.0329e-06 21327 14,641 8.5179e-05 2.0058 4.9887e-06 2.0193
19,881 6.6591e-05 2.0404 4.3525e-06 21179 19,881 6.2534e-05 2.0048 3.6562e-06 2.0159
1,681 7.6859e-04 - 4.5739e-05 - 1,681 7.6487e-04 - 4.4678e-05 -
3,721 3.4022e-04 2.0099 1.9983e-05 2.0423 3,721 3.3948e-04 2.0034 1.9742e-05 2.0144
6,561 1.9106e-04 2.0057 1.1160e-05 2.0248 6,561 1.9086e-04 2.0018 1.1081e-05 2.0075
us 10,201 1.2217e-04 2.0038 7.1161e-06 2.0167 up 10201 1.2212e-04 2.0011 7.0844e-06 2.0046
14,641 8.4801e-05 2.0027 4.9308e-06 2.0122 14,641 8.4795e-05 2.0007 4.9169e-06 2.0032
19,881 6.2283e-05 2.0020 3.6174e-06 2.0093 19,881 6.2293e-05 2.0005 3.6111e-06 2.0023
1,681 6.6151e-04 - 3.9619e-05 - 1,681 7.1022e-04 - 4.2731e-05 -
3,721 3.0022e-04 1.9484 1.7969e-05 1.9500 3,721 3.2366e-04 1.9382 1.9221e-05 1.9703
6,561 1.7139e-04 1.9485 1.0230e-05 1.95681 6,561 1.8433e-04 1.9669 1.0875e-05 1.9798
us 10201 1.1087e-04 1.9520 6.6013e-06 1.9632 ug 10,201 1.1884e-04 1.9672 6.9836e-06 1.9847
14,641 7.7621e-05 1.9555 4.6120e-06 1.9669 14,641 8.2922e-05 1.9737 4.8606e-06 1.9878
19,881 5.7394e-05 1.9585 3.4044e-06 1.9696 19,881 6.1129e-05 1.9780 3.5766e-06 1.9898
1,681 7.4462e-04 - 4.3353e-05 - a 1,681 7.4845e-04 - 4.3789e-05 -
3,721 3.3183e-04 1.9934 1.9333e-05 1.9917 3,721 3.3488e-04 1.9835 1.9527e-05 1.9918
6,561 1.8706e-04 1.9925 1.0897e-05 1.9930 6,561 1.8900e-04 1.9885 1.1001e-05 1.9945
Uy 10201 1.1991e-04 1.9926 6.9836e-06 1.9937 Uy 10201 1.2119e-04 1.9912 7.0474e-06 1.9968
14,641 8.3381e-05 1.9929 4.8548e-06 1.9943 14,641 8.4270e-05 1.9930 4.8970e-06 1.9967
19,881 6.1324e-05 1.9932 3.5696e-06 1.9947 19,881 6.1969e-05 1.9941 3.5993e-06 1.9972
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_ /Q E(un + ) Vadx.

Furthermore, using the basis {qbk}i\i > we describe the discrete
solution wy, € Vy, in terms of the basis of V}, as

N
wn =Y wxOPp(x),j = 1,2,3,4,

where u]-,k(t),j = 1,2,3,4,t € [0, T], are the unknown
coeflicients to be determined. Thus, we have

MEDew(t) + Aw = F (3.2)

where w = (11,1, U2, . .
U3 N> U4, U425 . .

SUINSU2T U2 - o s U N U3 T, U3 D, e
,ugpnr) is unknown vector. Further, mass

u_l
*0.08
005
-0.03
t0.00

a=0.1 T=10

008
005
003
000

a=01T=20

071
047
~024
000

(#i1) a=0.1, T=10

| 2
*0.71
047
—0.24
E0.00

a=01, T=20

a=07 T=10

a=0.7, T=20

a=0.7T=10

.E

a=0.7, T=20

FIGURE 1 | Evaluation of uq and us at T = 10, 20 with the different values of & = 0.1,0.7, and 1.

£0.08
"0.05
0,03
E0.00

2
0.71
0.47
024
E0.00

u_2
0.71
;

0.47
024
0.00
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matrix M, stiffness matrices A and known vectors F;,F, are

given by

OOOE
OOEO
O:OO
EOOO

(M)pq = fT B (ba (),
h

(A(Ul))pq —

AU
AU2)
A= oy |

AU

N
/T d (l (Z ul,e(t)m(x))) Vi (x) Vg (x)dx
h

=1

(i) a=01,T=10

u_3

1.01
:

0,67
0.34
I0‘00

(i) a=0.1, T=20

ud

£1.01
:

067
-0.34
[0.00

(iii) a=0.1, T=10

ud

101
:

-0.67
-0.34

[D.OO

(iv) a=0.1, T=20

a=0."7 T=10

[0.00

a=0.7, T =20

101
067
-0.34
0.00

Iy R

a=0.7 T=20

FIGURE 2 | Evaluation of ug and u4 at T = 10, 20 with the different values of « = 0.1,0.7, and 1.
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N N
+ /T (Z ure(t)ge(x) + B Z U ¢ (1) Pe(x)
h

=1 £=1

N
+o+n Z us e (t)pe(x) — 1) Pp(X) g (x)dx,

=1

N
(A(UZ))pq = [z’ dy (l (Z uz,é(t)fpt(x)))
[

=1
Vo (x)Vog(x)dx

N N
[ (2 wmtet) + 2 3 et
T\ =

=1

N
+81)  use(Dpex) — rz) $p (X)q (x)dx,

=1

N
(A(U3))pq = [T (r3zu3,é(t)¢é(x)+
[ t=1

N N
v2 ) une(Ode(x) + 8 Y e(D)pe(x)

£=1 =1

N
+o ) ue(t)ge(x) - r3> $p (g (x)dx,

=1

N
(A(U4))pq = /T dy (l (Z u4,E(t)¢'e(x)))
h

=1
Vo (x)V g (x)dx,
; N
F= gl »(F1) = [[ P> ure(Ogi(x)dq (x)dx,
h =1
)

N
)= | ¢ (Zm,e(t)(ﬁe(x)(i)q(x)
Tn \e=1

N
+ Z Uz ¢ (t) e (%) g (x)> dox.

=1

The system (3.2) is a FODE system. Solvability of (3.2) can be
achieved as in Theorem 2.3 and Theorem 2.5.

3.1.1. Temporal Discretization and Linearization

We present now the time discretization of (3.2). Let 0 = ) <
t) <t < .-+ < toqy = T be a decomposition of the considered
time interval [0,T] and 8; = t — te—1, t = 1,2,3,...,MN
represents the uniform time step. We discretize the Caputo
fractional time derivative be using finite difference scheme as in
Lin and Xu [55] and Sun and Wu [56]. The approximation is

0.08

=y =0.1
- /\ —o =0.4
ey, =07

006 / \ it

u

| am

o

© 004

=

[ =

3 {

c 002

o

i} A
0

0 02 04 06 08 1 12 14
r

ol N\t | |
E 8 \\}\ ° ////
RN/
NERNNZ
S N /7

00 02 04 06 08 1 12 1.4

r

FIGURE 3 | Evaluation of uq,up, us, and uy at t = 5 along the line y = x.
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given by

-
0 ulx, te) = mgar(u(x,tm_o—u(x,tt_o), (3.3)
ar= I+ —0* 1 1=1,23,..,t

Substitute (3.3) in (3.1), we have

(F(z ) Za[(WH—l [ — We— r) ¢> + BWet1, ) = F(Wesr1, 9),
(3.4)

where ap = I+ 1) — ()¢ L = 1,2,3,....,.Mand ¥ €
V. Moreover, we use fixed point iteration technique to control
the nonlinear terms of the given system. Initiate with u

Ujn» ]
written as

]n+1 -
1,2,3,4, then the nonlinear terms in (3.4) can be

m . m . m . m
buy (U 13 Uy 1d Uaegns ”3 e+ @) = by,
m—1
Uy, o1

m
(U g1 ”2 r+1’ us r+1’¢)

m .
buy (U313 Ul gt ”2 15 ”3 Set > @) = buy

for m = 1,2,3,.... In addition, we iterate until the residual
is less than the prescribed threshold value (107'°) or the given
maximal number of iterations is reached. In computations, the
fixed point iteration converges within six or seven iterations for
the prescribed residual value. Furthermore, the number of fixed
point iteration increases when §; is increased.

4. NUMERICAL EXPERIMENT

In this section, we perform series of numerical computations
to understand the impact of « in cancer invasion system. Here,
all numerical computations are performed in the unit square
domain [0,1] x [0,1]. We used Freefem++ [57] for
finite element scheme and UMFPACK [58, 59] is used to solve
the resulting algebraic system. All computations are carried out
by using Intel (R) Core (TM) i7-7700 CPU with 3.60GHz and
8 GB RAM.

4.1. Convergence Study

We consider the cancer invasion model (2.5)

of uy — dy (Iu1)) Auy — ur (1 — uy) + Bruyuy + puy + yiuius = fuy,

m O uy — dy (I(u2)) Auy — raup(1 — ug) + Bauruy — puy + S11zu3 = fu,,
(Ul g5 Uy r+1’ Uy, t+1’ us t+1>¢)
’ 0 usz — r3uz(l — u3) + yauius + Spupus + ouzuy = f;
b (U™ ™ gy } Uz — r3u3 3 uiuz + Sauxu3 3U4 = fuz,
us\U3 e 15 Uleq1s itJrl’ :it+l’ 3,v+1> — Yu3 3;11447‘14 (l(u4)) Aug — E(uy + uy — uy) :fu4>
m m-— —
(7 Uy o1 o eg s “3 t+1’ Uy t+1’¢) (4.1)
0.08 —— 0.8 o 01
o /\ —o =0.4 o~ /\ — o =0.4
> —o =0.7 = =, =0.7
0.06 N 0.6 ol
o =1 o =1
c c
o i)
©  0.04 ™ 04 A
= =
c c
3 N 3 }/ \\
(= 0.02 [ 0.2
o o
7 /\& i}
0 l 0
0 02 04 06 0.8 1 12 1.4 0 02 04 06 038 1 12 14
r r
1
x —0=0.1 1 — 0 =0.1
= \ —h =04 / o —a 0.4
= 0.8 \ —a =0.7 / = 0.8 /\\ —o =0.7
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FIGURE 4 | Evaluation of uq,us, uz, and uy at t = 10 along the line y = x.
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where fy,,, fu,>fu;> and f,,, are forcing terms. They are chosen such
that following smooth solutions are satisfies (4.1).

ur = (1+2)((x — )y — y»),
uy = (1+8)((x — )y — y*)s

uz = (1433 ((x — )y — %),
ug = (14 2)((x — )y — y*).

Moreover, we fixed d;(I(u;)) = D; sin(I(u;)) where I(u) = / udx.
Q

Further all other parameters of the model are chosen as

Dy = 0.0035, D, = 0.035, Dy = 0.0002,
B1 = 0.0015, B, = 0.0015, y; = 0.0015,y, = 0.003,

r, = 0.0012, r3 = 0.001,
£=0.1,8 = 0258, = 0.35,p = 0.0015,6 = 0.001.

A set of finite element computations on uniformly refined meshes

with §; = h¥3 are performed. In order to compare the
discretization errors at different mesh levels and verify the order
of convergence of numerical scheme, the following errors are
computed for each unknowns uj, j = 1,-- -, 4 of the system.

1

2

T
E:=1%0,T; LX(Q)) = ( /0 (llu(®) — uh(t)niz(m)dt) ,

Ey:=1%(0,T; L*(Q)) = sup

i=123,..,n

lu(t') — un(t) 120

First, for « 0.4 then the obtained numerical errors and
corresponding convergence rates are depicted in Table 1. Then,
for « = 0.7 obtained results are shown in Table 2. Tables 1, 2
clearly shows that existence of second order convergence for the
errors E1 and E,, respectively, for all unknowns of the system.

4.2. Numerical Results and Discussion

We understand the influence of fractional derivative on cancer
invasion system (1.1) by performing numerical simulations with
different values of «v. All computations are performed until at end
time T = 20. Further, uniform time step size §; is taken as 0.1.
We discretize the unit square domain using triangular elements
with characteristic element length 140 x 140 and a uniform
mesh size h = 0.0101015. We used 19881 degrees of freedom
for each unknown in all computations with total 79,524 degrees
of freedom. We assumed the homogeneous Dirichlet boundary
conditions for all unknowns with the following initial conditions.

2 (y—05)?
€1

uy(x,0) = 1.01 exp (—(x = 05) > , Uz(x,0) =0,

)

—(x—0.5)2 — (y — 0.5)?

€]

u3(x,0) = 1 — 0.99 exp (

—(x —0.5)% — (y — 0.5)2

uy(x,0) = 1.01 exp (

€2
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FIGURE 5 | Evaluation of uq,us, uz, and uy at t = 15 along the line y = x.
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where €; = 0.005, and €, = 0.075. We performed simulations
for @ = 0.1,0.4,0.7,1 and all other parameters are taken of the
model of the previous section 4.1.

Now numerical simulations are carried out to analyse the
influence of fractional parameter « on the cancer invasion system
(2.5). The first two rows of Figurel show the comparison
between the fractional derivatives when o = 0.1&0.7 and the
integer order derivative for cancer density u; at time T' = 10&20.
Similarly rows (iii) & (iv) of Figure 1 show the effects on cancer
density u, at time T 10&20. Differences on the evolution
of u; and up can be observed depending on the value of «.
We observed huge morphological changes in the invasion of
cancer cells with fractional derivatives than the integer order
derivative. We note that investigations with different fractional
order derivatives suggest that they have relatively little impact
on general properties of the cancer invasion system. Fractional
derivative equips the distinct sequence of cancer cells (type I
and II) migration toward the normal cell domain, see Figure 1
when o 0.1&0.7. Similar pattern changes also observed
in the evolution of normal cells density (u3) and acidification
concentration (uy4) due to the influence of fractional derivatives,
see Figure 2 (i) — (iv).

Further, the influence of fractional derivatives o
0.1,0.4&0.7 compared with @ = 1.0 on the evolution of cancer
density u; &u;, normal density u3 and acidification concentration

uy are discussed along the y x. Numerical results are
depicted in Figures 3-6 at time T = 5,10, 15, and 20. From
the these figures (Figures 3-6), it is clear that density of cancer
cells (both type I and II) increasing when o decreases. At the
same instance, acidification concentration (due to Htions) uy
increases, when o decreases. By comparing all these numerical
results, we understand that fractional derivatives increase the
population of cancer cells at some position of the domain.
Therefore, by comparing all the simulation results in Figures 1-
6, it is not difficult to find the that fractional derivatives change
the invasion of cancer cells toward normal cells by comparing
with integer order derivatives. Therefore, we conclude that
proposed computational model can be employed to foresee the
location and the shape of the tumor at a particular instance
during cancer growth and invasion.
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