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This article deals with the nanofluid flow and heat transfer of the MHD free stream over
an exponentially radiating stretching sheet accompanied by constant and variable fluid
characteristics together. The underlying governing partial differential equations (PDEs)
have been translated into nonlinear ordinary differential equations (ODEs) by incorporating
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thermal conductivity parameter €. Graphs are also plotted to study the impact of distinct
parameters on velocity, temperature and concentration profiles. It has been noted by
raising the values of ¢, the heat transfer rate reduces for variable fluid properties. On the
other hand, raising Pr, increases the heat transfer rate.
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1. INTRODUCTION

Because of a stretching surface, studying fluid dynamics is essential as it has many practical
and industrial applications. In a number of industrial and manufacturing processes, material
production occurs and involves sheets of metal, and polymer. For instance, cooling an infinite
metal plate in a cooling bath, the boundary layer along material handling conveyors, plastic sheet
aerodynamic extrusion, the boundary layer along a liquid film in condensation procedures, paper
manufacturing, glass blowing, steel spinning and plastic film drawing.

Boundary layer for incompressible flow on a moving flat plate was studied by Sakiadis [1]. The
study focused on the flow through a moving flat plate while considered static fluid contrary to the
work by Blasius [2] who considered flow over a fixed plate. The study carried out by Crane [3]
diverted to the study of boundary layer flow of a fluid with high viscosity and uniform density on
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a plate being stretched linearly. Magyari and Keller [4] conducted
the research on an exponentially stretching steady surface to
explore heat and mass transfer in the boundary layers but without
variable fluid properties and MHD consideration. Elbashbeshy
[5], who researched the features of flow and heat transfer over
an exponentially stretching permeable sheet, adds a different
dimension to this inquiry. The considered research is without
the characteristics of MHD and varying fluid properties. Many
researchers have extended the work for different flow model.
But most of those studies have been focusing on constant
fluid properties. The analysis of boundary layer flow with
variable fluid properties on a moving flat plate in a parallel
free stream was studied by Bachok et al. [6]. They computed
solution numerically. Andersson and Aarseth [7] investigated the
properties of fluid under the influence of temperature.

Magnetohydrodynamics (MHD) is the study of the flow of
electrically conducting fluids in an electro-magnetic-fields. MHD
flow research is of significant concern in contemporary processes
of metallurgy and metalworking. Makinde et al. [8] examined
the MHD flow of variable viscosity of nanofluid over a radially
stretching sheet. They indicated that Brownian motion enhances
the rate of mass transfer. Mukhopadhyay et al. [9] carried out
the study of investigation of magnetic field effects on a fluid flow
with variable viscosity on heated surface. They reported that the
fluid velocity reduces as the viscosity declines. The influence of
temperature on viscosity during heating surface was investigated
by Elbashbeshay and Bazid [10] and evaluated solution with the
help of a shooting method. The effect of variable fluid properties
on the hydro-magnetic flow and heat transfer over a nonlinearly
stretching sheet was discussed by Popley et al. [11]. They have
numerically addressed their problem. Similarly, the influence of
a study of temperature-dependent fluid properties on MHD free
stream flow and heat transfer over a nonlinearly stretching sheet
was studied by Prasad et al. [12].

Some important applications for radiative heat transfer are the
MHD accelerator, high temperature plasmas, power generation
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FIGURE 1 | Structure of the flow problem.

devices and cooling of nuclear reactors. Many procedures occur
in engineering areas at higher temperatures and understanding
the transfer of radiative heat becomes very crucial for the
design of appropriate equipment. Heat transfer assessment of
boundary layer flow with radiation is also vital in electrical
power generation, astrophysical flows, solar power technology,
and other industrial areas. Raptis et al. [13] recorded the impact
of thermal radiation over a semi-infinite stationary plate on the
MHD flow of a viscous fluid. Devi and Reddy [14] presented
analysis of the radiation and mass transfer effects on MHD
boundary layer flow due to an exponentially stretching sheet
with heat source. Mukhopadhyay [15] discussed the slip effects
on MHD flow over an radiating exponentially stretching sheet
with suction/blowing. The influence of radiation effect over an
exponentially stretching sheet was studied by Ishak [16] and
Mabood et al. [17]. Bidin and Nazar [18] carried out a numerical
study to investigate the effect of thermal radiation on boundary
layer flow over an exponentially stretching sheet. Poornima and
Reddy [19] presented an analysis of the radiation effects on
MHD free convective boundary layer flow of nanofluids over a
nonlinear stretching sheet. Most of the above studies have not
discussed variable fluid properties and radiation simultaneously.

Because of the unique physical and chemical properties of
nanometer-sized products, nanofluids have many applications
in the industrial sector. Nanofluids are composites of solid-
liquid materials, typically 1-100 nm, consisting of powerful
nanoparticles or liquid-suspended nanofibers. The term
nanofluid was suggested by Choi [20]. He revealed that
supplying a tiny quantity of nanoparticles to conventional
fluids (<1 percent by volume fraction) improved the heat
conductivity of the fluid by ~2 times. Nield and Kuznestov
[21] studied convected boundary layer flow of nanofluid in
a porous medium. They considered natural convection past
a vertical flat plate. Khan et al. [22] presented non-aligned
MHD stagnation point flow of nanofluid with variable viscosity
over a stretching sheet with radiation effect. They found
that non-alignment of the reattachment point decreases
with an increase in magnetic parameter M. Bachok et al.
[23] discussed stagnation-point and heat transfer flow over
an exponentially stretching/shrinking sheet in a nanofluid.
They discovered that the solution obtained for shrinking
sheet is not unique. Nada et al. [24] examined the effect of
nanofluid while variable properties are taken into account.
They considered enclosures for the studies. Malik et al. [25]
studied Casson nanofluid’s boundary layer flow over a cylinder
that stretches exponentially and found solution numerically.
Eid [26] addressed the impact of chemical reaction over an
exponentially stretching sheet on the MHD boundary layer flow
of two-phase nanofluid. They found that thermal boundary
layer is dependent on the reaction and source parameter.
Gangaiah et al. [27] examined the MHD flow of nanofluid in
the presence of viscous dissipation and chemical reaction over
an exponentially stretching sheet. They showed that thermal
boundary layer depends on viscous dissipation parameter. The
effect of different variables like variable viscosity, buoyancy
and variable thermal conductivity on mixed convection heat
transfer due to an exponentially stretching sheet was discussed
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by Abel et al. [28]. They obtained solution numerically. In
Yousif et al. [29] and Ellahi et al. [30], they have discussed
MHD Carreau and non-Newtonian nanofluid flow over an
exponentially and slippery walls, respectively. Unsteady flow
with CNT-based MHD nanofluid, variable viscosity and a
permeable shrinking surface have been discussed in Ahmed
et al. [31]. See also Thoi et al. [32] for a different fluid flow
aspect in a Y-shaped fin. Previous studies mostly concern with
nanofluid with variable viscosity but these are devoid of variable
thermal conductivity.

There exists a very extensive literature with and without
nanofluid on the topic of a constant fluid properties. But not
many studies were dedicated to explore the effects of variable
fluid properties on nanofluid flow. To bridge that gap, the present
research focuses on the effects of variable viscosity and variable
thermal conductivity on the boundary layer nanofluid flow. The
structure of the paper is as follows. In section 2, we formulate
the fundamental physical problem’s mathematical model. The
constant and variable fluid characteristics are discussed in section
3. The numerical methods are outlined in section 4. Results and
analysis are presented in section 5. Conclusion of the current
work is drawn at the end in section 6.

2. PROBLEM FORMULATION

We consider a laminar, MHD nanofluid flow over an
exponentially stretching sheet with thermal radiation. The
sheet is situated at y = 0. A variable magnetic field B(x) = Boeﬁ
has been applied normal to the sheet. Figure 1 is the geometry of
the flow, in which x-axis is along and y-axis is taken as normal to
the sheet.

Let U, = ael is the wall velocity, whereas Uy, = bel is a
free stream velocity, in which stretching parameters a,b > 0.
The sheet has been kept at constant wall temperature T, and
Too refers to the ambient temperature. Under the hypothesis of
a low magnetic Reynolds number, the induced magnetic field is
ignored. The boundary layer equations with Buongiorno model
[33] which regulate the above flow are:

ou 81/_

— 4+ =, 1
P 3 (1)
ou v dUso 10 uou o B2
— tv— = ——(=—)— —(W—-Ux), (2
uo_ vy o +p8y(3y) p(u ) (2)
aT aT 1 0 koT
U—+v—=——(—)+
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where the coordinates of velocities (u,v) are along x— and
y— axes, respectively. p is a fluid viscosity coefficient, B(x)
is a variable magnetic field along the y— axis. Here T is the
temperature, C is the nanoparticles concentration, ¢, is the
specific heat constant, Dp is the Brownian motion coefficient,

Dr is the thermophoretic diffusion coefficient, t = Ezgﬁ is the

ratio of the effective heat capacity of the nanoparticle material
to the heat capacity of the fluid and g, is the radiative heat flux.
Appropriate boundary conditions complete the above system by:

u = Uw(x):ae%,v:O,T:TW,C:CWatyzo

u — Uoo:be"/L,T—>Too,C—>Cooasy—>oo (5)

Using the following similarity transformation on above equations
which are defined as:

a %
= —e s
T=\ s

u= aeff/(n), V= —\/geﬁ(f(ﬂ) + T}f/(fl))
(6)

T—Tx

W= \/ZavLeﬁf(n), 0= ——,
Tw - Too

Equation (1) is identically satisfied. Moreover, when above
similarity variables used in Equations (2), (3), and (4) which
yields:

(Mif//)/ —}—2()\,2 _ (f/)z) +ﬁ// _M(f/ _ )\) _ 0)

(7)
(1+ ng)(kkel)’ +Pro(f6 —f 0+ Ny ¢ +Ni(6)?) =0,
(8)
o + %9" +L(f¢ —f ¢) =0.
b
%)

The boundary conditions transformed into:

£(0) =0,f/(0) = 1,0(0) = 1,f'(00) = 1,0(c0) = 0,$(0) = 1, $(c0) =(o, :
10

20BJL . . b .
is a magnetic parameter, A = | is a ratio of the

where M = ==
free stream velocity to the velocity of the stretching sheet, Pr, =

is the Prandtl number, N, = M

D1 (Tw—Too)
Toov

Lo, . .
/‘]’C—P" is the Brownian
0

motion parameter, Ny =
3

40" T3,

kok*
L= DLB is the Lewis number.

is the thermophoresis

parameter, Ry = denotes the radiation parameter and

3. ANALYSIS ON FLUID PROPERTIES

This section comprises of two subsections. Firstly, an overview
of the constant fluid properties will be presented followed by the
discussion on variable fluid properties.
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3.1. Case A: Constant Fluid Properties
For this case, Equations (7), (8), and (9) can be adjusted as follows
to incorporate constant fluid properties:

FUH202 -+ M -0 =0 (1)
1+ §Rd)e” +Pro(f0 —f O+ Nof'¢ +N(0)) =0 (12)

o+ 0 L P =0 (13)
b

3.2. Case B: Variable Fluid Properties

For this case, viscosity and thermal conductivity in Equations (7),
(8), and (9) is considered variable and taken as a function of a
temperature. For viscosity we write:

STy T 1

where we follow Andersson and Aarseth [7] and reference within
to write above expression (14). In above v is a fluid property. If

TABLE 1 | (For Case A) Comparison of —¢’(0) for different values of M, Ry and Pro, when A = Np = Ny = L = 0.

Ry M Pro Magyari and Keller [4] Ishak [16] Mukhopadhay [15] Mabood et al. [17] Present study
0 0 1 0.9548 0.9548 0.9548 0.95478 0.9548
2 - - 1.4715 1.47151 1.4715
3 1.8691 1.8691 1.8691 1.86909 1.8691
5 2.5001 2.5001 2.5001 2.50012 2.5001
10 3.6604 3.6604 3.6604 3.66039 3.6603
1 0 1 - - 0.5312 0.53121 0.5312
1 1 - - 0.8611 0.86113 0.8611
0.5 0 2 - 1.0735 1.0735 1.07352 1.0735
3 - 1.3807 - 1.38075 1.3808
1 - 1.1214 - 1.12142 1.1214
1 1 - - 0.4505 0.45052 0.4505

TABLE 2 | (For Case B) Comparison of the values of f”(0), #'(0) and ¢'(0) for different values of e and A when M =, =Ry = 0,Pro = 1,6, = —5,Lo = 1.3.

A € —f"(0) 7(0) —0'(0) —0'(0) -¢'(0) -¢'(0)
bvp4dc Shooting Method bvp4c Shooting Method bvp4c Shooting Method

0 0 1.4218 1.4218 0.6162 0.6162 0.8951 0.8951
0 0.2 1.4204 1.4204 0.5604 0.5604 0.9188 0.9188
0 0.4 1.4193 1.4192 0.5163 0.5163 0.9367 0.9367
0.5 0 0.9771 0.9771 0.6898 0.6898 1.1075 1.1075
0.5 0.2 0.9762 0.9762 0.6383 0.6383 1.1292 1.1292
0.5 0.4 0.9755 0.9755 0.5975 0.5975 1.1455 1.1455
2 0 -3.0187 -3.0188 0.9261 0.9261 1.6143 1.6143
2 0.2 -3.0163 -3.0165 0.8716 0.8716 1.6337 1.6337
2 0.4 -3.0143 -3.0145 0.8274 0.8274 1.6482 1.6483
TABLE 3 | (For Case B) Comparison of the values of f”(0) and ¢'(0) for different values of 6, and » when M = 0, Pro = 10,e = 0.

A o, 7(0) 7(0) —6'(0) —6'(0) —¢'(0) —¢'(0)

bvp4c Shooting method bvp4c Shooting method bvp4c Shooting method

0 -10 1.3539 1.3539 0.6223 0.6223 0.9082 0.9081
0 -1 1.8658 1.8657 0.5753 0.5753 0.8085 0.8085
0 -0.5 2.2863 2.2863 0.5360 0.5360 0.7281 0.7281
0.5 -10 0.9299 0.9299 0.6923 0.6923 1.1119 1.1119
0.5 -1 1.2869 1.2868 0.6744 0.6744 1.0814 1.0814
0.5 -0.5 1.5816 1.5810 0.6220 0.6620 1.0611 1.0611
2 -10 -2.8719 -2.8720 0.9227 0.9227 1.6088 1.6088
2 -1 -3.9846 -3.9848 0.9459 0.9459 1.6457 1.6457
2 -0.5 -4.9021 -4.9026 0.9611 0.9611 1.6692 1.6692
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To ~ Trf then above formula (14) becomes:

_ Ho Mo
R = PR T
6T—To) o

(15)

here 6, = Wﬁm If the above viscosity relation is incorporated
in the Equation (7), then it can be rewritten as:
6, o f66, g ,
+2(A°— +ff —M(f —1) =0. (16
Gy e P My -0 = 0. (19

The variable thermal conductivity is expressed in terms of
temperature by following Prasad et al. [12] as:

K(T) = ko(1 + €0) (17)
Under this above relation the mathematical form of Equation (8)
can be described as:

(1+ ng)(u +e0) +e0))

+P,(f0 —f 0+ N6 + N6 =0.  (18)
To measure the roughness, heat transfer rate and mass transfer
rate onto the surface, we calculate the skin friction coefficient Cy
the local Nusselt number Nu, and the local Sherwood number
Shy, respectively, i.e.,

w (0
Cr=——= s 19
f pUZ  /2Re, (19)

Xqw xRey
Nu, = — = — 6 (0), 20
=g =0, Q0

Xjw xRey
Shy = — =— 0). 21
oo Q)

4. NUMERICAL PROCEDURE

4.1. Shooting Method

To apply the shooting technique to Cases A and B together
with the boundary conditions, we transformed boundary value
problem (BVP) into an initial value problem (IVP) and convert
higher order ODEs into a system of first order ODEs. The
Newton-Raphson technique was used to locate the root. After
that, the order five Runge-Kutta method was implemented
to determine the IVP solution. The shooting method is
implemented in MATLAB. For Cases A and B, the system of first
order ODEs are written as,

(a) Case A:
f=yf =yf =pf =y;=-20"-3) -y
+M(}’2_)»),
9 0’ 9// ’ Pro ( +N
4 =U,Y5 =0U, = = U115 — V2)a bYs5)Y7
Y Y Vs (1+%)Rd)’)’ Y2y Y5)

+Nuy2),

’ " ! N /
Yo=¢y7=0,¢ =y;=—Le(y1y7 — y296) — ﬁ;)’s-

(b) Case B:
f=yf =yf =pf =p3= _Orsys)
) ’ , ’ ()/4 - Qr)
(ya — 0)
* }/497%2()“2 — ) +y1y3 = M(yz — 1)),
T
2
AN , —ey:
= 9) = 9 ,0 = =
a ” s 1+ey,

P,
(1+ey)(1+ 5Ry)

(1y5 — y2ya + Noysyr + Neyd),

! " ! N ’
Y6 = ¢ y7=0¢,¢ =y; = —L(y1y7 — yays) — ﬁ;%'

TABLE 4 | (For Case B) Comparison of the values of f'(0) and 6’ (0) for different values of Ry and Pro when M = A = € = 0,6, = —5,Np = 0.8, N; = 0.5,L = 1.3.

Rq Pro —f'(0) -'(0) —6'(0) —6'(0) -¢'(0) -¢'(0)
bvp4c Shooting method bvp4dc Shooting method bvp4c Shooting method
0 1 1.4218 1.4218 0.6162 0.6162 0.8951 0.8951
2 1.4264 1.4263 0.7611 0.7610 0.8452 0.8452
3 1.4285 1.4285 0.8193 0.8193 0.8274 0.8274
5 1.4304 1.4304 0.8608 0.8608 0.8186 0.8186
10 1.4319 1.4319 0.8805 0.8805 0.8196 0.8196
0.5 1 1.4181 1.4181 0.4910 0.4910 0.9396 0.9396
2 1.4231 1.4231 0.6585 0.6585 0.8802 0.8802
3 1.4257 1.4257 0.7423 0.7423 0.8514 0.8514
5 1.4285 1.4285 0.8193 0.8193 0.8274 0.8274
10 1.4309 1.4309 0.8687 0.8687 0.8182 0.8182
1 1 1.4158 1.4158 0.4162 0.4163 0.9689 0.9689
2 1.4207 1.4207 0.5790 0.5790 0.9082 0.9082
3 1.4235 1.4235 0.6738 0.6738 0.8749 0.8749
5 1.4268 1.4268 0.7726 0.7726 0.8415 0.8415
10 1.4299 1.4299 0.8517 0.8517 0.8199 0.8199
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FIGURE 2 | Velocity profile f () for different M (For Case B).
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FIGURE 3 | Velocity profile f () for different 6, (For Case B).

4.2. bvp4c

Using MATLAB bvp4c algorithm, BVP can even be solved. bvp4c
solver employs the collocation technique in the background. It
manages to find a solution after supplying initial guess, domain
size and the number of points. Please see reference [34] for more
detail and examples.

5. RESULTS AND DISCUSSION

In Table 1, we compute the local Nusselt number and compared
its values with published results for distinct parameters Prandtl
number Pry, radiation parameter Rd and magnetic parameter M.

Table 2 illustrates that the skin friction coefficient is not
significantly changed whereas the local Nusselt number drops for
€ and increases for the values of A. The local Sherwood number
grows with the rise of X and €. It is observed in Table 3 that the
local Nusselt and the Sherwood numbers rises with a rise of A
but the skin friction coefficient held opposite behavior. For fixed
values of A = 0,0.5 and an increase in viscosity parameter 6,
brings the increasing change in the skin friction coefficient but
the local Nusselt and Sherwood numbers has shown decreasing
behavior. Table 4 demonstrates that as Pr, and Ry rises, there is
a negligible change in the skin friction coefficient. But the local
Nusselt numbers decreases and local Sherwood number increases
by increasing the values of radiation parameter R;. Moreover, the
local Nusselt number increases by increasing Prandtl number but
the local Sherwood number decreases.

Figure 2 shows that the momentum boundary layer thickness
is reduced with the increase in M. It happens because of a

Pl'o=1,M=)v=Rd=0,9{='5,Nb=0.8,m=0.5,Le=1.3
1 T T T T
—c = ()
09¢ winl p=104]

0.8} ===g=04]]

0.7r 1

0.61 1

03r ',) .

02} > ]

FIGURE 4 | Temperature profile 6(n) for different ¢ (For Case B).

transverse magnetic field as it opposes the phenomenon of
transport. The Lorentz force generates resistance to the fluid flow
with a rise of M and slows down the velocity.
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FIGURE 5 | Temperature profile 8(n) for different N, (For Case B).
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FIGURE 6 | The concentration profile ¢(n) for different N, (For Case B).
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FIGURE 8 | Concentration profile ¢(n) for different N; (For Case B).

In Figure 3, we observe that by rising the viscosity parameter
0y, a momentum boundary layer thins. Figure 4 shows that there
is a rise in temperature profile with an increase in thermal
conductivity parameter €.

Figures 5, 6 are plotted for different values of Brownian
motion parameter N, and we observe that by increasing N
thermal boundary layer thickness increases while concentration
boundary layer decrease by increasing Ny,
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As seen in Figures7, 8 that by increasing

thermophoresis parameter Ny, temperature and concentration
profiles increases.

Figure9 indicates that by increasing Pr, the thermal
boundary layer thickness decreases. This is because, when
Pr, increases, the thermal diffusivity decreases and thus
the heat is diffused away from the heated surface more
slowly and in consequence increase the temperature gradient
at surface.

Figure 10 shows that temperature and thermal boundary layer
thickness increases when the radiation parameter intensifies.
Figure 11 describe the influence of the Lewis number Le
on concentration profile. We observe that by increasing Le
there is decrease in concentration profile. Lewis number
is the ratio of Prandtl number and Schmidt number, so
with the increase in Lewis number Le, molecular diffusivity
decreases. As a result, increase in Le the nanoparticle fraction
is lowered.

6. CONCLUSIONS

The current study offers the findings of a two-dimensional MHD
flow of an incompressible fluid through an exponentially
stretched sheet whereas treating viscosity and thermal
conductivity constant in Case A and variable for Case B.
The significance of various parameters on velocity, temperature
and concentration is examined. The study’s main results for Case
B are as follows:

e Momentum boundary layer thickness
increasing fluid viscosity parameter 6,
parameter M.

decrease by
and magnetic
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Thermal boundary layer thickness increases by increasing
the thermal conductivity parameters €, Brownian motion
parameter N, and thermophoretic parameter N;.

Thermal boundary layer thickness decreases by increasing the
Prandtl number Pry whereas increases for radiation parameter
Rd.

Concentration boundary layer thickness increases by
increasing thermophoretic parameter N; whereas decreases
by increasing Brownian motion parameter N, and Lewis
number Le.
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NOMENCLATURE

Nuy
Shy

positive constant (ms~")

the velocity components (m s~')

the coefficient of viscosity (Pa s)

the density of fluid (kg m—2)

the thermal conductivity parameter of the fluid
magnetic parameter

fluid temperature (K)

the thermal conductivity (W m=1 K=1)

the specific heat capacity (J kg=' K~7)

the radiative heat flux (W m=2)

ratio of heat capacities of nanofluid and base fluid
Brownian coefficients (m? s~1)
thermophoresis diffusion coefficients (m? s~)
the ambient fluid temperature (K)

the electrical conductivity (S m=") (S is siemens)
constant temperature at the wall (K)

applied magnetic field (N m~" A=)
Stefan-Boltzman constant (W m—2K—%)

mean absorption coefficient (m~")

the ambient fluid concentration

the ambient Prandtl number

fluid viscosity parameter

reference temperature (K)

Lewis number

thermophoresis parameter

Brownian motion parameter

free stream velocity parameter

thermal radiation parameter

the skin friction coefficient

the local Nusselt parameter

the local Sherwood parameter
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