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l1-Embeddability Under Gate-Sum
Operation of Two /1-Graphs

Guangfu Wang*, Chenyang Li and Fengling Wang

School of Science, East China Jiaotong University, Nanchang, China

An [1-graph is one in which the vertices can be labeled by binary vectors such that the
Hamming distance between two binary addresses is, to scale, the distance in the graph
between the corresponding vertices. This study was designed to determine whether the
gate-sum operation can inherit the /1-embeddability. The subgraph H of a graph G is
called a gate subgraph if, for every vertex v € V(G), there exists a vertex x € V(H) such
that for every vertex u of H, x lies on a shortest path from v to u. The graph G is defined
as the gate-sum of two graphs G1 and G» with respect to H if H is a gate subgraph of
at least one of G1 and Gy, such that G1 U G = G, Gy NGy = H, and both G1 and G»
are isometric subgraphs of G. In this article, we have shown that the gate-sum graph of
two l1-graphs is also an /4-graph.

Keywords: hypercube, /1-embeddability, gate subgraph, gate-sum, convex cuts

1. INTRODUCTION

A computer network is a group of computer systems and other computing hardware devices
that are linked together through communication channels to facilitate communication and
resource-sharing among a wide range of users. Networks are usually visualized as a graph, with the
computers or devices being represented by vertices and the connections between vertices shown as
edges. Graham and Pollak [1] were concerned with message switching in interconnected loops of
computers, and they studied the problem of addressing graphs with a ternary alphabet {0, 1, 8} such
that any graph may be addressed with an edge distance of unity for some address length 7. Blake and
Gilchrist [2] restricted attention to the binary alphabet. They formulated a routing algorithm for
message switching in computer networks that simplifies the computation of the minimum-length
path between any two vertices. An [;-graph is one in which the vertices can be labeled by binary
vectors such that the Hamming distance between two binary addresses is, to scale, the distance in
the graph of corresponding vertices [3]. The graph operation can construct a new graph from a
given graph, and some properties can be inherited under these operations. Our motivation for this
study was to determine which operations can inherit the /;-embeddability. Thus, the purpose of
this work is to determine the I} -embeddability of the gate-sum graph of two I} -graphs.

Let G = (V,E) be a connected simple graph. The distance between two vertices u and v of G,
denoted by dg(u, v), is the length of a shortest #—v path in G. Then [V(G), dg] is a graphic metric
space associated with G [3]. A subgraph H of G is an isometric subgraph if dy(u,v) = dg(u,v) for
any u,v € H. A subgraph of G is convex if, for any two vertices, it includes all of the shortest paths
between them. Obviously, a convex subgraph of G is an isometric subgraph. Let S C V(G) be any
subset of vertices of G. The induced subgraph G[S] is the graph that has the vertex set S and the edge
set consisting of all edges in E for which both ends are in S [4].

Bandelt and Chepoi [5] introduced the definition of a gate subgraph. A subgraph H of a graph G
is a gate subgraph if, for every vertex v € V(G), there exists a unique vertex x € V(H) such that x lies
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FIGURE 1 | Examples of a convex subgraph (A) and a gate subgraph (B).

on the shortest path between v and any vertex u € V(H); x
is called the gate of v. Hammack et al. [6] showed that a gate
subgraph is convex, but that a convex subgraph may not be a
gate subgraph. For example, each subgraph induced by the black
vertices in Figures 1A,B is a convex subgraph in each graph. The
subgraph shown in Figure 1A is a gate subgraph, whereas that in
Figure 1B is not.

If u and v are two vertices of a path, the subsequence of this
path starting with u and ending with v is the segment of this path
from u to v. The shortest path Py, is the path connecting x to y
that has the fewest edges. Clearly, the segment of a shortest path
is still a shortest path [7].

The I;-space is the metric space of sequences whose series is
absolutely convergent, denoted by (X, d;). Thus, X is the set of
all real sequences x = (x1,x,...) such that Zfil |xk] < oo,
and the distance function is defined as di (x,y) = Y_po lxx — yl
for any x,y € X. A graph G is an [;-graph if (V(G),dg) is
isometrically embeddable into some [;-space. That is, there is
a distance-preserving mapping ¢ from V(G) into X such that
do(x,y) = di(p(x), 9.

The n-dimensional hypercube Q, is the graph whose vertices
are ordered n-tuples of Os and 1s, two vertices being joined if and
only if they differ in exactly one coordinate.

Assouad and Deza [8] showed that a graph G is an [;-graph if
and only if G is scale-A-embeddable into a hypercube Q, for some
positive integers A and n, meaning that there exists a mapping
¢ : V(G) — V(Qy) such that

A - dg(x,y) = dq, ($(x), ¢(7))
for any x,y € V(G). The integer A is the scale of G. The smallest
such integer A is called the minimum scale of G. According to
Shpectorov [9], the minimum scale A of G is equal to 1 or is even.
In particular, if A = 1, G is an isometric subgraph of Q,, also
called a partial cube.

Shpectorov [9] and Deza and Grishukhin [10] showed that a
graph G is an [;-graph if and only if it is an isometric subgraph
of the Cartesian product of cocktail party graphs and half-cubes.
The cocktail party graph K, x» is a complete multipartite graph
with n parts, each of cardinality 2, which is equivalent to a
complete graph K3, deleting a perfect matching, as shown in
Figure 2. The hypercube Q, is a bipartite graph, and the half-cube
%QV, is the graph defined on one of two parts of this hypercube,
with two vertices being joined if the distance between them in Q,
is 2.

FIGURE 2 | The complete graph K, and the cocktail graph Ky xo.

An [;-rigid graph is an [j-graph that essentially admits a
unique /;-embedding. Shpectorov [9] showed that every [, -rigid
graph G is an isometric subgraph of a half-cube. He also proved
that every [;-rigid graph has scale 1 or 2. Deza and Laurent [11]
proved that the complete graph K,, (n > 4) and the cocktail graph
Kyx2 (n > 4) are not [; -rigid, where the variety of /;-embeddings
of K, x> all come from that of the complete graph K,,. The half-
cube graph %Qn (n = 3,4) is [;-rigid. Hence, they claim that, if
G is not [;-rigid, the variety of its /;-embeddings arises from that
of the complete graph. Deza and Tuma [12] and Chepoi et al.
[13] studied the forbidden subgraphs of an /;-rigid graph. They
determined that an [} -graph is [; -rigid if and only if it is Ky-free.

Deza and Laurent [11] proved that the graph obtained by
identifying single vertices from two I;-graphs is also an [; -graph.
Wang and Zhang [14] proved that the graph obtained by gluing
two [;-graphs along an edge is also an [} -graph if at least one of
the original graphs is bipartite. However, for two non-bipartite
graphs, this is not always the case. They also determined that
even for two bipartite [; -graphs, gluing a convex subgraph cannot
guarantee the [; -embeddability of the obtained graph. Naturally,
we wondered if this result could be generalized.

Suppose that H; is a subgraph of G;, i = 1,2. If H;
is isomorphic to Hj, their vertices can be identified under
some isomorphism as a new graph H such that the incidence
relationship between vertices and edges remains. The resulting
graph is called the H-sum of G; and G, denoted by G; Uy G.
In particular, if H is a single vertex v or an edge e = uv, the H-
sum is called the 1-sum or the 2-sum, denoted by G; U, G, and
G1 Uyy Gy, respectively. Additionally, if G; and G, are isometric
in G; Uy Gy, and H is a gate subgraph of at least one of G; and
G, then G; Uy G is called a gate-sum of G| and G, denoted by
Gy Ui”q G,. Both Gy and G; are isometric subgraphs of G; U G;
ifand only if dg, (x, ) = dg,(x, y) forany x,y € H.

For example, see the graph in Figure 3, where the marked
Ky is an isomorphic subgraph of G; and G,. The K4-sum graph
G1 Uk, G2, shown in Figure 3C, is obtained by identifying these
two marked Ky as the same subgraph. In particular, in Figure 3B,
the marked Ky is a gate subgraph of G,. Obviously, both G; and
G, are isometric subgraphs of G; Uk, G. Therefore, it can be seen
as a gate-sum graph G, U‘?Q G, of G; and G, with respect to Ky.

In this paper, we have shown that the gate-sum graph of two [; -
graphs G and G is also an [} -graph. The remainder of this article
is organized as follows. In section 2, we have introduced the
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FIGURE 3 | The gate-sum graph G Uﬂ4 Go of G1 and G2 with respect to Kj.

Ee .

G1 U?Q Go

concept of convex cuts of graphs, which are used to characterize
the I;-graphs. We have proven that the collection of convex cuts
of the gate-sum graph G U% G, can be expanded by those of G;
and G,. We have then proven the main theorem. For the sake
of brevity, we obtained the main result by omitting the proofs of
certain lemmas. In section 3, we have presented detailed proofs of
those lemmas that were not proved in section 2. Finally, we have
presented our conclusions to this study in section 4.

2. CONVEX CUTS AND MAIN RESULTS

Deza and Tuma [12] introduced the concept of convex cuts,
which can be used to characterize I;-graphs. A cut {A,B} of G
is a partition of V(G) into two nonempty parts. If both A and B
are convex sets, then the cut {A, B} is a convex cut. A cut {A, B} of
G cutsan edge uvif u € A and v € B. An edge cut of G is a subset
of E(G) of the form [S,S], where S is a nonempty proper subset
of V(G), S = V\S, and [S, S] is the set of edges with one end in §
and the other in S. Similarly, we say that a cut {A, B} of G cuts a
subgraph H if [A N V(H), BN V(H)] is an edge cut of H.

Deza and Tuma [12] and Deza et al. [15] proved the
following theorem.

Theorem 2.1. ([12, 15]) A graph G is scale-A-embeddable into
a hypercube if and only if there exists a collection C(G) of (not
necessarily distinct) convex cuts of G such that every edge of G is
cut by exactly A cuts from C(G).

For example, in the graph K; in Figure4, the cuts
{{a}, {b, ¢, d}}, {{b}{a, ¢, d}}, {{c},{a. b, d}}, {{d}.{a, b.c}} are
convex cuts. Every edge of Ky is cut by exactly 2 cuts of
{{a}, {b, ¢, d}}, {{b}, {a, ¢, d}}, {{c} {a, b, d}}, and {{d}, {a, b, c}}. By
Theorem 2.1, the graph Ky is scale-2-embeddable into the
hypercube Q.

Furthermore, Wang and Zhang [14] showed that the scale of
an [;-graph can be proportionally amplified.

Lemma 2.2. ([14]) If a graph G is scale-A-embeddable into
a hypercube, then, for any positive integer r, G is scale-rh-
embeddable into a hypercube.

Let G; and G; be two [;-graphs and G; U‘E{ G, be a gate-
sum graph of G; and G,. Without loss of generality, suppose
that G is scale-A-embeddable into some hypercube and G is

1,0,0.0 0,100
a b a b
%
d e d c
0.0.0.1 0.0.1.0

FIGURE 4 | Convex cuts and binary address of Kj.

scale-n-embeddable into some hypercube. By Theorem 2.1, there
are two collections C(G;) and C(Gz) such that every edge of G;
and G, is cut by exactly A and 75 cuts, respectively. According
to Theorem 2.1 and Lemma 2.2, to prove G U‘f{ G, is an -
graph, it is sufficient to construct a collection C(G; U$; G,) of
convex cuts of G; U‘gf G, such that every edge of G; Ué;l G, is
cut by exactly the same number of cuts. Now, we construct a
collection of convex cuts of G; Ui{ G, from the convex cuts of
C(Gyp) and C(Gy).

We now define the expansion of convex cuts. Suppose that H
is a subgraph of G and {A, B} is a convex cut of H. If G has a
convex cut {A’, B'} such that A € A" and B C B/, then we say that
the convex cut {A, B} of H expands the convex cut {A’, B’} of G.
We say that the collection C(H) expands a collection C(G) if every
convex cut of C(H) can expand a convex cut of G. We also say that
the collection C(H) is the restriction of C(G) on the subgraph H.

To enhance the readability of this paper, we list the following
three lemmas without proofs. Their proofs have been given
in section 3.

Lemma 2.3. Suppose that Gy Uy, G, is a gate-sum graph of two
ly-graphs Gy and G,. Then, a convex cut of Gy (or Gz) not cutting
H can expand a convex cut of Gy U‘fi G.

Next, we will prove that two convex cuts of G; and G can
expand a convex cut of G; U§1 G, if they cut the same edges of
H. Suppose that the convex cut {A;,B;} of Gy is cutting H and
that the cut {A, By} is that of G,. Then, {A;, B;} and {A;, B>} cut
the same edges of H. If A} N Ay # ¢, then A} N B, = @. If not,
A1 N Ay # and A; N By # @, which contradicts the assertion
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that {A1, B} and {A,, B»} cut the same edges of H. Similarly, we
have By N By # ¥ and By N A, = . Because A; U B; = V(G))
(i=1,2)and V(G1)NV(G,) = V(H), weknow that A|NV(H) =
A] N (A1 UBl) N (A2 UBz) = A1 nAz andA2 N V(H) = A1 mAz.
Similarly, B; N V(H) = By N B, = B, N V(H). Furthermore, we
have that V(H) = V(G)) N V(Gy) = (A1 UB) N (A UBy) =
[A1 N (A2 UBy) U [Br N (A2 UBy)] = [A1 NA3] U [By N Byl.
We denote V(H4) = A; N A, and V(Hg) = B; N B,. Then,
V(Ha) U V(Hp) = V(H), and we have the following lemma.

Lemma 2.4. Suppose that G, Ui G, is a gate-sum graph of two I, -
graphs Gy and G,. Assume that {Ay, B, } is a convex cut of Gy and
{Ay, By} is that of Gy. If H is Iy -rigid, {A1, B1} and {A3, By} cut the
same edges of H. Then, {A;, B1} and {A,, By} can together expand
a convex cut {Ay Uy(g,) Az, By Uy ) B2} of Gy U‘Ig{ Gs.

If H is not [ -rigid, then it has more than one kind of collection
of convex cuts. Any two collections C(G;) and C(G3) may not be
equal on H. Therefore, the convex cuts of C(G;) and C(G) may
not cut the same edges of H.

To solve this problem, we have proven that any kind of
collection of convex cuts of H can expand two new collections
of convex cuts of Gy and Gy, respectively, such that they are equal
on H.

Lemma 2.5. Let H be an isometric subgraph of an I,-graph G. If
H is not Iy -rigid, each collection C(H) of H can expand a collection
C(G) of G.

We will now prove the main theorem of this work.

Theorem 2.6. Suppose that Gy Uf’;l G, is a gate-sum graph of G,
and G,. If G1 and G, are l-embeddable, then G, U‘}g{ G, is also
l;-embeddable.

Proof: Without loss of generality, suppose that H is a gate
subgraph of Gy. Because a gate subgraph is a convex subgraph, H
is a convex subgraph of Gy. Then, H is an [;-graph. Suppose that
G| is scale-A-embeddable into some hypercube and G; is scale-7-
embeddable into some hypercube. By Theorem 2.1, there are two
collections C(G) and C(Gy) such that every edge of G; and G, is
cut by exactly A and 7 cuts, respectively.

If H is l;-rigid, H has only one kind of collection of convex
cuts. Then, C(G;) and C(G,) have the same restriction on H
(which means that A = n).

If H is not /;-rigid, the restriction on H of C(G;) is not equal
to that of C(Gy). Suppose that A # 1. By Lemma 2.2, G, is scale-
An-embeddable into some hypercube. Then, G, has a collection
C'(G,) such that every edge of G, is cut by exactly An cuts. By
Lemma 2.5, every C(H) can expand a collection C(Gy ). Obviously,
the restriction on H of C'(G,) is a kind of C(H). Thus, it can
expand a new collection C'(G;) of G such that every edge of G;
is cut by exactly A7 cuts.

Hence, there always are two collections C'(G) and C'(G,) for
which the restrictions of them on H are equal, and every edge of
G; and G is cut by exactly An cuts.

As C'(Gy) and C'(Gp) are equal on H, there are the
same number of convex cuts of C'(G;) and C'(G;) cutting
H. Denote the convex cuts of C'(G;) that are cutting H as

{A1, B1}, ... {Ap, By} and those of C'(Gy) as {A], B}, ..., {A}, B, }.
Because the restrictions on H of C’(Gy) and C'(G;) are equal,
each convex cut of {A;,B;},...,{A}, By} must equal one of
{A], B}}, ... {A}, B} on H. Without loss of generality, we assume
that each pair of {A;, B;} and {A}, B} cut the same edges of H
(I < i < h). By Lemma 2.4, each pair of convex cuts {A;, B;}
and {A}, B}} can together expand a convex cut {A; U A, B; U B}
of Gy U§; Go (1 < i < h). Then, every edge of H is cut by
{A; U A}, B; U B}} to give exactly An cuts (1 < i < h).

By Lemma 2.3, the convex cuts of C'(G;) and C'(G) that do
not cut H can expand the convex cuts of G; U‘f{ G that do not
cut H.

Now, the convex cuts {A; U A}, B;UB} for 1 <i < h, together
with the convex cuts of C’(G;) and C’(G>) that do not cut H, form
a collection of convex cuts of G; U‘E{ G», such that every edge of
Gy U3, Gy is cut by An convex cuts. Therefore, by Theorem 2.1,
the graph G; U‘% G, is scale-An-embedded into some hypercube.
This completes the proof. O

Note that, for any graph, a single vertex is a gate subgraph. A
cycle is a closed path that originates and terminates at the same
vertex. A graph is bipartite if and only if it contains no odd cycles
[4]. Therefore, for any edge e = uv of a bipartite graph, there is no
vertex a such that d(u, a) = d(v, a). The subgraph induced by an
edge is then a gate subgraph in a bipartite graph. Obviously, both
G) and G are isometric subgraphs of the graphs G; U, G, and
G1 Uy Gy. The following corollaries can be immediately obtained
from Theorem 2.6.

Corollary 2.7. ([11]). Let G, and G, be two Iy-graphs. G U, G,
is an Iy -graph.

Corollary 2.8. ([14]). Let Gy and G, be two I;-graphs. If at least
one of them is bipartite, G Uy, Gy is an I;-graph.

3. PROOFS OF LEMMAS 2.3-2.5
3.1. Proof of Lemma 2.3

First, we need the following lemma.

Lemma 3.1. Suppose that G, U‘}”{ G, is a gate-sum graph of Gy and
G,. If H is a gate subgraph of Gy, then G; is a convex subgraph of
G U5, G,

Proof: If G, is not a convex subgraph of G; U‘%I G», there are two
vertices x1 and x; lying in G; such that the shortest path Py, y,
passes through a vertex v3 of Gj. As this shortest path must pass
through the vertices of the gate subgraph H of Gy, there are two
vertices x| and x; of H on the x1, v3-path and x;, v3-path of Py x,,
respectively. Note that both G; and G, are isometric subgraphs
of G; U‘EI G,. It is clear that the segment from x} to x} of Py, is
ashortest path P,/ ;. Then, we have Py v = Py, + Py .

As H is a gate subgraph of Gy, there exists a unique gate as of
v3 in H such that Pyyy = Py gy + Pasys and Py vy = Py oy + Pasys.-
Then, we have that Py v = Py, +Py . = Py g, +Payys + Py g, +

2
Payyy > Py 4y + Py, which contradicts the assertion that Py is

a shortest path. Thus, G, is a convex subgraph of G; U‘ﬁ G, O
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Proof of Lemma 2.3. Without loss of generality, suppose that
H is a gate subgraph of G;. We need only prove that a convex
cut of G; or G; that does not cut H can expand a convex cut of
G U}, Ga.

Case 1. A convex cut of G; that does not cut H can expand
that of Gy U‘f_[ Gy.

Suppose {A,B} is a convex cut of G; that does not cut H.
Without loss of generality, we assume that V(H) € B. We now
prove that {A, B Uy(x) V(G2)} is a convex cut of Gy U‘f_l G, that
does not cut H and is expanded by {A, B}.

If A is not a convex set of Gy U‘;I G, there are two vertices v;
and v, belonging to A such that P, ,, of G U‘% G, passes through
avertex v3 of G[B] Uy Gj. Therefore, Py, = Py,y; + Py, If all
vertices of P,,,, lie entirely in Gy, A cannot be a convex set of Gy.
Without loss of generality, suppose that v3 lies in G,. Note that
H is a gate subgraph of Gj. There are two gates x; of v; and x;
of v, in H, and these two gates lie in P,,,, and P,,,,, respectively.
Then, we have that P, = Py,x, + Px;v; + Pyyx, + Pxyv,. As Gy
is an isometric subgraph of G; U‘% G», there is some Py y, that
lies entirely in Gy, and its length equals that of Py, x, of G,. Then,
Py, = Py x, +Px,x, +Px,v,, and Py, lies entirely in G;. As Py,
passes through the vertices of H, and H belongs to B, A cannot be
a convex set of G;. Therefore, A is a convex set of Gy U‘z G,.

If B Uy V(Gz) is not a convex set of G U‘% G,, there are
two vertices v4 and vs belonging to B Uy V(G) such that
P,y passes through a vertex vs in A and Py, = Py,vs + Pygys-
Obviously, the path P,,,, does not intersect with P,,. at any
internal vertices. The segment of a shortest path is still a shortest
path. This means that v¢ has two internally disjoint paths P,
and P, that connect with the vertices in H. Thus, ve has at least
two gates, which contradicts the statement that the gate is unique.

Both A and B Uy gy V(Ga) are convex sets of Gy U‘; Gz, and
they contain all vertices of Gy U‘f{ Gy. Thus, {A, B Uy gy V(G2)}
is a convex cut of Gy U‘f{ G,. Furthermore, note that A = A and
B € BUyw) V(Gz), and so the convex cut {A, B Uy ) V(G2)} is
expanded by the convex cut {A, B} of G;.

Case 2. A convex cut of G, that does not cut H can expand
that of Gy U‘fq G,.

Suppose that {C, D} is a convex cut of G, that does not cut H.
Without loss of generality, we assume that H € D. We now prove
that the cut {C, D Uy sy V(G1)} is a convex cut of Gy U‘?_I G, and
is expanded by {C, D}.

By Lemma 3.1, it is obvious that C is a convex set of G; U$; G,
because C is a convex set of G, and G, a convex subgraph of
G U}, Ga.

Suppose that the vertex set D Uy sy V(G1) is not a convex set
of Gy Ui G». There will be two vertices v1, v, of D Uy gy V(G1)
such that the shortest path P,,,, passes through a vertex v3 of C.
Let P,,,, and P,,,, denote the two segments of P,,,, divided by
v3. Because the vertices v, v, belong to D Uy gy V(Gp), we can
find two vertices v}, v, of D such that v € P,,, and v; € P,,,,.
Note that both G; and G, are isometric subgraphs of G; U‘i G,.
It is clear that the segment from v} to v} of the path P, ,, is a
shortest path, and it passes through the vertex v3 of C, which
contradicts the assertion that D is a convex set of G,. Therefore,
D Uy gy V(Gy) is a convex set of G.

As C and D Uy V(G)) are convex sets of G U‘EJ Gy,
{C,D Uy V(Gy)} is a convex cut of G and its two convex
sets contain C and D, respectively. It follows that the convex
cut {C,D} of G, that does not cut H expands the convex cut
{C,DUyx) V(G1)} of Gy U‘% G,. This completes the proof.

O

3.2. Proof of Lemma 2.4

Proof: Let G; and G be two [j-graphs and G U‘Ig{ G, be the
gate-sum graph of G; and Gj. By Theorem 2.1, there are two
collections C(G) and C(G,) such that every edge of G; and G,
is cut by exactly A and 7 cuts, respectively, as H is /;-rigid, C(G})
and C(G;) must be equal on H. For any convex cut {A}, B;} of
C(G1), we can find a convex cut {A;, B} of C(G,) that cuts the
same edge of H.

Without loss of generality, suppose that H is a gate subgraph
of an [;-graph G;. Suppose that x; of V(H) is the gate of v; in Gj.
If v; and x; belong to different convex sets, assume that v; lies
in A; and x; belongs to By N V(H). There will be a vertex u in
A1 N V(H) such that the shortest path P, , must pass through the
vertices of B, which contradicts the assertion that A; is a convex
set. Then, both v; and x; belong to the same convex set A; or Bj.

Without loss of generality, suppose that v; and x; belong to
Ai1. We now show that {A; Uyg,) A2, B1 Uy, B2} is a convex
cut of Gy U‘}”{ G,. First, we prove that A; Uy g,) Az is a convex
set of G; Ui G,. Consider two vertices v; and v, that belong to
Ay Uy, Az.

Case 1. Both v and v; lie in A,.

As A, is a convex subset of G, and G is a convex subgraph of
Gy U3; Gy, Ay is a convex subset of Gy U3; G,. Obviously, Py, lies
entirely in A;.

Case 2. The vertex 11 lies in A1 and v; lies in A,.

Because v; lies in A} and v, lies in A;, the gate x; of v; belongs
to A; N V(H). As {A;,B;} and {A;, B} cut the same edges of H,
we have that A} N V(H) = A, N V(H) and x; also belongs to A;.
Therefore, the shortest path P,,,, must pass through the vertices
of H.

If P,,,, passes through the gate x; of v, we have that P, ,, =
Py, x, + Px,v,. Note that both G; and G, are isometric subgraphs
of Gy U‘% G,. As both v; and x; belong to A; and A; is a convex
set, the path P, ,, lies entirely in A;. Similarly, v, and x; belong
to Ay, which is a convex set. Hence, P,,,, lies entirely in A,. Thus,
the shortest path P,,,, lies entirely in Ay Uy (g,) As.

If there is a shortest path P, ,, that does not pass through the
gate x; of vy, Py, will pass through a vertex x3 of V(H), which is
not the gate of vi, and Py, = Py, x; + Pxv,-

We now prove that x3 belongs to A; N V(H). If this is not the
case, then x3 lies in By N V(H), and 5o Py, x; = Py,x, + Py x; and
Py, < Py x;+Px;y,. Furthermore, Py, v, +Py;v, = Pyix +Px x;+
Pyyv, > Py x, + Pyy,, which contradicts the assertion that P, ,,
passes through x3, but does not pass through the gate x;.

As vy and x3 belong to Aj, and x3 and v, belong to A,, we
have that P, y, lies entirely in A; and Py,,, lies entirely in A,.
Therefore, Py, = Py x; 4 Px;y, lies entirely in Ay Uy g,y As.

Hence, for any vertex v; of A; and any vertex v, of Ay, Py,
lies entirely in Ay Uy (g,) As. This proves case 2.
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Case 3. Both v; and v; liein A;.

If Py, does not pass through the vertices of Gy, then P,,,,, lies
in Gj. Note that A; is a convex subgraph of Gy, and P,,,, lies in
A,.If P, passes through the vertices of Gy, it must pass through
a vertex v3 of A,. From case 2, we know that both P,,,, and P,,,,
lie in Ay Uy(g,) Az and that P,,,, lies entirely in Ay Uy g,y As.

Summarizing the above three cases, for any two vertices v; and
vy of A{Uy g1, A2, we have that the shortest path P, ,, lies entirely
in Ay Uy g, Az. It follows that A; Uy g,y A; is a convex set of
G U}, Ga.

A similar proof shows that the set By Uy, B2 is also a convex
set of Gy U‘% Gj. Then, {A1 Uy(n,) A2, B1 Uy(sy) B2} is a convex
cut of Gy U‘EI G», and its two convex sets contain vertex sets Ay, A,
and By, By, respectively. Thus, {A;, B} of G| and {A;, B} of G
together expand the convex cut {A; Uy g,y A2, Bi Uy sy Ba} of
G U, Ga.

O

3.3. Proof of Lemma 2.5

To study the expansion of the collection of convex cuts, we have
introduced a new characteristic of I;-graphs. Shpectorov [9] and
Deza and Grishukhin [10] characterized I;-graphs as follows:

Theorem 3.2. ([9, 10]) A graph G is an I,-graph if and only if it
is an isometric subgraph of the Cartesian product of cocktail party
graphs and half-cubes.

Suppose that H is an isometric subgraph of an /;-graph G; H
is also an [;-graph. By Theorem 3.2, H is an isometric subgraph
of the Cartesian product of some cocktail party graphs and half-
cubes, and G is that of larger cocktail party graphs and larger
half-cubes. To expand the collection of convex cuts of H to G,
we need only expand the collection of convex cuts of the cocktail
party graph and half-cube to a larger cocktail party graph and a
larger half-cube, respectively. As the half-cube is [;-rigid, it has
a unique collection of convex cuts. Note that %Qm is a subgraph
of %Qn. Thus, we have that any collection C(%Qm) of %Qm can
expand a collection C(%Qn) of %Qn (m < n). We need only
examine whether any collection C(Kj,x2) can expand a collection
C(Kux2) (m < n).

We require the definition of a vertex-transitive graph. An
automorphism of a (simple) graph G is a permutation 7 of V(G)
that has the property that (u,v) is an edge of G if and only if
(7 (u), w(v)) is an edge of G. The set of all automorphisms of G,
with the composition operation, is a group. This group is called
the automorphism group of G. A graph G is vertex-transitive if the
automorphism group of G acts transitively on V(G) [16, 17].

In other words, a vertex-transitive graph is a graph G such
that, given any two vertices v; and v, of G, there is some
automorphism f : V(G) — V(G) such that f(v;) = v,.

For a complete graph K, we constructed its collection of
convex cuts. Without loss of generality, assume that V(K,) =
{v1, ..., vu}. From Theorem 3.2, K}, is an [;-graph. Suppose that
K, is scale-A-embeddable into a hypercube. Theorem 2.1 implies
that there is a collection C(K;) such that every edge uv is cut
by XA cuts (u,v belong to K, and X is even). We assume that
{81, V(K,)) — S1} is a convex cut of C(K}), and that both S; and

V(K,) — S are convex sets of V(Kj,) (|S1] = q). As the complete
graph is vertex-transitive, each S; constructs a convex cut of K, of
the form §; € V(K,),[Sil =q(1 <i < (;’)). Then, we have that
all convex cuts {S;, V(K,) — Si}, [Sil = q (1 <i < (Z)), form a
collection of convex cuts of K, such that every edge of K, is cut
by the same cuts.

Obviously, there are (Z) different convex cuts, and each convex

cut acts on g(n — q) edges. Note that the complete graph K,

has 2(2=D edges and is vertex-transitive. Thus, we have that

2
=2(;0)-

(Z)q(nfq)
For m < n, we can now prove that the collection C(K,x2) of

A=~
2
Kix2 can expand a collection C(Kj,x2) of Ky x2.

Theorem 3.3. Let K, 2 be a cocktail party graph and K,,x> be a
cocktail party subgraph of Ky x2. Every collection C(Kpx2) of Kinx2
can expand a collection C(Kyx2) of Kyx2.

Proof: Obviously, the cocktail party graph K,x> has a
complete subgraph K,. Without loss of generality, assume
that V(K,) = {vi,.ova) V(K) = {v],..v,}, and
V(Kux2) = {V1s. Vir V)5 v} such that dKan(vj,v]() = 2
(1 <j < n),dk,,, (i, vj) = di,., (i, v]{) =1 (i # j). If the vertex
set S is a subset of V(K,,x2), then the vertex set S’ = {x/|x € S} is
a subset of V(K] ,).

First, we prove that every convex cut of K, > has only two
forms: {SU (V(K},) — §),§ U (V(K,) — )} and {V(K,), V(K])}.

Suppose that {A, B} is a convex cut of Kjx». If x belongs to
A, x' will belong to B. If not, both x and x’ belong to A, and A
is a convex subset of V(K},x>); all vertices of V(K},x2) will then
belong to A. Furthermore, B is an empty set, which contradicts
both A and B being nonempty. We now have that the vertex sets
Sand §' belong to different convex sets of {A, B}. Without loss of
generality, suppose that S € Aand §’ C B.If V(K,)—S C A, then
V(K,) — S < Band {A,B} = {V(K,), V(K)}.If V(K,) — S C
B, then V(K],) — S <€ A and {A,B} = {SU (V(K)) — §),
S U(V(Ky) — )}

Thus, the convex cut of K, 2 has only two forms, {SU(V(K],)—
8,8 U (V(Ky) — 8)} and {V(Ky), V(K})}.

Second, we prove that the collection of convex cuts {S; U
(V(KY) — $)S, U (VK — S ISl = q (1 < i < (7)),
together with some {V(Kj,), V(K},)} make the cocktail graph K>
embeddable into some cubes.

For every edge uv in K, uv is cut by the convex cut {S; U
(V(K;)—S)), S;U(V(Ky) — Si)}. We have that u € (S;U(V(K],) —
SNHNV(Ky) = Siand v € (S;U(V(Kn)=S)NV(Ky) = V(Kn)=Si,
oru € V(K,)— Siand v € S;. Note that |S;| = gand V(K,,) hasn
vertices, so the number of convex cuts that cut edge uv is 2(;’:?).
This is similar to each edge u'v' of K.

If u € K, and v € KJ,, uv is cut by the convex cut {S; U
(V(K;)—S)),S;U(V(Ky) — Si)}. We have that u € (S; U (V(K],) —
SHNV(K,) =Si, v € (S;U{V(K,) —SHNV(K,) =S, u €8,
andv € S, oru € (S;U{V(K,) — S} NV(K,) = V(K,) — S,
v e (SiU(V(K,) —S))NV(K,) = V(K] —S,u € V(K})—S,
and v € V(K,) — Si. Note that |S;| = |S}| = gand |V(K,) — Si| =
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|V(K}) — S;| = n— g, so the number of convex cuts that cut edge
uv is (n—2) + ( n—2 ) — (n—2) + (n—Z)'

q—2 n—q—2 q—2 q
A5 < = () = (1) + (7)) 102( ) =
(g:g) + (”;2), every edge of K, x> is cut by Z(Z:f) cuts.
1£2(3) > (13) + (")), then nVn g o< mn

Obviously, {V(K,), V(K},)} is a convex cut of Ky 2, which only
cuts the edges with one end vertex in K, and the other one in
K},. Then, the collection {S; U (V(K},) — §)),S: U (V(K,) — i)}
1=<i< (Z)) together with {V(K},), V(K,)} form a new collection

C'(Kyx2) such that every edge of K, is cut by Z(Z:f) cuts.

Let 2(2:?) < (Zj) + (”;2). If n is even, choose T; € V(K,)

such that [T = 4 (1 < i < (4)). If nis odd, choose
2
T; € V(K,) such that |Tj| = 2 (1 < i < (,%4)). Then,
2
{T; U(V(K}) — T)), T; U (V(K,) — Tj)} is a convex cut of K, x».
Obviously, the number of edges with both vertices in V(K,,) (or
V(K},)) that are cut by {T; U (V(K}) — T}), T; U (V(K,) — Ti)}
is greater than the number of edges that are cut by the same cut
with one end vertex in K, and the other vertex in KJ,. Thus, the
collection {S; U (V(K},) — 8)),S; U (V(Ky) — S} (1 < i < (Z))
together with {T; U(V(K,) — T}), T;U(V(K,) - T)} (1 <i < (Z)
2
(or(41))) and {V(K,), V(K},)} form a new collection C'(Kyx2)
2
such that every edge of K, is cut by 2(;’:?) + 2a(g:21) cuts. The

constant g is the minimal number such that 2(;:?) + Za(g:zl) >
(522 + (")) +al(323) + (")),

Third, we prove that every collection of convex cuts of K,y
can expand that of K2 (m < n).

Similarly, each convex cut of K2 has only two forms: {A U
(V(K],) = A, A" U (V(Kyp) — A)}, and {V(Kn), V(K),)).

Obviously, (V(K,,) — A) € (V(K,) — A) and (V(K],) —
A') € (V(K]) — A’). Then, each convex cut {A U (V(K},) —
A"),A" U (V(Ky) — A)} of C(Kjyx2) can expand a convex cut
{AU(V(K},) — A"),A" U (V(K,) — A)} of C(K;x2). Similarly, the
convex cut {V(Ky,), V(K],)} expands the cut {V(K,), V(K})}.

Assume that |A;| = |A;| is true for all convex cuts of C(Ky;x2)
except the convex cut {V(Ky,), V(K},)}. This means that {4; U
(V(K},)—AD, AlU(V(Km)—A)}, JAil =q(1 <i < (’;)).Then, all
of the cuts together with {V(K,,), V(K],)} expand a collection of
convex cuts of K2, in the form {A;U(V(K},)—A}), A;U(V(K,)—
AN |All =q(1 <i < (’;)), together with {V(K,), V(K})}. By
the second part, {A; U (V(K],) — A)), AL U(V(K,) — Ap}, |Ail = ¢
1 <ic< (g)), together with {V(K,), V(K])} ensure that every
edge of the graph K, is cut by the same cuts.

Let |A;| # |A;| for some i and j of the convex cuts of C(Ki;x2).
Without loss of generality, suppose that C(K,,x2) has three kinds
of convex cuts, formed as {A; U (V(K],) — A}), AJU (V(K,,) — A))},
Al =q(1<i< (Z)), and {B;U(V(K},) — B)), B;U(V(K,) — Bj)},
Bl = p(1 < i < (;)), together with {V(K,), V(K})}. By
the above discussion, all of the convex cuts {4; U (V(K]) —
AD,ALU (V(Ky) — ADh 1Al = q(1 < i < (g)), together
with {V(K,), V(K},)} expand a collection C; (K, x2) of convex cuts

of Ky x> such that every edge of K, is cut by the same cuts.
Similarly, all of the convex cuts {B; U (V(K},) — B}), B;U (V(K},) —
B)LIB|l=p(1<i< (;‘)), together with { V(K,), V(K},)} expand
a collection C»(Kj,x2) of convex cuts of K, such that every edge
of Ky, x2 is cut by the same cuts.

Obviously, the collection C;(Kjx2) together with the
collection C,(Kjx2) is still a collection of convex cuts of K x>
such that every edge of K, is cut by the same cuts.

Therefore, every collection C(K,x2) of Kyux2 can expand a
collection C(Kj,x2) such that every edge of K, > is cut by the same
number of cuts. O

We have that, for each cocktail party graph and half-cube,
the collection C (%Qm) can expand a collection C (%Qn), and the
collection C(K,;,x2) can expand a collection C(K,,x2) (m < n). By
Theorem 3.2, we can prove that the collection of convex cuts of
an [;-graph can expand that of a larger I, -graph.

Hammack et al. [6] introduced the Cartesian product GOH of
two graphs G and H as the graph whose vertex set is the Cartesian
product V(G) x V(H). Two vertices (4, v) and (/,v') are adjacent
in GOH ifand only if u = »’ and v is adjacent to v/ in H, or v = v/
and u is adjacent to ' in G. Thus,

V(GOH) = {(u,v)|lu € V(G) and v € V(H)}
E(GOH) = {(u,v)(W/,V)|u = u/,vwW € E(H), or uu' €
E(G),u=1u}
The graphs G and H are called factors of the product GOH.
Hammack et al. proved the following lemmas.

Lemma 3.4. ([6]) A subgraph W of G = G0 --0OG,, is convex
ifand only if W = W0 . - OW,, where each W; is convex in G;.

Lemma 3.5. ([6]) IfG = G,0---0G, and x,y € V(G), then
dc(x,y) = >_ dg,(pi(x), pi(y))
i=1

For any index 1 < i < m, p; is a projection map
pi: GiO---0OG, — G, defined as pi(x1, X2, .., Xn) = Xi.

We can now prove that the convex cut of a Cartesian product
can be represented by the convex cuts of all factors.

Theorem 3.6. The cut {A,B} is a convex cut of a graph G =
G0 --0G, if and only if {A, B} has the form {V(Gy) x --- X
V(Gi—1) x Ai X V(Giy1) X - - x V(Gy), V(Gy) X - - - X V(Gj—1) X
Bi X V(Giy1) X - -+ x V(Gp)} in which {A;, B} is a convex cut of
Giforl1 <i<n.

Proof: <= Suppose that G = GO---0G,. If {A; B;}
is a convex cut of Gj, then G;[A;] and G;[B;] are convex
subgraphs of G; (1 < i < n). By Lemma 3.4, G[A;] =
G, 0---0G;-,0G;[A;]0G 4,0 - - OG, is a convex subgraph of
G. Similarly, G[B;] = G0 --0G;—;0G;[B;]0G;;0- - - OGy, is
also a convex subgraph of G.

Without loss of generality, suppose that

V(G)
V(G[Ai])

= {(X15 eeor Xis o0y X)) |x; € V(G)}

= {(X1s co0s Xi 15 Yis Xih 1> +oos X)X}
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€ V(G)),j # i,yi € A}
={V(G1) x - -+ x V(Gj-1) x A; x V(Giy1)
X -+ X V(Gy)}
= {(X15 coos Xim 1o Yis Xick 15 00> X) |X;
€ V(Gj),j # i,yi € Bi}
={V(Gy) x -+ x V(Gj-1) x B;
XV(Git1) X - x V(Gp)}.

V(G[Bi])

As {A;, Bj} is a convex cut of G; and the vertex y; belongs to either
A; or B;, we have that the cut {V(G[A;]), V(G[B;])} = {A,B}isa
partition of V(G), and {A, B} is a convex cut of G.

= Suppose that {A, B} is a convex cut of G. Then, both G[A]
and G[B] are convex subgraphs of G, and B = A = V(G) — A.
By Lemma 3.4, G[A] = G1[A;]O---0G,[A,] and each G;[A;] is
a convex subgraph of G; (1 < i < n).

We now prove that only one A; is a proper subset of V(G;). If
there are two proper subsets, without loss of generality, suppose
that A is a proper subset of V(G;), A, is that of V(G3), and
Ai =G (3 <i<n), V(G]‘) — Aj = B; (I <j < n). Then,
we have that

A = {(x1,x2, ., x)|xi € V(Gj),i #£ 1,2,x1 € A1, x; € Ay}
={A; X Ay x V(G3) x --- x V(Gy)}

and

A =B ={(x1,%X2, ., Xp)|x; € V(Gi),i # 1,2,%1 ¢ A1, %2 € A,
orx; € A, xy & Ay, orxy ¢ Ay, x2 & Ay}
={[(B1 x A2) U (A} x By) U (B; x By)] x V(G3)
x --- X V(Gy)}.

Suppose that x; € Aj, x2 € Az, y1 € By, y2 € By, and
xi € G; (3 < i < n). We have two vertices (y1, X2, X3, X4, ..., X) €
By x Ay x V(G3) x --- x V(Gp) and (x1,y2,X3, X4, ..., X) €
A1 X By x V(G3) x -+ x V(G,). By Lemma 3.5, the distance
between them is

dG(()’b X25 X35 X45 eees xn)) (Xl,)’z, X35 X45 eees xn)) = dGl ()’l,xl)
+dg, (x2,y2)
= d((V1, %25 X35 X4 ooy X)) (X1, X25 X35 X4 -0y X))

+ dg((x15 X2, X3, X45 o0 X0 ) (X15 Y2, X3, X4 o0 K1),

However, vertex (xi,Xx2,x3,X4,...,X,) belongs to A; x A; x
V(G3) x --- x V(G,), which means that there are two vertices
in B and a shortest path between them through a vertex in A.
Therefore, B is not a convex subset of V(G), which contradicts
the assertion that {A, B} is a convex cut of G.

Thus, only one A; is a proper subset of V(Gj), and we
have that

A = {(X1s s Xie 15 Yis Xit 1> o Xn) 1% € V(G)),j # 5 yi € Ai)
={V(G1) x --- x V(Gi=1) x Aj x V(Giz1) x -+ x V(Gp)}.

Similarly, note that V(G;) — Aj = B; (1 < j < n), and so

B = {(%X1, ey Xi— 15 Yis Xt 1> s Xn) |%f € V(G))sj # b, yi & Ai}
={V(G1) x --- x V(Gj=1) x Bi x V(Gjt1) x - -+ x V(Gy)}.

As G[A] and G[B] are convex subgraphs of G, by Lemma 3.4, both
GilA;] and G;j[B;] are convex subgraphs of G;. Then, A; and B;
are convex subsets of V(G;), and {A;, B;} is a convex cut of G;
(1<i<n). O

Proof of Lemma 2.5. Let G be an [;-graph and H be an
isometric subgraph of G. By Theorem 2.1, there is a collection
C(G) such that every edge of G is cut by exactly A cuts.

As H is not [-rigid, H has another [;-embedding. By
Theorem 3.2, G is an isometric subgraph of the Cartesian
product of cocktail party graphs and half-cubes. Let G =
Ky x20 - DKmpszI%QmD A D%an be a Cartesian product
that contains G as an isometric subgraph, such that each factor of
G is minimal and the number of factors is minimal. Without loss
of generality, we assume that m; < mjand n; < n; (i < j).

Because H is an isometric subgraph of G and G is an [; -graph,
H is an [;-graph. By Theorem 3.2, H has a minimal Cartesian
product H = Ky o0+ DKy 003 Q O+ - 03Q,.

As H is an isometric subgraph of G and G is an isometric
subgraph of G, H is an isometric subgraph of G. Because H may
not be equal to G, we have that s < prt < g,and m; < m;, nJ/ <nj
(I<i<sl<j<t.

It is obvious that %Qn; is a convex subgraph of %Qn,- 1<ic<
t) and Km;xz is an isometric subgraph of Ky, 2 (1 <i <'s).

As %Qn is I;-rigid, the collection C(%Qn;) can expand a
collection C(%Qni) forl<i<t.

By Theorem 3.3, every collection C(K;/y,) can expand a
collection C(Ky;;x2) (1 <i <s).

Without loss of generality, suppose that every collection
of C(Kmx2) (I < j =< s)and C(3Qu) (I = k =< 1)
cuts the edges of the corresponding factors Kimjx2 and %an
exactly A1, A2, ..., Agys times, respectively. Take the least common
multiple A = [A1,A2,..., Asy¢]. By Lemma 2.2, we have a list of
collections C’(ijxz) (1 <j<s)and C’(%an) (1 <k <t)such
that every edge of factors Ki;; x> and 1Qy, is cut by exactly A cuts.

By Theorem 3.6, each convex cut {Aj,B;} of C/(ijxz)
(I < j < s) can expand a convex cut {A,B} of G such that
{pj(A),pj(B)} = {Aj,Bj;}. This is similar to any convex cut
{Ak, B} of C'(3Qn) (1 < k < 8).

All such {A, B} expanded by {A;,, B} ofC’(ijxz) (1<j<ys)
and {Ay,, By, } ofC’(%an) (1 < k < t) form a collection C(G) and
every edge of G is cut by exactly A cuts of C(G). This completes
the proof. O

4. CONCLUSION

In this study, we investigated the I;-embeddability of the gate-
sum graph of two [;-graphs. We have shown that the gate-sum
graph of two [;-graphs G; and Gj is still an [;-graph.
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