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Mitochondria are dynamic organelles found in almost all eukaryotic cells and perform

several key cellular functions such as generating energy, triggering cell differentiation,

and initiating cell death. They have their own DNA (mtDNA) and often come in multiple

genetic varieties within a single cell. Dynamical processes such as mitochondrial fission,

fusion, autophagy, and mitotic segregation can enable a mitochondrion population

to eventually dominate the mitochondria genomic pool, sometimes with devastating

consequences. Therefore, understanding how changes in mtDNA accumulate over time

and are correlated to changes in mitochondrial function can have a profound impact

on our understanding of fundamental cell biophysics and the origins of some human

diseases. Motivated by this, we develop and study a mathematical model to determine

which cellular parameters have the largest impact on mtDNA population dynamics.

The model consists of coupled differential equations to describe populations of healthy

and dysfunctional mitochondria subject to mitochondrial fission, fusion, autophagy, and

varying levels of cellular ATP. We study the time evolution of each population under

specific selection biases and obtain a heat map in the parameter space of the ratio of

the rates of fusion and autophagy of the healthy and dysfunctional populations. Our

results may provide insights into how different mitochondrial populations survive and

evolve under different selection pressures and with time.

Keywords: population dynamics, mitochondria, mathematical modeling, biophysics, mitochondrial fission, fusion,

mitophagy

1. INTRODUCTION

Mitochondria are organelles located inside eukaryotic cells and are famously known as the
powerhouse of the cell because of their role in energy (ATP) production. They are also essential
for other key cellular processes such as cell signaling, triggering cell differentiation, and initiating
apoptosis. Mitochondria have their own genome (mitochondrial DNA or mtDNA) rather than
taking molecular instructions from genetic material in the cell nucleus [1–4]. Most human cells
have several hundred mitochondria that undergo fission and fusion in response to factors that are
largely unknown [5–8, 16, 17]. Mitochondrial DNA can undergo recombination in addition to
nucleotide substitutions, and base insertions or deletions that lead to mtDNA heterogeneity [2–4].
Thus, all organisms are believed to have low levels of variation in mtDNA. Furthermore, mtDNA
is continuously turned over, independently of the nuclear genome. The lack of coordination
between mtDNA replication and the cell cycle, and clonal expansion can cause mitochondria
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with mutant (unhealthy) mtDNA to outnumber mitochondria
with wild-type (healthy) mtDNA in the daughter cell,
eventually dominating the mtDNA pool [1–4, 9, 16, 17]. If
the proportion of mitochondria with mutant mtDNA exceeds
the pathogenic threshold for a tissue, it can lead to diseases.
Alterations in mtDNA are connected to a range of human
health conditions, including respiratory problems, epilepsy,
heart failure, Parkinson’s disease, diabetes, multiple sclerosis,
and the process of aging [1, 9–12]. Conversely, mutant
mtDNA populations can shrink and disappear, particularly in
fast-dividing tissues.

A significant leap in the understanding of mtDNA population
dynamics came in the form of experiments which found that
cells can control mitochondrial quality and health though the
interplay of mitochondrial fusion and mitophagy, with faster
isolation of mutant mtDNA via selective fusion and their
removal via selective mitochondrial autophagy (mitophagy)
[8, 13, 14]. However, most studies in mammalian cells were
performed on tumor cells lines or involved non-physiological
perturbations of mitochondrial functions such as via the
uncoupler carbonyl cyanide m-chlorophenylhydrazone (CCCP),
and quantitative data on the rates of mitochondrial fission,
fusion, and mitophagy and how they relate to mtDNA quality
control in healthy mammalian tissues is still lacking [15]. At the
same time, systems biology approaches consisting of a variety
of mathematical models and sensitivity analyses have emerged
as a complementary approach to obtain insights into how the
selectivity and rates ofmitochondrial dynamical processes impact
quality control [7, 15–17].

Here we ask: What are the population dynamics of
mtDNA in mammalian cells, and how are they modulated
by mitochondrial dynamics and bioenergetics? We present
a minimal mathematical model to study the interplay of
mitochondrial dynamics [16, 17] and bioenergetics, and
its impact on mtDNA population dynamics. The model
consists of coupled ODEs to describe populations of healthy
and dysfunctional (unhealthy) mitochondria subject to
mitochondrial fission, fusion, mitophagy, and varying
levels of cellular ATP, which depend on ATP production
by mitochondria and energy use during mitochondrial
dynamics and other physiological processes [18]. Using this
model, we predict the time evolution of each population
under specific selection biases, and obtain a heat map for
mitochondrial population health in the parameter space of the
ratio of the rates of fusion and autophagy of the healthy and
unhealthy populations.

2. MODEL

All mitochondria are formed in cells via biogenesis. Smaller
mitochondria can fuse together to form larger structures by
fusion, while larger mitochondria can fragment into smaller
mitochondria via fission. Small, unfused mitochondria can
be removed from the cell through mitophagy [5–8]. This is
schematically shown in Figure 1 These dynamical processes
interplay with mitochondrial bioenergetics i.e., processes that

FIGURE 1 | A schematic diagram of the dynamical events that regulate the

size, shape, and number of mitochondria in cells. Cells create new

mitochondria by the process of biogenesis, a mitochondrion spontaneously

divides into two mitochondria by mitochondrial fission, two mitochondria can

combine to form a bigger mitochondrion by mitochondrial fusion, and

fragmented or unfused mitochondria are removed from the cell by mitophagy.

determine ATP generation and use, and together they modulate
the dynamics of mitochondrial genome (mtDNA) populations.

Tomodel the health of a single cell’s mitochondria population,
we divided the total concentration of mitochondria into four
populations: healthy and fused (Chf ), healthy and unfused (Chu),
unhealthy and fused (Cuf ), unhealthy and unfused (Cuu). In
the context of this model, an “unhealthy” mitochondrion is a
mitochondrion whose DNA has undergone harmful mutations.

We make the following assumptions.

1. All mitochondria are formed at a rate B, and all fused
mitochondria undergo fission at a rate F. In other words,
healthy and dysfunctional mitochondria have the same rates
of biogenesis and fission.

2. Healthy mitochondria fuse at a higher rate, while
dysfunctional mitochondria undergo mitophagy at a
higher rate [16, 17]. The rates of fusion of healthy and
unhealthy mitochondria are λh and λu, respectively, and the
corresponding rates of mitophagy areMh andMu respectively.

3. Energy (ATP) is produced by all mitochondria. Healthy
mitochondria are more efficient in producing ATP than
unhealthy mitochondria (by a factor γ ), and within the
healthy and unhealthy populations, fused mitochondria
produce ATP at a rate that is µ times that of their
unfused counterparts.

4. Energy (ATP) is used inmitochondrial fission and fusion. This
is incorporated in our model by making the rates of fission
and fusion dependent on ATP concentration [ATP] as F =

F0[ATP], λh = λh0[ATP], and λu = λu0[ATP]. ATP is also
consumed in other physiological processes (σcell).

With the above assumptions, the coupled ODEs that describe
the dynamics of the mitochondria populations can be written
as follows.

dChu

dt
= (B−Mh − λh0[ATP])Chu + F0[ATP]Chf

dCuu

dt
= (B−Mu − λu0[ATP])Cuu + F0[ATP]Cuf
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dChf

dt
= (B− F0[ATP])Chf + λh0[ATP]Chu

dCuf

dt
= (B− F0[ATP])Cuf + λu0[ATP]Cuu, (1)

where

d[ATP]

dt
=

(

γ (µChf + Chu)+ µCuf + Cuu

)

− F0[ATP](Chf + Cuf )

− λh0[ATP]Chu − λu0[ATP]Cuu − σcell (2)

We further assume that the total amount of mtDNA in a cell does
not change with time. In the model, this assumption translates
to the total number of mitochondria created by biogenesis being
equal to the total number of mitochondria that is removed by
mitophagy, i.e., B(Chf + Cuf + Chu+ Cuu) = MhChu +MuCuu.
We use this constraint to replace the rate of biogenesis B in our
model in terms of the mitophagy rates and the concentrations of
the four mitochondria populations.

We studied the time evolution of the concentrations of the
four mitochondria populations using Equations (1) and (2) for
physiologically relevant cellular conditions. The rates associated
with mitochondrial dynamics, unless otherwise mentioned, were
chosen to be λh0 = 0.2 Mito−1 min−1, λu0 = 0.15 Mito−1 min−1,
F0 = 0.1Mito−1 min−1,Mu = 5×10−3 Mito−1 min−1, andMh =

5×10−4 Mito−1 min−1, approximately following the values used
in Patel et al. [17]. The parameters chosen represent an example
of mitochondria in mammalian cells that have not been altered
by pharmacological agents and do not belong to specific disease
states such as cancer which can alter mitochondrial states in ways
not yet well-understood.

For the ATP dependent calculations, we have set σcell = 3.0,
γ = 1.87 Mito−1 min−1, and µ = 1.43, unless otherwise
mentioned. Initial concentration of each population is 1.

3. RESULTS AND DISCUSSION

We first examine the role of mitochondrial dynamics, i.e.,
fission, fusion, and mitophagy, without taking ATP dependence
into consideration. In our model, this amounts to setting the
parameter [ATP] = 1 in Equation (1) and ignoring Equation (2).
Assuming selection pressures that lead to healthy mitochondria
fusing at higher rates than unhealthy mitochondria while the
latter is removed from the cell at a higher rate, one would expect
mitochondrial populations to consists of significantly higher
concentrations of healthy mitochondria at long times. This is
captured by our model and shown in Figure 2. This figure shows
that over long times∼ few days, mitochondrial populations reach
a steady state whereby the concentration of healthy mitochondria
saturate at large values, while their unhealthy counterparts reach
vanishingly small concentrations. Furthermore, we observe that
within the healthy population, fused mitochondria are more
prevalent. To examine the relative impact of selective fusion and
mitophagy, we vary the ratio of rates fusion α = λh/λu,
and of mitophagy ω = Mh/Mu of the of healthy and
unhealthy mitochondria, where subscripts h and u correspond

FIGURE 2 | The figure shows the time evolution of concentrations of the four

mitochondria subpopulations corresponding to fused mitochondria with wild

type (healthy) mtDNA (Chf ), fused mitochondria with mutant (unhealthy)

mtDNA (Cuf ), unfused mitochondria with healthy mtDNA (Chu), and unfused

mitochondria with unhealthy mtDNA (Cuu). Note there is no cell division within

the timeframe studied. We have ignored ATP dependence here.

to healthy and unhealthy, respectively. In Figure 3A, we show
the ratio of the healthy to unhealthy mitochondria population

concentrations,
Ch
Cu

=
Chf+Chu

Cuf+Cuu
, in steady state. We find that

mitochondria population health can be enhanced by increasing
α and by decreasing ω, most effectively by a combination of the
two. While increasing α helps to selectively isolate dysfunctional
mitochondria, decreasing ω helps to selectively remove them.
This also explains the more sensitive dependence of the quality
control mechanism on variations in ω.

Next we study howmitochondrial bioenergeticsmodulates the
population dynamics by solving Equations (1) and (2) together.
We studied two cases: (i) where all mitochondria produce ATP
at the same rate, i.e., γ = µ = 1, and (ii) where healthy
mitochondria produce ATP at a higher rate than unhealthy
mitochondria (γ = 1.87 Mito−1 min−1), and within each
population, we assume the fused mitochondria to be more
efficient in generating ATP (µ = 1.43). We investigate
how the presence of ATP dependence changes the dynamics of
mitochondria populations, and what, if any, perturbations are
facilitated by the possible advantages possessed by healthy or
fused populations.

We first examine the heat map for mitochondria population
health for (i) and compare it to the case without any ATP
dependence. Although the heat maps without and with ATP
dependence look qualitatively similar, the difference between
the concentrations of healthy and unhealthy mitochondria
is significantly larger for the ATP dependent case, implying
that the quality control mechanism is much more effective
(Figures 3A,B). Mitochondria population health is thus
significantly enhanced when we take the ATP dependence of
mitochondrial dynamical processes into account.
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FIGURE 3 | Heat map of the steady state ratio of healthy and unhealthy mitochondria populations (
Ch
Cu

) as a function of the ratio of their fusion (λh/λu) and mitophagy

(Mh/Mu) rates. We have set λu0 = 0.15 Mito−1 min−1, and Mu = 5× 10−3 Mito−1 min−1. ATP dependence is ignored in (A) and is taken into account in (B) with all

mitochondria producing ATP at the same rate.

FIGURE 4 | The time evolution of mitochondria population concentrations;

ATP dependence is taken into account. Inset shows the time evolution of ATP

concentration. The phenomenological parameters for ATP generation and use

are as follows. σcell = 3 for all data shown here. Open symbols correspond to

γ = 1.87 Mito−1 min−1, µ = 1.43, i.e., healthy and fused mitochondria are

more efficient in generating ATP, while the solid lines correspond to γ = 1

Mito−1min−1, µ = 1, i.e., all mitochondria generate ATP at the same rate.

Next we compare the cases (i) and (ii). We find that for
both mechanisms, ATP dependence causes small but observable
variations in the dynamics of the four mitochondria populations
at small times as seen by comparing Figures 2, 4, while their
asymptotic behavior is the same. We do find a significant
enhancement of the steady state ATP concentration for case
(ii) compared to (i) (Figure 4 inset). In Figure 5, we compare
the time evolution of ratio of the total populations of fused
(Chf + Cuf ) and unfused (Cuf + Cuu) mitochondria, and
find that while bioenergetics confers an extra advantage to
fused mitochondria over unfused mitochondria at small to
moderate times (∼ 10 min), the behavior of the models with
and without bioenergetics are the same at very large times
(∼ days); the difference at small times may, however, be

FIGURE 5 | The figure shows the ratio of fused and unfused mitochondria

concentrations when (i) ATP dependence is taken into account (solid line), and

(ii) when it is not taken into account (dashed line). For the ATP dependent

case, all mitochondria generate ATP at the same rate, i.e., γ = 1

Mito−1min−1, µ = 1.

important when such times are comparable to the timescales
for other relevant cellular processes such as mitosis for fast
dividing cells.

Finally, we performed a standard linear stability analysis
to investigate the stability of the steady states of the healthy
fused, healthy unfused, unhealthy fused, and unhealthy unfused
population concentrations. To do this, we introduced small
perturbations in the concentrations Chf , Chu, Cuf , and Cuu,
obtained the Jacobian matrix that governs the evolution of the
perturbations at the steady state, and computed its eigenvalues.
We carried out this analysis for both the ATP independent
case as well as the ATP dependent case (i). In Figure 6, we
show the eigenvalues as a function of the selective mitophagy
parameter ω = Mh/Mu, the quantity that has the most
impact on mitochondrial quality control in our model. We find
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FIGURE 6 | Linear Stability analyses (A) without ATP, and (B) with ATP dependence taken into account; in (B) all mitochondria produce ATP at the same rate. The

figures show the eigenvalues of the Jacobian matrix as a function the ratio of the mitophagy rates of healthy and unhealthy mitochondria. We have set λh0 = 0.2

Mito−1 min−1, λu0 = 0.15 Mito−1 min−1, F0 = 0.1 Mito−1 min−1, Mu = 5× 10−3 Mito−1 min−1. In addition, for the ATP dependent case, we have set σcell = 3.0,

γ = 1 Mito−1 min−1, and µ = 1.

that, for each case, two of the eigenvalues are approximately
zero suggesting marginal stability. Upon closer inspection,
however, one of these two eigenvalues has a negative value
while the other has a positive value implying that the steady
states are unstable. It is also possible that the small deviation
of these eigenvalues from zero is a result of the finite
precision of the numerical method used to calculate the steady
states. We will carry out a more detailed stability analysis in
future work.

4. CONCLUSION

We have studied a minimal ODE model to examine how
the population dynamics of cellular mtDNA is influenced
by variations in the rates of mitochondrial fission, fusion,
mitophagy, and cellular ATP levels, and their interplay. Using
this model, we predicted the time evolution of healthy and
dysfunctional mitochondria populations, including under
specific selection biases in mitochondrial dynamics, namely,
selective fusion and selective mitophagy. In particular, we
obtained a heat map of mitochondrial population health in
the parameter space of the ratio of the rates of fusion, and
mitophagy of the healthy and dysfunctional populations. We
find that larger mitophagy rates for unhealthy mitochondria
have the most significant impact in ensuring that healthy
fused mitochondria form the dominant contributor to
the mitochondria genome pool at large times. Preferential
fusion of healthy mitochondria can further reinforce this
mechanism by leaving more unhealthy mitochondria in unfused
states to be removed by mitophagy. This suggests that cells
may use a combination selective mitophagy of unhealthy
mitochondria and selective fusion of healthy mitochondria
for quality control of mtDNA, and that these processes likely
undergo pathological changes during mtDNA disorders, in

agreement with experimental studies [8, 13, 14]. Our results
may complement experiments in helping to understand
how mitochondrial dynamics and bioenergetics interact
synergistically to determine the accumulation of changes in
mtDNA over time, and how these changes are correlated to
changes in mitochondrial function.

Finally, while the ODE model used in this study provides
insights into which selections pressures or biases may be
mechanistically most responsible for the regulation of the sizes
of mitochondrial subpopulations and hence mtDNA population
health, it considerably simplifies reality by assuming equal
amount of mtDNA in each mitochondrion no matter whether it
is healthy, unhealthy, fused, or unfused, and by ignoring spatial
distribution and diffusion of the mitochondria which may play
an important role in fusion. Furthermore, while it is widely
believed that mitochondrial fusion allows mitochondria to mix
their contents thereby providing the chance for mtDNA repair,
we have not incorporated the fusion of healthy with unhealthy
mitochondria in our model given the lack of quantitative data
on the necessary and sufficient conditions for mitochondrial
repair mechanisms to work. These would be incorporated in
future studies. We will also frame mitochondrial bioenergetics
in terms of the mitochondrial membrane potential [19] and
oxidative processes [20, 21] in future work, to better connect
to experiments, and systematically quantify how perturbations
in mitochondrial dynamics and bioenergetics impact the
heterogeneity of mitochondrial genotypes over multiple cell
cycles, and in collections of many cells.
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