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We investigated the quantum phase transitions in a cross-cavity quantum Rabi
model which possesses the parity-time symmetric structure. Both the dissipative
quantum Rabi phase transition and the spontaneous parity-time symmetry breaking
exist simultaneously in such system. The competition between these two phase
transitions produces the plentiful phase diagram. We also propose the detection of the
dissipative cross-cavity quantum Rabi phase transition through the measurement of the
parity-time symmetric or asymmetric states, which shed light on the precise detection of
the few-body phase transition.
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1. INTRODUCTION

Quantum Rabi model (QRM) describing the coupling between one two-level atom and one
quantized cavity’s electromagnetic mode provides the simplest paradigm of the quantum light-
matter interaction [1, 2], which plays crucial role in many areas of the modern physics such as
quantum optics [3-5], quantum information processing [6-9], and condensed matter science [10-
14]. Under the rotating wave approximation to neglect the counter-rotating terms [15], quantum
Rabi model (a.k.a. Jaynes-Cummings model) can be readily solved for the near resonance or
the weak coupling parameter regions in many experiments. Thanks to the development of the
experimental techniques, the ultra-strong and deep-strong coupling regime can be accessed in
recent experiments [16-23]. In these regimes, the counter-rotating terms can not be neglected any
more which results in several intriguing phenomenon. One of them is the finite-component system
phase transition, where the ground state experiences a non-analytic change in the ultrastrong atom-
cavity-mode coupling together with large detuning [24-31]. The quantum phase transition in an
dissipative quantum Rabi model has also been studied for a realistic purpose, where the cavity
emits photons at a certain decay rate. The quantum Rabi model just provides a promising platform
to investigate the physics of the phase transition in quantum optical systems, which has already
attracted a lot of interest. If another kind of the phase transition is introduced in such system,
the competition between different phase transition mechanisms is supposed to lead to plentiful
phase diagram.

On the other hand, parity-time (PT) symmetric structure is also an intriguing topic in quantum
optical system [32-34]. A system with PT symmetry can undergo a phase transition at the
exceptional point, where the eigenvalues of the non-Hermitian Hamiltonian varies from real
values to complex values when crossing the exceptional point [35-37]. The PT symmetry breaking
actually results in various interesting phenomenon studied both theoretically and experimentally
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such as non-reciprocal photonic transmission [38], enhancement
of nonlinear interaction [39, 40], loss-induced or gain-
induced transparency [41, 42], efficient photon or phonon
lasing [43-47], ultralow-threshold optical chaos [48, 49],
quantum metrology [50], and so on. If PT symmetric structure
can be introduced in the QRM, two phase transition mechanisms
actually compete with each other and provide plentiful phase
diagram. Such system can be experimentally implemented
by the whispering-gallery modes in the ring cavities or the
superconducting transmission lines coupling to one Cooper
pair box.

In this paper, we investigate the plentiful phase transitions and
phase diagram of the cross-cavity quantum Rabi model together
with PT symmetric structure. Since the PT symmetric structure
requires a balanced loss and gain on different cavities, the two
cavities coupling to the same atom as the simplest model has
been taken into consideration. We find that the competition
between the quantum Rabi phase transition and the PT symmetry
breaking results in plentiful phase transitions and phase diagram.
The normal phase and superradiant phase emerging in the
previous dissipative quantum Rabi model still exist in our
system. The effective coupling is inversely proportional to g* in
the superradiant phase instead of being proportional to g?
the normal phase. In contrast, the PT asymmetric phase and
symmetric phase can also affect the dissipative quantum Rabi
model. For the PT asymmetric phase, the total system has steady
state when the time tends to infinite because the energy will
eventually dissipate into the surrounding environment. When
the PT asymmetric phase changes to a symmetric one, the
gain and loss of the system can be rebalanced and the original
dissipative quantum Rabi model behaves like a decay free Rabi
model. It means that except the normal phase and superradiant
phase existing in the previous dissipative quantum Rabi model,
an oscillating phase emerges in the current system, which exactly
is attributed from the PT symmetric structure. It also changes the
PT symmetry breaking from a second-order phase transition to a
first order one.

The paper is organized as follows. In section The Dissipative
QRM Together With PT Symmetric Structure, we introduce
the cross-cavity QRM together with PT symmetric structure.
We perform a semiclassical analysis of the model to show the
steady state and the oscillating state. In section Dissipative Phase
Transition, we present a full quantum mechanical solution for the
PT symmetry breaking. The competition between the two phase
transition mechanisms results in a plentiful phase diagram, which
is shown and discussed in section Dissipative Phase Transition.
We also propose a self-consistent equation. Finally, we conclude
our paper in section Conclusion.

2. THE DISSIPATIVE QRM TOGETHER
WITH PT SYMMETRIC STRUCTURE

In this article, we consider the dissipative cross-cavity quantum
Rabi model (QRM) together with parity-time (PT) symmetric
structure (shown in Figure 1), which is described by a master
equation as

p = —i[Ho, p] + L [p], (1)

— |e> o
<VWWV‘ = —
_ Ig)
Cavity A Atom Cavity B
FIGURE 1 | The schematics of the dissipative QRM together with PT
symmetric structure when wa = wp = wg, Aa = Ap = A, and kg = kp = k.

where Hamiltonian(A = 1)

Hy = waaTa—i—a)bbTb—l— %az —Aa (a + aT) Ox — Ap (b + bT) Ox»

2
governs the coherent dynamics of the cross-cavity QRM with
the annihilation (creation) operator of the two cavity modes
a(a") and b(b"), o, and o, are Pauli matrices for a two-level
system. Here, Q2 is the qubit transition frequency and 2,
is the coupling strength between the first (second) cavity and
the atom. The dissipative nature of the cross-cavity including
the loss of the first cavity and the gain of the second cavity
is described by Lindblad operators as L[p] = L,[p] +
Ly [p] with L, [p] = ka (2apa’ — paa® — aa'p) and £, [p] =
Kp (ZbT,ob — pbTb— bTb,o). The oscillator frequencies of the
cavity modes and the coupling strengths are tuned to the same

one as w, = wp, = wp and A, = A, = A, and the loss of
the first cavity and the gain of the second cavity are symmetric
as Kk, = kp = k in order to introduce the PT symmetry into

the dissipative cross-cavity QRM. Although the PT symmetric
and asymmetric phases can also exist when the frequencies, the
coupling strengths and the loss (gain) of cavities are not identical,
in the sake of the simplicity we consider the identical parameters
of the cavities in the following discussion.

By applying the same semi-classical analysis in Hwang
et al. [30], in the limit of extremely large detuning Q2/wo > 1
and ultra-strong coupling A/wg > 1, the quantum fluctuations
are neglected and the mean-field properties are captured. From
the standard Heisenberg-Langevin equation of motion acquired
from the master equation in Equation (1) where the quantum
fluctuations and the correlations between the operators are
neglected, a set of semiclassical equation of motion of the
dissipative cross-cavity QRM together with the PT symmetry as

(a) = =i — i) (@) + ir((o) + (@), ()
<l}> = —i(wy + ik) (b) + ir({04) + (0-))s (3b)

(a;r> = iQ(o4) + ir((a)

+(a)* + (b) + (b)) (02) , (o)
(oé) = 20({a) + (a)*
+{B) + (B))((04) = (o)) (3d)

If there is only pure dissipation in the system, the solution of
the above semiclassical equation eventually tends to a steady
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one when the evolution time is much larger than the dissipative
time « ~!. However, this is not always true in a system with PT
symmetric structure because both loss and gain simultaneously
exist. It depends on whether the spontaneous symmetry breaking
of the PT symmetry occurs or not. If the system stays at the
PT asymmetric state, the total energy still dissipate into the
surrounding environment of the first cavity even the second
cavity gains energy from its surrounding environment and the
above semiclassical equation has steady solution. While at the
PT symmetric state, the energy loss in the first cavity and the
energy gain in the second cavity achieve delicate balance and
an oscillating solution possibly exist in our cross-cavity QRM.
In this sense, the phase transitions could be more plentiful in
our model.

Firstly, the steady-state solution should satisfy
— (1) ¢ *
0= (1 1w0> o@=> (S+ +S%), (4a)
K g *
0=(1+i—)B8—2(S++S%), 4b
<+zw0>ﬂ S (S++5%) (4b)
O=S++§(a+a*+ﬂ+,3*)5z, (4¢)
0=gla+a"+8+p") (St —5%). (4d)

where « = (a);//n and B = (b)s //N are renormalized
steady-state mean amplitude of the cavity modes, and S; =
(o4)s and S; = (o;), are the steady-state qubit expectation
values. Here, we introduce a dimensionless coupling constant
g = 2)/J/wQ and a frequency ratio n = Q/wy for
computational convenience.

The following constrain 418,12 + Sﬁ = 1 is
introduced due to the conservation of the classical
pseudo-spin. Interestingly, the steady solution of the
dissipative cross-cavity QRM still exhibits a bifurcation at

g = g with
/1 K2
e — 1 ). 5
Below  the critical point(g <g), we get the
trivial solution
aZONBZO)Si:O’SZ:_l) (6)

as the normal phase solution with zero mean field amplitude of
cavity modes and the ground state of the pseudo-spin. Above the
critical point (g > gc), we get the superradiant phase solution as

2 1 .
=S si=x 1-Era=p=—E_s5, 0
g 2 g 1

_Ia)io

where cavity modes have nonzero mean field amplitude and the
pseudo-spin stays at an excited state as well. Such phase transition
of the dissipative cross-cavity QRM exactly inherit from the
dissipative QRM. Additionally, « = pg* still implies the PT
symmetric structure here.

Now the oscillating solution is taken into consideration.
Where the cavity modes oscillate at frequency w, the x and y
component of the qubit should eventually oscillate at the same
frequency w along the z-axis because the coupling in Equation
(2) effectively provide an oscillating driven magnetic field in
the x—direction. Therefore the oscillating solution should satisfy
<d> = iw (a) ,<b> = iw(b),<a'i> = Fiw (04) . For a conserved
classical pseudo-spin rotating along z-axis, the z—component
of the pseudo-spin can be steady as (dz> = 0. However,

the oscillating frequency can not be simply determined. The
oscillating solution exists due to the unbroken PT symmetry,
while the PT symmetry breaking is not clear under the current
semi-classical treatment. In the next section, we will try to find a
self-consistent equation to obtain the oscillating frequency. The
Heisenberg-Langevin equation can be rewritten as

iw(a) = —ilwo — i) (@) + it ({o4) + (o)),  (8a)
iw(b) = —i(wo + ix) (b) + it ((o4) + (0-)),  (8b)
Fiw (ox) = iQ(oy) + ir((a)
+ (@)* + (b) + (b)) (02) (8¢)
0 = i2A((a) + (a)*

+(b) + (b)) ({o) — (o). (8d)

If the oscillator frequencies of the cavity modes and the qubit
transition frequency are shifted by w as wy; = wy + @ and
Q' = Q + o, the above set of equations have the same form of
the Equations (3a-3d). It means even for the oscillating solution
there exhibits a bifurcation at ¢’ = ¢/ with

2

;L 20 ;L 1<1+ K ) ©)
g_«/(wo—i-a))(ﬂ—i-w)’gc_ 2 (wo +w)? )’

Below the new critical point (g’ < g/), the oscillating solution will
degenerate to a normal phase as
(a) =0,(b) = 0,(04) =0,{0_) = —1L. (10)

Above the new critical point(g’ > g/), the oscillating solution also
bifurcates into two stable solutions as

g/ 2 1 g/ 4
<az>=—(—f) oy) = %2 1—(—5), an
g 2 g
i\ &
(@) = (o) = 55— (o), (12)

wo+w

which actually corresponds to a new phase where both the cavity
modes and the pseudo-spin eventually oscillates all the time when
the energy loss and the gain are delicate balanced. We will call it
oscillating phase and determine the oscillating frequency in the
next section.

3. DISSIPATIVE PHASE TRANSITION

In this section, we derive an effective master equation for the
cross-cavity modes when tracing out the qubit degree of freedom
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in the limit of extremely large detuning $2/wy > 1. Based on
the Heisenberger-Langevin approach, the quantum dynamics
of the system can be investigated in details together with the
quantum fluctuations. Both the QRM phase transition and the PT
symmetry breaking are demonstrated in united method. The part
of QRM phase transition agrees with the semiclassical solution
derived in the previous section. The oscillating frequency of the
oscillating phase is also illustrated by a self-consistent equation.

3.1. Normal Phases and Oscillating in the
Regime g < g¢

After applying a unitary transformation

1
Uyp = exp [Egn_%(a +a' b+ N0y — o_)} . a3)

to the Hamiltonian in Equation (2), the coherent part of the
Hamiltonian can be transformed to

U, HUpp
Q
= w (aTa—}—bTb) + on
1 2 t t) 2 -1
+4a)0g (a—i—a +h+b) az—f—O(n 2). (14)

Because of the extremely large detuning limit n >> 1, the last term
in the transformed Hamiltonian can be omitted. Additionally, the
unitary transformation actually is a infinitesimal one due to >>1,
which would not affect the form of the loss and gain shown as
Lindblad operator £ [p] in Equation (1). It has been proven in
Hwang et al. [30].

In order to demonstrate the property of the normal phase
where the qubit eventually stays at the ground state | ), the qubit
degree of freedom can be traced out by averaging the transformed
master equation on the ground state of the qubit as

lbnp =—i [ana Pnp] + L [Pnp] > (15)

with

Hup = (L Ul HUpp 11)

. (aTa + bTb) - iwogz (a +at+b+ bT) 2. (16)

and pyp = (| U;rlpp Unp 1) . Obviously, two cross-cavity couples
to each other with the coupling constant up to the second order of
g and the PT symmetric structure is still preserved. For the mean
amplitudeu = ((a) , (aT) , (b) , (bT))T , a set of linear equations can
be derived from the Equation (15) as U = Lppu with

—idw — Kk iy, iVn iV
. —iy,  idw—Kk  —iyy, —iYn
Lnp = iVn ivn —ido+kKk iy, G
—iVn —iVy —iy, idw+ kK

Sw = wy — yyand y, = %a)ggz. The eigenvalues of the Ly are

Ly = i\ /Ay £ /By with

App = & — 2ynwo — k2, (18)

2 (19)

Byp = wy (a)oyf + Zynicz —K wo) .
Both the PT symmetry breaking and the dissipative cross-cavity
QRM phase transition can be illustrated by the eigenvalues lnipi.

If the real part of lnip,i is smaller than 0, the total system

eventually decay to the trivial solution u = (0,0,0,0)” which
is the exact normal phase of the QRM. This critical point is
determined by A,, £+ \/B;, = 0, which can be rewritten as
2¢* = 1 + «?/w} agreeing with the semiclassical solution in the
Equation (5). However, the B;, could varies from a positive value
to a negative one when crossing another critical point at B, = 0
which corresponds to

2_, k4 k2 k2
E=2 Wit a2/
0 0 0

As shown in the Figure 2, the regime ¢ < g; can be divided into
three regions as: By, < 0 for normal phase I; By, > 0and A, +
\/BTW < 0 for normal phase II; By, > 0and A,, £ \/BTP > 0 for
oscillating phase. Here the oscillating phase emerges due to the
competition between the PT symmetry breaking and the QRM
phase transition. It is supposed to emerge when g > g. due to the
same mechanism which will be discussed in the next subsection.

(20)

3.2. Superradiant Phase and Oscillating
Phase in the Regime g > g¢
To take into the consideration of the oscillating phase when g >

gc» a displacement unitary transformation D [a] = D, [a] Dy [S]
with D, [a] = exp(oufr — a*a) and Dy, [B] = exp(ﬂbT — B*b)

2.0
158
g 10
B3 NPI
08 1.0 15 2.0
K/wo

FIGURE 2 | The phase diagram of the dissipative QRM together with PT
symmetric structure. The normal phase, the superradiant phase and the
oscillating phase are denoted by the letters “NB,” “SP,” and “OPR,” respectively.
To illustrate more details of the phase diagram, the phases NP I, NP II, SP |,
SP I, OP I, and OP Il are plotted with yellow, blue, orange, purple, green, and
red blocks, respectively.
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is applied to the Hamiltonian in Equation (2) to displace the
cavity modes. The natural choice of the displacements are &« =
:I:1 5,( St and B = :I:ljk S— in Equation (7) in order to

ik i

@0

consistent with the semiclassical solution. Here, the fact that the
displacement for the first and the second cavity are complex
conjugate as @ = B* reflects the PT symmetric structure.

With the help of the following relations derived from the
Equations (4a-4d)

Mas+af + s+ BF) = —% ig";

the Hamiltonian can be transformed as

1
(o4) = (0-) = S {ox), (21)

D' [a] HyD [«]
= wy (aTa +b'b+2 |a|2)
(

£ (o) (a4 a") £ A (o) (b + b")

(%)

Clearly, the + sign corresponds to the bifurcation of the
steady solutions. We only consider the + case in the following
discussion. The displacement unitary transformation not only
displace the mean field amplitude of the cavity modes out of zero,
but also change the magnetic field on the qubit from the z—axis
to a new direction determined by o, £ Eg’z‘g 0x. When the mean-
field amplitude of (oy) is a nonzero value at superradiant phase,
the unitary transformation applied previously should along the
new direction as

Q
—A(a+aT+b+bT)ax+E<azi

1
Ugp = exp [Egn’% cos®0(a + a'+b+ I7Jr)(tJr - 'LL):| , (23)

with 7, = cosfo, — sinfoy, Ty = sinfo, + cosOoy, and tan 6 =

Egz ; . After neglecting the constant term, the effective transformed

master equation is obtained as

psp =—i [Hsp’ psp] + L [Psp] > (24)

with

Hyp = wp <aTa + b*b) — iwoﬁ (a +a'+b+ bT) 2 (25)

In the same method with the one applied for normal phase for
the mean amplitude u = ((a) ,(aT>,<b>,<bT>)T, a set of linear
equations can be derived from the Equation (15) as U = Lgpu.

1
2

eigenvalues of the Ls, can be obtained immediately as li;)i =
+i /Ay + /By with

Agp = &f — 2y — k7, (26)

4
If we replace the y, with y, = woi—g in Equation (17), the

By = wo (a)oysz + ZJ/SKZ — Kza)()) . (27)

As we can see in the regime ¢ > g, the effective coupling is
inversely proportional to g? instead of being proportional to g
when g < g, which results in quite different phase transitions in
comparison with the ones in the regime ¢ < g.. As shown in the
Figure 2, the regime g > g, can be also divided into three regions
as: B, < 0 for superradiant phase I; B, > 0 and Agy /By, < 0
for superradiant phase II; By, > Oand Ay + /By > 0 for
oscillating phase.

3.3. Determine the Oscillating Frequency at
the Oscillating Phase

In the last two subsections, the existence of the oscillating
phase are verified by the effective master equation. However,
the oscillating frequency is not yet determined. Actually the
oscillating solution only introduce an additional frequency shift
w into the Hamiltonian Hy as Hy + o (aTa +bTb+ oz). Such
shift would not change the form of effective master equation
as Equation (15) in the regimes ¢ < g, and Equation (24) in
the regimes ¢ > g.. In those oscillating phases, the imaginary
parts of the pure imaginary eigenvalues of the Ly or Ly, actually
are the oscillating frequency, which indicates that the oscillating
frequency is actually determined by a self-consistent equation. In

this sense, the self-consistent equation is w = + /A, & \/BT,P
in the regimes ¢ < g- and w = £ /Ay, £ /By, in the regimes

g > gc with

A,,p/ = (w6)2 - 2)/,20)6 — K2, (28)

By = oy (w(/) (y,/l)2 +2yKk% — sz{)) . (29)

w
logy -
wo

(3]

0 0.2 0.4 0.6
K/(l.)o

FIGURE 3 | The oscillating frequencies in the oscillating phases | and II.
Obviously, the oscillating frequencies is zero in the normal phase | and
superradiant phase |. When the decay rate « is fixed and the coupling strength
g increases, it increases in the OP | while decreases in the OP II. It is
discontinuous at the transition edge from the oscillating phases to the normal
phase | or superradiant phase .
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and
2
Ay = (wp)” — 20wy — K2, (30)

2
By = ) (a)(’) ()" + 2y — K2w6) . (31)

The oscillating frequency solved by the above self-consistent
equations are shown in Figure 3. As we can see, the behaviors
of the oscillating frequencies in the oscillating phase I (OP I)
and oscillating phase II (OP II) are quite different. When the
decay rate « is fixed and the coupling strength g increases, it
increases in the OP I while decreases in the OP II. The oscillating
frequencies is almost independent of the decay rate. Another
important feature of the oscillating frequencies is discontinuity
at the transition edge from the oscillating phases to the normal
phase I (NP I) or superradiant phase I (SP I) shown in the phase
diagram. It results in the discontinuity of the order parameters in
Equations (11-12) which corresponds to the first order quantum
phase transition.

4. CONCLUSION

In this paper, we investigate the plentiful phase transitions
and phase diagram of the cross-cavity quantum Rabi model
together with PT symmetric structure. We find that the
competition between the quantum Rabi phase transition and
the PT symmetry breaking results in plentiful phase transitions
and phase diagram. The normal phase and superradiant phase
emerging in the previous dissipative quantum Rabi model
still exist in our system. The effective coupling is inversely
proportional to g? in the superradiant phase instead of being
proportional to g? in the normal phase. In contrast, the PT
asymmetric phase and symmetric phase can also affect the
dissipative quantum Rabi model. For the PT asymmetric phase,
the total system has steady state when the time tends to
infinite because the energy will eventually dissipate into the
surrounding environment. When the PT asymmetric phase
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