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In this paper, the dynamical analysis of Ca2+ oscillations in astrocytes is theoretically investigated by the center manifold theorem and the stability theory of equilibrium point. The global structure of bifurcation and evoked Ca2+ dynamics are presented in a human astrocyte model from a mathematical perspective. Results show that the difference in appearance and disappearance of Ca2+ oscillations is partly due to two subcritical Hopf bifurcation points. In addition, the numerical simulations are performed to further verify the effectiveness of the proposed method.
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INTRODUCTION

Ca2+ as an important second messenger in the cytosol is critical for synaptic neurons and glia cells in the brain [1]. The oscillatory changes in concentration of Ca2+ are called Ca2+ oscillations and play an active part in the transmission of chemical and electrical signaling process [2]. Astrocytes comprise approximately 50% of the volume of human brain and exhibit not only neuron-dependent Ca2+ oscillations but also spontaneous Ca2+ waves [3]. It was demonstrated that the frequencies and amplitudes of Ca2+ oscillations play key roles in Ca2+ signal transduction in the nervous system [4]. Recent results from experiment calcium release-activated calcium channel (CRAC) have shown that it is effective for the control in inhibiting neuronal excitability by enhancing calcium release from astrocytes [5].

It was generally considered that Ca2+ oscillations in astrocyte take place in response to external stimuli, inducing the release of neuro-active chemicals [6, 7]. This view began to change as several lines of evidence indicate that these oscillations can also be formed spontaneously [8]. Nevertheless, the mechanism and functional role involved in these stochastic spontaneous Ca2+ waves are still not well-understood. Basically, Ca2+ signal transmission of astrocytes in the brain may vary owing to certain bifurcation principles, and different chemical information is typically characterized by frequency, amplitude, and spatial Ca2+ propagation [9]. Dynamical mechanisms that underlie the Ca2+ waves have been investigated from both theoretical and experimental points of view in recent years [10–18]. Therefore, the stability and bifurcation analysis are fundamental to investigate the appearance and disappearance of spontaneous Ca2+ oscillations in astrocytes. In the last decades, existing mathematical models helped explore the possible dynamical mechanism of these oscillatory activities in neuronal excitability [19–23].



STABILITY OF EQUILIBRIUM POINT AND BIFURCATION ANALYSIS

In the present work, we apply an extension of the one-pool model proposed by Lavrentovich and Hemkin as a specific example of the stability of equilibrium point and the bifurcation scenario. This model consists of three main variables: cytosol Ca2+ concentration (Cacyt), Ca2+ concentration in the endoplasmic reticulum (Caer), and IP3 concentration in cell (IP3). The equations and meanings of each expression in the model are given as follows:
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where
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The details of each parameter can be found in Table 1 and [4].


Table 1. Model parameters for which all results are computed unless otherwise stated.
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ANALYSIS OF STABILITY AND BIFURCATION OF EQUILIBRIA

In the following, vin is chosen as the bifurcation parameter, corresponding to Ca2+ inflow into the cytosol through the astrocyte's membrane.

For convenience, let x = Cacyt, y = Caer, z = IP3, and r = vin, we first rewrite model (1) as the following form:

[image: image]

The equilibrium of system (2) meets the following equations:
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Let x0, y0, and z0 be the roots of Equation (2) and x1 = x – x0, y1 = y – y0, and z1 = z – z0, we have the following representations:
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The corresponding equilibrium is (0, 0, 0), and system (4) has the same properties with the equilibrium of system (2). With simple calculation, it is easy to calculate the Jacobian matrix of system (4),
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where
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And one can easily obtain the following characteristic equation:
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where

[image: image]

After a simple calculation, we have the following equations:
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where
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Owing to the meaning of x, y, z and r, special conditions meet the needs whether there exists equilibrium of system (4) when r ∈ [0.02, 0.06].

We consider the Hurwitz matrix using coefficients Qi of the characteristic polynomial:

[image: image]

It is easy to verify that the eigenvalues of the linearized system are negative or have a negative real part if the determinants of the three Hurwitz matrices are positive:
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Consider the stability and bifurcations of system (4) for varying parameter vin in the case of the following Routh–Hurwitz criteria:
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The corresponding two values can be obtained:
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After the computation based on the Routh–Hurwitz criteria, when we choose r1 = 0.02383,
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As r2 = 0.05944,
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It can be seen that all the two values satisfy the Routh–Hurwitz criteria. After using the normal form method, one can easily obtain the following conclusions:

(1) r < 0.02383, there is a stable node of system (4);

(2) r = 0.02383, and system (4) has a non-hyperbolic equilibrium O1 = (0.04766, 3.96096098, 0.0153858);

(3) 0.02383 < r < 0.05944, system (4) has an equilibrium (saddle);

(4) r = 0.05944, and there exists a non-hyperbolic equilibrium O2 = (0.11886, 0.6665221778, 0.0847979);

(5) r > 0.05944, there is a stable node.

Let r = r0, x1 = x – x0, y1 = y – y0, z1 = z – z0, and r1 = r – r0, the equilibrium of system (4) is (x0, y0, z0). In order to apply the center manifold theorem with bifurcation parameter vin, a new variable r1 is introduced in the original model. On the basis of dr1/dt = 0, we have the following:
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r1 = 0, O(x1, y1, z1, r1) = (0, 0, 0, 0) is the equilibrium of system (5), which has a same conclusion as the one of system (2) in stability and bifurcations.

For r0 = 0.02383, the Jacobian matrix of system (4) has the following form:
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We have the eigenvalues of equilibrium point O1 = (0, 0, 0, 0) of system (5): ξ1 = −68.3987, ξ2 = 0.0204i, ξ3 = −0.0204i, ξ4 = 0, and the eigenvectors have met the following matrix:
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Suppose
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where
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System (5) has the following form
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and
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where
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Furthermore,
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where
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Through calculation, we have the following equations:
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On the basis of the center manifold theory, one can conclude that there exists a center manifold of system (5), and its form can be expressed as

[image: image]

Substituting Equation (7) into Equation (6), the following equations can be derived as:
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Let h (v, w, s) = av2 + bw2 + cs2 + dvw + evs + fws + …, and the center manifold of system (5) is

[image: image]

Using the method of high-order partial derivatives, one can obtain the following equations:
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Based on the center manifold theory, one can compute a = −0.00094, b = −0.12224, c = −1.15703, d = 0.03634, e = 0.10863, and f = −0.75265. So the system that is confined to this center manifold is as follows:
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where
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Hence, it is easy to verify that
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From the discussion above, we summarize the following conclusions.

Conclusion 1: A subcritical Hopf bifurcation occurs when r passes through r0 = 0.02383 of system (2). r < r0, and the equilibrium O1 is stable. r > r0, and the equilibrium loses its stability; meanwhile, a stable periodic solution occurs, and system (2) begins to oscillate.

r0 = 0.05944, eigenvalues of equilibrium point O2 = (0, 0, 0, 0) of system (3) are ξ1 = −60.5573, ξ2 = 0.1029i, ξ3 = −0.1029i, and ξ4 = 0, respectively. System (5) has the following form:
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where
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And g1j(j = 1, …, 4) have the following different formulae:
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which reduce to the following equations:
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The center manifold of system (5) is
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where
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And thus, the following equation can be obtained:
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We compute a = 1.073869652, b = 0.3254214051, c = 1.590904144, d = 0.8641549, e = 2.5838022, and f = 1.1901543. So the system confined to the center manifold of system (5) is

[image: image]

where
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By computation, Conclusion 2 can be inferred as follows:

[image: image]

Conclusion 2: A subcritical Hopf bifurcation occurs when r passes through r0 = 0.05944 of system (2). r < r0, the equilibrium O2 is unstable, and system (2) begins to oscillate. r > r0, the equilibrium O2 is stable, and the global oscillations of system (2) vanish.



NUMERICAL SIMULATIONS

In order to investigate the bifurcation phenomenon in different Ca2+ oscillation patterns, we study the generation process with respect to the parameter vin. The bifurcation diagram of the equilibrium of system (2) in the (Cacyt, vin)-plane [(Cacyt, vin)-plane)] is shown in Figures 1A,B. Each point of the curve (solid line) represents a stable equilibrium, and the dashed line represents an unstable equilibrium. The equilibrium undergoes the Hopf bifurcation twice, marked by points HB1 and HB2 with respect to the bifurcation parameter [image: image] = 0.0238 μM/s and [image: image] = 0.0594 μM/s. When vin < [image: image], there exists stable equilibrium of system (2). As vin increases, the stable equilibrium loses its stability at the point HB1 and returns to being stable at HB2.


[image: Figure 1]
FIGURE 1. (A) Bifurcation diagram of the equilibrium of system (2) in the (vin, Cacyt)-plane. (B) Bifurcation diagram of the equilibrium of system (2) in the (vin, Caer)-plane. Points HB1 and HB2 are the Hopf bifurcation points.


In Figure 2, we shall present the time evolutions of cytosol Ca2+ concentration in this model for different values of the parameter vin by numerical simulation. The left panels represent time series of Cacyt comparison of parameter vin, and the right panels are the corresponding Cacyt-Caer-IP3 phase portrait. For example, there is a single peak in this type of oscillation for vin = 0.024 μM/s in Figure 2A, and the corresponding 3D phase-space is shown in Figure 2B. Around vin = 0.033 μM/s, it is seen that the number of peak counts and peak magnitude begin to increase, as shown in Figures 2C,D. Similarly, when vin = 0.052 μM/s, five peaks were obtained (Figures 2E,F). Moreover, it should be mentioned in Figures 2G,E, although the results for peak magnitude look very similar and in agreement with the peak counts, that the oscillatory vibration is significantly different (Figures 2G,H).


[image: Figure 2]
FIGURE 2. Spontaneous Ca2+ oscillations in astrocytes emerged at different parts of the curve in Figure 1 relative to points HB1 and HB2. The left panels denote the time evolution of Cacyt for different sets of parameter vin, and the right panels denote the corresponding Cacyt-Caer-IP3 phase portrait. (A) vin = 0.024 μM/s, (B) portrait diagram as vin = 0.024 μM/s, (C) vin = 0.033 μM/s, (D) portrait diagram as vin = 0.033 μM/s, (E) vin = 0.052 μM/s, (F) portrait diagram as vin = 0.052 μM/s, (G) vin = 0.0593 μM/s, and (H) portrait diagram as vin = 0.0593 μM/s.




CONCLUSION

In this paper, we have theoretically investigated the stability of equilibrium and bifurcation of spontaneous Ca2+ oscillations with a mathematical model in astrocytes. By choosing the flow of Ca2+ from the extracellular vesicles through the membrane and into the cytosol as the bifurcation parameter, we conclude that two subcritical Hopf bifurcation points play an important role in the occurrence of Ca2+ oscillations. By combining the theoretical analysis results in this paper, we numerically gave the Hopf bifurcations, which agree with the theoretical results. Our results may be instructive for better understanding the role of spontaneous Ca2+ oscillations in astrocytes. Because synchronization of different oscillatory patterns may relate to bifurcation, we will give detailed research in future.
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