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We consider the comparison theorems for the fractional forward h-difference equations
in the context of discrete fractional calculus. Moreover, we consider the existence and
uniqueness theorem for the uncertain fractional forward h-difference equations. After
that the relations between the solutions for the uncertain fractional forward h-difference
equations with symmetrical uncertain variables and their a-paths are established and
verified using the comparison theorems and existence and uniqueness theorem. Finally,
two examples are provided to illustrate the relationship between the solutions.
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1. INTRODUCTION

The study of fractional calculus and fractional differential equations has received recent attention
from both applied and theoretical disciplines. Indeed, it was observed that the use of them are very
useful for modeling many problems in mathematical analysis, medical labs, engineering sciences,
and integral inequalities (see for e.g., [1-14]). There is much interesting research on what is
usually called integer-order difference equations (see for e.g., [15, 16]). Discrete fractional calculus
and fractional difference equations represent a new branch of fractional calculus and fractional
differential equations, respectively. Also, for scientists, they represent new areas that have, in their
early stages, developed slowly. Some works are dedicated to boundary value problems, initial value
problems, chaos, and stability for the fractional difference equations (see for e.g., [17-23]).

Besides the discrete fractional calculus, the uncertain fractional differential and difference
equations have been introduced and investigated in order to model the continuous or discrete
systems with memory effects and human uncertainty (see for e.g., [24-28]). In Lu and Zhu
[27], the relations between uncertain fractional differential equations and the associated fractional
differential equations have been created via comparison theorems for fractional differential
equations of Caputo type in Lu and Zhu [26]. Lu et al. [28] presented analytic solutions to a type
of special linear uncertain fractional difference equation (UFDE) by the Picard iteration method.
Moreover, they provided an existence and uniqueness theorem for the solutions by applying the
Banach contraction mapping theorem. After that, Mohammed [29] generalized the above work.

Nowadays, discrete fractional calculus shows incredible performance in the fields of physical and
mathematical modeling. The motivation behind solving the fractional difference equations relies on
fast investigation of the properties within models of fractional sum and difference operators (see for
e.g., [20, 30-36)).

Motivated by the aforementioned results, we will try to create a link between uncertain
fractional forward h-difference equations (UFFhDEs) and associated fractional forward
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h-difference equations (FFhDEs) in the sense of Riemann-
Liouville fractional operators via the comparison theorems and
existence and uniqueness theorem.

The rest of our article is designed as follows. In section
2, we presented the preliminary definitions and important
features that are useful in the accomplishment of this study. In
section 3, the comparison theorems of the fractional differences
are pointed out. Inverse uncertainty distribution, the existence
and uniqueness theorem, the relation between UFFhDEs and
associated FFhDEs, and some related examples are pointed out
in section 4. Finally, the future scope and concluding remarks are
summarized in section 5.

2. PRELIMINARIES

In what follows, we recall some results in discrete fractional
calculus that has been developed in the last few years; for more
details, we refer to references [24-28, 28, 29, 37, 38] and the
related references therein.

Definition 2.1 ([39]). The forward difference operator on hZ is
defined by

f(n)
- ,

h
Ay f(n )_%

and the backward difference operator on hZ is defined by

—h
Vf()_f(n) {l(n )'

For h = 1, we get the classical forward and backward difference

operators Ay(n) = ¥(n + 1) — ¢¥(n) and Vyr(n) = ¥(n) —
¥ (n — h), respectively. The forward jumping operator on hZ is
o (r) = r+ h and the backward jumping operator is p(r) = r — h.

Fora,b € Rwitha < b,% € Nand 0 < h < 1, we use the
notations N, = {a,a+h,a+2h,..}, , ;N = {b,b—h,b—2h, ..}.

Definition 2.2 ([39]). Let n,6 € Rand 0 < h < 1, the delta
h-factorial of 7 is defined by

hTT (F+1-0)
where we use the convention that division at a pole yields zero
and 0 is the falling delta h-factorial order of 7. It is worth

©)

mentioning that n, " is a function of  for given 6 and h.

Definition 2.3 ([37, 38, 40]). Let f be defined on N, for the left
case and ;N for the right case. Then, the left delta h-fractional
sum of order 6 > 0 is defined by

o(n—6h)
(aA,ZGw) (m = / (= o @) VY ()AyT

n
h
Z(n — o () VY (k1 € Noponns

=h

I‘(G)

and the right delta h-fractional sum is defined by

b

(hAb_el/f) (n)=/( gh)(p(r)—’l)ﬁf’”vf(f)vhr
p(n+
b
h
=g 2 Ch= oty
r=}+60
n € p_onnN.

Lemma 2.1 ([40]). Let 6,0 > 0,h > 0, and p be defined on
€ N, . We then have

(arundi ot p) ) = (a8, “*p) ()

= (wonty ati%) ) 22)

foralln € Noyo1nn

Lemma 2.2 ([40]). Let6 > 0 and  be defined on N, j, and , N,
respectively. Then the left and right delta h-fractional differences of
order 0 are defined by

(A 0) ) = (A7 a2, ") (), (2.3)

(A5 Y) ) = 0™ (T8, ") o 4

where m = [0] + 1.

Lemma 2.3 ([40]). Let y be defined on N, then, for any 0 > 0,
we have

—a)y "

) (2.5)

(7 A0) () = A at, v () — ¥ (a).

Lemma 2.4 ([40]). Let & > O,u > 0, and h > 0, and we
then have

'+ 1)

N O RN CEYD)

a+;LhA (77 a) F(M+9+1)(7] u)h 5
_ M'(p+1) (CEI)

Al my r(u+0+1)( My

Lemma 2.5 ([40]). Let 0 € R and q be any positive integer, then

(an® A ) () = (A‘f oAV ) ()
)v q+k)
—Zm_ﬁ“ jaiv@. e
for n e Nu+8 hh-
Lemma 2.6 ([38]). Suppose that i, = +0 € R\ {.., =2, —1}, then
we have
- G_ TE+Y (4+6)
oA —a+ )" = T %+0+1)(n a+u)," 7,

foreachn € Nyygpp.
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Lemma 2.7. Let v be defined on N, j, and m be a positive integer
with 0 < m — 1 < p < m. The definition of the fractional
h-difference (2.3) is then equivalent to

(e 0) () =
77+M

e Z (n— o), "Dy, m—1<p<m,
r=j

ﬂAhmp(n)> I’L = ms

forn € Nyp.

Motivated by the definition of nth order forward sum for
uncertain sequence &;, we define the fth order forward sum for
uncertain sequence &, as follows:

Definition 2.4. Let 6 be a positive real number, a € R, and &, be
an uncertain sequence indexed by n € N, ;. Then,

h

1
aA;TQSn Z(U —0 T]’l) (9 I)SV
:ﬁ

F(9

is called the Oth order forward fractional sum of uncertain
sequence &,, where o (r) = r + h.

Definition 2.5. The fractional Riemann-Liouville-like forward
difference for uncertain sequence &, is defined by

aAZ'?’:n = AZ (ﬂA;(l’lfﬂ-)&-n) ,

where & > 0and 0 < n —1 < p < n, n represents
a positive integer.

3. THE COMPARISON THEOREMS

Consider the following FFhDEs:

G-mp AW () = g + (0 — W,y + (O —n)h),  (3.1)
subject to the initial conditions
0—n+i _ .
©-mnd, Y| =i, i=0,1.,n—1, (3.2)

t=0

where (g_,)n AZ denotes a fractional Riemann-Liouville forward
h-difference with 0 < n — 1 < 6 < n, g is a real-valued function
defined on [0,00) xR, € Ny, and ¢; € Rfori=0,1,..,n—1.

Now, by applying the operator OAEG to Equation (3.1), then
the initial value problem (3.1) and (3.2) is equivalent to the
following fractional sum equation:

n—1 ( )(9 n+i)

Y(n) = igo: m‘/h‘

—0

(n— G(rh))

0

==

1
*Te

r

D glr+ (0 — Wb Y (r + (0 — mh)h,

(3.3)

where we have used Lemma 2.1, Lemma 2.5, and the fact that
AN () = ().

First, a comparison theorem for Riemann-Liouville fractional
h-difference equations with 6 € (0, 1] will be presented.

Theorem 3.1. Suppose g(n, V) and k(n, ) are two real-value
functions defined on [0, 00] x R. Function k is Lipschitz continuous
in y with Lipschitz constant Ly that has 0 < L < h=%0. If yr,(n)
and y5(n) are, respectively, unique solutions of the following IVPs

@-0rAiY () =g+ O — Dh,w(n+ (6 — Dh)), n €N,
-y () = Xo
(3.4)
and
O-0nASY () = k(n + (0 — Dh, ¥ (n + (0 — Dh)), n €Ny,
(971)hAZ_1¢(77) o Yo.
(3.5)
Lif g, ) < k(n, ), then ¥i(n) < a(n) for each
n € Neo—1ynn

2. ifg(n, ¥) > k(n, ), then yr1(n) > Y2(n) for each n € No pp.

Proof: (1) Assume that the condition 1 (1) < ¥(n) is not valid;
there thus exists 79 € Ng_1)y, such that ¥1(n9) > ¥2(10). Let

n1 = min {1 € Ng_yyp: ¥1(n) > v2(1)} and X() = 1 () —
Y¥2(n). Then, we have
X(’]l) > 0) (36)
X(n) <0, neNg_pnyNI[0,n — Al (3.7)

Considering the fractional sum equations equivalent to IVPs
(3.4) and (3.5), we have

Y10 h) =6 o + K g((6 — 1)h, Xo),
Y20 h) = 6 K'Y + KOK((0 — 1)k, Xp).

Subtracting these and then making use of h’ > 0 for h >
0,0 € (0,1],and g(n, ¥) < k(n, ), we get
V1(6h) —

Y2(0h) = h" (¢((60 — Dh,Xo) — k(6 — Dh, Xo)) < 0.
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This verifies that ; > 6 h. From this and since n; € Ng_pynp
we can write n; = (0+4€)h,] = 1,2,.... By Lemma 2.6, we then get

(Gfl)hAZX(nl —0h)

n

(m—6h—o(h) "

! h ) X(rh)h
= T
F(—Q) r=0—1

S|

1 +L oo

= o) ,:92_1 (Ch—o(h)," " X(rh)h

=h?X((6 + O)h) — W X((6 + £ — 1)h)
0+L—2

(—6-1)
S van r:;l (¢h—o (), "~V X(rh)h,

That is,

X0 + Oh) = -1 AX(n1 — 6 h) +0h™X((O + ¢ — D)h)
0+0-2

3 (eh—oGm), " X
r=0—1

1
'(—6)

(3.8)

Now, by using the Lipschitz continuity of k in y, g(n, x) < k(n, x),
and (3.7), we get

@D AYX( — O h) = -y Aiyi(n — 60 h)

— G-y Ya(m — 60 h)

=g(m — h,yn(m — h))

— k(n — h,Ya(m — h))

< k(m — h,yn(m — h))

— k(n1 — h,ya(m — b))
—Li (Y1(m — h) — ¥2(m — h))
—LiX(n1 — h).

=
=

Denoting w(n; — h): = (0—1)hAZX(771 — 0 h)+ L X(n1 — h),
it follows that

w((®@+¢—1)h) <0. (3.9)

This gives

(9—1)hAZX(771 —0h)=—-LX((6 +¢—1)h) + (6 + £ — 1)h).

Thus, Equation (3.8) becomes

Wewriter =v—1+1, i=0,1,..,¢ — 1to obtain

(eh—olm) "™ (eh—@©@+ih)"Y

I'(—0) I'(—0)
_ o1 r¢—i+1-0)
(=0 (¢ —i+2)

:hfgfl(K—i—G)(ﬁ—i—1—9)---(—0)F(—9)
I(—0r (¢ —i+2)

_higil(—e)(—g-i-1)'”(5—1'—1—9)(@—1'—9)
C@—i+2)

o1 (=O)(=0+1)--- (=0 —1+0¢) (=60 +0)
T(c+1) ’

:h_
wherec = ¢ —i.

Since§ € (0,1]and h =1 > 0, s0

(—6-1)
(Z h— cr(rh))h -0

) < (3.11)

Considering Ly < 8 h=% h=% > 0 and Equations (3.9)-(3.11), it
follows that

hOX((0 + 0)h) < 0.

This implies that X(n;) < 0, which contradicts with (3.6).

(2) By the same technique of (1), we assume that the
condition v¥1(n) > vY»(n) is not valid. There thus exists
m € Nppp, such that Yi(n2) =< V(). Let n3 =

min {n € Ny ; v1(n) < ¥2(n)} and z(n) = ¥2(n) — ¥1(n). We
then have

(3.12)
(3.13)

z(n3) > 0,

z(n) <0, n€NyyuNI[0,n3—hl

Considering the fractional sum equations equivalent to IVPs (3.4)
and (3.5), Y > 0 and g, ) > k(n,¥), we find ¥y (0 h) >
Y,(6 h). That is; n3 > 0 h. If we write n3 = (0 + )h,1 = 1,2,..,
then, by Lemma 2.6, we get

O-0nAz(nz — 0 h)

3

1 h L
Y g;l (ns =0 h— (k)"0 (i
=h7%2((0 + O)h) — 0h™72((6 + € — 1)h)
- sz (th—o ()" 2,

o) et h

or equivalently,

h92((0 + Oh) = g_1pAhz(nz — 0 h) + 0h™2((6 + € — 1)h)

04+¢—-2
_ _ 1 _p—
hOX((0 + Oh) = (07 — L) X((0 + € — Dh) + (0 + € — 1)h) - Z (eh— U(rh)); 0-1) 2(rh)h.
| 2 oo (=0) r=0—1
ey > (th=o(rh), "~ X(rh)h. (3.10) (3.14)
r=60—1
Frontiers in Physics | www.frontiersin.org 4 November 2020 | Volume 8 | Article 280


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

Srivastava and Mohammed

A Correlation Between UFFDEs and Paths

Now, by using the Lipschitz continuity of k in y, g(n, z) > k(n, 2),
and (3.13), we get

G-z — 0 h) = _ppAiyi(ns —6h)
— G-l — 0 h)
= w(nz — h,¥2(n3 — h))
— k(nz — h, (3 — h))
< k(n3 — h,ya(n3 — h))
—k(nz — h, Y1 (ns — h))
< —Li (Y2(n3 — h) — Y1 (3 — h))
< —Lgz(nz — h).

Denoting w(nz — h): =
follows that

O—DrA)z(n3 — O h) + Liz(ns — h), it

w((® +¢€—1)h) <0. (3.15)
This gives

O—DnApz(n3 — 0 h) = —Liz((0 + £ — D) + w((0 + € — Dh).

Equation (3.14) thus becomes

W20 + Oh) = (0h™ — L) 2((0 + € — D)h) + w((0 + £ — 1)h)
| 02 o
—FCEVZ:@h—UMM ) 2(rh)h.
r=0—1
(3.16)
Similarly for 6 € (0, 1] and h=%=1 > 0, we can show that
(h— a(rh)) —6-1)
r(—0) <0. (3.17)

Considering Ly < 6 % h? > 0and Equations (3.15)-(3.17),
it follows that

P20+ 0h) <0

This implies that z(n3) < 0, which contradicts with (3.12). The
proof of Theorem 3.1 is thus completed. O

In the sequel, we will extend a comparison theorem for
Riemann-Liouville fractional h-difference equations of the order
Owith0<n—1<6 <n.

Theorem 3.2. Suppose g(n, V), and k(n, V) are two real-value
functions defined on [0, oo] x R. Function k is Lipschitz continuous
in y with a Lipschitz constant Ly that has 0 < Ly < h=%6. If yr1(n)
and Y, (n) are, respectively, unique solutions of the following IVPs
=g+ (0 —mh,y(n+ (6 — nh)),

O—mn A (1) n € No,

(0—n)hAZ_n+i1/f(77) =Y;,i=0,1,.,n—1

t=0
(3.18)

and
O-mr DI () = k(n + (0 — Mh, ¥ (n + (0 — mh)), n € N,
(e—n)hAZ_"Hw(n) = Yii=0,1,...,n— 1.
(3.19)
Lif gp, W) < k), then y(n) < Vn(n) for each
n € N_nnn
2. lfg(n ) > k0, ¥), then yn(n) > yYn(n) for each
n € N O—n+D)h’

Proof: (1) Foru =60 —n+1 € (0,1] and n € Nyj, we have
(g,n)hAZW(n) = AZ_I (M,l)hA;:w(n). By using Lemma 2.5, the
IVPs (3.18) and (3.19) can be easily converted to the following
IVPs, respectively,

F—(n-1) B
s X (1= o)) gl + (u— Dh,

(u—n A () =

n—2 (i)
UETERVOIEDS e
1=

(u—l)hAZ_ll//(ﬂ) = Yo,
(3.20)
and
A (1-2)
-0 () = 5y ZO (n—o(h)," 7 k(r + (u— Dh,
- n—2 (i)
YO+ (= DI+ T it Y,
w-0h AW 0n| = Yo,
(3.21)
Denote
(. (n-2)
- _ _ n—2 _
809 = o g (n— o), gr+ (= Dh,
-2 (1)
— 1)h)) 15
Y (r+ (= Dh)h ZO H)wﬂ
and
F—(n=1)
_ 1 - L -
k(n, x) = T =D ; (1= o ()" 2 k(r + (u — Dh,
n—2 ( )(z)
Y(r+ (= Dh)h+ Z Taan e
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for n € Ng_1ynu- These give

F-(n-1)

_ = 1 (n—2)
80x) = k0. %) = o5 ; (n— o (rh)),

(ii) the inverse uncertainty distribution of a normal uncertain
variable N (e, o) is given by

UH) = e+ V3o, (L)
T 1—-6

(4.3)

X [g(r + (= Dh,y(r + (u — Dh)) — k(r + (w — Dh,  (iii) and the inverse uncertainty distribution of a normal uncertain

Y+ (= D) |n (3.22)
Since g(n, ¥) < k(n, ¥) and
(n=ot)y ™  (n=(+Dh)"?
I'(n—1) I'(n—1)
—n—2 r (% B 7’)
F(n—1DI (f—r—n+2)
_p-n-2 I' (9
Fn—DI (c—n+2)’
_n_ n_
where ¢ = p r,r_O,l,...,h n+1>0,

it follows from (3.22) that g(n,¥) < k(n,¥) for n € N_nnn-
Then, by applying Theorem 3.1 for the above findings, we get
Y1(n) < v¥a(n) for n € Ng_pnn. Hence, the proof of the first
item is completed.

(2) Analogously, we can obtain the proof of this item, and thus
our proof is completely done. O

4. INVERSE UNCERTAINTY DISTRIBUTION

In this section, we make a link between the solution for an
UFFhDE and the solution for the associated FFhDE; we firstly
define a symmetrical uncertain variable and «-path for an
UFFhDE in view of Lu and Zhu [27]. After that, we state and
verify a theorem that demonstrates a link between solution for the
UFFhDE with symmetrical uncertain variables and its ¢-path via
the comparison theorems in section 3. To understand the theory
of inverse uncertainty distribution, we advise the readers to read
[41] carefully.
First, we recall the inverse uncertainty distribution theory:

Definition 4.1 ([41]). An uncertainty distribution W is called
regular if it is a continues and strictly increasing function
and satisfies

lim W¥(x) =0, lim W¥(x) =1. (4.1)

X—>—00 Xx—>+00

Definition 4.2 ([41]). Let & be an uncertain variable with a
regular uncertainty distribution W. Then, the inverse function
W1 s called the inverse uncertainty distribution of .

Example 4.1. From definition 4.2, we deduce that
(i) the inverse uncertainty distribution of a linear uncertain

variable £(a, b) is given by

U@ =01 —-0)a+00b; (4.2)

variable LOGN (e, o) is given by

V3o

k4

wlg) = exp(e) + (iﬁ) (4.4)

Definition 4.3 ([41]). We say that an uncertain variable & is
symmetrical if

W(x) +V(—x) =1, (4.5)

where W (x) is a regular uncertainty distribution of £.

Remark 4.1. From definition 4.3, we can deduce that the
symmetrical uncertain variable has the inverse uncertainty
distribution W ~Y(9), which satiates

vl +vla-9)=o. (4.6)

Example 4.2. From definition 4.3, we deduce the following:

1. the linear uncertain variable £(—a, a) is symmetrical for any
positive real number a.
2. The normal uncertain variable A/(0, 1) is symmetrical.

Consider the following UFFhDE with Riemann-Liouville-like
forward difference:

@-mAIX(n) = F(n + (0 — m)h, X(5 + (6 — n)h))

+ G + (0 — mh, X( + (0 — nh)&)+0—mh>
(4.7)

subject to the crisp initial conditions

@—mp AR X () =Xe k=0L.n-1, (48
where (9_pyn A(Z denotes a fractional Riemann-Liouville forward
h-difference with 0 < n—1 < 6 < n, M,N are two real-
valued functions defined on [0,00) x R,n € Ny, N[0, Th], Xk €
R for k = 0,1,...,n — 1, and &gy E@—nt1)hs "+ > Egr@—nh
are iid. uncertain variables with symmetrical uncertainty
distribution £(a, b).

Definition 4.4 ([41]). An UFFhDE (4.7) with crisp initial
conditions (4.8) is said to have an a-path if it is the solution of
the corresponding FFhDE

O—-mnAIX(n) = F(n + (0 — n)h,X(n + (0 — n)h))
+ G + (6 — mh,X(n + (0 — mh))| ¥~ (0)
(4.9)

with the same initial conditions (4.8), where W~1(0) is the
inverse uncertainty distribution of uncertain variables &, for n €
Neg—nynn N [0, Th].
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Theorem 4.1. Let n € Ny, N [0,Th],n € N,A € (0,1) and
0 € (0, 1]. The linear UFFhDE:

O-mnAGX() = A X(n + (0 — Wh) + A&y
with the initial conditions

i=0,1,..,n—1,

(0—n)hAZ_n_iX(77) o X,

has a solution

X(n) = XiF;L,k;h(n) + Sﬂ’ ,i=0,1,...,n—1,

where &, is an uncertain sequence with the uncertainty distribution
L (- eg;n(n), b - eg;n(n), and

00 n—1
(n + k(6 —
_ k
_kgk Z F(k+1)0 —n+i+1)

i=0

n)h)gl(k+1)0 h—nh+i)

Fo 5.1(n)

>

and

10 — n)h)”
T(k6 + 1)

+ (k —
eg,;n(n) = Zk(n (

k=1

Proof: By making the use of Lemma 2.5, we can easily prove
this theorem by the similar technique of [29, Theorem 3.1], so
it is omitted. O

Example 4.3. Consider the following UFFhDE:

-0 AIX() = 2 X(1 + (0 — Dh) + A &)1 (9—1)hs

n € Nop N[0, Th], 1 € (0,1),0 € (0,1], (4.10)

where &@_1yn,&ons - > Ep+(0—1)n are iid linear uncertain
variable £(—2,2), which has the inverse uncertainty distribution
WL(H) = 46 — 2 by (4.2).
By Theorem 4.1, the associated FFhDE of (4.10) with its
initial condition
@-DrAX0) = A X+ (6 — Dh) + 2 1(0),

(a-1)hA‘Z_1X(n)‘t=0 =Xo
has a solution

n+ k(g _ l)h)gl(k—&-l)G—l)
I'((k+1)0)

XOZA"(

(n+ (k= 1)(6 — DA\
k
* ZA r'ko +1)

X(n) =

(40 —2).
k=1

The UFFhDE (4.10) has an -path

l)h)((k+1)0—l)

k(r) + k(6 —
Z ['((k+ 1))

(n+ (k= 1)(6 — D)X
k
+ Z A (ko +1)

(46 — 2).
k=1

with the initial condition g_yp, AZ_IX(U) - Xp.
=
Example 4.4. Consider the following UFFhDE:

@-rASX(n) = X + (0 — 2)h) + q &4 0—1)h>

n € Nojy N[0, Th], q € (0,1),0 € (0,1], (4.11)

where Eg_nuE@—1)h> - - ->andéy 9—2n are the iid normal
uncertain variable N(0, 1), which has the inverse uncertainty

distribution W~1(9) = f In ) by (4.2).

By Theorem 4.1, the assoc1ated FFhDE of (4.11) with its
initial condition

O-2nAIX(n) = gX(n + (6 — 2)h) + q¥ 1 (8),
(972)hAz_2+iXi(n)’t_o =X; i=0,1

has a solution
-~ i 21: (0 + k(® — 2)) ((k+1)0 h—2h—+i)
= . T((k+1)0 — 1+1i)
k=0 i=0
Y3

3 0\ (+ (k=16 —2)h)
n(l—@)gq T(ko + 1) :

The UFFhDE (4.11) has an a-path
(n + k(6 — 2)h)((k+1)9 h—2h+i)

0 1

0 _

X‘; ZO C((k+1)0 —1+i)
iﬁ

L+ (k= 1O —
<1—9>Zq T(k6 + 1)

k=1

2! (k9)

with the initial condition _5) AZ_2+iXi(n) i=0,1.

=X
=0

In the following theorem, we make a relationship between
uncertain fractional forward h-difference equations (UFFhDEs)
and fractional h-difference equations (FFhDEs) based on the

comparison theorems in section 3.

Theorem 4.2. If X, and Xz are the unique solution and a-path
of UFFhDE (4.7) with the initial conditions (4.8), respectively.
Assume that F + |G|W~Y(0) is a Lipschitz continues function
in x with a Lipschitz constant Ly that has 0 < Ly < 0h~°.
Assume that &, is the i.i.d. symmetrical uncertain variable for

ne N(e (1—1))hh N [0, Th], then

(i) X, < X0 if&,(y) < W7O) for n € D and &)(y) =
WY1 —0) forn € D™, where

D* = {n € Ng_(u—1ynn N [0, Th]; G(n,x) = 0},

and

D~ = {n € Ny_u—1ynn N [0, Th]; G(n,x) <0},
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(i) X, > X(f/ if &, (y) > W7LO) for n € DT and £,(y) <
WU=H1 —9) forn e D™

Proof: First, we let &,(y) < W~(0) for n € D*. Then n €
N—m—1)nn N [0, Th] and G(n, x) > 0. Therefore,

G(n, )&, (y) < |G(n, x) ¥ (9). (4.12)

Moreover, if &,(y) > W(1 —0) forn € D™, we have np €
N—m=1)nn N [0, Th] and G(n,x) < 0. Since &, is symmetrical,
we have W~1(0) + ¢~1(1 — 9) = 0. Thus,

G, 0)E,(y) < G, )V (1 —0) = —G(n, x) ¥ 1 (6)
= |G(n, x)| W '(0). (4.13)

Since X,(y) and Xg are the unique solution and a-path of
UFFhDE (4.7) with the initial conditions (4.8), respectively,
we have

@—mnAIX(n) = F(n + (0 — m)h,X(n + (6 — n)h))
+ G(n + (0 — n)h, X(n + (0 — n)h)&y1@—nyn(¥)s
(4.14)

O—-mnAIX (1) = F(n + (0 — m)h,X(n + (6 — n)h))

+ G + (0 — n)h, X(n + (6 — mh)|[¥ 1 (6).
(4.15)

Hence, by use of Theorem 3.2 with (4.12)-(4.15), we get the
proof of item (i). The proof of the second item (ii) is similar to
(i). Thus, the proof of Theorem 4.2 is completed. O

Theorem 4.3 (Existence and Uniqueness). Assume that F(, x)
and G(n, x) satisfy the Lipschitz condition

[F(n, %) — F(n, ¥)| + 1G(n, x) — G(n, )| < LIx — y|, (4.16)

and there is a positive number L that satisfies the
following inequality:

g TO+1DT(T+1-6)
C(r+n@Q+1

L<h" , (4.17)

where Q = |a| Vv |b|. Then UFFhDE (4.7) with the initial
conditions (4.8) has a unique solution X(n) forn € Ny, N[0, Th].

Proof: Proof of this theorem is similar to the existence

and uniqueness theorem [29, Theorem 3.2], and it is
therefore omitted. O
Example 4.5. Consider the following UFFhDE:
sinX(n — 1)
AYX() = —— L 2 _1, eN2n 0, 8],
187 (m) 50+(7]_1)2+5n1 n 0 [0,8]
(4.18)

where £_1,&1, &3, &5, &7 are 5 1.i.d. linear uncertain variables with
linear uncertainty distribution £(—2,2).
In this example h = 2,0 = 0.5, T =4,

1
[E(n,x) — E(n, ¥)| + 1G(n, x) — G(n, ¥)| < %Ix -yl =0.02|x — yl,

and

PO+DT(T+1-6) 5T O5+ DI @+1-05)
rNr+nQ+1y 30 (4+1)
~ 0.05 > 0.02.

h—9—1

Thus, the existence and uniqueness Theorem 4.3 confirms that
UFFhDE (4.18) has a unique solution.
Now, since

sinx
F(1,%) + |G, )¢ (0) = ——— 140 — 2,
(n, %) 4 1G(n, )| ¥~ (0) 505 (1)

we deduce that F(n, x) + |G(n,x)|W~1(0) is Lipschitz continues
in x with Lipschitz constant L = 0.02 < 0.35 = 0 h™".

We see that G(,x) = 1 > 0, and, from example 4.2,
we see £(—2,2) is symmetrical. Hence, by Theorem 4.2, we
deduce the following link between unique solution and «-path
of UFFhDE (4.18):

(i) X, <XVif§, <46 —2,
(i) X, > X0 if&, > 46 — 2.

Example 4.6. Consider the following UFFhDE:

1 3 L 3

1 _ 2 _ - 2 e
_%A%X(n)_0.0ZSX (77 8)—}-5,7_%, UENO 0[0,2],
(4.19)

where & _3,&1,&5,&9 are 4 ii.d. linear uncertain variables with
8 8 8 8

linear uncertainty distribution £(—3, 3).
In this example h = 0.5,0 = 0.25, T = 3,

[F(n, %) — F(n, ¥)| + 1G(n, x) — G(n, ¥)| < 0.025|x + y||x — y|

=0.1x—y|, forxe [-2,2],

and

2
~ 0.4 > 0.1.

o TE@+ DI (T +1-6) (1)3 0254+ 1) (3+1-025)
rr+n@+ny ATB+1)

Thus, the existence and uniqueness Theorem 4.3 confirms that
UFFhDE (4.19) has a unique solution.
Now, since

F(1,x) + |G(n, x)| ¥ ~1(0) = 0.025x + 66 — 3,
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we deduce that F(17, x) + |G(1, x)| ¥ ~1(0) is Lipschitz, continued
in x with Lipschitz constant L = 0.1 < 0.3 =0 h~?.

We see that G(n,x) = 1 > 0, and, from example 4.2, we
see £(—3,3) is symmetrical. Hence, by use of Theorem 4.2, we
deduce that X, < XZ if§ < 60 —3and X, > X‘,)] if &, >
60 — 3. This is a link between unique solution and «-path of
UFFhDE (4.19).

5. CONCLUSIONS

We have considered the fractional forward h-difference equations
and uncertain fractional forward h-difference equations in the
context of discrete fractional calculus. The comparison theorems
and existence and uniqueness theorem for the FFhDEs and
UFFhDEs have been found. From a theoretical point of view,
we have created a strong relationship between the solutions
for UFFhDEs with the symmetrical uncertain variables and
the solutions for associated UFFhDEs (namely the «-path
of UFFhDEs).

Our presented results are in the sense of Riemann-Liouville
fractional operator. It is important to point out the future scope
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