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In this paper, we construct helicoidal surfaces in the three dimensional Galilean space G°.
The First and the Second Fundamental Forms for such surfaces will be obtained. Also,
mean and Gaussian curvature given by smooth functions will be derived. We consider the
Galilean 3—space with a linear density e? and construct a weighted helicoidal surfaces
in G2 by solving a second order non-linear differential equation. Moreover, we discuss
the problem of finding explicit parameterization for the helicoidal surfaces in G°.
M.S.C.2010: 53A35, 51A05
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1. INTRODUCTION

Due to its applications in probability and statistics, the study of manifolds with density has
increased in the last years after Morgan’s published his paper “Manifolds with density” [1]. As a
new field in geometry, manifolds with density appear in different ways in mathematics, for example
as quotients of Riemannian manifolds or as Gauss space [2].

Helicoidal surface is a natural generalization of rotation surface, of which many excellent works
have been done, such as Kenmotsu [3].

For helicoidal surface in R, the cases with prescribed mean curvature or Gauss curvature have
been studied by Baikoussis and Koufogiorgos [4]. Also, helicoidal surfaces in three dimensional
Minkowski space has been considered by Beneki et al. [5]. A kind of helicoidal surface in
3—dimensional Minkowski space was constructed by Ji and Hou [6].

Construction of helicoidal surfaces in Euclidean space with density by solving second-order
non-linear ordinary differential equation with weighted minimal helicoidal surface was introduced
in Kim et al. [7]. For weighted type integral inequalities, one can see Agarwal et al. [8].

Mean and Gaussian curvature for surfaces are one of the main objects, which have geometers
interest for along time. A manifold with density is a Riemannian manifold M" with a positive
function ¢?, known as density, used to weight volume and hypersurface area [2, 9]. A nice example
of manifolds with density is Gauss space, the Euclidean space with Gaussian probability density

-n =
(27)2 e72 , which is very useful to probabilists [2].
On a manifold with density e?, the weighted mean curvature of a hypersurface with unit normal
N is defined by
1 d¢
Hy=H- - — 1
¢ n dN 0
where H is the Riemannian mean curvature of the hypersurface [9]. The weighted mean curvature
Hy of a surface in E* with density e? was introduced by Gromov [10], and it is a natural
generalization of the mean curvature H of a surface. The curvature concept is not confined to
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continuous space, it has been intensively studied in discrete
mathematics including networks, for more details one can see
Shang [11].

A surface with Hy, = 0 is known as a weighted minimal
surface or a ¢—minimal surface in E> [12]. For more details
about manifolds with density and other relative topics, we refer
the reader to [1-3, 5-7, 9, 10, 13-16]. In particular, Yoon et al.
[17] studied rational surfaces in Pseudo-Galilean space with a log-
linear density and investigated ¢ —minimal rotational surfaces.
Also, they classified the weighted minimal helicoidal surfaces in
the Euclidean space E* [7].

The purpose of this paper is to construct helicoidal surface
in Galilean space G®. Firstly, we choose orthonormal basis as
the coordinate frame and define helicoidal surface with density.
The first fundamental form ds?, the second fundamental form II,
the Gaussian and Mean curvature of helicoidal surface will be
obtained in section 3. Secondly in section 4, we prescribed the
parametrization of a weighted mean curvature Hy = H — % <
N, V¢ > and solving the non-linear differential equation.

2. PRELIMINARIES

In this part, we give a brief review of curves and surfaces in the
Galilean space G>. For more details, one can see [12, 14-16, 18].

The Galilean 3—space G> can be defined in the three-
dimensional real projective space P3(R) and its absolute figure is
an ordered triple {p,f, I}, where p is the ideal (absolute) plane,
falinein p and I is the fixed elliptic involution of the points of
f. We introduce homogeneous coordinates in G> in such a way
that the absolute plane p is given by x, = 0, the absolute line f by
X, = x1 = 0 and the elliptic involution by

(0:0:x2:x3) = (0:0:x3: —x3) (2)

A plane is said to be Euclidean if it contains f, otherwise it is called
isotropic, i.e., the planes x = const. are Euclidean, in particular the
plane p. Other planes are isotropic.

The Galilean distance between the points Q; = (r,s;,t;),
(i = 1,2) is given by

| rp—11 |, ifr; #0orr, #0;
\/(52 - 51)2 + (t, — l’l)z, ifry =0andr, = 0.

3)
Moreover, the distance in the Euclidean space between Q; and Q,
is given by

d(Q1, Q) = {

dQ1L,Q) =V —rn)?+(s2—s1)? + (2 — )2

The Galilean scalar product between two vectors P = (py, p2, p3)
and Q = (g1, 92, g3) is defined by

<P,Q>G={p1ql’ if p; #0orq; #0;

. 4
P292 + P393, lfpl = 0and q1 = 0. (4)

For this, the Galilean norm of a vector Pis | P |= /< P,P >g.
Moreover, the cross product in the Galilean space is defined by

)

p1 p3

< P x >=10,
cQ < 0 B

P11 p2
| g2

A vector P = (py, p2, p3) is said to be isotropicif py = 0, otherwise
it is known as non-isotropic. The following definitions will be
helpful [19].

Definition 1. Let a = (1,y2,y3) and b = (1,23, 23) be two unit
non-isotropic vectors in general position in G*. Then an angle 6
between a and b is given by

0= \/(Zz —12)? + (23 — y3)?

Definition 2. An angle ¥ between a unit non-isotropic vector
a = (1,y2,y3) and an isotropic vector ¢ = (0, z2,23) in G is
given by

)22+ )33
N

Definition 3. An angle n between two isotropic vectors ¢ =
(0,y2,y3) and d = (0, z,23) parallel to the Euclidean plane in
G is equal to the Euclidean angle between them. Namely,

12

V222 + Y323
V55 + 2

Definition 4. The curve a(t) = (x(t), y(t),z(t)) in the Galilean
space G is said to be admissible if it has no inflection points
(a(t)xga~(t) # 0) and no isotropic tangents (x(f) # 0).

cosn =

Let C be an open subset of R*> and M a surface in G°
parameterized by

riCCR - G, r(uv) = (x(w,v), y(u,v), 2(w,v))  (5)
In order to specify the partial derivatives we will denote:

dx dx 9%x
— = — and Xy = ——
u ov oudv

(6)

Then r is satisfied admissibility criteria if no where it has
Euclidean tangent planes. The first fundamental form is given by

ds* = (g1du + g@dv)* + e(hydu? + 2hyadudy + hypdv?)  (7)

where gt = x, = 2, ¢ = x, = &, and hyy = y2 + 22,

hyy = y2 + 22, hia = yuyy + zuzy, also

®)

_ ] 0, ifthe direction du : dv is non-isotropic;
1, if the direction du : dv is isotropic.

Now, consider the function

o=l 1u x 1y =/ (uzy — 2,207 + Gy — x> (9)

hence the isotropic unit normal vector field N of the surface
r = r(u,v) is given by

Ty X T 1
= ﬁ = ;(0» XuZy — XvZys XvYu — xuyv) (10)
u v
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The second fundamental form is obtained by
II = Lyydu® + 2Lypdudy + Lyydv? (11)

such that
1
L’j = ‘a(gl(()’yl]’zl]) - (gi)j(o’yu’zu)) -N
1
= g(gz(()))’iﬁzij) - (8j(0,y,2))) - N

where i,j = u, v.
Note that the dot “-” denotes the Euclidean scalar product.
Therefore, the Gaussian and mean curvature are given by.

_ Lulyp — 13,
= 2

_ &L —2q@Lin + ¢l
= 2

and H (12)

w 2w

3. HELICOIDAL SURFACES IN THE
GALILEAN SPACE G3

We will take a regular plane curve a(u;) = (g(u1),0,f(u1)) with
g(u1) > 0in the xz— plane which is defined on an open interval
I C R. A surface I'? in the Galilean space G is defined by

X (u1, uz) = (g(ur)cos(uy), g(ur)sin(uy), f(ur) + buz)  (13)
is said to be helicoidal surface with axis oz, a pitch b and the
profile curve «.

Without loss of generality, we assume that a(u;) =
(u1,0,f(uy)) is the profile curve in the xz— plane defined on
an open interval I of positive real numbers (I C RY). So, the
helicoidal surface I'? in G is given by

x (u1, u2) = (urcos(uz), ursin(uz), f(u1) + buz) ~ (14)
where f(u) is a differentiable function defined on I.
Theorem 5. Let I'? be helicoidal surface in G* defined by

x (u1, u2) = (urcos(uz), ursin(uz), f(u1) + buz)  (15)

where f(uy) is a differentiable function defined on I. Then the unit
normal vector field N of the surface T'? is given by

N = é(o, ur f' (1) sin(uz) + b cos(uz), —u1)  (16)

The first and the second fundamental forms of the surface T'? in G
are given respectively by

ds* = cosz(uz)du% — 2uysin(uz)cos(up)duy duy + u%sinz(uz)dug (17)

and

1
I = ;(—ulf”(ul)du% +2b duy duy — ul f'(uy)dud).  (18)

Proof: Let I'? be helicoidal surface in G* defined by
x (u1, uz) = (uycos(uz), usin(ua), f(u1) + buy) - (19)

Then the unit normal vector field N of the surface I'2 is an
isotropic vector field defined by

N

;(0> xul Zuz - xuzzu1>xu2)’u1 - xul}’uz)

i(o, uy f(uy) sin(uz) + b cos(uz), —uy)

where the positive function w is given by

W= \/(b cos(uz) + uy f'(uy) sin(uz)? + u? (20)
Here the partial derivatives of the functions x,y, and z with
respect to u; (i = 1,2) are denoted by x,;, y,, and z,,
respectively. On the other hand, let us define g; = xy;, hj =
YuiYuj + Zu;Zuj j = 1,2. So, the first fundamental form of the
surface I'? in G? is given by

ds* = ds? + eds? (21)
where
dsi = (g1dur + gdus)?
= (cos(uz) duy — uy sin(uz) duy)?
and

dS% = hudu% ~+ 2hypdudu, + hzzdu%
= (sin®(uz) +f’2(u1)) du% + 2(uysin(uz)cos(uz)
+ bf'(u1))duy duy + (u1cos*(uy) + b*) du3

Then

ds* = cosz(uz)du% — 2uysin(uy)cos(uy)duyduy + u%sinz(uz)du%
(22)
In the sequel, the second fundamental form IT of I'? is given by

1
1= ~(w f'un)dd +2b duy duy =1} f (w)di)) - (23)

_2
where Ly; = = f"(u1), Ly = %f/(ul) and L = g' u

Corollary 6. The Gaussian curvature K of the surface TZis
obtained by

1 / 4
K= J(uif (1) f" (1) — b%) (24)
Moreover, the mean curvature of the surface I'? is given by
1
H = ﬁ(—u?f”(ul)sinz(uz) + 2buy sin(uz) cos(uy)
— i f'(u1) cos*(u2)) (25)
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Proof: Since the Gaussian curvature K is given by K =

L1y Ly —1?
Lzlz, then
w

RELIVACN ui f'w) b

K: > E)

w

_ ﬁ(ui Fun) £ (1) — 1)

w w

The mean curvature of the surface is obtain from

_ SLlu—2a9Lln+g Ly

H

2 w?
By substituting, we get
H = 2%[(—”1 Sin(uz))z(M)
@ w
2
= 2 cos(uz)(—u Siﬂ(uz))(g) + cos(uy) <w”

1
= m[—u:{’fﬂ(ul) Sinz(uz) + Zbul sin(uz) COS(uz)

— 3 f'(uy) cos* ()] M

4. WEIGHTED HELICOIDAL SURFACES
IN G3

Let I'? be a helicoidal surface in G* defined by

x (u1, u2) = (urcos(uz), ursin(uz), f(u1) + buz) ~ (26)
where f(u;) is a differentiable function defined on I. Suppose
that I'? is the surface in G* with a linear density e?, where ¢ =
ax+ By + vz, «, B,y not all zero.
In this case, the weighted mean curvature Hy of I'? can be
expressed as
1
Hy=H--<N,V$ >c 27)
where V¢ is the gradient of ¢. If I'? is the weighted minimal
surface, then
1
Theorem 7. Let I'? be weighted minimal helicoidal surface in G*
defined by

x (u1, uz) = (urcos(uz), uysin(uy), f (uy) + buy) (29)

with a linear density e?, then f(u1) will be one of the following
2
1L flan) = ZEe o 4 e w
2. f(w) = 55 [Aln(u) = 2 In(;E) + In(BD) + In(u)]
3. f(uy) is the solution of the differential equation
) T+ CIF )+ 2 f () + Ef ) + [ +

G Hy_
s tl=0

4. f(uy) is the solution of the differential equation
)+ B+ G+ 3 f )+ E+ ) f2 ) +FfP () +

H G Iy __
U+ u + p + u*?) =0
Proof: Let I'? be a helicoidal surface in G* defined by
(30)

x (w1, uz) = (urcos(uz), ursin(uz), f (u1) + buz)

where f(u;) is a differentiable function defined on I. By
substituting in equation (27) we obtain

i [ (uy)sin® (uz) + 2buy sin(uz) cos(up) — 113 f' (1) cos® (uz)
((b cos(uz) + uy f'(u1) sin(uz))* + u2) < (0, uy f'(wy) sin(uy)
+ beos(uz), —u1), (a, B, v) >

Now, we can distinguish two cases according to the value of «.
Case 1.Ifa #£ 0

In this case the vector («, B, y) is non-isotropic, with some simple
calculation we can obtain the following differential equation

2b

1
f'(w) + — cot(ua) f'(ur) = = cot(uz) (31)
ui Lil

To solve this equation, we make reduction of the order as: Let
f'(u1) = y(u;) which gives f”(u1) = y'(u1), substitutes into
equation (31) we obtain the differential equation

1 2b
¥ () + " cot*(up) y(uy) = = cot(uz) (32)

1

cot(ua

Integrating factor IF = u; ) and hence the solution is given by

2b cot(uz) 1 —cot?(uy)
_ 2beotln) 1 33
y) cot?>(uz) — 1 g “ (33)
ie.,
2b cot(uy) 1 —cot*(uz)
/ e S co u 34
fm) cot2(uy) — 1 uy crih (34)
which gives
2b cot(uy) 1 1—cot?(u3)
== —_— :
fm) = oty —1 M)+ T ey T
(35)
Therefore, T'? is determined by
) 2bcot(uy)
x (w1, uz) = (uycos(uz), ursin(uz), —>———In(u1)
cot?(uy) — 1
C1 1—cot?(u3)
I + buy + ¢ 36
oo™ 2+c2) (36)
where
2b cot(uy) 1 1—cot?(u3)
5 = —-—m——- l A, < 2
z(uy, up) o) — 1 n(uy) + 1= cor2(iy)
+bu+ o (37)
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C1, Cp are constants.

Case2. Ifa =0

In this case the vector (0,8,y) is an isotropic and as before,
we obtain

1
E(—u?f”(ul)sinz(uz) + 2b uy sin(uz) cos(uz)

— uj f'(u1) cos*(u2))
= Buy f'(uy) sin(uy) + Bb cos(uy) —

Case 2.1. If B = 0, therefore

Y u1

1
—2(—u?f//(u1)sin2(u2) + 2b uy sin(uy) cos(uy)
10)
— 13 f'(uy) cos*(u2)) = —yu (38)
which gives the following differential equation

f/(ul

P+ A g - u% +D (39

1
where A = cotz(uz) —2bycot(uy),B=y,C =y b cot’(uy) +
2b COt(uz) D= m

By using Bessel’s functions of first and second order, a simple

computations gives that the solution of Equation (39) can be
written in the form

r(u)

flm) = " ()

[ Aln(uy) —

1 (40)

such that

r(u1) = Blcz Yo(v/BD ur) — ¢1 Ju(v/BD uy)] (41)
p(u1) = U1 (VBD uy) Y, (VBD uy)
~Ja(v/BD uy) Y11 (v/BD uy)] (42)

and

1
n:i\/Az—4BC—2A+1 (43)

with an arbitrary constants c;, ¢;. Therefore, in this case, the
surface I'? is given by

X (u1, uz) = (uy cos(uz), uy sin(uy), %[Al”(ul)
—2In (r((”I;)Jrz (BD) + In(u1)] + bus)  (44)

Case 2.2. If y = 0, then

—13f" (uy)sin® (uy) + 2buysin(uz)cos(uz) — uif’ (u1)cos?(uz)
= o*(Burf (u1)sin(uz) + Bbcos(uz))

a simple computations gives the next differential equation

A B
f(u )+ [ et Clf (u1) + f’z(u )
1
+ Ef’3(u1)+[—+%+53] =0 (45)
u ul ul

where A = cot?(u3), B = 3 Bb? cos(uz) cot(uz), C =
D = 3 b cos(uy), E = Bsin(uy), F =

and H = B b> cos(uz) cot?(uy).
Case 2.3.If y8 # 0, therefore

sin(up)’

Bbootly) =~ _ 5y cot(uz)

sin(up)

— 3" (uy)sin® (uz) + 2buysin(uz)cos(uz) — wif' (ur)cos*(uz)
= o (Burf(uy)sin(uz) + Bbcos(uz) — yur)

which gives the following differential equation

f”(ul)+(B+j1 u—)f(u1+(E+ )f/z(u)+Ff (u1)

1

H G
+(]+*+*2+*3)=0 (46)
ur o ouy oW
where A = cot’(uz) — 2 yb cot(us), B FTOAE C =
b .
%‘2)(“2) D = 3 B bcos(uy), E= —y, F = Bsin(uz), G =
3 3
~(2 b cotlus) + b o)), H = Fiis), 1 = PG,
___
and] = sin?(u) *

5. CONCLUSION AND FURTHER
RESEARCH

In this work, we constructed helicoidal surfaces in the Galilean
3—space and studied the First and the Second Fundamental
Forms. Moreover, we calculated mean and Gaussian curvature
for such surfaces. Also, we considered the Galilean 3—space with
a linear density e, 0 = ax + By + yz such that @, 8, y not
all zero and constructed a weighted helicoidal surface by solving
a second order non-linear differential equation. Moreover,
we discussed an explicit parametrization for the helicoidal
surfaces in G>.

Analogously to how a Minkowski 3—space relates
to a Euclidean 3—space, one has the notion of
Pseudo-Galilean 3—space G;. As known, G; is similar
to G?, but the Pseudo-Galilean scalar product of
two vectors r = (r,r,r3) and s = (s1,52,53)
defined by

<r,s>={r1$1’ ¥fr17é00r517é0;
1282 — 1383, 1fr1 =S5 = 0.

Therefore, there exist four types of isotropic vectors r = (0, 2, 73)
in G? : spacelike vectors (if r% — r% > 0), timelike vectors (if
r% - r% < 0) and two types of lightlike vectors (if r, = =£r3)
[15]. Thus, one can define different types of Helicoidal surfaces
in G%.

DATA AVAILABILITY STATEMENT

All datasets generated for this study are included in the
article/supplementary material.

Frontiers in Physics | www.frontiersin.org

March 2020 | Volume 8 | Article 81


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

Mosa and Elzawy

Helicoidal Surfaces With Density

AUTHOR CONTRIBUTIONS

All authors listed have made a substantial, direct and
intellectual contribution to the work, and approved it
for publication.

REFERENCES

1. Morgan F. Manifolds with density. Notices Am Math Soc. (2005) 52:853-8.

2. Hieu DT, Hoang NM. Ruled minimal surfaces in R® with density €. Pac J
Math. (2009) 243:277-85. doi: 10.2140/pjm.2020.305-1

3. Kenmotsu K. Surface of revolution with prescribed mean curvature. Tohoku
Math J. (1980) 32:147-53. doi: 10.2748/tmj/1178229688

4. Baikoussis C, Koufogiorgos T. Helicoidal surface with prescribed mean or
Gaussian curvature. ] Geom. (1998) 63:25-9.

5. Beneki CC, Kaimakamis G, Papantoniou BJ. Helicoidal surfaces in three-
dimensional Minkowski space. ] Math Anal Appl. (2002) 275:586-614.
doi: 10.1016/50022-247X(02)00269-X

6. Ji E, Hou ZH. A kind of helicoidal surfaces in 3-dimensional Minkowski space.
J Math Anal Appl. (2005) 304:632-43. doi: 10.1016/j.jmaa.2004.09.065

7. Kim DS, Kim YH, Lee JW. Construction of helicoidal surfaces in Euclidean
space with density. Symmetry. (2017) 9:173-81. doi: 10.3390/sym9090173

8. Agarwal P, Dragomir SS, Jleli M, Samet B. Advances in Mathematical
Inequalities and Applications. Birkhauser; Springer Nature Singapore Pte Ltd.
(2018).

9. Hieu DT, Nam TL.The classification of constant weighted curvature curves
in the plane with a log-linear density. Am Inst Math Sci. (2014) 13:1641-52.
doi: 10.3934/cpaa.2014.13.1641

10. Gromov M. Isoperimetry of waists and concentration of maps. Geom Funct
Anal. (2003) 13:178-215. doi: 10.1007/s000390300004

11. Shang Y. Lack of Gromov-hyperbolicity in small-world networks. Central Eur
J Math. (2012) 10:1152-8. doi: 10.2478/5s11533-012-0032-8

12. Yoon DW. Weighted minimal translation surfaces in the Galilean space with
density. Open Math. (2017) 15:459-66. doi: 10.1515/math-2017-0043

ACKNOWLEDGMENTS

The authors wish to express their sincere thanks to referee for
making several useful comments that improved the first version
of the paper.

13. Belarbi L, Belkhelfa M. Surfaces in R® with density. i-managers ] Math. (2012)
1:34-48. doi: 10.26634/jmat1.1.1845

14. Dede M, Ekici C. On parallel ruled surfaces in Galilean space. Kragujevac |
Math. (2016) 40:47-59. doi: 10.5937/KgJMath1601047D

15. Dede M, Ekici C, Goemans W. Surfaces of Revolution with vanishing
curvature in Galilean 3—space. ] Math Phys Anal Geom. (2018) 14:141-52.
doi: 10.15407/mag14.02.141

16. ELzawy M, Mosa S. Razzaboni surfaces in the Galilean space G°.
Far East ] Math Sci. (2018) 108:13-26. doi: 10.17654/MS1080
10013

17. Yoon DW, Lee JW, Lee CW. ¢—minimal rotational surfaces in
Pseudo-Galilean space with density. Ann Polonici Math. (2017) 120.
doi: 10.4064/ap170406-21-10

18. Aydin ME, Ogrenmis AO. Spherical product surfaces in the Galilean space.
Konuralp ] Math. (2016) 4:290-8.

19. Ozturk U, Ozturk EBK, Nesovic E. On equiform Darboux helices in Galilean
3—space. Math Commun. (2018) 23:145-59.

Conflict of Interest: The authors declare that the research was conducted in the
absence of any commercial or financial relationships that could be construed as a
potential conflict of interest.

Copyright © 2020 Mosa and Elzawy. This is an open-access article distributed
under the terms of the Creative Commons Attribution License (CC BY). The use,
distribution or reproduction in other forums is permitted, provided the original
author(s) and the copyright owner(s) are credited and that the original publication
in this journal is cited, in accordance with accepted academic practice. No use,
distribution or reproduction is permitted which does not comply with these terms.

Frontiers in Physics | www.frontiersin.org

March 2020 | Volume 8 | Article 81


https://doi.org/10.2140/pjm.2020.305-1
https://doi.org/10.2748/tmj/1178229688
https://doi.org/10.1016/S0022-247X(02)00269-X
https://doi.org/10.1016/j.jmaa.2004.09.065
https://doi.org/10.3390/sym9090173
https://doi.org/10.3934/cpaa.2014.13.1641
https://doi.org/10.1007/s000390300004
https://doi.org/10.2478/s11533-012-0032-8
https://doi.org/10.1515/math-2017-0043
https://doi.org/10.26634/jmat1.1.1845
https://doi.org/10.5937/KgJMath1601047D
https://doi.org/10.15407/mag14.02.141
https://doi.org/10.17654/MS108010013
https://doi.org/10.4064/ap170406-21-10
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

	Helicoidal Surfaces in Galilean Space With Density
	1. Introduction
	2. Preliminaries
	3. Helicoidal Surfaces in the Galilean Space G3
	4. Weighted Helicoidal Surfaces in G3
	5. Conclusion and Further Research
	Data Availability Statement
	Author Contributions
	Acknowledgments
	References




