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This paper examines the squeezing on information entropy and entanglement on the

basis of a quantum scheme that contains two-mode interaction with time dependence

of a two-level atom, including the external field. The proposed model is formulated

by eliminating the external field after applying a certain transformation. The dynamics

of information entropy squeezing and non-local correlation information for the system

Hamiltonian are investigated. The effect of the evolution of the squeezing and

entanglement by the classical field are estimated. Based on the results, the obtained

dynamic behavior of squeezing and entanglement is controlled using the external field.
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INTRODUCTION

The NLC (non-local correlations) between bipartite systems, such as the atom field, performs
different tasks in quantum information [1–6]. In this way, the atomic vonNeumann entropy (ANE)
has usually been measured by the NLC between two-partite systems [7]. The measure of NLC for
the complex physical systems cannot be achieved by the ANE. Therefore, different investigations
have been done to quantify the NLC for different quantum schemes. The correlation function for a
TLA that interacts with a fieldmode prepared at the coherent state within the evolutingWehrl space
entropy has been investigated [8]. Additionally, the classical field’s influence in the quantum scheme
belonging to a two TLA based on the evolution of quantum correlations between two TLA through
quantum discord (QD) has been studied [9]. On the contrary, the study of the dynamics of NLC of
a two-TLA Interaction, which leads to the exploration of many useful phenomena within quantum
information, such as sudden death (ESD) and sudden birth (ESB), has been carried out [10]. For
example, the ESD and ESB of two TLA for many conditions for the atomic state’s position have
been examined [11]. In addition, two-level atoms that were expanded into three two-level atoms
prepared in a squeezed state has been presented [12]. This work has been extended to include the
ESD of su(1,1) set with two non-linear qubits [13].

Recently, different effects on the quantum schemes have been established based on the JCM
(Jaynes-Cummings model). These schemes have been modified by examining different effects, such
as atomic motion, intrinsic damping, and the external classical field [14]. Also, the effect of the
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cavity damping on the model described by the JCM based
on approximation has been studied based on dispersive
Approximation [15]. It has been shown that the system is
sensitive to the decay and Stark-shift parameters. Furthermore,
the type of interaction between two TLA and the N-level atom
has been explored [16]. The results show that the non-local
correlation depends crucially on the detuning.

Measuring the squeezing on the quantum system assumed
from information entropy fulfills diverse tasks in quantum
information processing (QIP). It employs the density matrix
and entropic uncertainty relation (EUR) of the suggested model
[17, 18]. The EURs were introduced as the basic component in
the quantum key distribution, quantum cryptographic protocols,
and quantum memory [19]. The Shannon entropy-a classical
measure on the point of view of QIP-has been employed to
quantify the squeezing based on the EUR. Further directions
include efforts to quantify entropy squeezing with multi-level
atomic models because it is hard to get an analytical formula of
the density matrix. The atomic entropy squeezing for a quantum
scheme of TLA that interacts with fieldmode in the coherent state
[20] when having non-linear medium [21, 22] and two coupled
modes under frequency converter type has been explored [23].
More recently, the effects of decaying terms and external fields
on the performance of entropy squeezing have been explored [15,
24].

It is known that adding the classical field gives us the
permittivity of exploring the way a strong field affects the
interacting one or two atoms with it. The effect of the strong field
on two atoms in a time-independent fashion was studied [25].
Furthermore, it was concluded that the dynamical performance
of AFI is organized by the NLC of time-dependent coupling [26].
In this paper, we consider a two-level atom dependent on time.
We obtain a solution through the condition of integration. This
gives us the opportunity to study and compare the state of time
dependence and independence.

Our main goal in this paper is to determine the dynamics
of the concurrence and skew information correlations for the
interaction between two qubits with a pair of fields of the
amplifier type. The paper is ordered as follows: the physical
scheme and its solution of the field that interact with two TLA
are presented in section II; the atomic population is discussed
in section III; the TLA degree of entanglement is provided in
section IV; the entropy squeezing is discussed in section V; and
our main results are presented in the final section.

QUANTUM SCHEME AND SOLUTION

This section introduces a quantum scheme of a TLA that interacts
with a field of two modes in a cavity containing a classical field.
The system Hamiltonian takes the form

H =

2
∑

j=1

ωjâ
†
j âj +

ω0

2
σ̂z + iλξ (t)(σ̂+ − σ̂−)

(

â1â2 exp(iφ(t))+ â†
1â

†
2 exp(−iφ(t))

)

+ λ3(σ̂+ + σ̂−), (1)

with â denoting annihilation operator, whereas â† denotes
creation operator and obeys the commutations relations:

[â†
j , âk] = δjk, j, k = 1, 2 (2)

such that δjk suggests the Kronecker delta, which satisfies that
δjk = 1 ∀ j = k, δjk = 0. Otherwise, ωi and ω0 denote the
frequencies of the field and atomic transition, respectively. But
σ̂+, σ̂− and σ̂z are the Pauli matrix. They are given by existing
state (|e〉) and ground state(|g〉), such asσ̂z = |e〉〈e| − |g〉〈g|,
σ̂+ = |e〉〈g|, and σ̂− = |g〉〈e|, where [σ̂z , σ̂±] = ±2σ̂± and
[σ̂+, σ̂−] = σ̂z . ξ (t) is the coupling parameter for the atom
and is the coupling constant for the electromagnetic field λ is the
coupling constant for the electromagnetic field. λ3 is the external
classical field coupling.

We are currently going to make a detuning to remove the last
two terms in the last equation. In their presence, we cannot obtain
a general solution to this system. Therefore, a conversion must be
made in the atomic space as follows

|+〉 = cos θ |e〉 + sin θ |g〉, (3)

|−〉 = − sin θ |e〉 + cos θ |g〉, (4)

θ =
1

2
tan−1(

2λ3

w0
) −

π

2
< θ <

π

2
. (5)

If we define the operators Ŝ±,z where Ŝz = |+〉〈+| − |−〉〈−|,
Ŝ+ = |+〉〈−|, Ŝ− = |−〉〈+|, they have the same properties of
commutation relation, such as σ̂z , σ̂+, and σ̂−. Through previous
transformations, we can calculate the connection between σ̂,s
operators and Ŝ,s operators as follows





σ̂z
σ̂x
σ̂y



 =





cos 2θ − sin 2θ 0
− sin 2θ cos 2θ 0

0 0 1









Ŝz
Ŝx
Ŝy



 . (6)

At λ3 = 0, i.e., θ = 0, it is easy to see 〈+| = 〈e| and 〈−| = 〈g|.
After preforming the transformation (6) and using the rotating
wave approximation, the system (1) becomes

H =

2
∑

j=1

ωjâ
†
j âj +

�0

2
Ŝz + λξ (t)(â1â2Ŝ+ exp(iφ(t))+ â†

1â
†
2Ŝ

− exp(−iφ(t))), (7)

where �0 =

√

ω2
0 + 4λ23. We note that the effective external field

is introduces the frequency definition for the atom �0.
For the calculation of the wave function, it is necessary to

calculate the constant of motion by writing the equations of
motion by using the Heisenberg equation as follows

dÊ

dt
=

1

ih̄
[Ê, Ĥ]+

∂Ê

∂t
. (8)
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Consequently, the operators’ motion equations in the model (7)
are calculated as follows:

idŜz

dt
= [Ŝz , Ĥ] = 2λξ (t)(â1â2Ŝ+ exp(iφ(t))

−â†
1â

†
2Ŝ− exp(−iφ(t))), (9)

id(â†
j âj)

dt
= [â†

j âj, Ĥ] = −λξ (t)

(â1â2Ŝ+ exp(iφ(t))− â†
1â

†
2Ŝ− exp(−iφ(t))), j = 1, 2 (10)

Thus, we deduce that operators Nj =
Ŝz
2 + â†

j âj, j = 1, 2 is the

constant of motion. The Hamiltonian (7) turns into:

Ĥ = ω1N1 + ω2N2 +
1

2
Ŝz + λξ (t)(â1â2Ŝ+ exp(iφ(t))

+â†
1â

†
2Ŝ− exp(−iφ(t))), (11)

where 1 = (�0 − ω1 − ω2)

Wave Function
We are now calculating the wave function to describe the
features of this physical model. The initial state of the atom in
superposition from the atomic states:

|℘(0)〉a = c+|+〉 + c−|−〉, with |c+|
2 + |c−|

2 = 1. (12)

The field prepared in pair coherent states,

|℘(0)〉f =

∞
∑

n=0

rn,η|n, q+ n〉,

rn,η =

√

(

1

|η|qBq(2|η|)

)

ηn
√

n!(q+ n)!
(13)

where Bq(2η) is the modified Bessel function. So the formula of
the wave function becomes,

|℘(t)〉 =

∞
∑

n=0

rn,η
{

A(n, t)|n, q+ n,+〉 + B(n, t)|n+ 1, q

+ n+ 1,−〉} , (14)

Some techniques have been introduced for solving the
Schrödinger equation i ∂

∂t |℘(t)〉 = Ĥ|℘(t)〉 [27]. For calculating
factors A(n, t) and B(n, t) as follows,

i
∂A(n, t)

∂t
=

1

2
A(n, t)+ λŴB(n, t)ξ (t) exp(iφ(t)),

i
∂B(n, t)

∂t
= −

1

2
B(n, t)+ λŴA(n, t)ξ (t) exp(−iφ(t)), (15)

where Ŵ =
√

(n+ 1)(n+ q+ 1). Suppose that

χ(t) = φ(t)− 1t,

X(n, t) = A(n, t) exp(
i1

2
t),

Y(n, t) = B(n, t) exp(−
i1

2
t),

dX(n, t)

dt
= −iŴµ ξ (t) exp(iχ)Y(n, t),

dY(n, t)

dt
= −iŴµ ξ (t) exp(−iχ)X(n, t), (16)

using the integrability condition χ̇(t) = cλξ (t), where c is
constant, the general solution of the aforementioned equations
(16) is

A(n, t) =







c+ − i(
Ŵ2

c2
+

1

4
)−

1
2

(

c−Ŵ

c
+

c+

2

)

tan



χ(t)

√

(
Ŵ2

c2
+

1

4
)











× cos



χ(t)

√

(
Ŵ2

c2
+

1

4
)



 exp

{

−
i

2
(1t − χ(t))

}

, (17)

B(n, t) =







c− + i(
Ŵ2

c2
+

1

4
)−

1
2

(

c−

2
−

c+Ŵ

c

)

tan



χ(t)

√

(
Ŵ2

c2
+

1

4
)











× cos



χ(t)

√

(
Ŵ2

c2
+

1

4
)



 exp

{

i

2
(1t − χ(t))

}

. (18)

It should be noted that this solution is general, and we will
allocate time dependence in the case of velocity and acceleration
as follows:

χ(t) = αt + βt2 + φ (19)

After solving the problem generally, wemay calculate some of the
statistical quantities, which explain and analyze the performance
of the system in the presence and absence of the external field.
This task can be accomplished in the next sections.

ATOMIC INVERSION

Studying the phenomena of collapse and revival provides us
with more details about the behavior of the physical system
during periods of strong and weak interaction between the parts
of the system. The study of atomic populations is therefore
an important quantity in quantum information. It may be
perceived as

W(t) =
〈

Ŝz(t)
〉

cos 2θ −
〈

Ŝx(t)
〉

sin 2θ ,

=

∞
∑

n=0

|rn,η|
2
(

|A(n, t)|2 − |B(n, t)|2
)

cos 2θ

− Re

{

∞
∑

n=0

rn,ηr
∗
n+1,ηA(n, t)B

∗(n+ 1, t)

}

sin 2θ .

(20)
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FIGURE 1 | W(t) for the parameters η = 25, φ = π/2 and 1 = 0.9, c = α = 1, β = 0.3. The atom is initially in the upper state c+ = 0 in (A,B) and in a superposition

state c+ = 0.5 in (C,D). The classical field effect is ignored λ3 = 0 in (A,C) and is considered for λ3 = 0.3λ in (B,D).

where B∗ is the complex conjugate of B.
For plotting the atomic inversion, consider the parameters

φ = π
2 , 1 = 0.9λ, c = α = 1, β = 0.3, η = 25.

First, neglect the external field (λ3 = 0) and c+ = 0; the
function shows symmetric oscillation around the horizontal axis,
and the phenomena of revivals and collapses are achieved in
many intervals (see Figure 1A). Note that the collapses almost
occur in consideration of the time interaction except for some
squeezed intervals for the revivals. We note that the symmetry
around the horizontal axis in the aforementioned case fades
after adding the external field of the interaction cavity. The
fluctuations among the ground and excited states are increased.
Therefore, the interactive atom and the field become sturdier (see
Figure 1B). We also find that the period of collapse oscillates
among the ground and excited conditions, which reflect the
impact of the external field terms. For case c+ = 0.5 and (λ3 = 0),
the phenomena of collapse and revival occur occasionally when
reducing the amplitude of oscillations as seen in Figure 1C. After
putting the parameter λ3 = 0.3λ, we see that the amplitude
of oscillations increased and the collapses phenomena never
occurred, while the revivals occurred periodically within a period
as seen in Figure 1D.

TLA-FIELD DEGREE OF ENTANGLEMENT

The field or atomic entropy is one of the most important criteria
used to measure the entanglement of the parts of a closed system
(no external effects). We therefore calculate the atomic entropy
of the previously obtained condition (14).

We consider the ANE formula concerning the eigenvalues of
the atomic density matrix ρ̂a = trf (|℘(t)〉〈℘(t)|) as

S(t) = −λ1 ln(λ1)− λ2 ln(λ2). (21)

The degree of NLC is obtained according to the value of S(t)
when the ANE has a zero value for the atom-field system in the
separable state, while the system takes a maximally entangled
state for S = ln(2). The same conditions are used. In the first case,
in absence of the classical external field and fixing the parameter
c+ = 0, the entanglement function S(t) shows periodical weak
entanglement with a higher value, but the lower value is almost
the pure state at nπ (Figure 2A). In the second case, consider the
classical external field λ3 = 0.3λ, the function displays consistent
fluctuations, and the minimum values reduce (see Figure 2B).
The function shows a different behavior when we take λ3 = 0
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FIGURE 2 | (A–D) Variation of degree of entanglement quantified by the ANE for with the same parameters and conditions as in Figure 1.

and c+ = 0.5. The function shows more regular oscillations and
reaches pure states at nπ , as shown in Figure 2C). When the
parameter λ3 is added to the cavity interaction, the function has
the minimum values for the intervals of revivals (see Figure 2D).

PHENOMENA OF INFORMATION
ENTROPY SQUEEZING

This section investigates the squeezing of classical entropy of the
atomic system based on Shannon information entropyH(Ŝr) with
regard to the atomic operator of Pauli matrix σ̂r as

H(σ̂r) = −
1

2
(ρ̂r+1)ln

1

2
(ρ̂r+1)−

1

2
(1−ρ̂r)ln

1

2
(1−ρ̂r), r = x, y, z

(22)
whereH(σ̂r) indicates the Shannon information entropy [23, 28–
30], ρr is the reduced atomic-density matrix. The squeezing is
achieved for the component σ̂r when

Er(t) = (δH(σ̂α)−
2

√

δH(σ̂z)
) < 0, δH(σ̂r) = exp(H(σ̂r)),

r = x or y, (23)

the uncertainty relation becomes

1(σ̂x).1(σ̂y) ≥

∣

∣

〈

σ̂z
〉∣

∣

2
(24)

Figure 3 shows the entropy squeezing when applying the
aforementioned conditions. When A(0) = 0, irregular squeezing
achieves both quadratures Ex(t) and Ey(t). The highest squeezing
for quadrature is achieved in the center of the areas of collapse.
Quadrature Ey(t) is achieved in the center of the areas of revivals
(see Figure 3A). In contrast, for λ3 = 0.3λ and c+ = 0,
the amount of squeezing rises considerably in this case (see
Figure 3B). When we considered the case in which λ3 = 0 and
c+ = 0.5, the squeezing is achieved in the quadrature Ey(t)
but not on the other. Moreover, the areas of the squeezing
reach the lowest values (see Figure 3C). The reduction continues
in the intervals of squeezing after considering the acceleration
(λ3 = 0.3λ and c+ = 0.5) (see Figure 3D).We thus conclude that
the acceleration plays a role in the reduction of the squeezing in
Ex(t). In all cases, the squeezing in quadrature Ey(t) is achieved
according to the revival intervals.
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FIGURE 3 | (A–D) Variation of the entropy squeezing components Ex (t) (blue curve) and Ey (t) (red curve) of classical entropy for with the same parameters and

conditions as in Figure 1.

CONCLUSION

In summary, we have used a quantum model of the interaction
between a time-dependent two-level atom and two-mode
field in the cavity containing an external field. The general
solution is obtained after using the integrability condition.
The resulting wave function and atomic density matrix are
used to investigate atomic inversion and atomic entropy,
respectively. We have shown that the amplitude of oscillations
is increased, and the collapsed phenomena never occur,
while the revivals occur periodically. Furthermore, we have
discussed the effect of the external classical field on the
phenomenon of the degree of entanglement the function
illustrates systematic fluctuations; the minimum values, however,
reduce. Finally, we have found that the external classical
field does not affect the entropy squeezing phenomena.
Such phenomena benefit in various uses of quantum physics
and optics.
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