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This study is concerned with finding a numerical solution to the delay epidemic model
with diffusion. This is not a simple task as variables involved in the model exhibit
some important physical features. We have therefore designed an efficient numerical
scheme that preserves the properties acquired by the given system. We also further
develop Euler’s technique for a delayed epidemic reaction—diffusion model. The proposed
numerical technique is also compared with the forward Euler technique, and we observe
that the forward Euler technique demonstrates the false behavior at certain step sizes.
On the other hand, the proposed technique preserves the true behavior of the continuous
system at all step sizes. Furthermore, the effect of the delay factor is discussed graphically
by using the proposed technique.

Keywords: epidemic model with diffusion, time delay, HIV/AIDS (acquired immunodeficiency syndrome), positivity,
finite difference method, simulations

1. INTRODUCTION

One of the greatest threats that the world is facing is Human Immunodeficiency Virus (HIV) and its
development into Acquired Immune Deficiency Syndrome (AIDS). This is the disease that attacks
the immune system of the human body. There are specific type of white blood cells that fights
against disease. HIV interrupts the body’s ability to fight the organism, causing disease. When the
CD4 cells are decreased up to the certain level, the immune system becomes too weak to defend
the body against the infection. The role of mathematical models in studying infectious diseases,
such as Hepatitis C and HIV/AIDS, is very significant [1]. Many existing models have studied the
HIV/AIDS dynamics without considering the delay factor, which do not provide us with accurate
results [2]. It is more realistic to apply the delay model when studying HIV/AIDS disease as it
is a better fit to the real phenomenon. The delay models are compatible with the real situation.
Models used widely to study the infectious dynamics contain non-linear differential equations
without delay, but these models can be made more appropriate and comprehensive to study the
viral infection in a better and more concise way. Delay mathematical models have been studied
extensively by many researchers [3-7]. Recently, the role of delay factor has been investigated for
the biological systems as many biological systems observe the time delay property [8].

Various researchers have pointed out the difficulties and discrepancies in the classical models.
They improved the existing models by introducing some key facts, such as diffusion, the time delay,
and other related factors. For reference we can see that Pan-Ping Lin discussed epidemic models
with diffusion and delays and used Neumann boundary conditions. Many researchers pointed out
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that in some infectious diseases, such as Hepatitis, AIDS, Cholera
etc. [9-12], symptoms do not appear immediately. The individual
required a certain period of time after getting the infection
before exhibiting symptoms, and this is known as the expose
period. In some diseases, a time delay is necessary to investigate
the dynamics of the infection. In such types of diseases, the
change in the state of infection at any time depends on time as
well as on other influencing factors before the moments under
consideration [13-15]. It is matter of fact that an individual
moves in the community due to many reasons, and so the
diffusion term in the model with delay factor is better to use
for this study of disease dynamics [16-19]. Thieme and Zhao
investigated a reaction diffusion model with delay and studied
the spatial spread of the epidemic disease. They found the
traveling wave solutions and propagation speed [20-22]. Li et al.
addressed the Turing pattern formation on the time-delayed
epidemic model [14].

The dynamical behavior of epidemic models with the time
delay is the most common and interesting topic that has sparked
the interest of researchers nowadays. It is a matter of fact that
infection does not spread with the same speed in all parts of
the world. In some areas it communicates rapidly, and in others
it spreads slowly. This situation can be handled by considering
the reaction-diffusion term in the model. In this study, a time-
delayed epidemic model for HIV/AIDS infection is studied with
reaction diffusion.

Mathematical modeling is a useful tool for the study of the
dynamical system relating to difference physical phenomenon
[23-28] and the mechanism behind how an infectious disease
can spread into a population. The future course of an outbreak
and measures to control an epidemic can be predicted through
modeling. The basic idea of modeling-to study the rapid rise
and fall of the infected population-was given by Kermack and
McKendrik [29]. A detailed history of SIR epidemic models
may be found in the classical books of Bailey, Murray, and
Anderson and May. In this study we discuss the epidemic model
of HIV(AIDS) with a delay factor and diffusion. Delay is a
comprehensive term used in physical models of epidemiology.
Various authors have proposed several epidemic models of delay
differential equations for the study of the control of the dynamics
of infectious diseases with the help of the delay factor [7, 19,
30-38]. Vaccination may be used as a delay factor for some
diseases. Education about a certain disease, i.e., precautions and
safety measures for a specific disease, may result in slowing the
communication of the disease and may thus act as a delay factor.

2. MATHEMATICAL MODEL

Unlike some other viruses, the human body cannot get rid of HIV
completely. Once you have HIV, you have it for life. Furthermore,
HIV can lead to the disease AIDS if left untreated. No effective
cure for HIV currently exists, but, with proper care, treatment,
and medical aid, HIV can be controlled. Li and Ma [37] studied
the asymptotic properties of the HIV-1 Infection Model with
time delay in 2006. The following model was proposed by
Abdullahi and Nweze [39] in 2011. There were several variables

and parameters:

S = Proportion of susceptible individuals

I = Proportion of infected individuals

R = Proportion of recovered individuals

b = Recruitment rate of the population

i = Death rate

B = Rate at which susceptible individuals will become Infected
k = Rate at which infected individuals will become recovered
ao = Death Rate of Infected population

a; = Death Rate of Recovered population

N = Total population

and N=S+1+R

ds
E:bN—;L—ﬂSI (1)
% = BSt—D)(t—1)e M —(k+p+a) (2)
dR
= = K= (u+a)R (3)

where 7 is the incubation period. This is a time during which an
infected individual will become infectious, i.e., they can spread
the infection further. The incidence rate BS(t — 7)I(t — t)e #*
appearing in the second equation of system (1) represents the
rate at time t — T at which susceptible individuals are leaving
the susceptible class and entering the infectious class at time .
Therefore, the fraction e #* follows on from the assumption that
the death of individuals follows a linear law given by the term
—ut [38]. The compartmental (SIR) model is designed for an
HIV/AIDS model that comprises three non-linear equations that
involve ordinary derivatives and a delay factor. The assumption
is made that all the individuals in the population are intermixing
freely with each other, so the individuals of one area cannot
be distinguished from the individuals of the other area. If the
situation is different from this, then disease may communicate
with different rates in different areas; it thus becomes necessary
to model the problem depending upon space as well as time. It
seems practical to take into account the diffusion factor for the
study of underlying disease, justifying the study of the spread of
disease in space. The delayed delay reaction equations obtained
from the model are

N 9%s

— =dj— +bN — uS— BSI

or - Nga T nS=p

oI 921

— =dy— +BS(t — It —1)e ™ — (k+ p + ap)l
ot ox?

dR 92R

— =dy— +kI— R

or 392 + (1 + 1)

The second order partial derivatives in the model with respect to
x (the space variable) describe the diffusion in space. The term
BS(t — ©)I(t — t)e™ T in the second equation of model addresses
the incidence rate at moment (t — 7). This term is developed
by using the law of mass action in epidemiology [40]. At this
particular term the (f — ) susceptible exit their compartment and
join the infected class. Meanwhile, the factor e ™" reveals that the
death of an individual at time T obeys the linear law as expressed
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by —pt. This fact can be followed from the assumption made in
the model as discussed [41]. The time delay (z > 0) is a specific
time (incubation period) of the disease in which a pathogen
reflects the symptoms in the individual. After this period of the
time, the infected individual become infectious and can spread
disease in the susceptible population. Since R is not present in
the first two equations of the above system, we can consider

N 9%S
— =d— — uS— BSI 4
n d Py +bN — uS — BS (4)
oI 921
— =dy 5 +BSt— DIt — 1) — (k+ p+ o)l (5)
ot 0x

With the initial set of conditions being

S(x,0) = fi(x)
I(x,0) = f(x)

and homogeneous Neumann boundary conditions.

2.1. Qualitative Behavior

The epidemic models exhibit two types of steady states: the
infected steady state and uninfected steady state. The steady states
employed by the delay epidemic model of HIV/AIDS dynamics

are given as Uninfected steady (US) state = (%N, 0) and Infected

_ (BN bNu(1-Rg) _ _BbNe ™"
steady (IS) state = (MRO’ ukRo—ﬂhN) where Ry = A(ktyira)’

when d; = d; = d; = 0 is the reproductive number of the
HIV/AIDSS epidemic model. When Ry < 1 the disease is going
to be at an end and when Ry > 1 then disease will spread further.

3. NUMERICAL MODELING

Numerical modeling involves the study of methods to find
approximate solutions to differential equations. In recent times,
numerical solutions of delay differential equations are of great
import due to the versatility of the modeling processes in
different fields [42-48]. Various physical systems involving
delay differential equations possesses the physical phenomenon
like population sizes, concentration, density and pressure etc.
required the positive solution. The numerical technique used
to solve these systems must preserve the positive solution of
delay differential equations. It is not an easy business to find
the numerical solution of these systems as they demonstrate
some important physical properties that should be preserved
by a numerical method [49-51]. In general, the numerical
schemes for special mathematical models, such as population
dynamics and concentration profile, are a substance that do
not show specific properties attached to the situation, such as
positivity, boundedness, etc. These computational methods, if
such properties are guaranteed, lead to some more restrictions
on the choices of step sizes, which pay a high computational
cost. In our case, however, we propose a numerical algorithm
that not only handle the structural properties of the dynamical
system but also provide a convergent solution for large step
sizes, which means a very low computational cost. In this study,
we design an efficient numerical technique for the solution

for delayed reaction-diffusion epidemic models. This technique
preserves all the important structures of the continuous delayed
reaction—-diffusion epidemic systems, such as positivity, stability
of equilibrium points, etc. We also further develop the Euler
technique for the proposed continuous system in order to
validate the efficacy of our proposed technique.

3.1. Forward Euler Finite Difference Method
The Finite Difference Method is a numerical method that
deals in mathematical sciences to solve differential equations
by discretization. The Forward Euler technique is a widely
used, well-known numerical technique in which derivatives are
discretized by finite differences. In this approximation method,
forward difference is used for the time derivative and central
difference is implemented on the space derivative. By applying
this technique on the system (4) and (5), we have

SIL = S+ Ry(SY, — 287 + S ))

+K'bN — K uS! — K BSH! (6)
I = I Ry(Ify — 21+ I y) + K BSI e 1T
—K(k+p+ o) (7)
where
K4 _ Kd
T TR

3.2. Stability Analysis of Forward Euler
Method

As for as stability of the forward Euler technique for where the
system under study is concerned, we first implement the Von-
Neumann stability within the scheme (6). The Von Neumann
stability method is very efficient and widely used method to see
the stability of the finite difference schemes. First, we consider
the scheme (6),
SIH = ST + Ri(Sy — 28! + SPy) + K'bN — K uS!' — K B!
PutS!' =& neifih into the above scheme and use linearization, and
we have
gnlgbin — gngibih | R engBi+Dh _op engibih | g, iBG—Dh
—k/ME"ei’Sih _ k/ﬂé'nejﬂih
£ =1+Re" —2R +Rie P — K —KpB

The difference scheme is stable if amplification factor, [§| < 1.
We thusget —1 < 1+ RiéPh — 2R, + Rye P — | — KB < 1.
After some simplifications, we have R} < W. Again, by
following the same steps as implemented on scheme (6), first

consider the Equation (7)

I = I Ry(Ify — 21 + I y) + K BSI ™I "e 1T (8)
— K(k+p+ o)

Putl? =£& nelP into the above scheme and use linearization, and
we have
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En+lejﬂih — énejﬂih + stnejﬁ(iJrl)h _ 2R2§nejﬂih + stnejﬁ(ifl)h
+K BE"M e — K (k4 p + )5
£ =1-2R sinz(%h) + K BETMe ™M — K (k4 1+ ap)

as|é| < land €7 < 1 wehave R; < w.

3.3. Proposed Finite Difference Method

The non-standard finite difference scheme is made up of a general
set of methods in numerical analysis that provide numerical
solutions for differential equations by constructing a discrete
model [52]. It was first introduced by R. E. Mickens in 1989. The
proposed finite difference scheme [49] is designed with the help
of ideas given by Mickens [52].

S = S+ RSPy + 87 ) — RS+ KBN — K st
—KpSIr
S! 4RS!, + RiS! | + KbN

sl = 9
i 1+ 2Ry + K+ K BI! ©)
and
n+1 '+ RoIfy ) + Rl + KBS e 17
= (10)

14+ 2Ry + Kk +Ku+Kag

Theorem 1. The numerical scheme (9) and (10) proposed for
the delayed SIR epidemic reaction-diffusion model of HIV/AIDS
dynamics shows the positive solution unconditionally with the
initial conditions, if S > 0 and I' > 0 as well as ;™™ > 0
and ™™ >0 = $'*' > 0,1 > 0.

Proof:
sl — S? + RIS?H + Rls?—l + K'bN
LT 14 2R+ K+ KBIN
and
e I'+ RoIfy ) + Rl + KBS "™ 1"
=

14+ 2Ry + Kk+Ku+ Kag

We will prove this theorem by using a mathematical induction
method. By ensuring n = 0 we achieve

S )+ RIS, + RS | + KN
: 1+ 2Ry + K p+ kI

which shows that clearly S} > 0

Il = Iy +R2[zo+1 +RI) | + KBS e T
! 14 2Ry + Kk + K+ Kag
which implies that I! > 0, supposing that the result is true
forn = r
S} + RS, +RiS[_, +kK'bN
14 2R, + K+ K BI]

r+1 _
St =

and

IT 4 RoIj, | + RoIi_ | + KBS "I e T

14 2Ry + Kk + K + Kag

r+1 _
Ii

Now we need to prove that the result is true forn = r + 1

ST RS + RS + KON

g+ i+1
! 1+ 2Ry + K p+kprt!
and
e T R RaI KBS e
1

142R + Kk + Ku+ Kag
By using the values of S;™" and I'*! we have SF'H
Im+l
1

> 0 and
> 0. Hence, by the principle of mathematical induction,
it is proved that S/™' > 0 and I*' > 0. Further in the
notation S/ and I' ', n + 1 is the discretization of time while i
represents the space variable. The same process can be performed
by allotting different values to i, as i = 0 in the first step,
then replacing it with i = 1,2,3,- - -N — 1 for the hypothesis
step, and lastly, we can easily prove the results for i = N, the
inductive step. O

3.4. Stability Analysis of Proposed Finite
Difference Method

The Von Neumann technique is once again applied to the
proposed scheme to check the stability. For this we have

S = SP A+ RS + S ) — 2R ST+ KON — K S
+1
—K S (11)

PutI! = £"eP i into the above scheme and use linearization, and
we have

Snﬂejﬁih _ Enejﬁih _,’_Rlénejﬁ(iJrl)h _2R1§n+lejﬂih
SR ENIPDI _ gn 1 gBih _ i gentl gibin
£ = 1+R " — 2R &+ Rie7Ph — K ug — K s
(1+2R + K +KB)E = 1+ (f 4 PR,
- ‘ 1+ 2R; cos Bh
14+2R +Kpn+kp
B ‘ 1+ 2R (1 — 2sin?(£)) ‘
1+2R +Ku+KkB

which implies that § < |m| < 1 and hence & < 1.

The scheme for Equation (5) is

I = I+ Rl — 2RI + RoI | + KN

KBS eI — Kk + o+ o) (12)

In a similar fashion, we substitute I' = & "el Bih into the above
and apply linearization.

En«l»lejﬂih _ é.nejﬂih + stnejﬁ(i+1)h _ 2R2§n+lejﬂih + stnejﬁ(ifl)h
+k/’3$n—mejﬂihe—ur _ k/(k+ m +a0)én+lej/3ih (13)
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After simplification, we have

14 2Ry (1 — 2sin?(B1)) + K gg—me 1t
a 14 2Ry + K (k+ p + o)

(14)

which implies that § < las&™™ < 1.

3.5. Consistency Analysis
While considering the series expansion purposed by Taylor in our
proposed FD method, we produced a consistency analysis:

s t209%2S  133%S
sl — g
i T T PR TR T
S K9S K3 93S
=8 t+h—+ =+ -
o ! ar 20 92 31983
S  h* %S K 33S
Sty =Sp—ho Do s
ot 2192 31 983
A Forward Euler Method
50
40
KJ)
,_-g 30
g
» 204
@

B Forward Euler Method

t 0 o X

FIGURE 1 | Susceptible population and infected population with the help of
Euler method (forward), where dynamics of S and | as shown in (A,B) with
h=0.1and Ry =R, =0.15, t = 1.5. (A) Mesh graph of S. (B) Mesh
graph of /.

Similarly, for the Forward Euler technique we obtained
the expression

SIL = ST + Ry(Sfy — 28! + SPy) + K'bN — K uS! — K B!

Now, putting the values /', Sty 1> and S into the above and
simplifying them, we get

h* 9*S
4! ot

1938
2! 9t2

s kK 3%S K2 33S
ot 2! 912 31 913
+ SH(—u — BI") + K'bN

+ o= 2dy( +

Put k' = handh — 0, where the expression given above takes the
form as (4).
The proposed technique for a susceptible compartment is

SPL = ST+ Ry(SPy + S1y) — 2R ST 4+ KON — K S

A Proposed FD Method

50
40

30

Susceptible

B Proposed FD Method

0.2

Infected

FIGURE 2 | Susceptible population and infected population dynamics by our
proposed FD technique with the time step h = 0.1, Ry, and R» kept equal and
selected as 0.15, T = 1.5. (A) Mesh graph of S. (B) Mesh graph of /.
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—k/ﬂS;H_lIin (15) n+1 n O S
o =r el 16
’ R T T TR T T (16
) ; ) S L) B R B
Now, putting the values S, S, |, and S!" | into the above and i1 =1 wtaetaast (17)
simplifying them, we get 5 2 3 a3
I!" ZI”_hg_}_hiﬂ_i_hiﬂ_}_ (18)
e T T R T
S K 9%S  K?d%s ak -

(a + R + ETRTE] +--)0+ 2 +k'u+KBIY) The forward Euler technique for an infectious compartment is
=2 (iﬂ I = I Ry(IP = 2IF + 1)) 4 KBS MeHT(19)
T i i 241 i i—1 i i—1

hZ 84S - k/(k +u+ aO)Iin
+ Zw‘f‘"')‘i‘sy(_ﬂ_ﬁlﬁ)*‘k%l\]
’ Now, putting the values of I/'"*, I iy1>and I | into the above and
simplifying them, we get,
Put k' = k3 with h approaching zero 0, and the equation given
above reshapes as (4). The Taylor series expansions of If""l,Ii”H, aI Ko k2931 drk’ , ' on
andIi"_lare (a+5ﬁ+?ﬁ+)(l+ﬁ+kﬂ+kﬂ11)
A Forward Euler Method A Proposed FD Method
><102!16
; 200
04 150
2 e
E‘: 14 g, 100
3, Z

B Proposed FD Method
B Forward Euler Method

150

Infected

FIGURE 4 | Sketch of susceptible population and infected population, giving

FIGURE 3 | Graphs of susceptible population and infected population using the selection of values as h = 0.1 and choosing A1 = R> = 0.15, T = 1.5 (with

Euler method for forward difference, with h = 0.1 and Ry = R, = 0.15, proposed scheme). (A) Mesh graph of S. (B) Mesh graph of /.
v = 1.5. (A) Mesh graph of S. (B) Mesh graph of /.

Frontiers in Physics | www.frontiersin.org (] January 2020 | Volume 7 | Article 229


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

Jawaz et al.

Positivity Preserving Technique

_zd(1821+h2841+ )
T2 T ok

+ BT — K (k4 e+ )T
Putting k' = h, as h converges to zero, the equation given above

becomes the same as (5).
The proposed technique for an infectious compartment is

I = 1N+ Rl — 2RI 4 RpIT
+K'DN + K BS! e M — K/ (k + pu + o) I! !

Now, putting the values of I?'H, Ii”+1, and I, into the above and
simplifying them, we get,

oI K oiI k%331 dik'

Gt ez tarae Ttz
1021 K204

a2 T aan T

+

+ K (k + 1+ )

A Proposed FD Method

200

150

100

Susceptible

B Proposed FD Method

Infected

FIGURE 5 | Dynamics of susceptible population and infected population
considering h as 0.1 and Ry = R, = 0.15, = = 6. (A) Mesh graph of S. (B)
Mesh graph of /.

+ BSITMIITMe T — K (k4 w4 )
letting b — 0 and setting the k' = k> above exactly as (5).
4. NUMERICAL TEST AND SIMULATIONS
In this section, we present the example related to the model

and furnished the numerical simulations with some suitable
conditions as mentioned below.

N 9%s

— = dy— 4+ bN — uS— BSI 20
a7 152 + uS — BS (20)
oI 91 e

— =dy— +BS(t — DIt — 1) " — (k+ 1+ ap)I(21)
ot x2

with fi(x) = 0.8 and f,(x) = 0.2 and boundary couples set of
conditions are no flux.

Figure 1 tells us the story about the false behavior of
the forward Euler technique. The graph (B) of the infected

A Proposed FD Method

150 |

100

Susceptible

50

B Proposed FD Method
80 <
60 4
o
(9]
G 40 4
(]
k=
20 4
|
0.l =
1500
1 | =
|
L — /5( 1
1000 L E?B( -
= 06
E? 0.4

0.

N

X

FIGURE 6 | Graphs (A,B) for susceptible population and infected population
considering the proposed method, given h = 0.1 and Ry =R, = 0.15, 7 = 9.
(A) Mesh graph of S. (B) Mesh graph of /.
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A Proposed FD Method

200

150

100

Susceptible

B Proposed FD Method

400

300

Infected

X

FIGURE 7 | Mesh graphs for the susceptible population and infected
population by our proposed method, giving the parametric values as h = 0.1
and Ry = R» = 0.15, T = 12. (A) Mesh graph of S. (B) Mesh graph of /.

population in this figure describes the negative values of the
solution. The negative solution is not a part of the continuous
model as population sizes always remain positive.

As in Figurel, the same values of the parameters are
considered in Figure2. The simulations of the proposed
technique in Figure 2 are presented for the uninfected point
and demonstrate that it preserves the positivity of the solution,
which is the part of the solution of the delayed epidemic model
with diffusion.

Once again, the forward Euler technique could not retain the
actual behavior of the diffusive epidemic model of HIV/AIDS,
as shown in Figure 3. In the Figure 3 graphs, the simulations
are taken at infected steady states and the reproductive value
exceeded one. The IS states are stable, and so the system (3)-(5)
converges to it. Forward Euler technique, however, fails in this
regard and shows the divergence behavior.

As compared to the forward Euler technique, the proposed
technique approached the IS state and sustained the positive
solution of the continuous delayed reaction-diffusion epidemic

A Proposed FD Method

250
200 4

150

Susceptible

B Proposed FD Method

400

Infected

t 0 o ’ X

FIGURE 8 | Discretized graphs of the susceptible population and infected
population for our designed FD scheme, giving h = 0.1 and R4 = R, = 0.15,
t = 15. (A) Mesh graph of S. (B) Mesh graph of /.

system, as depicted in Figure 4. It revealed that the proposed
technique preserved the positive solution of the given delayed
reaction-diffusion epidemic system. The proposed technique
also captured the stability of true steady states, which are
possessed by the HIV/AIDS delay epidemic model.

In Figures 5-8, we study the behavior of delay factor t
on HIV/AIDS dynamics. All the graphs in these figures are
the graphs of the susceptible and infected population at the
uninfected steady state. We vary the value of delay factor v from
6 to 15. When the delay factor is increased, the infection in
the population is decreased and susceptibility is increased. This
discussion validates the fact that delay factor help to control the
spread of disease in HIV/AIDS dynamics.

5. CONCLUSION

In this study, we have proposed the use of the delay epidemic
model of HIV/AIDS dynamics with diffusion and applied two
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numerical techniques to assess the behavior of the solution of
the continuous reaction-diffusion system with a delay factor.
The techniques used to solve the proposed epidemic system
are the well-known forward Euler technique and proposed
unconditionally positivity preserving technique. The reaction-
diffusion delayed HIV/AIDS epidemic model revealed a positive
solution as the variables involved were the population sizes. The
forward Euler technique, however, provided the negative values
of the solution, which were not the part of the solution of the
model under study. On the other hand, the proposed technique
exhibited the same behavior as the solution of the HIV/AIDS
delayed reaction-diffusion epidemic model. It preserved the
positivity of the solution unconditionally and showed the
convergence toward the true steady states of the HIV/AIDS
reaction-diffusion system with a delay, as demonstrated in the
simulations. The control of the spread of disease with the help
of a delay factor was verified by the simulations. In future
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