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Background Independence is a sine qua non for every satisfactory theory of Quantum

Gravity. If one tries to establish a corresponding notion of Wilsonian renormalization,

or coarse graining, it presents a major conceptual and technical difficulty usually. In

this paper, we adopt the approach of the gravitational Effective Average Action and

demonstrate that, generically, coarse graining in Quantum Gravity and in standard field

theories on a non-dynamical spacetime are profoundly different. By means of a concrete

example, which, in connection with the cosmological constant problem, is also interesting

in its own right, we show that the surprising and sometimes counterintuitive implications

of Background Independent coarse graining are neither restricted to high energies nor

to strongly non-perturbative regimes. In fact, while our approach has been employed in

most studies of Asymptotic Safety, this particular ultraviolet behavior plays no essential

role in the present context.

Keywords: asymptotic safety, background independent quantum gravity, renormalization group, cosmological

constant, functional renormalization group

1. INTRODUCTION

The perhaps most remarkable feature of classical General Relativity is its ability to select and to
describe the stage upon which all physics, both gravitational and non-gravitational, takes place.
This stage, the set of all events, is what we call spacetime and try to model by means of (topological,
differentiable, causal, pseudo-Riemannian,· · · ) manifolds.

(1) The theory of General Relativity complies with the principle of Background Independence,
which proclaims that no particular such “stage” should enjoy a privileged status a priori but rather
should be a computable result of the dynamics. While this seems to be a natural and almost
self-evident requirement for any classical or quantum theory of the physical world, all of our present
non-gravitational physical theories violate Background Independence quite explicitly. In particular,
the standard model of elementary particle physics is formulated on an externally prescribed and,
thus, unexplained Minkowski spacetime.

In the realm of classical physics, it is well-known how to overcome this deficiency and to set up
a matter-coupled gravity theory that determines the spacetime metric dynamically along with the
matter fields. Historically, corresponding progress at the quantum level has been hampered by the

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org/journals/physics#editorial-board
https://www.frontiersin.org/journals/physics#editorial-board
https://www.frontiersin.org/journals/physics#editorial-board
https://www.frontiersin.org/journals/physics#editorial-board
https://doi.org/10.3389/fphy.2020.00214
http://crossmark.crossref.org/dialog/?doi=10.3389/fphy.2020.00214&domain=pdf&date_stamp=2020-08-13
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles
https://creativecommons.org/licenses/by/4.0/
mailto:carlo.pagani@lpmmc.cnrs.fr
https://doi.org/10.3389/fphy.2020.00214
https://www.frontiersin.org/articles/10.3389/fphy.2020.00214/full
http://loop.frontiersin.org/people/908680/overview


Pagani and Reuter Background Independent RG and CC

non-renormalizability of perturbatively quantized General
Relativity and the problems in finding a satisfactory microscopic
theory of Quantum Gravity of any other sort.

As a result, two issues have gotten mixed up that, however,
are quite independent logically, at least as long as no additional
information is available. These are

(a) the difficulty of setting up a non-perturbative fundamental
quantum theory of the gravitational (“spin-2”) interaction and

(b) the problem of repairing, in one way or another, the
background dependence of the standard model and similar
local quantum field theories on Minkowski space.

The respective classical variants of both problems are solved by
General Relativity. A theory of “QuantumGravity” in themodern
sense of the word [1] likewise must address, and ultimately solve,
the dynamics-related problem (a) as well as the Background
Independence issue (b).

In the past, many discussions failed to appreciate (b) as an
additional and independent point on the agenda, which has often
led to severe misconceptions. One of them is the widespread
prejudice that quantum gravity effects are numerically small
and can be neglected for all practical purposes. It was nurtured
by the observation that graviton corrections to standard model
physics on a rigid Minkowski space tend to be numerically small,
classically as well as quantum mechanically (to the extent they
are under control). If one believes, however, that the ultimate
Quantum Gravity theory is a Background Independent one, this
kind of reasoning is flagrantly wrong.

Its deficiency is not so much that it leaves unexplained
the Minkowskian spacetime, which we observe on the scale
of our laboratories; the real flaw is that it closes its eyes
toward the possibility that a state, which looks Minkowskian
on laboratory scales, may well possess a completely different
(metric, causal,· · · ) structure on the shorter length scales from
which we have no experimental information about gravity
and the structure of spacetime. Instead, in a Background
Independent theory, this structure is a computable prediction
rather than a phenomenological input based upon incomplete
experimental data.

(2) In this paper, we advocate the point of view that Quantum
Gravity, regarded as a non-perturbative and Background
Independent theory, can have substantial implications well
beyond the areas envisaged in the past, questions of ultraviolet
renormalizability, or tiny loop corrections due to gravitons.

To support this view, we analyzed the gravitational impact
of vacuum fluctuations as an exemplary problem. It has the
advantage that it allows for an almost perfect separation of the
points (a) and (b) on our to do list. In fact, the dynamics-
related part (a) is essentially trivial, while a number of unexpected
results contradicting traditional beliefs follow from (b), that is,
the imposition of Background Independence on an otherwise
unspectacular dynamic.

(3) We employ a continuum approach to Quantum Gravity
which quantizes pure or matter-coupled metric gravity in terms
of the gravitational Average Action, a concept that is both
covariant under diffeomorphisms and Background Independent

[2]. This scale-dependent action functional satisfies a functional
renormalization group equation. From very early on, it provided
strong evidence for the theory’s Asymptotic Safety, i.e., the non-
perturbative renormalizability at a non-Gaussian ultraviolet fixed
point [2–8], see [9, 10] for a general exposition and [10–25] for
later extensions.

As a matter of principle, the Quantum Einstein Gravity
constructed in this manner shares Background Independence
and the choice of the metric as the field variables with
General Relativity, though the microscopic action may well turn
out different from the Einstein-Hilbert action. (See [9] for a
detailed description of the various steps involved in the overall
“Asymptotic Safety Program”).

While the gravitational Average Action does depend on
a background metric besides the dynamical one, the setting
complies with the requirements of Background Independence
since the background metric is determined self-consistently
by the so called “tadpole equation,” a generalization of
Einstein’s equation.

Self-consistent background metrics depend on the RG scale
at which the Effective Average Action is evaluated. It follows
that “going on-shell” at a given point of the renormalization
group (RG) flow requires understanding two types of scale
dependencies. First is the (familiar) direct dependence of the
EAA on the RG scale, and second is an equally important
indirect one associated to the re-adjustment of the self-
consistent background metric as a solution to the scale
dependent-tadpole condition.

The scale dependence of the Effective Average Action is due
to a coarse graining or averaging process on the spacetime
manifold. The occurrence of the indirect scale dependence
is a concrete manifestation of the abstract principle of
Background Independence.

(4) In this paper, we give a detailed account of the
corresponding notion of Background Independent coarse
graining, and we illustrate the discussion by studying explicitly
the case where the self-consistent background metric is
determined essentially by the cosmological constant and
its RG flow.

To this end, we begin, in section 2, by reviewing the relevant
aspects of the gravitational Effective Average Action (EAA).
Then, in section 3, we turn to an object of central mathematical
importance, namely the spectral flow induced by the Laplacian
of the self-consistent background metric. As we shall see, such
spectral flow acquires an explicit scale dependence.

Most importantly, this spectral flow tells us which field
modes constitute the degree of freedom of the respective
effective field theory at a given RG scale. We discover a
surprising, seemingly paradoxical, behavior for a broad class of
RG trajectories. A Background Independent theory of (matter
coupled) quantum gravity looses rather than gains degrees of
freedom at increasing energies in contrast with the expectation
based on the off-shell formalism.

In section 4, we study to what extent the Background
Independent theory can be reformulated as a theory of matter
and gravity fluctuations on a rigid flat space. We will show that,
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in vacuo, such reformulation is possible only for a very short RG
time since a “scale horizon” prevents one to go further.

Finally, in section 5 we use the insights gained to critically
revisit, and refute, the argument leading to the naturalness
problem of the energy density obtained by summing up the
zero-point energies in quantum field theory.

Our presentation partly follows [26] to which the reader is
referred for further information.

2. THE BACKGROUND INDEPENDENT
EFFECTIVE AVERAGE
ACTION

In this section we review some relevant properties of the
gravitational EAA [2]. We focus mostly on properties that go
beyond the standard EAA for matter fields on flat space, see
[27–31].

(1) The EAA for Einstein gravity is defined by a functional
integral over the metric ĝµν . The integral is then expressed

in terms of a fluctuation field ĥµν and a background field
ḡµν . In the case of a linear split, the following relation holds:

ĥµν = ĝµν − ḡµν . The functional integral is characterized by
a diffeomorphism invariant bare action S

[

ĝ, · · ·
]

and a suitable
gauge-fixing term together with the associated Faddeev-Popov
ghosts Cµ and C̄µ [2]:

Wk

[

J; ḡ
]

= log

∫

Dϕ̂ exp
{

−Stot
[

ϕ̂, ḡ
]

+
∫

d4x
√

ḡJiϕ̂
i −1Sk

[

ϕ̂, ḡ
]

}

, (1.1)

where ϕ̂ ≡
(

ϕ̂i
)

≡
(

ĥµν ,C
µ, C̄µ, · · ·

)

is a multiplet of fields,

with the dots denoting possible matter fields, and J ≡ (Ji) is a
set of sources conjugate to them. On top of the bare action, the
gauge-fixing, and the ghost terms, the total action includes a term
1Sk, the so-called cutoff action, which gives a mass of order k
to the modes of ϕ̂ which have a (covariant momentum)2 smaller
than k2.

(2) The background metric plays a crucial role in the
present approach. By means of ḡµν one constructs the associated
Laplacian 2ḡ ≡ ḡµνD̄µD̄ν , with D̄µ being the associated Levi-
Civita connection. The spectrum of the Laplacian is determined
by the following eigenvalue problem:

− 2ḡ χn (x) = En χn (x) . (1.2)

By expanding the fields on the associated eigen-modes {χn}, i.e.,
ϕ̂ (x) =

∑

n anχn (x), we can view the functional integral as an
integral over the coefficients an,

∫

Dϕ̂ ≡
∏

n

∫

dan. The cutoff
action can then be expressed as a sum over the eigen-modes:

1Sk ∝ k2
∑

n

∫

d4x
√

ḡR(0)
(

En

k2

)

χn (x)
2 , (1.3)

where R(0) (z) satisfies R(0) (0) = 1, and R(0) (∞) = 0, and
is a monotonically decreasing function which smoothly “crosses

over” near z = 1. As a consequence, a field eigen-mode χn (x)
associated with an eigenvalue En smaller than k2 is equipped with
an effective mass term ∝ k2χn (x)

2. The other modes remain
essentially unaffected. This mechanism provides the IR cutoff
that will cause the scale dependence of the EAA. In practice, it
is convenient to rewrite (1.3) as1Sk = 1

2

∫

d4x
√

ḡϕ̂ (x)Rkϕ̂ (x),
without resorting to an explicit mode decomposition, with the
pseudo-differential operator

Rk

[

ḡ
]

= Zkk
2R(0)

(−2ḡ

k2

)

, (1.4)

where Zk is a matrix acting in field space taking into account the
different normalization of the fields.

(3) It is important to emphasize that the eigenvalue problem
(1.2), the spectrum

{

En

[

ḡ
]}

, and the set of eigenmodes,
{

χn
[

ḡ
]

(x)
}

, depend on the background metric. This fact will
play a crucial role later on.

(4) The gravitational EAA Ŵk
[

ϕ; ḡ
]

is defined as the
Legendre-Fenchel transform of Wk

[

J; ḡ
]

with respect to the
sources Ji, holding ḡµν fixed and subtracting 1Sk

[

ϕ; ḡ
]

from it.
The EAA is a functional of the variables “dual” to J, viz. ϕ ≡
〈ϕ̂〉 ≡

(

hµν , ξ
µ, ξ̄µ, · · ·

)

. The expectation value of the metric

fluctuation is given by hµν ≡ 〈ĥµν〉 = 〈ĝµν〉 − ḡµν = gµν − ḡµν ,
with gµν ≡ 〈ĝµν〉.

(5) The path integral representation of Wk allows one to
derive a number of properties satisfied by Ŵk, such as BRST- and
split-symmetry Ward identities. In particular, one can derive the
following exact functional RG equation (FRGE),

∂tŴk
[

ϕ; ḡ
]

= 1

2
STr

[

(

Ŵ
(2)
k

[

ϕ; ḡ
]

+Rk

[

ḡ
]

)−1
∂tRk

[

ḡ
]

]

. (1.5)

At least superficially, it has the same appearance as for matter
theories [29–33]. Moreover, the following source-field relation
(“effective Einstein equation”) holds

1
√

ḡ (x)

δŴk
[

ϕ; ḡ
]

δϕi (x)
+Rk

[

ḡ
]i

j
ϕj (x) = Ji (x) . (1.6)

Instead of the pair
(

hµν , ḡµν
)

one may employ gµν and ḡµν as two
independent variables and define

Ŵk
[

gµν , ḡµν , ξ
µ, ξ̄µ

]

≡ Ŵk
[

hµν , ξ
µ, ξ̄µ; ḡµν

]

. (1.7)

When setting the ghost fields to zero, ξ = ξ̄ = 0, we
write Ŵk

[

gµν , ḡµν
]

≡ Ŵk
[

hµν; ḡµν
]

, which is the proper vertex
generating functional for the 1PI correlators of ĝµν

1. In this work,
we limited ourselves to consider the EAA defined in this section.
It could be interesting to extend our study to related functionals,
see in particular [46], and pinpoint possible advantages and
disadvantages of each choice.

For further details on the EAA, we refer to [2] and the
comprehensive account in [9].

1More general composite operators O
(

ĝµν
)

can be included in the gravitational

EAA [34–38] by coupling them to independent sources [39–45].
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3. SCALE-DEPENDENT SPECTRA AS A
DIAGNOSTIC TOOL

(1) In our argument, a central role will be played by the eigenbasis
of 2ḡ , henceforth denoted by ϒ ≡ {χn}. The eigenmodes satisfy
the ḡ-dependent eigenvalue equation

− 2ḡχn
[

ḡ
]

(x) = En

[

ḡ
]

χn
[

ḡ
]

(x) . (2.1)

We refer to modes with En

[

ḡ
]

< k2 as IR modes, while all others
are UV modes. The lowest lying UV mode is the so called cutoff
mode, χCOM. Its eigenvalue is either precisely equal to k2, or
slightly larger if the spectrum is discrete. In the former case:

UV modes : En

[

ḡ
]

≥ k2

cutoff mode : En

[

ḡ
]

= k2 (2.2)

IR modes : En

[

ḡ
]

< k2.

According to this division of the functions χn (x), the eigenbasis
ϒ ≡ ϒ

[

ḡ
]

decomposes as

ϒ
[

ḡ
]

= ϒUV

[

ḡ
] (

k
)

∪ ϒIR

[

ḡ
] (

k
)

(2.3)

withϒIR andϒUV containing the IR andUVmodes, respectively.
It needs to be emphasized that the decomposition (2.3)

depends not only on the scale, k, but also on the background
metric. Hence, dealing with a fixed functional

(

ϕ, ḡ
)

7→ Ŵk
[

ϕ; ḡ
]

, (2.4)

the attribute of being “UV” or “IR” depends on the ḡµν-argument
the functional is evaluated at. In particular the set of quantum
numbers nCOM that characterizes the cutoff mode χCOM ≡
χn

∣

∣

∣

n=nCOM
depends on the background metric:

nCOM ≡ nCOM
[

ḡ
] (

k
)

. (2.5)

The spectrum of −2ḡ is schematically represented in Figure 1

together with the cutoff mode at k = k1.
(1) ϒIR

[

ḡ
] (

k
)

and effective field theory. In the EAA-
based quantization on a k-independent background metric the
classification of the eigen-modes according to (2.3) can be
interpreted physically:

(i) At a scale k = k1 the effect of the modes belonging to
ϒUV

[

ḡ
] (

k1
)

is encoded in the running (i.e., scale dependent)
couplings that parametrize Ŵk1

[

ϕ; ḡ
]

. Essentially, the modes
in ϒUV

[

ḡ
] (

k1
)

have been “integrated out.”
(ii) At the scale k1, the running couplings do not take into account

the fluctuations of the modes in ϒIR

[

ḡ
] (

k1
)

, i.e., these modes
have not been integrated out yet. It follows that Ŵk1 can be
interpreted as an effective field theory that governs these modes
at scales close to k1.

The term “effective field theory” has the following meaning for
us. When employing the action functional Ŵk1 to compute some
observable, only the modes belonging to ϒIR

[

ḡ
] (

k1
)

remain to

FIGURE 1 | Representation of the spectral flow of −2ḡ constructed via a

scale independent background metric. This schematic representation shows a

trivial spectral flow with the horizontal lines representing k-independent

eigenvalues and the diagonal representing the identity k2 7→ k2. The black

dots denote the intersection points at which a mode is “integrated out.” At the

scale k1, the IR degrees of freedom ϒIR [ḡ] (k1) are associated to the

eigenvalue lines passing through the shaded triangle.

be quantized. Therefore, the scale k1 plays the role of an UV cutoff
from an effective field theory point of view. All modes the effective
field theory governs have eigenvalues En

[

ḡ
]

< k2.
Let us note that one may “integrate out” the IR-modes in

ϒIR

[

ḡ
] (

k1
)

by employing the FRGE and running the RG flow
down to a lower scale (eventually k1 → 0). However, one may
also “integrate out” these modes by any other suitable technique
in principle.

(2) Self-consistent background geometries. Assume we solved
the flow equation and obtained a certain RG trajectory k 7→ Ŵk,
a curve on theory space. By differentiating the corresponding
running action Ŵk

[

ϕ, ḡ
]

with respect to ϕ, we may compute
arbitrary proper vertices from which one may eventually
calculate any arbitrary correlation function,

〈

ϕ̂ (x1) · · · ϕ̂ (xn)
〉

. (2.6)

These correlators describe the dynamics of ϕ ≡
(

hµν , · · ·
)

-
fluctuations on a classical spacetime whose metric, ḡµν , is
enforced by unspecified external means. By appropriately
changing the second argument of Ŵk

[

ϕ, ḡ
]

and of its ϕ-
derivatives, the RG trajectory informs us about the fluctuation
dynamics on any given background geometry and at all scales.

A quantity of special interest is the one-point function 〈ĥµν〉ḡ
since it determines the expectation value of the metric operator

ĝµν = ḡµν + ĥµν , i.e.,

〈ĝµν〉ḡ = ḡµν + 〈ĥµν〉ḡ . (2.7)
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In general, the expectation value (2.7) will be quite different
from the background metric when the fields ϕ ≡

(

hµν , · · ·
)

are
quantized on a randomly chosen geometry.

Now, we go one step further and ask which metric expectation
value the quantum system will realize when it is free from
all external interferences. More concretely, if we quantize the
set of fluctuation fields on a geometry with a given ḡµν , we
can ask which background(s) they would “like” most, in the
sense that they dynamically produce a ĝµν-expectation value that
agrees precisely with the background metric prescribed. Such
geometries are the called self-consistent geometries, and their
metric is denoted

(

ḡsc
k

)

µν
. Hence,

〈ĝµν〉ḡ = ḡµν ⇔ 〈ĥµν〉ḡ = 0 if ḡ = ḡsck . (2.8)

Self-consistent background metrics can be found from the
condition of a vanishing fluctuation one-point function, for
historic reasons termed the tadpole condition. It comprises
the equation

δ

δhµν
Ŵk

[

h, · · · ; ḡ
]

∣

∣

∣

h=0,ḡ=ḡsc
k

= 0 (2.9)

coupled to similar conditions where the differentiation is with
respect to the other fluctuation fields.

In the following, it is of central importance that, generally,
self-consistent backgrounds depend on the RG scale. By (2.9),
it is clear that solutions

(

ḡsc
k

)

µν
inherit a certain k-dependence

from Ŵk.
(3) Generalized RG trajectory. Henceforth, we assume that

we solved the RG flow equation and have a certain trajectory
k 7→ Ŵk in our hands. Furthermore, we assume that, using
this running action as an input, we solved the tadpole equation
and found a family of metrics

(

ḡsc
k

)

µν
labeled by k, or, stated

differently, a curve in the space of metrics. It is natural therefore
to refer to the map

k 7→
(

Ŵk,
(

ḡsck
)

µν

)

(2.10)

as a generalized RG trajectory and to visualize it as a parametrized
curve in the product of theory space with the space of metrics.

(4) Spectral flow. At every point of the generalized RG
trajectory, we use the metric

(

ḡsc
k

)

µν
in order to construct the

associated Laplacian 2ḡsc
k
. This results in a family of Laplacians

whose members are distinguished by their respective value of k.
Each family member gives rise to its own eigenvalue equation. It
reads, for every value of k,

− 2ḡsc
k
χn

(

x, k
)

= Fn

(

k
)

χn
(

x, k
)

. (2.11)

Solving the family of eigenvalue problems (2.11), we obtain a
“curve of spectra,” i.e., a spectral flow,

k 7→
{

Fn

(

k
)}

, (2.12)

and the corresponding eigenbasis,
{

χn
(

·; k
)}

.

If ḡ = ḡsc
k
, the effective field equations implied by Ŵk admit the

simple solution h = 0. The correlation functions (2.6) are thus
taken “on-shell” when we evaluate them, separately for every k,
at the self-consistent metric and simultaneously set h = 02. In
this sense, the graviton n-point functions, for instance,

〈ĥ (x1) · · · ĥ (xn)〉on−shell (2.13)

enjoy the property of being on-shell for each scale separately.
(5) Direct vs. indirect k-dependence. While on-shell at all

points along the generalized RG trajectory, the n-point functions
(2.13) possess a rather complicated scale dependence in general,
which has two independent sources: the (naively expected) direct
scale dependence, stemming from the k-dependence of the Ŵk,
and the indirect scale dependence, caused by the continually
changing, dynamically selected background metric.

The indirect scale dependence makes the physical
interpretation of the coarse graining procedure rather non-
trivial in general and striking surprises can occur, as we
shall see.

(6) At the heart of Background Independent coarse

graining. Recall that, when still “off-shell,” the Effective
Average Action maps k-independent arguments onto a
k-dependent number,

Ŵk :

(

h, ḡ
)

7→ Ŵk
[

h; ḡ
]

, (2.14)

such that k2 is a cutoff in the spectrum of an operator,
namely, −2ḡ , which is determined by the functional’s second
argument, ḡ.

By taking Ŵk and its h-derivatives on-shell, this operator
gets concretely specified as −2ḡsc

k
, which possesses an explicit

parametric dependence on k. k2 thus appears to be a cutoff in the
spectrum of an operator that is k-dependent in itself.

With this somewhat confusing and paradoxical-looking
situation, we have reached the very core of the Background
Independent coarse graining: since physics (i.e., on-shell data)
may not depend on any distinguished metric that was chosen ad
hoc, spectral information of physical relevance is bound to come
from operators which are determined dynamically [9].

The following steps are aiming at a first physical
understanding of what it means to “coarse grain” under
such conditions in a fully Background Independent fashion.

(7) Local IR-UV separation along the trajectory. We may
assume that the eigenvalue problems (2.11) have been solved
all the way along the generalized RG trajectory so that the
spectral flow

k 7→
{

Fn

(

k
)

,χn
(

· ; k
)}

(2.15)

can be analyzed explicitly. At first, we determine the cutoffmodes
of all the spectra occurring on the trajectory. At a given scale, say
k = k1, we require that

FnCOM

(

k
)

∣

∣

∣

k=k1

!= k21 , (2.16)

2Alongside with h = 0 we also fix other fluctuation fields in the multiplet ϕ =
(

h, · · ·
)

, e.g., the ghosts and matter fields, according to their solution from the

coupled field or tadpole equations.
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FIGURE 2 | Schematic sketch of a non-trivial spectral flow.

and solve this condition for nCOM ≡ nCOM
(

k1
)

. Equation
(2.16) determines the label associated to the cutoff mode in the
spectrum of the (on-shell!) background Laplacian at a given point
of the theory space, which is visited by the RG flow when k = k1.
When the spectrum is discrete, the cutoff mode corresponds to
the smallest eigenvalue FnCOM

(

k1
)

equal to or above k21.
Furthermore, we distribute the modes of the eigenbasis

{

χn
(

· ; k1
)}

over two sets, putting those with eigenvalues
Fn

(

k1
)

≥ FnCOM(k1)

(

k1
)

and Fn

(

k1
)

< FnCOM(k1)

(

k1
)

into the

sets ϒUV

(

k1
)

and ϒIR

(

k1
)

, respectively.
By performing the outlined algorithm for all k1, one can

construct the map k 7→ nCOM
(

k
)

or, more explicitly, k 7→
χnCOM

(

· ; k
)

. In the same manner, we can construct the “curves”
k 7→ ϒUV/IR

(

k
)

, and the decomposition of the eigenbasis,

{

χn
(

· ; k
)}

= ϒUV

(

k
)

∪ ϒIR

(

k
)

(2.17)

which replaces (2.3) when going on-shell.
(8) Spectral flow and mode reshuffling. In Figure 2, we

sketch a typical spectral flow of the kind that will arise later in our
example. The trajectory’s curve parameter k is on the horizontal
axis, while two specific values, k = k1 and k = k2, are represented
by two vertical lines. Figure 2 is analogous to Figure 1, the
difference being that the eigenvalues En are replaced by Fn

(

k
)

.
We refer to the k-dependence of the spectrum

{

Fn

(

k
)}

as the
spectral flow induced by the (scale dependent) self-consistent
background metric.
(8.1) The cutoff mode at the scale k = k1 can be determined as
follows. First one identifies all the intersection points between the
graphs Fn

(

k
)

and the vertical line k = k1. The modes are then
separated into two sets, i.e., ϒUV

(

k1
)

and ϒIR

(

k1
)

, according
to whether the intersection point lies above or exactly on the
diagonal or below the diagonal, respectively.

The cutoff mode is defined as the mode associated to the
smallest eigenvalue in ϒUV

(

k1
)

. At the scale k = k1, the cutoff
mode is labeled by nCOM

(

k1
)

as illustrated in Figure 2.
The mode carrying the label n = nCOM

(

k1
)

, k1 fixed, is
associated to a scale dependent eigenvalue FnCOM(k1)

(

k
)

. For

values k 6= k1, this mode plays no special role in general.

(8.2) As we explained, the effective action Ŵk

∣

∣

∣

k=k1
governs the

degrees of freedom associated to the modes in ϒIR

(

k1
)

. These
latter modes correspond to the eigenvalues passing within the
shaded area to the left of the vertical k = k1-line in Figure 2.
At scales lower than k1 these eigenvalues intersect the diagonal
only once. The intersection is marked by a black dot similarly to
the case of constant En displayed in Figure 1.

This behavior can be interpreted as follows. By lowering k1,
the vertical k = k1-line sweeps over one of the black dots on the
diagonal. This implies that the associated mode is moved from
ϒIR

(

k1
)

to ϒUV

(

k1
)

. At first sight, one may suspect that this is
what has to be expected in general since by lowering the cutoff
one “integrates out” more and more modes.
(8.3)However, this picture changes dramatically at higher scales.
Let us consider the scale k = k2, in Figure 2. As we shall see
explicitly later on, the crucial point is that, if the cosmological
constant increases with k rapidly enough, then the graph of an
eigenvalue Fn

(

k
)

may intersects the diagonal more than once
below k2. In Figure 2, we observe eigenvalues both entering and
exiting from the shaded area to the left of the vertical k2-line,
and the intersection points are marked by black dots or open
circles accordingly. By lowering k2, it is possible for the k2-line
to sweep over an open circle. This implies that a certain mode has
changed its UV/IR status. However, this time, the mode moved
from ϒUV

(

k2
)

to ϒIR

(

k2
)

!
At first glance, such behavior appears paradoxical and

may seem “unphysical.” Indeed, we normally expect that, by
integrating out further field modes, we are actually relocating
them from the set ϒIR to the set ϒUV. In the present case,
however, the opposite happens and a UV-mode in ϒUV becomes
an IR-mode in ϒIR by lowering the RG scale.
(8.4) This conundrum is solved by recalling that the standard
expectation, i.e.,

(

k lowered
)

⇔
(

mode transfer ϒIR → ϒUV

)

,
is valid for k-independent (off-shell) field arguments of the
functional Ŵk

[

ϕ; ḡ
]

. It must be emphasized that, during the
computation of the EAA, this expectation holds true also
in the present case. Such unexpected spectral behavior is

due to the fact that, when the fields are taken on-shell

and one employs the self-consistent background, they acquire

a further scale dependence, which causes this non-trivial
spectral flow.

It follows that there is nothing “unphysical” if, by lowering the
value of k2, one observes a transitionϒUV → ϒIR. Actually, such
transition encodes the physically important fact that the effective
field theory described by Ŵk has gained a degree of freedom,
whose fluctuations have not been taken into account in the values
of the renormalized couplings in Ŵk.

As displayed in Figure 2, by lowering k further, the new
IR-mode crosses the diagonal again and eventually becomes a
UV-mode.
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(9) Illustrative example: Einstein-Hilbert truncation. Let us
pause for a moment and introduce an approximation that will be
invoked for illustrative purposes in the following.

We truncate the gravity action to the Einstein-Hilbert form,
and we either consider pure gravity, or matter coupled gravity
in situations where the matter stress tensor in the effective field
equation plays no significant role (at least at the level of the
qualitative discussion we present here).

As a result, the tadpole condition (2.9) happens to assume
the form of the classical Einstein equation in vacuo with a scale
dependent cosmological constant:

Rµν −
1

2
gµνR+3kgµν = 0. (2.18)

Herein, k 7→ 3k is one of the functions that constitute the RG
trajectory on theory space.

(i) As for the solution
(

ḡsc
k

)

µν
to Equation (2.18), we focus on

the instructive, yet technically simple, class of solutions of the
scaling type:

(

ḡsck
)

µν
= 30

3k

(

ḡsc0
)

µν
. (2.19)

Here
(

ḡsc0
)

µν
is an arbitrary solution to (2.18) for the

cosmological constant30. (Instead of the reference point k =
0, any other would do as well).

(ii) It is easy to determine the spectral flow caused by the k-
dependence of the self-consistent background metric (2.19):

Fn

(

k
)

= 3k

30
Fn (0) , (2.20)

χn
(

x; k
)

= χn (x; 0) . (2.21)

Moving along the generalized RG trajectory, the
eigenvalues Fn

(

k
)

get rescaled, while the eigenfunctions
remain unaltered.

(iii) For every fixed spectrum occurring along the trajectory we
must determine the cutoff mode, i.e., the label nCOM ≡
nCOM

(

k
)

. It is easy to show that this can be done by the
following two-step algorithm:

• Determine the cutoff mode in the reference spectrum
obtained with30. In this case, denote the cutoff by q

2 rather
than, as usual, k2. Set up the equation

FnCOM (0)
!= q2 (2.22)

and solve it for nCOM. Denote the result by

nCOM ≡ n0COM
(

q
)

, (2.23)

thus defining the function n0COM (·).
• We would like to solve

FnCOM

(

k
) != k2 ⇒ nCOM = nCOM

(

k
)

. (2.24)

Upon defining the function q
(

k
)

by

q
(

k
)2 = k2

30

3k
, (2.25)

the solution to the problem (2.24) can be found in terms of the
above n0COM (·) as follows:

nCOM
(

k
)

= n0COM
(

q
(

k
))

(2.26)

In the discussion of Figure 2, we have determined this k-
dependence of nCOM by graphical means.

(10) Illustrative example: S4 spacetimes.Assuming a positive
cosmological constant, the maximally symmetric solution to the
(Euclidean) Einstein equation (2.18) is a sphere S4. Its radius r̄k
follows from R = 12/r̄2

k
= 43k, i.e., r̄k =

√
3/3k, implying

r̄k = r0

(

30

3k

)1/2

. (2.27)

The radius r̄k can be thought of as the Euclidean analog of the
Hubble length.

(i) On S4, the eigenmodes of the tensor Laplacian are labeled
by a positive integer, n, and a set of further quantum
numbers the associated eigenvalue is independent of. The
latter generalize the familiar magnetic quantum number m
that appears as a label of the spherical harmonics Yl,m, i.e., the
scalar eigenfunctions on S2, while the former is analogous to
l which determines the eigenvalue, l

(

l+ 1
)

. For not too small
values of n, the eigenvalues of the S4 harmonics, for tensors of
any rank, are given by n2/r2, whence for the radius r = r̄k,

Fn

(

k
)

≈
(

n

r̄k

)2

for n≫ 1. (2.28)

The approximation behind Equation (2.28) is analogous to
replacing l

(

l+ 1
)

with l2 in the S2 case. Its advantage is that it
is valid for tensors of any rank, contrary to the exact formula
[47–50]. For the purposes of the present discussion we do not
loose any relevant information by specializing for n ≫ 1. In
fact, treating n as a large, quasi-continuous number also helps
avoiding a number of inessential technicalities.

(ii) Using (2.27) and (2.28), the above algorithm yields the
following answer for the quantum number of the cutoff mode:

nCOM
(

k
)

= r̄0 q
(

k
)

. (2.29)

Herein, q
(

k
)

is given by Equation (2.25), which we rewrite in
the suggestive form

q
(

k
)2 = 30

k2

3k
= k2

λk
(2.30)

where λk ≡ 3k/k
2 is the dimensionless cosmological constant

in cutoff units.
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FIGURE 3 | (A) Phase portrait of the RG flow in the Einstein-Hilbert truncation on the dimensionless (g, λ)-plane. The RG trajectories start out from the UV

non-Gaussian fixed point and flow toward the IR. (B) An example of a trajectory of Type IIIa. Its turning point (λT,gT) is passed when k = kT = 1/ℓ.

(11) The generic semiclassical RG trajectory. To go on and
study the contents of (2.29), (2.30) we must pick an RG trajectory
which then supplies a concrete function k 7→ 3k. In this paper,
we focus on the semiclassical regime below the Planck scale (k .

mPl), where qualitatively the k-dependence of 3k is essentially
the same for a large class of trajectories in pure gravity and also
in matter-coupled gravity with many different matter systems. It
reads, with constants30 and ℓ,

3k = 30

[

1+ ℓ4k4
]

for 0 ≤ k . mPl. (2.31)

The concomitant running of Newton’s constant is trivial,
Gk = G0 = const. This behavior applies in particular to
the semiclassical regime of the Type IIIa trajectories in pure
Quantum Einstein Gravity, see Figure 3.

There, thanks to Asymptotic Safety, the k → ∞ behavior is
determined by the non-Gaussian UV fixed point, being λk → λ∗,
and so 3k → λ∗k2 ≡ 30L

2k2. In what follows, use will not be
made of this specific UV completion, and many others would do
as well for what concerns our main argument. It will only rely
on the semiclassical formula (2.31). Despite this, the choice of
trajectory, having a positive cosmological constant in the IR, 30,
is essential.

The simple formula (2.31) should be seen as a “caricature” of
a generic semiclassical behavior that is precise enough to display
the crucial feature of a turning pointwhen the trajectory is plotted
on the dimensionless g − λ-plane. There,

λk = 30

[

1

k2
+ ℓ4k2

]

, gk = G0k
2, (2.32)

and so λk is seen to switch from decreasing to increasing when
k passes the turning point scale kT = 1/ℓ from below, see
Figure 3B.

We assume that, on the one hand, kT is much smaller than the
Planck scale, but, on the other, it is much larger than the Hubble
parameter at k = 0:

3
1/2
0 ≪ kT ≪mPl. (2.33)

For illustration’s sake, we may fit the formula (2.31) to the values
of 30 and G0 measured in Nature. Up to factors of order unity,
this yields

kT ≈ 10−30mPl ≈ 1030H0 (2.34)

with the present Hubble parameter H0 ≈ 3
1/2
0 . Both inequalities

in (2.33) are well-satisfied then.
(12) The S4 family in the semiclassical regime.With3k given

by (2.31), the members of the S4 family of maximally symmetric
self-consistent backgrounds have radii

r̄k =
r̄0√

1+ ℓ4k4
= r̄0

√

1+
(

k
kT

)4
(2.35)

where r̄0 ≡ √
3/30. In the strictly classical regime (k ≪ kT) the

radius is essentially constant, r̄k ≈ r̄0, while it decreases rapidly
(r̄k ∝ 1/k2) when k≫ kT. As a consequence, the eigenvalues on
the S4 with radius r̄k are

Fn

(

k
)

=
(

n

r̄k

)2

=
(

n

r̄0

)2
[

1+ ℓ4k4
]

. (2.36)

This spectral flow has the qualitative features anticipated
in Figure 2.

The k-dependent cutoff quantum number nCOM
(

k
)

=
r̄0 q

(

k
)

is explicitly known at this point, with (2.30) yielding

q
(

k
)

=
(

k2

1+ ℓ4k4
)1/2

. (2.37)

The functions q
(

k
)

and nCOM
(

k
)

are plotted in Figure 4. They
possess a maximum at the turning point scale k = kT ≡ 1/ℓ,
where q

(

k
)

assumes the value

qmax = q
(

kT
)

= 1√
2
kT. (2.38)

Under the condition (2.33), this maximum is situated well within
the semiclassical regime. The value of the quantum number
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FIGURE 4 | Representations of the functions q (k) and nCOM (k) = r̄0q (k)

along a trajectory of the Type IIIa. The semiclassical regime extends from k = 0

to k̂ = O (mPL). Beyond this point, the Asymptotic Safety result is shown for

concreteness, being q (k) = L−1 = const, with L ≡ √
λ∗/30.

nCOM never can become really large. At the very least in the
semiclassical domain, it is bounded above:

nCOM
(

k
)

6 nCOM
(

kT
)

= r̄0qmax = r̄0kT/
√
2 for all k.

(2.39)

(13) Fuzzy appearance of spacetime. Recall that the integer n,
much like the quantum number l of Ylm, measures the degree
of complexity (number of nodes etc.) of the corresponding
eigenfunctions. Hence nCOM

(

k
)

characterizes the maximum
“resolving power” or “fineness” that can be achieved on the
self-adjusting 4-sphere with an eigenfunction expansion that is
truncated at n = nCOM

(

k
)

.
Since nCOM

(

k
)

is bounded above by its value at the turning
point, nCOM

(

kT
)

, it follows that on the family of self-consistent
spacetimes, whatever is the value of k, the “resolving power” of the
eigenmodes is never perfect.

The best angular resolution that can be achieved on S4

is of order 2π/nCOM
(

kT
)

, and this renders spacetime a kind
of “fuzzy sphere.” (See also [51–53] for a discussion of a
related dynamically generated minimum length, and [54] for the
concomitant effect on the entanglement entropy).

(14) Anomalous mode reshuffling explained. Our usual
intuition being trained on k-independent metrics, the behavior
of nCOM

(

k
)

shown in Figure 4 comes as a surprise: while we
expect that by increasing the characteristic momentum of the
coarse graining, i.e., k, higher eigenmodes of the Laplacian with
shorter wavelength get involved, the opposite happens according
to Figure 4 at scales above the turning point (k > kT). Increasing
k leads to a lower cutoff mode then, i.e., a function with less
structure (having fewer nodes, etc.).

Another side of the same medal is that, above the turning
point, lowering k converts UV-modes to IR-modes (rather than
vice versa). Hence, at low scales, the effective field theory hasmore
degrees of freedom to deal with than at high scales. This is again
in conflict with the naive fixed k intuition, which would suggest

that lowering k means “integrating out,” hence a relocation of
modes in the opposite direction, ϒUV → ϒIR.

Thus, we observe that the spectral flow at hand,
Equation (2.36), does indeed realize the possibility of eigenvalues
which, in Figure 2, cross the diagonal twice.

Given the explicit form of the eigenvalues in (2.36), we can
explain the above “paradoxes” in elementary physical terms:

when k is increased, the radius r̄k of the self-consistent sphere
shrinks, and this causes Fn

(

k
)

, n fixed, to grow. There are two
ways of making Fn

(

k
)

large: the familiar one of increasing n at
fixed radius and the new one of keeping n fixed, or making it
smaller, while decreasing the radius. Above the turning point, this
second mechanisms turns out to be the dominant one.

The analysis carried out in this section assumes a positive
curvature, the extension of our investigation to the cases
of negative curvature or Lorentzian signature is interesting
and requires further study (Ferrero R and Reuter M, work
in progress).

4. RUNNING VS. RIGID PICTURE OF THE
RG EVOLUTION

(1) The familiar “running picture.” Assume we are given a
certain solution to the functional RG equation, Ŵk

[

h,ψ; ḡ
]

,
describing gravity coupled to a set of matter fields,ψ . Then, as for
the associated effective field theory, the couplings it encapsulates
apply to the “particle physics” of hµν and the other quanta when
they propagate on the running

(

ḡsc
k

)

µν
geometries.

The high-kmatter physics predictions supplied by Ŵk are valid
only in conjunction with a high-k gravitational background.

This is the standard way of interpreting the RG trajectories. It
refers all “particle physics” to the k-dependent on-shell geometry
and is therefore called the “running picture” of the generalized
RG trajectory.

(2) The novel “rigid picture” · · · . To describe the alternative
“rigid picture” let us put ourselves in the place of collider
physicists who are able to measure the matter couplings governed
by Ŵk

[

h,ψ; ḡsc
k

]

, but are unable to explore the microscopic
spacetime structure. They would find it natural to construct a
new action functional,Ŵq, whichmakes no reference to a running
metric and eliminates ḡsc

k
everywhere in favor of the (essentially

flat) macroscopic metric ḡsc0 = ḡsc
k=0

. In the sought for description
only the particle physics runs, while the metric stays fixed, being
always ḡsc0 .

Among other changes of an essentially kinematic character,
the construction of Ŵq from Ŵk involves re-interpreting the cutoff
scale as an eigenvalue of

(

−2ḡ

)

built from ḡ = ḡsc0 rather than
the usual ḡsc

k
. It is easy to see that the two operators have the same

eigenfunctions and that, if the eigenvalue in the latter case is k2,
then it equals q2 in the former. (Note that 2ḡsc

k
= (3k/30)2ḡ0

for metrics of the rescaling type).
In this rigid picture, therefore, the quantity q plays the

same role the usual cutoff k plays in the running picture and,
consequently, the notation Ŵq for the new running action. From
the perspective of Ŵq, all momenta are proper with respect to the
fixed metric ḡsc0 , as desired by the collider physicists.
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In order to actually construct the new action functional, we
would have to reparametrize the RG time axis,

Ŵq = Ŵk(q), (3.1)

which requires inverting the function k 7→ q
(

k
)

to obtain k =
k
(

q
)

. This is impossible though.
In the semiclassical regime a given value q < qmax is associated

to two k-values via Equation (2.37), see Figure 4. It follows
that, globally speaking, the map k 7→ q

(

k
)

is not a valid
reparametrization of the whole RG trajectory since it does not
provide a diffeomorphism on the RG-time axis.

Locally, however, it is possible to invert Equation (2.37) for
either k < kT or k > kT. The inversion yields the following two
maps k = k

(

q
)

for q ∈
[

0, qmax

]

:

k±
(

q
)

= 1√
2ℓ2q

[

1±
√

1−
(

2ℓ2q2
)2

]1/2

=
√
2
q2max

q



1±

√

1−
(

q

qmax

)4




1/2

. (3.2)

The functions k+
(

q
)

and k−
(

q
)

joins at k±
(

qmax

)

=
√
2qmax =

kT while, for a generic q, the upper branch is given by k+
(

q
)

> kT
and the lower branch by k−

(

q
)

< kT.
(3) · · · and its breakdown. The non-invertibility of q

(

k
)

implies that the rigid picture is applicable from k = 0 up to
k = kT only. It breaks down at the turning point, which acts as a
sort of horizon in the one-dimensional space of scales [26].

Figure 5 illustrates the role played by this “scale horizon”
in connection with the cosmological constant. The action Ŵq
includes a term ∝ 3k(q)

∫

d4x
√

ḡsc0 , with 3k(q) ≡ 3rigid

(

q
)

the natural scale dependent cosmological constant in the running
picture. From3k(q) = 30k

2
(

q
)

/q2, and with (3.2) we obtain the

double-valued relation

3rigid

(

q
)

= 230

(

qmax

q

)4


1±

√

1−
(

q

qmax

)4


 . (3.3)

The behavior of 3rigid is displayed in Figure 5, with the minus
(plus) sign corresponding to the lower (upper) branch of
the function.

A hypothetical collider physicist that insists on using the scale
q has no problems in interpreting the lower branch of 3rigid

(

q
)

but is not able to go beyond the horizon located at q = qmax.
By viewing q as a curve parameter for the RG trajectory,

we note that it provides a “good” coordinate on the RG time
axis only below the turning point. A different coordinate is
needed to go beyond the horizon, an example is offered by k,
which is valid globally. The situation is somewhat similar to
the usual coordinate horizons in spacetime. In terms of q the
rigid picture based on the (perturbative) k−-branch is valid for
momenta q ≤ qmax.

FIGURE 5 | The cosmological constant appearing in the rigid picture’s Ŵq in

dependence on its natural RG scale q. While we are able to consistently

interpret the diagram’s lower branch (30 ≤ 3rigid ≤ 230), the “scale horizon” at

qmax prevents us from passing to the upper branch straightforwardly.

5. IMPLICATIONS FOR GRAVITATING
VACUUM FLUCTUATIONS AND THE
COSMOLOGICAL CONSTANT

The cosmological constant has been puzzling physicists for
a long time [55–58]. The problem involves classical and
quantum aspects of both matter and gravitation. There is a
general consensus that such a small cosmological constant
poses an extraordinary naturalness problem. According to usual
arguments the cosmological constant is unnaturally small in
comparison to the vacuum energy density due to the quantum
fluctuations of the quantum field theories describing particle
physics. In another variant of the argument, the cosmological
constant is small in relation to the Planck scale.

In this section we will focus on the former version of the
“cosmological constant problem” and we shall revisit it from the
perspective of Background Independent quantum field theory.

5.1. The Standard Argument
The best-known argument showing the claimed tension between
quantum field theory and general relativity goes as follows. In
Minkowski space, one assumes that each mode pertaining to a
certain quantum field behaves like a harmonic oscillator, which
contributes to the field’s ground state energy by an amount 1

2 h̄ω.
In flat space, the modes of a quantum fields are labeled by the
3-momentum p. By summing over all momenta, one obtains the
total vacuum energy as

∑

p
1
2 h̄ω

(

p
)

. For instance, in the case of
a massless free field the energy density is given by the integral

ρvac = 1

2

∫

d3p

(2π)3

∣

∣p
∣

∣ , (4.1)
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which is ultraviolet divergent and requires regularization. For
instance, one may regularize the integral (4.1) via a sharp
cutoff

∣

∣p
∣

∣ ≤ P . Clearly, different regularization can also be
employed. In any case the vacuum energy density is quartically
divergent, i.e.,

ρvac = cP4, (4.2)

where the particular value of c depends on the chosen
regularization scheme and is of order unity. Next, the UV cutoff
P is fixed to some high value (typically related to a new physics
scale). The energy density ρvac is then taken into account in the
Einstein’s equation as a contribution to the cosmological constant
in the amount of13 = 8πGρvac = 8πGcP4.

Similar semiclassical arguments goes back to Pauli [57]. He
had already realized that a cosmological constant of order 13
would produce a curvature, which is unacceptable even if the UV
cutoff P is taken to be the scale of atomic physics.

In the modern version of the argument, the UV cutoff often
corresponds to the Planck scale (P = mPl). In this latter case,
the contribution to the cosmological constant 13 is roughly
10120 times bigger than the observed cosmological constant,
3obs. Then, by expressing the observed cosmological constant
as the sum of a bare cosmological constant 3bare and 13,
i.e., 3obs = 3bare + 13, one observes that 3bare must be fine
tuned at the level of 120 digits. This is thus considered a major
naturalness problem.

Similar issues arise with essentially any plausible choice for the
UV cutoff P . This has triggered the suspicion that there may be
something incorrect in the previous argument. In the following
we argue that this is indeed the case. Let us note that, along
different lines with respect to the ones invoked in the present
work, quartic divergences on a fixedMinkowski background have
been shown incompatible with Lorentz symmetry [59–61].

5.2. Lessons From the Rigid Picture
Comparing the above standard argumentation to our approach
we observe that

(1) The standard calculation amounts to the quantization of a
free matter field’s modes inϒIR (P). They constitute a low energy
effective field theory with UV cutoff at P . The field quantization
it amounts to is equivalent to staying within the EAA framework
and lowering the cutoff from P down to zero.

(2) Since the calculation includes no gravitational back
reaction on the Minkowski metric, it possesses a translation to
the Background Independent EAA language at best if the “rigid
picture” of the RG flow is invoked.

(3) The domain of applicability of the rigid picture restricts
the cutoff P to the interval 0 6 P 6 qmax below the turning
point. Within this interval, the vacuum fluctuations change the
cosmological constant by not more than a factor 2; according to
(3.3),3rigid

(

q
)

increases from3rigid (0) = 30 to3rigid

(

qmax

)

=
230 along the k−-branch.

It therefore follows that the traditional argument on
the gravitational impact of summed up zero-point energies
overstretches its domain of validity quite considerably.

We just learned that the enormous cosmological constants
that are often claimed to be induced by quantum vacuum
fluctuations, like 1012030, can never result from such a
calculation if one restricts it to the momentum scales it is valid
for, i.e., those where the rigid picture is available (q ≤ qmax). A
calculation neglecting the backreaction on the metric becomes
invalid already when the zero-point energies have changed the
cosmological constant from30 to 230.

Because no large numbers are involved in the renormalization
30 → 230, we can also say that it is incorrect to claim on the basis
of the traditional argument that a small value of the cosmological
constant is necessarily afflicted by a naturalness problem [26].

5.3. Lessons From the Running Picture
Let us now move to scales above the turning point and ask about
the physical contents of the generalized RG trajectory there.

(1) Since the rigid picture is unavailable at scales k > kT,
we fall back upon the running picture which applies everywhere
along the trajectory. Now, the complication is that the running of
the consistent background metric cannot be “transformed away”
any longer and must be taken into account in explicit form.

(2) The metric ḡsc
k
is determined by the k-dependent Einstein

equation (2.18). To see the essential point, its contraction
is sufficient:

R
(

ḡsck
)

= 43k. (4.3)

We are interested in the question why the rapidly increasing
cosmological constant 3k ∝ k4 for k ≫ kT seems in no way
mirrored by our cosmological observations. On the basis of the
effective field theory description with Equation (4.3), the answer
is as follows:

when 3k grows with increasing k beyond the experimental
bounds of the observed cosmological constant 30 ≡ 3k=0, the
effective field theory with the Einstein equation (4.3) ascribes the
associated growing curvature to much smaller, non-cosmological
distance scales; the smaller they are, the larger is k. On those sub-
cosmological length scales, however, we have no observational
tools (yet) that could measure R

(

ḡsc
k

)

.
This explains why to date we have seen nomanifestation of the

huge values that 3k ∝ k4 can reach and that play a central role
in the traditional discussions of the cosmological constant. [see
[26] for further details, and [62] for a purely classical discussion
of “hiding” the cosmological constant at small distances].

(3) Paraphrasing a well-known concise summary of classical
General Relativity, it can be said that Matter at scale k tells space
at scale k how to curve, and space at scale k tells matter at scale k
how to move.

Modeling the gravitational effect of vacuum fluctuations by
simply declaring their summed zero-point energies to be a part
of the cosmological constant in an otherwise classical Einstein
equation violates this principle spectacularly.

Being the coefficient of the zero-derivative term in the classical
gravity action, the cosmological constant should play a role for
the universe on its largest scales only. However, the traditional
approach, limited by the simple two-parameter form of the
Einstein-Hilbert action, cannot but package the energy and
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momentum of even a Planck scale fluctuation, say, into this
IR-related parameter.

Clearly, this hints at the necessity of much more general
actions to better describe the generation of spacetime curvature
scale by scale [26].

(4) Assume we were able to measure the spacetime curvature
on sub-cosmological scales, say in a terrestrial lab, and that
kT is indeed in the milli-electron Volt range, as suggested by
(2.34). Can we observe the scale dependence of the vacuum
curvature then?

The answer is that, even then, this would be extremely difficult
since ḡsc

k
has a significant k-dependence only when the 3kgµν

term in the Einstein’s equation dominates over the matter field’s
stress tensor Tµν .

As long as Tµν is k-independent, the effect we are after
requires ordinary matter and its fields to be very “diluted.” The
late Universe, the present epoch of cosmology, is one instance
where this condition is met. It remains to be seen if there are
also others.

6. CONCLUSION

In this paper, we advocated the general expectation that the
lessons from Quantum Gravity may reach far beyond its
traditional realm of small Planck mass suppressed effects and
questions of UV renormalizability. We emphasized that what
definesmodern QuantumGravity andmakes it radically different
from all present theories of particle physics is the key desideratum
of Background Independence. As such unrelated to any specific

scale, there is no reason a priori why it should have implications
for the microscopic world only.

Indeed, we argued that it is relevant to one of the
purported problems surrounding the cosmological constant,
namely, the gravitational effect of quantum vacuum fluctuations.
Exploiting Background Independence in an essential way we
demonstrated that most of the vacuum fluctuations could not
manifest themselves in the cosmological constant3measured at
cosmological scales since such fluctuations affect the curvature of
spacetime only at sub-cosmological scales.

In principle, a mechanism of this sort could resolve the
conundrum regarding the invisibility of spacetime curvature
due to quantum vacuum fluctuations and the associated energy
density, which is possibly the most mysterious facet of the
cosmological constant problem.

From the perspective adopted in this work, our analysis
shows no tension or “clash” between theoretical expectations and
actual observations.
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