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A versatile integration tool, namely the protracted (or extended) Fan sub-equation (PFS-E)
technique, is devoted to retrieving a variety of solutions for different models in many fields
of the sciences. This essay presents the dynamics of progressive wave solutions via the
2D-chiral nonlinear Schrodinger (2D-CNLS) equation. The solutions acquired comprise
dark optical solitons, periodic solitons, singular dark (bright) solitons, and singular
periodic solutions. By comparing the results gained in this work with other literature,
it can be noticed that the PFS-E method is an useful technique for finding solutions to
other similar problems. Furthermore, some new types of solutions are revealed that will
help us better understand the dynamic behaviors of the 2D-CNLS model.

Keywords: 2D-CNLS equation, PFS-E algorithm, solitons, analytical solutions, waves structures

1. INTRODUCTION

The attainment of analytical solutions for different models described by NLPDEs plays a major
role in applied mathematics, fluid mechanics, fluid dynamics, plasma and solid-state physics,
nonlinear optics, and chemistry. Among these solutions, the optical solitons, which have significant
applications in modern communication systems, and have attracted particular attention from
physicists as well as mathematicians [1-5]. Optical solitons can propagate over extremely large
distances without shape change when a balance between the linear dispersion and nonlinear effects
is achieved. There are many types of solitons, including bright, dark, anti-dark, and singular
solitons, amongst many others. Bright solitons exist on a zero-intensity background, while dark
solitons arise as an intensity dip in an infinitely extended constant background. Moreover, dark
solitons are less influenced by the perturbations, which means that dark solitons could be more
preferable than bright ones in optical communication systems. The anti-dark solitons have profiles
similar to those of the bright ones but exist on a nonzero background like the dark ones [6, 7]. Many
effective methods have been presented to solve these equations [8-26].
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The PFS-E method [27, 28] is a direct and concise method
to solve nonlinear evolution equations. It is employed to find
and study the wave solutions of the 2D-CNLS equation. The
predominating equation is described by [29-32]:

i ®p + (qux + (Dyy)
+i (uz (®0} + B* ) + 13 (0D} + b, ) )cb =0,

(1)

where ® = ®&(x,y,t) refers to the complex-valued function,
@1 is the second-order dispersion coefficient, and wy, u3
are the self-steepening coefficients. The 2D-CNLS equation
has been established by a one-dimensional reduction of the
structure that defines the fractional quantum Hall effect (it
is a quantum-mechanical version of the Hall effect existing
in 2D electron systems related to strong magnetic fields and
low temperatures). An extraordinary characteristic of Equation
(1) is the nonlinearity of the current density, which informs
the new execution for the SPM and self-focusing through
the current [29-32]. This equation cannot pass the Painleve
test of integrability and is not invariant under the Galilean
transformation [32].

Bulut et al. [30] discussed Equation (1) in 1D and 2D and
found bright and dark soliton solutions via the extended sinh-
Gordon equation method. Nishino et al. [33] solved Equation
(1) in 1D only and introduced two categories of wave solutions
like bright and dark soliton trains. Very recently, Raza and Javid
[32] investigated the singular and dark solitons for the 2D-
CNLS equation by two different approaches, namely the extended
direct algebraic and trial equation methods. To the best of our
knowledge, no studies have found optical wave solutions for (1)
via the extended Fan sub-equation method.

The paper is organized as follows. Different solutions for
the 2D-CNLS equation are evaluated in section 2. The physical
interpretation of the solutions is discussed in section 3. The main
deductions are presented in section 4.

2. MATHEMATICAL ANALYSIS

In this section, we use the PFS-E technique to find more forms of
exact solutions for Equation (1) by considering a more general
transformation stated in [34, 35]. The PFS-E method includes
an algebraic strategy to find different analytical solutions for
NLPDEs that can be expressed as a polynomial in the variable
that satisfies the general Riccati equation. The most significant
achievement of this approach is that it offers all the solutions
that can be found by the use of other methods such as processes
using the Riccati equation, an elliptic equation of the first kind, an
auxiliary ordinary equation, or the generalized Riccati equation
as mapping equation.
Let the wave profile be defined as

O(xy,1) = ¢VQE), )
while the amplitude

&= a1x+ Py — At, (3)

and
Y = apx + Boy + Aot + no. (4)

Inserting (2) into (1) and separating its real and imaginary parts,
we get

8102 — 8,2 — 89" =0, (5)
where
3 = (013 + /33) + o>
8y = 2(aou2 + Bots)
8 = w (e +87), (6)
and
Q2
(2/"1 (050051 + ﬂolgl) - )\«) g =0. (7)
From (7), we have
A =2u1 (aoar + BoB1) . (8)

From the homogeneous balance condition on (5), the general
solution can be written as

Q =ay + a19(§), )

where ¢ is given by the following auxiliary equation,

dg(§)
dé

2
) = Lo+ 019(E) + 00 (E) + 5307 (§) + Cagp* (§), (10)

where ¢i(i = 0, 1,2, 3,4) are free parameters.
Plugging (9) and (10) into (5) and setting the coefficients of
¢,j=0,1,---,4 identical zero, we get

1
ay (—82) + apdy — 5015351 =0,

—36[1(1352 + a181 — a183%

I
L

3
—3apals, — ?115353 =0,

—0?82 — 2a183§4 = 0. (11)
Here, suitable values are selected for ¢;, (i = 0, 1,2, 3, 4).
S0 = %o»
£ = 2 (a(3)81 + 3(1053)
e 3a162 ’
£ = (1381 + 83
2 = 5
2a0a181
="
38,
2
a 51
{4 = ——1— (12)

T
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which give The family of solitons is obtained as
SEG @{O(E) = |:a0 +a; (2 cosh (S,/ﬂlz - 4192193)
a = ——F——— >
RN
NN (,/ﬂf — 49,93 sinh (;r‘ [0} — 4192193>
a) = ————. (13)
V&2
- <191 cosh (E,/ﬂf - 4192193>
Different cases [34, 35] can be introduced to obtain the -1 )
following solutions. * iy 07 - 4192193) ) >i| x e
Case L.
If & = 95,0 = 20030 = 209 + 948 = 17)
20192,84 = ﬁzz, we get the solution of (1) in the form
@), (n = 1,3,5,10,13,20,24). A variety of significant solitons ~ Type II: when 07 — 40203 < 0, 119, # 0, V03 # 0. The
are obtained below. following collections of periodic solitons are given by

Type I: when 97 — 49,93 > 0, 919, # 0, 9203 # 0. A set of
dark optical solitons is acquired as

@{3(5) = |:“0 + ﬂl(

I —
016 = ["0 40,95 — 92 tan (%s,/wm - 1912) —
)} : eh//)

\/?? — 49,93 tanh (%5‘ [9? — 4192193) + 20>
+a; ( — )} x V.

21,
®h(E) = |:ﬂo +ay < -

A variety of bright-dark optical soliton is gained as
213 cos <

(18)

(14)

18\ /40205 — ) )}
X ei‘/’,
49,093 — 192$1n< 49,03 — f)+191 cos( £, /40,03 — 19)
a)
q’é(i") = |:a0 - 215‘<\/ 192 — 41,793 (19)

(isech <s,/ﬂf - 4192193>
1
, @l (&) = 4rsin | —&,/409,0; — 02
4 tanh (5 /1912 _4192193>) +191):| < eV 24(8) |:ao +a1<< rsin <4§ 213 1)
1
(15) cos (Eé‘,/4ﬁ2193 — ﬁf) )
1
. . . . . _ 92 2= _ 92
A set of singular dark optical solitons is obtained as <2\/ 40,03 — ¥y cos ( 45\/ 40273 ﬁl)
1
—20 sin (Z.g,/zmzm - ﬁf)
Togy _ _ a4 2 _
O5(¢) = |:a0 2, <\/19 — 49,93 ] - ; 1 »
0s 75\/4192193—191 —\/4192193—191 X er.
175 4
<tanh (ZE 191 — 4192193) (20)

1 .
+ coth (Zé,/ﬂf — 4192193)) + 191>:| x eV, Case I1.

If g = 95,51 = 20003, = 0,83 = 20192, {u = 05, we get
(16)  the solution of (1) in the form @{]I, (n = 1,5). A collection of
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dark optical solitons is given by

) = |:¢10 + a1<—

V—60,05 tanh (16/=60,93) + \/—2192193” w
xXer.

2%
(21)

Also, a different shape of singular dark optical soliton is acquired

o) = |:% +a; < —

/=6qr (tanh (&./=6qr) + coth (3£ /=6qr)) + 2«/72qr):| o

4q
(22)
Case III.
If & = &1 = 0, we get the solution of (1) in the form
o1, (n=1,2,3,4,6,8,9).
—2A 23—22
Type L. & = 1,43 = M3,§4 = 3)3 2, where Ay, A2, A3 are
1
arbitrary constants.
Aisech(§) .
ol =|lay+a| —— x eV, 23
() 0 ! Azsech(§) + A3 23)
2 2
Type II: &, = 1,43 = _)%33,4'4 = )‘3;)"2, where A1, Ay, A3 are
1
arbitrary constants.

I _ Aicsch(§) i
D5 (8) = |:ao +al<kzcsch(§)+k3>] x eV, (24)

In particular, if we take 1, = 0 in the above Equations (23), (24),
we get

dD{H(E) = |:ao + a1<)”S(1C}l(s)>i| x eV, (25)
3

Aicsch .
ol(g) = |:ao +a (lx@))} x e, (26)
3
2 2
Type II: £ = 4,83 = _4(21;;LA4)’§4 _ 4xz+4i%/\z+x3’ where

A1, A2, A3, Ay are arbitrary constants.

hisech’(§) oV
Az tanh(&) + A3 + Agsech?() '
(27)

o) = |:ao + al(

4(ha—202) 403 —4hgho+13

Type IV: & = 4,43 = =T = 2 , where
A1, A2, A3, A4 are arbitrary constants.
Aicsch?
o) = |ao+a ! ©) 5 x V.
Ay coth(&) + A3 + Agcsch®(€)

(28)

In particular, if we consider A, = A4, we have another solution as

Aicsch?
o1& = |ao+a rcsch’(§) 5 x eV,
Az coth(€) + Az + Ayesch™(§)
(29)
242
Type Vi 5y = —1,43 = %,Q = A3,\2)\2,where A1, A2, A3 are
1

arbitrary constants.

oM(g) = |:ﬂo +a; ( -

A (sinh(11€) + cosh(318))(sinh(11€) + cosh(31£) + Az)>:| o
P '

(30)

2_;2
Type VI: &, = 4,03 = T)Q = 3A2 2

1

, where A1, Ay, A3 are

arbitrary constants.

I _ A1 csc(€) iy
D' (§) = |:a0+a1<k2csc($)+x3>:| x eV, (31)

2 32
Type VIL & = —4,¢3 = 4(zx§l+x4)’§4 _ _4/\2+4j\\;/x2 22
1

A1, A2, A3, A4 are arbitrary constants.

, where

A1 sec3(§) i
x eV,
Artan(€) 4+ Az + Aq sec?(£)
(32)

oll(g) = |:ao +a (

Case IV.

If &1 = ¢3 = 0, we get the solution of (1) in the form
@1V, (n = 3,13).

For §y = %,;2 = 17%’”2,{4 = i, the solution of (1) of the
form

@3'(5) = [ao + al(cné)} x eV, (33)
leads to the bright optical soliton when m — 1,
o} (€) = |:a0 + alsech(@} x e, (34)

and the singular periodic solutions when m — 0,

V(&) = [ao +a; COS(E)] x eV, (35)
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FIGURE 1 | [0(x,y, 1), : 94=1, 9p= =1, 9a =T, uy =1, up =1, pz =1, e = 1,
Bo=2r0=8 a1=4p1=5ir=6n=11=0.01.

FIGURE 3| |00y, )" : a1 =1, 20=2a3=8 p1 =1, po=1,p3=7,a0=1,
Bo=2 r =83 a1 =4, 1=5, =6, n=1,t=1.

FIGURE 2| |®(x,y, )L : =1, o= —1, 9a=T, 1 =1, po =1, pug=1, a0 =
1, B0=2,h=8a1=4,p1=51r1=6n=11=0.1.

FIGURE 4 | [®(x,y, f){z form — 1: 1 =1, o =1, u3=2, a0 =1, fo =2, o
=8, a1=01, p1=1,4=05 no=1,t=01.

1 1—2m?
For f() = Z,é’z = 2m

,{4 = 1, the solution of (1) of the form

oly(5) = |:¢10 + ai(nst + css)} x e, (36)

leads to a collection of singular dark solutions when m — 1,

oY) = [ao + aj(coth(&) + csch(s»} x eV,  (37)

and singular periodic solutions when m — 0,
P1I(E) = |:a0 +ai(cot(§) + csc(s»} xeV. (38)

3. RESULTS AND DISCUSSION

In this part, the physical aspects of the solutions obtained are
discussed by means of graphical 3D representations. Figures 1-4
show different categories of background for soliton solutions
classified into dark or singular soliton solutions.
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Figure 1 illustrates |®(x, y, t)|{ established in Case I (Type I)
fOI‘ 19121, 7_922—1, 1932 1, MH1= 1, M2= 1, M3= 1, o= 1, ,8(): 2, )\.0:
3, a1=4, fi=5A=6,no=1, t = 0.01.

Moreover, Figure 2 illustrates |®(x, y, t)|éI found in Case II for
=1 0=—103=1 =1, ua=1, u3=1, o= 1, Bo= 2, 19o=3,
oa1=4, f1=5r=6,n9=1,t=0.1.

Similarly, Figure 3 illustrates |®(x, y, )|} found in Case III
(Type I) for )\,12 1, }\.22 2, )\32 3, MH1= 1, M2 = 1, M3 = 1, ooy = 1, ,30
=2 =3 01=4 p1=5A=6,1n9=1,t=1. Similarly, Figure 4
expresses |P(x, y, t)lg observed in Case IV (m — 1) for u1=1,
M2=1, M3 =2, oo = 1, ,30 =2, )\.0 =3, o] = 0.1, ,31 =1, A=0.5 o
=1,t=0.1

Figure 1 represents the absolute value of the complex wave
solution given by Equation (14). We observe that this solution
is a dark (or kink) soliton wave propagating along the y-axis. The
kink wave is an essential aspect of numerous physical phenomena
containing self-reinforcing, impulsive systems, and reaction-
diffusion-advection. It is clear that there is a transmission of
the dark soliton with invariant amplitude (without any gain
or loss) in the homogeneous medium of motion. Due to the
homogeneous (constant) coefficients of Equation (1), we cannot
provide a possible way to control the propagation of the dark
solitons in this medium. Figures 2—4 represent the absolute value
of the complex wave solutions given by Equations (22), (23), and
(37), respectively. We observe that these solutions are singular
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