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Quadratic rational Bézier curve transformation is widely used in the field of computational
geometry. In this paper, we offer several important characteristics of the quadratic rational
Bézier curve. More precisely, on the basis of proving its monotonicity, the necessary and
sufficient conditions for transforming a quadratic rational Bézier curve into a point, line
segment, parabola, elliptic arc, circular arc, and hyperbola are proved, respectively.
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reviewedby: 1. INTRODUCTION
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Hubei University, China Bézier curves have wide application in computer-aided geometric design, being used to provide
Liangchen Li, precisely described points along a given curve [1]. Compared to other methods, such as the French
Luoyang Normal University, China  cyrve, Bézier-based approaches are more computationally affordable and reliable. Additionally,
o J"r’,mbmg L, the advantages of the Bézier curve in geometric design include its simple but clear mathematical
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function [2]. For instance, it is capable of incorporating both conic sections and parametric cubic
*Correspondence: curves as special cases [3]. As such, one can deal with two different curves simultaneously using
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can be found in Lu et al. [4], Lee [5], and Han [6].

In this paper, to better understand the basic characteristics of Bézier curves, we conduct
some fundamental research. In particular, we discuss the necessary and sufficient conditions for
representing six different basic shapes, including a point, line segment, parabola, elliptic arc,
circular arc, and hyperbola, using Bézier curves [7, 8]. These results play a fundamental role in the
shape formulation and can help in facilitating any subsequent computer-based geometric design.

To begin with, we introduce the mathematical model of the quadratic rational Bézier curve [1].

Definition 1. The quadratic rational Bézier curve is defined as follows:

(1- t)2w0P0 + 2t(1 — t)w1 P; + t2w2P2

Published: 09 June 2020 p(t) = (1~ Dy + 2001 — Dor 1 Py te[0,1], (1)
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Conditions for Expressing Bézier Curves

The monotonicity of Formula (1.2) is discussed below. Let 11 €
[0,1], 42 € [0,1], and ;1 < pa. Accordingly, in the case of
1 = 0, we have:

Joop
f= =0, 3)
Joour + Jor (1 — )
Note that 1 > py > pp > 0,and t = Vol > 0;

Voo (1—p2) —

then it is easy to have t, > t; = 0.
In the case of ;1 # 0 and uy # 0, according to Formula (1.2),
we have:

o wol1

ho_ / o2
th  Joour + Jor (1 — 1) © Joopa + Joa(1 — wa)

=(«/w_o+«/w_2(i— 1))/(x/w_0+\/w_z(i—1)) <1
()

In other words, we have the conclusion that ¢ is monotonically
increasing [9-11]. Furthermore, if we apply linear transformation
to Formula (1.1), it is easy to know

wow (1 — w)*Py + 2 /@gJ/wr1 (1 — )Py + wowr it Pa
wow (1 — p)? + 2 /g w1 (1 — 1) + wowz

2
= (1= wPo + 2.~ (1 = )Py + 2Py) /(1 — )
wowy
0)2
+2,/ —p(1 — ) + u?).
wowy

o]
wow?y
of the quadratic rational Bézier curve. To this end, we have the
simplified version of the quadratic rational Bézier curve, which is

expressed as follows:

plp) =

(5)

Let w = and substitute p with ¢ in the standard form

(1 — 1)?Py + 2wt(1 — t)P; + 2P,

(I =024+ 20wt(1 —t)+ 2 ©

p(t) =

2. SUFFICIENT AND NECESSARY
CONDITIONS FOR A QUADRATIC
RATIONAL BEZIER CURVE TO
DEGENERATE INTO A POINT

Theorem 1. A quadratic rational Bézier curve degenerates into a
point if and only if three control points Py, Py, P, coincide.

Proof: Assume that the quadratic rational Bézier curve
degenerates to a point P4. That is,

(1 — 1)?Py + 2wt(1 — t)P| + 2P,
(I =024+ 20wt(1 —t)+ 2
(1 —1)*(Po — Pa) 4+ 2t(1 — )w(Py — Pa) + £*(Py — P4) = 0.
(7)

pt) = =Py &

As can be seen from Formula (7), when t € (0,1), we have
(1—1)2 0,12 £ 0,2t(1—1t) # 0,50 Py = P4, Py = P4, Py = Py.
That is, when the quadratic rational Bézier curve degenerates into
a point, Py, P;, P, are the same point of Py4.

On the other hand, when three control points coincide (say,
the same point P4), we know that:

(1= 1)*Py 4 2t(1 — )P + t*Py
P = Q-0 20— Dot N ®

As can be seen from Formula (8), when three control
points Py, P1, P, coincide, the quadratic rational Bézier curve
degenerates into a point [12, 13].

Algorithm 1: To degenerate a Quadratic Rational Bézier Curve
into a Point

Input: Control Points of Bezier Curve

Output: Points degenerated by Bezier Curve

1: Input Bézier Curve control points

2: Set coordinates of control points P; = Py and P, = Py
3: Output coordinates of control points Py, Py, P2

4: if the number of control points < 3 then

5: goto Step 1.

6: end if

7

. Initializing the independent variable t in the standard
formula of the quadratic rational Bezier curve to 0, Set t = 0

8 fort=0;t < 1;t+ = 0.00125 do

9: Calculate the standard formula of the quadratic rational
Bezier Curve.

10: x = (1=1)%xp+2t(1—Hwx; +12x, _ (1—t)2yo+2t(1—wy +2y2

(1—t)242t(1—-)w+t2 (1=t)2+2t(1—t)w+t2

11: end for

12: Output Bezier Curve.

13: Clear Bezier Curve, Bezier Curve control points. goto Step 1.
14: return

3. NECESSARY AND SUFFICIENT
CONDITIONS FOR DEGRADATION OF A
QUADRATIC RATIONAL BEZIER CURVE
INTO A LINEAR SECTION

Theorem 2. The quadratic rational Bézier curve degenerates into
a straight line segment if and only if the control points Py, P, do not
coincide, the weight factor w = 0, or the control point Py is on the
line segment [14-16].

Proof: First, we assume that one point is with two coordinates;
alternatively, we have Py = (x0,y0), P1 = (x1,y1), and P, =
(x2, y2). As such, for an arbitrary point p(t) = (x, y), according to
Formula (6) it is easy to have:

(1= 1)%x0 4 2t(1 — Hoxy + 12X,
T 1= 421 — Do+ 12

1- t)2y0 + 2H(1 — Hwy + t2y2
(1—1)24+2t(1 — Ho + 12

>

)
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On the other hand, a general form for a line function can be
expressed as: y = ax + b, where a, and b is a constant [17]. Then,
substituting x and y using Formula (12), we can get:

(1 —8)%y0 +2t(1 — oy + 2y,
(I—=0%+2t(1 — o + 12
(1 — t)%x0 + 2t(1 — Hwx) + t2x;

= b,
a4 (1 =02+2t(1 — o + t2 +

(10)

If we simplify the above formula, it is easy to know:

(yo—axo—b+y,—ax; —b—2y10 + 2ax;0 + 2bw)t* (11)
—2(yo — axo — b — y10 + axjw + bw)t + yo — axo — b = 0.

First, we assume that one point is with two coordinates;
alternatively, we have Py = (x0,%0), P1 = (x1,y1), and P, =
(x2, y2). As such, for an arbitrary point p(t) = (x, y), according to
Formula (6) it is easy to have:

_ (1 — £)%xp + 2t(1 — Hwx; + 2x2

(1 =12 42t(1 — o + 2
(1= 0%y 4 261 — Doy + Py,
T -0 +2(1 - Do+ 12

(12)

Now, control points Py and P, are the first and last points of the
Bézier curve. As they are all on the Bézier curve, they will also be
on the straight line [18-20]. Alternatively, we have:

yo =axp+ by, = axy + b. (13)
Therefore, Formula (11) is further simplified:
(y1 — ax; — b)(wt — ot?) = 0. (14)

Next, Formula (14) is analyzed in the following aspects:

1. If the control point P; is also on the Bézier curve (or on the
straight line), then y; — ax; — b = 0, and Formula (14)
clearly holds.

2. If the control point P; is not on the Bézier curve (or not on
the straight line), then y; — ax; — b # 0, and Formula (14)
can be simplified as

—owt* + wt = 0. (15)

Therefore, when t € [0, 1], in order to make Formula (15) hold,
we have v = 0.

As such, it is proved that when the quadratic rational Bézier
curve degenerates into a straight line segment, two conditions
are met: (1) the weight factor o = 0, or (2) the control
point P; is on the line segment with the control point Py, P,
as the end point. In the following, we discuss these two
conditions separately.

1. According to Formula (6), when the weight factor ® = 0,
we have:

(1 —1*Po 4 20t(1 — )P + 2Py (1 —1)*Py + P,
Q-2 +20t(1—)+2 ~  (1—02+8

p(t) =

>

(16)

and
_ 11— t)sz + t2x2 _ 1- t)sz t2x2
(1—024+2 Q-2+ (1—-1)2+
(17)
Q=0+ =1ty t2y2
I e e I L (e e ol
(18)
To simplify the calculation process, let us assume that:
-1
= . 19
. 1—1)241 (19)
and
2
l—a=—75—. 20
“ (1—=1)241¢ (20)
Now the following formula holds:
x=ax)+ (1 —a)x; = x—x = alxg — x2). (21)

y=ay+ A=)y = y—ys=alyo —y2). (22)

As the control points Py, P, do not coincide, xg # x2, yo # ¥2,

— X — X
a=2"2 _ 2 (23)
Yo—=)2 X0 —X2

x X

y _ =2 2
Yo — Y2 X0 — X2 Yo — )2 Xo — X2

1 —
where xg, X2, Y0, Y2 are constants. We assume that Yoy

1 _ )2 _ X2 _ :
A w5 = B Yooy T wewm = C (that is, A,B,C are all

constants). Accordingly, we know that Ay — Bx = Cis aline
segment [21].

Algorithm 2: To Degenerate a Quadratic Rational Bézier Curve
into a Linear section

Input: Control Points of Bezier Curve
Output: Linear section degenerated by Bezier Curve
: Setw =0
. Input Bézier Curve control points Py, P1, P,
. if the number of control points < 3 then
goto Step 2.
end if
. Output coordinates of control points Py, Py, P2
. Output line segment between control points Py, P; and Py, P,
. Initializing the independent variable t in the standard
formula of the quadratic rational Bezier curve to 0, Set t = 0

© N QWG W

9: fort = 0;t < 1;t4+ = 0.00125 do
10: Calculate the standard formula of the quadratic rational
Bezier Curve.

_ (1=0)%xp+2t(1—wx; +12x)

1 X _ (=*pr2t(1—twy1 +y
: = (-2 R2t(l-te+t2 S T

(1=t)22t(1—t)w+t2

12: end for

13: Output Bezier Curve.

14: Clear Bezier Curve, Bezier Curve control points. goto Step 1.
15: return
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2. Let the conditional control point P; be the end point (on the
line segment with the control points Py and P,) [22]; thus, it
can be seen that:

Plz(l_V)P0+VP2) Ve[oyl]’ (25)

The Formula (25) can be substituted with Formula (6)

to have:
(t) _ (1 - t)z + Zt(l — t)a)(l _ 1/)
P = (1 =12 421 — o + 2 0
@1 — Hov+
=120 —Dotp > (26)
Then we set:
— 2
(2t(1 — v + ¢ .

“= (1—-0242t(1 — o + 12"

Comparing Formula (26) with Formula (27), it is easy to
find that

p(i’) = (1 — u)Py + uP,. (28)

In conclusion, Formula (28) is the parametric formula
of the line segment. When the control point P; is
on the line segment with the control point (Py,P,) as
the end point, Formula (26) can be written as the
parametric formula of the line segment of Formula (28).
As such, it is proved that it degenerates into a line
segment [23, 24].

Algorithm 3: To degenerate a Quadratic Rational Bézier Curve
into a Linear section

Input: Control Points of Bezier Curve

Output: Linear section degenerated by Bezier Curve

1: Set wisaarbitraryvalue

2. Input Bézier Curve control points,Py, P1, P,

3: if the number of control points < 3 then

4: goto Step 2.

5 else

6: if the number of control points = 3 then

7: Set control point P3 on line segment with the control
points P; and P; as end points

8: end if

9: end if

10: Output coordinates of control points Py, P1,P,

11: Output line segment between control points Py, P; and Py, P,

12: Initializing the independent variable t in the standard
formula of the quadratic rational Bezier curve to 0, Set t = 0

13: fort =0;t < 1; t+ = 0.00125 do

14: Calculate the standard formula of the quadratic rational

Bezier Curve.
(1=1)*x0+2t(1—Dwx1 +2x)

. L _ (=0y+2t(1—Dwyi+t2y)
(1—-t)2+2t(1—t)w+t Ca

15: X = =02 2t(0—Dwti?

16: end for

17: Output Bezier Curve.

18: Clear Bezier Curve, Bezier Curve control points. goto Step 1.

19: return

4. NECESSARY AND SUFFICIENT
CONDITIONS FOR A QUADRATIC
RATIONAL BEZIER CURVE TO

REPRESENT A SECTION OF ARC

Theorem 3. Quadratic rational Bézier curves can be used
to represent an arc if and only if |PoP1| = |PyPy|
and0 < w < 1[25].

Proof: The equation of a circle passing through three collinear
points Q;(x;, yi), (i = 1,2, 3), on a rectangular coordinate plane is:

x2+y2 x y1
Xg+ g %o yo 1
xp+yp a1
REBLR!

=0. (29)

Given three points that are not collinear, we have:

PO(XO)}’O» O) = (—(1, 0, 0)>A(XA>)’A> 0)) PZ(XZ)yZ) 0) = (ﬂ, 0, 0)
(30)
The arc curve starts from point Py and passes through point A
to point P,. Now, let us find another control vertex P;. To do
s0, Py, A, P, are substituted into the three-point common-circle
equation 29, and we get

x2+y2 x y 1
X5 +yp X0 yo 1
X3+ yi xa yal
X+y; x 1

=0. (31)

From Formula (30) to Formula (31), we can find that x, =
—a,50 = 0,x2 = a,y, = 0. Furthermore, by expanding the
determinant 31 in the first row, we have

—a 01 a> 01 a> —al
PHy)0 ya 1+ (=Dx|p3 ya 1| +ypi 0 1
a 01 a> 01 a*> a1l
a —a 0
+ (=1 |y3 0 ya|=0.
a a 0
(32)
Among them,
—a 01 a2 01
0 ya 1| =—2aya, |3 yal|=0,
a 01 a 01
a> —al
i 0 1= +ay; +ay; —a’,
a*> a1l
a> —a 0
yi 0 ya|=—d’ya—aya (33)
a> a 0
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Finally, the above formula can be simplified as follows:

(—ZayA)(x2 —I—yz) —i—y(—a3 + Zayi —a®)+ 2a3yA =0. (34)
Because y4 # 0, it is easy to know
2 .2N\2 2 .2\2
24 (H iyA) qu' (35)
2y4 4ya
On the other hand, as x4 = 0, we can add x4 to have
az_x2_|_22 a2 — (32 + 2))2
x2+<y+ (x4 )’A)) :az+( (Az ya)) . (36)
2y4 4y

Summarizing the above formula, the coordinates of the center of
the circle O are:

@ — (x5 +y3)

X = 0, = - (37)
o) yo 2a
The radius of the circle is:
2 (42 2Y)2
. J NGRS G8)
4y

The vertical lines of OPy and OP, are made from points Py and
P,, respectively. According to the symmetry, if two vertical lines
intersect with the Y axis at point Pj, then point P; is the control
vertex of the arc curve. That is,

2a*y4
N=————5- (39)
a> — (<3 +73)
Accordingly, the coordinates of point P; are:
242 A
x1=0, = 2% (40)
a® — (x4 +y,)

From the definition of the Bézier Curve in Formula (1), we have:

(1 — 1)2woxo + 2t(1 — Hewix1 + Pwrxs
(1 —t)2wg + 2t(1 — Hw; + 2w,y

(1 — t2woyo + 2t(1 — iy + ooy,
(1 = 1)2wy + 2t(1 — Hw; + 2w,

x(t) =

(41)

y(t) =

To simply Formula (41), we further introduce the
Quadratic Bernstein Basis Function (Bj,(¢)), which can be
expressed as follows:

Boa() = (1 —t)%,  Bia(t) =2t(1—1), Bya(t) =t% (42)

As such, Formula (41) can be rewritten by applying B;,(t) in the
following format:

—awoBo(t) + aw;y By (1)
0B () + @1B12(t) + waBan(t)
2t(1 — t)w1y1
woBo (1) + w1B12(t) + 2B (1)

x(t) =
(43)

y(t) =

On the other hand, note that the standard equation of curve arc
circle can be estimated as
K2 (1) + (y(t) + acotf)? = a*/sin? 0. (44)

Consequently, by substituting Formulas (43) into Equation (44),
the following results are obtained:

< —awoBo(t) + awr By (1)
@By (t) + w1B12(t) + w2By(t)

Bio(t 2
( wiy1B1(1) n acot9>2 _ .az )
0By (t) + w1B12(t) + w2 By (1) sin% 6
(45)
Note that
a 2 .2 2
—a“cot“ 0 = a”“. 46
sin% 60 (46)

As such, Formula (45) can be further simplified as

@ wiBg,(t) + a3 B3 () — 2a*wow:Bo o (t)Ba(t) + wiyi BT (1)
+(2w1y1B12(t)a cot O(woBo(t) + w1B1(t) + w2 By (1))

= a*(woBo(t) + @1B12(t) + w3 By, (1))?
(47)

Furthermore, according to Formula (38) and Formula (40), we
can have

2a2yA

(@ — (4 +2) _
a2 — (x4 +53)

2aya

ypcotd = a, (48)

and then,

(01 + @B (1) — 4a’wownBoa()Boa(f) = 0. (49)
Again, we consider the Quadratic Bernstein Basis Function,
and then the above formula (in Formula 49) can be simplified
as follows:

(452 + aP)w? — Pwowy)(1 — ) = 0. (50)
Next, according to Formula (40), we know
(@} sec? 6 — wowy)(1 — £)*12 =0, (51)
and t € (0,1), £2(1 — t)* # 0. It is thus easy to know
a)f = wow, cos> 0. (52)

According to the standard form of the quadratic rational Bézier
curve (see Formula 6), we can further estimate wg = w; =
1,w; = cosf, and the value range of 0 of the center angle of
the semicircle should be 0 < 6 < /2 [26].

In summary, the rational quadratic Bézier expressions of arc
curves passing through points Py, A, P, are as follows,

(1 — £)2Py + 2 cos(0)t(1 — t)P; + 2P,
(1 —1)24+2cos(@)t(1 —t) + t2

Ct) = (53)
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Compared with the standard formula of a rational quadratic
Bézier, the following results are obtained,

® = cos(h), (54)

where 0 < 6 < 7/2,0 < w < 1. Consequently, the
necessary and sufficient conditions for a rational quadratic
Bézier curve to represent a circular arc are expressed
as follows:

|PoP1| = |PyP1| and 0 <w < 1. (55)

Algorithm 4: For a Quadratic Rational Bézier Curve to Represent
a section of an Arc

Input: Control Points of Bezier Curve

Output: A section of Arc Represented by Bezier Curve

1: Set —1<w< l,andw #0

2: Input Bézier Curve control points,Py, P1, P,
3: if the number of control points < 3 then

4: goto Step 2.

5 else

6: if the number of control points = 3 then
7: Set |PyP;| = |P1P;|:

8: Py(y) = Po(y)

9: Pi(x) = Po(x) +P2(x)

10: Pi(y) = Po(y) PP o tan(T)
11: end if

12: end if

13: Output coordinates of control points Py, P;,P,

14: Output line segment between control points Py, P; and Py, P,

15: Initializing the independent variable t in the standard
formula of the quadratic rational Bezier curve to 0, Set t = 0

16: fort =0;t < 1; t+ = 0.00125 do

17: Calculate the standard formula of the quadratic rational

Bezier Curve.
" X = (1=1)*x0+2t(1—t)wx1 +12x2
: (1=t)22t(1-t)w+t2

_ (0=t 2t(1—Hwyi +y,
(1—t)242t(1—t)w+t%

19: end for

20: Output Bezier Curve.

21: Clear Bezier Curve, Bezier Curve control points. goto Step 1.
22: return

5. NECESSARY AND SUFFICIENT
CONDITIONS FOR QUADRATIC RATIONAL
BEZIER CURVES TO REPRESENT A
PARABOLA, ELLIPTIC ARC AND
HYPERBOLA

Theorem 4. Quadratic rational Bézier curve represents a
parabola, elliptic arc, and hyperbola if and only if © = =1,
—l<w<landw < —1orw > 1, respectively [27].

Proof: According to the second order Bernstein basis function of
Formula (42), Bézier curve from Formula (1) is written as follows,

(1) = a)OBO 2(H)Py n a)lBlz(t)Pl n a)sz 2(1)P, _ ZR (P,
;) i (Hw; Z 2 (D w; Z 2 (D w;) i=0
]:
(56)
where
Rip(t) = M (57)
S Ba(tey
j=0

Next, we introduce the Local Oblique Coordinate System Py, S, T,
so that S = Py — P;, T = P, — P;. Since point P(t) is within
8PP P, for arbitrary t € [0, 1], P(t) can be rewritten as

P(t) = Py + u(®)S+v(t)T
= Py + u(t)(Po — P1) + v(t)(P2 — P1) (58)
= u(t)Py + [1 — u(t) — v(t)]P; + v(t)P;.

Comparing the coefficients from both Formula (56) and Formula
(58), we know that

Roa(t) = u(t),
Rip(t) =1 —u(t) — v(t), (59)
Ry (t) = w(t).

Let k = wow; /w%, where k is the shape-invariant factor of a
conic, so

u(t)v(t) = Rop(DRy2(t) = ik[l — u(t) — (1)), (60)

Formula (60) is an implicit equation of a quadratic curve in
the local oblique coordinate system Py, S, T. The expansion of
Formula (60) further indicates that:

ki (1) + 2k — D) u(t)v(t) + kv (1) — 2ku(t) — 2kv(£) + k = 0. (61)

In the Cartesian coordinate system, the image of a binary
quadratic equation can represent a conic curve, and all conic
curves can be derived in the aforementioned way [1]. The
equation has the following forms [28]:

A, B, C are not all zero,

(62)
where A, B, C, D, E, F are polynomial coefficients. If the following
conditions are satisfied,

Ax* + Bxy+ Cy* + Dx+ Ey +F=0,

B?> — 4AC < 0, (63)

then Formula (62) represents an ellipse; furthermore, under the
same condition, if the conic degenerates (thatis, A = C,B = 0),
the equation represents a circle. Additionally, if the following
conditions are satisfied,

B?> —4AC =0, (64)
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Algorithm 5: For Quadratic Rational Bézier Curves to Represent
a Parabola, Elliptic Arc and Hyperbola

Input: Control Points of Bezier Curve
Output: A section of a Parabola, Elliptic Arc or Hyperbola
Represented by a Bezier Curve
1: if Quadratic Rational Bézier Curves to Represent a Parabola
then
2: Setw =1orw=—1
3. end if
4: if Quadratic Rational Bézier Curves to Represent an Elliptic
Arc then
5 Set —1<w<l,andw #0
6. end if
7. if Quadratic Rational Bézier Curves to Represent a

Hyperbola then
8: Setw < —lorw>1
9: end if

10: Input Bézier Curve control points Py, Py, P>
11: if the number of control points < 3 then
12: goto Step 2.

13: else

14: if the number of control points = 3, and Quadratic
Rational Bézier Curves to Represent an Elliptic Arc then

15: Set [PPy| # |P1P;]

16: end if

17: end if

18: Output coordinates of control points Py, P1,P,

19: Output line segment between control points Py, P; and P;, P,

20: Initializing the independent variable t in the standard
formula of the quadratic rational Bezier curve to 0, Set t = 0

21: fort =0;t < 1;t+ = 0.00125 do

22: Calculate the standard formula of the quadratic rational

Bezier Curve.
23 X = (1—1)2xp+2t(1—Hwx) +12x2
: (1-t)242t(1—-)w+t2
24: end for

25: Output Bezier Curve.
26: Clear Bezier Curve, Bezier Curve control points. goto Step 1.

(=% ypr2t(1—Dwy +2y
- (1—t)242t(1—)w+t2

27: return

then Formula (62) represents a parabola [29]. Finally, if the
following conditions are satisfied,

B> —4AC >0 (65)

then Formula (62) represents an hyperbola. The coefficients from
Formula (61) and Formula (62) can be obtained as follows: A =
k,B=k—2C =kD = —2k,E = —2k,F = k. As such, we
can get:

B> —4AC=1—k (66)

We then provide the discussion and judgment of Formula
(66). That is, from the condition of Formula (63), if the curve is
an ellipse, then in Formula (66) we have B> — 4AC = 1 —k < 0.
Therefore, when k > 1, the curve is an ellipse. From the condition
of (64), if the curve is a parabola, then B2 —4AC =1 —k = 0
(again see Formula 66). Therefore, when k = 1, the curve is a
parabola. From the condition of 65, if the curve is a hyperbola,
then B> — 4AC = 1 — k > 0, so when k < 1, the curve
is a hyperbola.

Note that k = wow, /w%. In summary, under the standard
form of the quadratic rational Bézier curve, we have wy =
w; = 1, and o = w;. Consequently, we prove that when
—1 < o < 1, the quadratic rational Bézier curve is a ellipse;
when w = %1, the quadratic rational Bézier curve is a parabola;
when w < —1,0r ® > 1, the quadratic rational Bézier curve
is a hyperbola.

6. CONCLUSION

In this paper, we discuss the necessary and sufficient
conditions for utilizing quadratic rational Bézier curves to
represent different shapes, such as a point, line segment,
parabola, elliptic arc, circular arc, and hyperbola. These
results can be further used to facilitate other computer-aided
geometric designs.
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