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This article presents the fractional Laplace transform with the help of new iterative method (NIM) is extended for an estimated solution of coupled system of fractional order PDEs. The time fractional Whitham–Broer–Kaup system is taken as a test example where derivatives are given in the Caputo sense. Numerical results found by the proposed method are compared with that of ADM, VIM, and OHAM. Numerical consequences display that the proposed method is reliable and operative for solution of fractional order coupled system of PDEs. The proposed method shows better accuracy in even two iterations compared to the methods given above.
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INTRODUCTION

As we know that many technical and engineering issues that arises in day-by-day existence are modeled via mathematical tools form fractional calculus (FC), i.e., fractional calculus can be used to simulate various real phenomena involving long memory, e.g., using fractional derivative, one can model HIV/AIDS model based on the effect of screening of unaware infectives [1]. Maximum problems that arise are non-linear, and it is not usually probable to locate systematic results of such problems since some researchers introduced new approaches for finding the exact solution of FPDEs [2]. However, these methods also have some drawbacks, and we cannot use it for any type of problems. To fulfill these need, researchers introduced many semi analytical techniques such as HPM [3], HPTM [4], HAM [5], FDM [6], RPSM [7], etc.

NIM was introduced by Daftardar-Gejji and Jafari in 2006 and is also known as the DJ method for the solution of non-linear equations. This method is the modification of ADM in which the complex Adomian polynomials are replaced by Jafari polynomials. Therefore, we have no need to compute tedious Adomian's polynomial in each iteration.

In this presentation, we have extended the applications of the DJ method to a solution of coupled WBK equations of fractional order using the fractional Laplace Transform. Using the Laplace transform for fractional PDEs is effortless compared to the Riemann Liouvelle integral operator for fractional PDEs as well as a system of fractional PDEs.

The fractional-order WBK equations describe the propagation of shallow water waves [8] with different dispersion relations. The WBK equations are of the form:

[image: image]

where u(x, t) denotes the horizontal velocity, v(x, t) is the height that deviates from the equilibrium position, a, b are real constants that are represented in different diffusion powers, and [image: image]0 < α ≤ 1 is the Caputo derivative operator. For α = 1, we get the usual WBK equations. It is also essential to show that when a = 1 and b = 0, we have fractional order modified Boussinesq (MB) equation, and when a = 0, [image: image], we get the fractional order approximate long wave (ALW) equation. These equations took the attention of many researchers in recent decades [9–11].

The present paper is divided into five sections. The Fundamental Theory of Proposed Method section is devoted to the analysis of the DJ method as well as the implementation of the Laplace transform for fractional PDEs are given. In the Application of Laplace Transform with DJ method to Fractional Whitham-Broer-Kaup Equations section, the application of Laplace transform to FPDEs are given. In the Results and Discussion section, the results of the proposed method are compared with VIM, ADM, and OHAM solutions for time-fractional WBK, time fractional MB, and time-fractional ALW equations, while in the Conclusion section, the conclusion of the work is given.



FUNDAMENTAL THEORY OF PROPOSED METHOD


New Iterative Method [12–16]

Daftardar-Gejji and Jafari consider the following equation [12]:

Consider the equations of the form:

[image: image]

wherefi are known functions, ςi, ξi are linear and non-linear functions of νi. Assuming that equation (1) have a solution of the series form:

[image: image]

Since ςi is linear, so we write it as:

[image: image]

Decomposition of non-linear operators is as follows:

[image: image]

where [image: image]

Hence, equation (1) is equivalent to:

[image: image]

Further, the recurrence relation is defined as follows:

[image: image]

The kth-order approximation is given by:

[image: image]

For convergence analysis, we refer to Daftardar-Gejji and Jafari [13] where explanatory example is solved.



Laplace Transform and Fractional Partial Differential Equations [4]

Consider the following equations:

[image: image]

0 < α ≤ 1,

with ICs.

[image: image]

where ς is the linear operator, ξ is the non-linear operator, and [image: image] is the Caputo fractional derivative of a function vi(x, t), which is defined as:

[image: image]

(n − 1 < α ≤ n, n ∈ N).

Using the property of Laplace transform for Caputo fractional derivatives is:

[image: image]

Taking the Laplace transform on both sides of equation (10) we get:

[image: image]

Using equation (10), we have:

[image: image]

Taking the inverse Laplace transform on both sides of equation (12), we get:

[image: image]

Now, we apply a new iterative technique that was derived in the New Iterative Method section.




APPLICATION OF LAPLACE TRANSFORM WITH DJ METHOD TO FRACTIONAL WHITHAM-BROER-KAUP EQUATIONS

Problem 3.1: Time Fractional WBK Equation

[image: image]

Subject to ICs

[image: image]

where [image: image]and λ, c, k, are any constants.

For α = 1, the exact solution of the system is as follows:

[image: image]

Applying Laplace transform and inverse Laplace transform to equation (3.1), we have:

[image: image]

Now, using the basic idea of the DJ method discussed in the Fundamental Theory of Proposed Method section, we have:
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Three terms approximate the solution for equation (14):

[image: image]

We take k = 0.1, λ = 0.005, a = b = 1.5 and c = 10 in the above problem.

Problem 3.2: Time Fractional MB Equation

[image: image]

Subject to ICs

[image: image]

where ξ = x + c and k, λ, c are arbitrary constants.

For α = 1, the exact solution of the system is as follows:

[image: image]

According to the DJ method described in the Fundamental Theory of Proposed Method section, we have:
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so that
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Three terms approximate the solution for equation (25):

[image: image]

Problem 3.3: Time Fractional ALW Equation

[image: image]

subject to Ics

[image: image]

where ξ = x + c and λ, c, k are arbitrary constants.

For α = 1, the exact solution of the system is as follows:

[image: image]

According to the DJ method described in the Fundamental Theory of Proposed Method section, we have:
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So that
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Three terms approximate the solution for equation (26):

[image: image]

Values of the parameters are taken to be same as problem 3.1.



RESULTS AND DISCUSSION

The DJ method is experienced upon the fractional WBK, MB, and ALW equations. Mathematical 7 have been used for most computations.

Tables 1–3 show the estimation of absolute errors of the second-order DJ solution with ADM, VIM, and second-order OHAM solutions for u(x, t) of fractional WBK, MB, and ALW equations at α = 1, respectively. Tables 4–6 shows the estimation of absolute errors of second-order DJ solution with ADM, VIM, and second-order OHAM solutions for v(x, t) of fractional WBK, MB, and ALW equations at α = 1, respectively. The tabulated results show that the second-order approximate solutions by the DJ method are closer to exact solutions than those of ADM, VIM, and OHAM solutions.


Table 1. Second-order DJ solution for u(x, t) in comparison with ADM, VIM, and OHAM solutions at α = 1 for WBK equation.

[image: Table 1]


Table 2. Second-order DJ solution for u(x, t) in comparison with ADM, VIM, and OHAM solutions at α = 1 for MB equation.

[image: Table 2]


Table 3. Second-order DJ solution for u(x, t) in comparison with ADM, VIM, and OHAM solutions at α = 1 for ALW equation.

[image: Table 3]


Table 4. Second-order DJ solution for v(x, t) in comparison with ADM, VIM, and OHAM solutions at α = 1 for WBK equation.

[image: Table 4]


Table 5. Second-order DJ solution for v(x, t) in comparison with ADM, VIM, and OHAM solutions at α = 1 for MB equation.

[image: Table 5]


Table 6. Second-order DJ solution for v(x, t) in comparison with second-order ADM, VIM, and OHAM solutions at α = 1 for ALW equation.

[image: Table 6]

Figures 1A–C show the coupled surface of the second-order approximate solution by NIM for u(x, t) and v(x, t), part of WBK, MB, and ALW equations at α = 1, respectively. Figures 2, 3 show the 2D plots of the second-order approximate solution by NIM for u(x, t) and v(x, t) of WBK, MB, and ALW equations at x = 1 and different values of α, respectively. Figures 4A–C show the absolute error graph for the coupled WBK, MB, and ALW equation at x = 50.


[image: Figure 1]
FIGURE 1. (A) Coupled surface for WBK equation, (B) for MB equation, (C) for ALW equation at α = 1.



[image: Figure 2]
FIGURE 2. 2D curves for u(x, t) part of (A) WBK equation, (B) MB equation, (C) ALW equation at x = 1.



[image: Figure 3]
FIGURE 3. 2D curves for v(x, t) part of (A) WBK equation, (B) MB equation, (C) ALW equation at x = 1.



[image: Figure 4]
FIGURE 4. Absolute error curves for coupled (A) WBK equation, (B) MB equation, (C) ALW equation at x = 50.


It is clear from 2D figures that as the value of α increases to 1, the approximate solutions tend closer to the exact solution.



CONCLUSION

The DJ method converges rapidly to the exact solution at lower order of approximations for the WBK system. The results obtained by the proposed method are very encouraging in assessment with ADM, VIM, and OHAM. As a result, it would be more appealing for researchers to apply this method for solving systems of non-linear PDEs in different fields of science especially in fluid dynamics and physics. The accurateness of the technique can more be improved by taking higher-order estimation of the proposed method.
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