1' frontiers
in Physics

ORIGINAL RESEARCH
published: 23 September 2020
doi: 10.3389/fphy.2020.00288

OPEN ACCESS

Edited by:

Jordan Yankov Hristov,

University of Chemical Technology
and Metallurgy, Bulgaria

Reviewed by:

Praveen Agarwal,

Anand International College of
Engineering, India

Hossein Jaferi,

University of South Africa, South Africa

*Correspondence:
Muhammad Abbas
muhammadabbas@tdtu.edu.vn

Specialty section:

This article was submitted to
Mathematical and Statistical Physics,
a section of the journal

Frontiers in Physics

Received: 02 March 2020
Accepted: 25 August 2020
Published: 23 September 2020

Citation:

Amin M, Abbas M, Igbal MK and
Baleanu D (2020) Numerical
Treatment of Time-Fractional
Klein-Gordon Equation Using
Redefined Extended Cubic B-Spline
Functions. Front. Phys. 8:288.

doi: 10.3389/fohy.2020.00288

Check for
updates

Numerical Treatment of
Time-Fractional Klein-Gordon
Equation Using Redefined Extended
Cubic B-Spline Functions

Muhammad Amin "2, Muhammad Abbas?®*, Muhammad Kashif Igbal® and
Dumitru Baleanu®7"8

" Department of Mathematics, National College of Business Administration & Economics, Lahore, Pakistan, 2 Department of
Mathematics, University of Sargodha, Sargodha, Pakistan, ° Informetrics Research Group, Ton Duc Thang University, Ho Chi
Minh City, Vietnam, * Faculty of Mathematics and Statistics, Ton Duc Thang University, Ho Chi Minh City, Vietnam,

> Department of Mathematics, Government College University, Faisalabad, Pakistan, ° Department of Mathematics, Faculty of
Arts and Sciences, Cankaya University, Ankara, Turkey, ” Department of Medical Research, China Medical University,
Taichung, Taiwan, ¢ Institute of Space Sciences, Bucharest, Romania

In this article we develop a numerical algorithm based on redefined extended cubic
B-spline functions to explore the approximate solution of the time-fractional Klein-Gordon
equation. The proposed technique employs the finite difference formulation to discretize
the Caputo fractional time derivative of order a € (1, 2] and uses redefined extended
cubic B-spline functions to interpolate the solution curve over a spatial grid. A stability
analysis of the scheme is conducted, which confirms that the errors do not amplify during
execution of the numerical procedure. The derivation of a uniform convergence result
reveals that the scheme is O(h? 4+ At?~%) accurate. Some computational experiments
are carried out to verify the theoretical results. Numerical simulations comparing the
proposed method with existing techniques demonstrate that our scheme yields superior
outcomes.

Keywords: redefined extended cubic B-spline, time fractional Klein-Gorden equation, Caputo fractional derivative,
finite difference method, convergence analysis

1. INTRODUCTION

The subject of fractional-order differential equations has attracted considerable interest due to
its applications in a wide range of fields, such as traffic flow, earthquakes and other physical
phenomena, signal processing, finance, control theory, fractional dynamics, and mathematical
modeling [1-10]. In recent years, the analytical and numerical study of fractional-order differential
equations has become a dynamic area of research. Several numerical and analytical techniques
have been developed to handle these types of equations [11-22]. There are a number of different
definitions of fractional-order derivatives, with different applications. An excellent overview can be
found in the works [23-31]. This article is concerned with the following time-fractional non-linear
Klein-Gordon equation (KGE):

o 2

d ad
—v(x, t)+ p

91 @ V(x, t) + pr(x> t) + PZV(T (-x) t) =f(x) t))

O0<x=<L ty<t<T, (1)
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v(x, to) = vi(x, to) = @a(x), (2)

V(L t) = @a(t), 3)

@1(x),
v(0,1) = @3(t),

where % represents the Caputo fractional time derivative, v =
v(x, t) denotes the displacement of the wave at (x, 1), « € (1,2]
is the fractional order of the time derivative, f(x, t) is the source
term, p, p1 and p, are real numbers, and o = 2 or 3.

The fractional KGE plays a significant role in quantum
mechanics, the study of solitons, and condensed matter physics.
Many approaches have been adopted to solve equations of
Klein/sine-Gordon type efficiently, including the Adomian
decomposition method, the variational iteration method [32-
34], and the homotopy analysis method [35]; see also the
references cited in these works. Jafari et al. proposed using
fractional B-splines for approximate solution of fractional
differential equations [36]. In Vong and Wang [37, 38] space
compact difference schemes were applied to one- and two-
dimensional time-fractional Klein-Gordon-type equations, and
stability and convergence of the proposed numerical approaches
were established with the aid of an energy method. In Dehghan
et al. [39] the authors used a meshless method based on
radial basis functions to develop an unconditionally stable
numerical scheme for fractional Klein/sine-Gordon equations.
The Adomian decomposition method and an iterative method
were applied in Jafari [40] to solve Klein-Gordon-type equations
involving fractional time derivatives. A fully spectral approach
was employed in Chen et al. [41] that uses finite differences for
time discretization and Legendre spectral approximation in the
spatial direction to construct numerical solutions of non-linear
partial differential equations involving fractional derivatives. A
sinc—Chebyshev collocation method (SCCM) was developed in
Nagy [42] for numerical treatment of the time-fractional non-
linear KGE. Recently, in Kanwal et al. [43], Genocchi polynomials
were employed together with the Ritz-Galerkin scheme to solve
fractional KGEs and diffusion wave equations. A linearized
second-order scheme was introduced in Lyu and Vong [44] to
solve non-linear time-fractional Klein-Gordon-type equations.
Later on, in Doha et al. [45], a space-time spectral approximation
was proposed for solving non-linear variable-order fractional
Klein/sine-Gordon differential equations.

In this article we propose using redefined extended cubic B-
spline (RECBS) functions for numerical solution of the time-
fractional KGE. RECBS functions are basically a generalization
of typical cubic B-spline functions that involve a free parameter
which provides the flexibility to fine-tune the solution curve. We
employ the usual finite central difference approach to discretize
the Caputo fractional time derivative and use RECBS functions
for spatial integration.

This article is organized as follows. The Caputo definition of
fractional time derivative and the finite difference formulation
for temporal discretization are reviewed in section 2; this section
also includes a brief introduction to extended cubic B-spline and
RECBS functions and their applications to space discretization.
The stability analysis of the proposed algorithm is presented
in section 3, and the description of theoretical convergence is

given in section 4. The approximate results are reported and
discussed in section 5. Finally, concluding remarks are given
in section 6.

2. DESCRIPTION OF NUMERICAL
TECHNIQUE

2.1. Time Discretization

Let the time domain [0, T] be divided into R subintervals of equal
length At = % with endpoints 0 = tp < t; < --- < tg = T,
where t, = rAtand r = 0:1:R. We first discretize the Caputo
fractional derivative at t = t,4] as [46]

0 v(x, try1) 321’(" w) a+l
o) (z_a) / (41 — W)~ dw
1l<a=<2)
82 x,w) o
=m_a)2/ OV 1y — Wy .

k=0 },

1 Z V(x> tk-‘rl) - ZV(X, tk) + V(x’ tk—l)
re2—oa) P At?

eyl
(trpr — W)~ dw + I, (4)

_ 1 Xr: 'V(X, tk+l) - Z‘V(X, tk) + V(x’ tk—l)
re—oa = At?

k41
() de + 1!
tr—k

_ 1 Z V(6 1) = 2006 ) + V(&% 1)
re—ow s At2

L1
/( ) a+1d€+lr+1

3

1 i v(x, tr7k+1) = 2v(x, t, k) + v(x, t 1)

T TrG- @) 4 At
((k + 1)2*0{ k2 Ot) + lr+1
V(x’ r7k+1) - ZV(X, trfk)'i'
1 d V(X tr—k—1) r+1
3—a) Z‘Dk At Flar
k=0

where py = (k+ 127 — k™%, € = (t,41 — w), and I)};! is the
truncation error. The truncation error is bounded, i.e.,

I < y(an*e, (5)

where 1 is a constant. The coefficients py in (4) possess the
following attributes:
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e the py’s are non-negative fork = 0,1,2,...,7;
e 1l=py>p>pr>ps>->pyandp, - 0asn — 00;

o (ZPO_P1)+Z]:;11(_Pk+1+2Pk_pk—1)+(2pr_Pr71)_Pr =1
Substituting Equation (4) into Equation (1), we get

1 r

TG a)(AD® gpk["(% tr—k1) — 2v(% tr_g) + V(% tr_g—1) ]
Fovex(x,t) + p1v(x, t) + p2v7 (x, 1) = f(x, 1)
(r=01,2,...,R—1). (6)

r+1

Suppose f = m and v(x,t,41) = v Applying a

0-weighted scheme, Equation (6) takes the form

’
,BPO(VT-H — 4 Vr—l) + B Zpk(vr—k+1 _ Zvr—k + 1/r—k—l)
k=1

+6(pvit!
r+1y _ gr+1 -6 r ry _ leAY4
+pvV)=f (1 =0)(pvy + p1v') — p2(v7)
(r=01,2,....,R—1). (7)

For # = 1, we obtain the following semi-discretized
numerical scheme:

.
(Bpo + )V + pvidt = 28pov" + B Y pr(vTH — 20
k=1
+ v — 0 (07) = Bpov T+ (r = 0,1,2,...,R—1).
(8)

2.2. Extended Cubic B-Spline Functions

Let the spatial domain [a, b] be partitioned into M parts of equal
length h = bﬁ“ with boundary pointsa = xp < x; < -+ <
xp = b, where x,, = x9 + mh for m = 0:1: M. For a sufficiently
continuous function v(x, t), there always exists a unique extended
cubic B-spline (ECBS) approximation V*(x, t):

M+1

V@) = ) En(®Sulx ), ©)

m=—1

where the &,,(f) are to be calculated and the fourth-degree
ECBS blending functions S, (x,A) are defined as [47]

0

Here A, with —n(n — 2) < A < 1, is a real number responsible
for fine-tuning the curve, and n gives the degree of the ECBS used
to generate different forms of ECBS functions. The approximate
solution (V*);, = V*(x,,t") and its first two derivatives with

4h(x — xm_2)3(1 — 1) + 3(x — xpn_2)*A

B4 — 2) + 1213 (x — xp_1) + 602 (x — Xm_1)>(2 + A)
—12h(x — xp—1)® — 3(x — xp_1)*A

W44 — X)) — 1213 (x — xpy1) — 6% (x — Xn31)? (2 4+ 1)
+ 12h(x — xmp1)? + 3(x — xp—1)*1

—4h(x — xmy2)> (1 = 1) — 3(x — xm12)*2

respect to the spatial variable x at the rth time step can be
expressed in terms of &, as [48]

(V) = bi&y,_ + bok) + 16,

(V;):n = b3§:;171 - b3%—;1+1’ (11)
(Vi = ba&) | + bs&) + ba&) o,
where bl = %, bz = 162+42}L, b3 = ;—;, b4 = %) and
be = —4-—2\
5T o

2.3. Redefined Extended Cubic B-Spline

Functions

In the typical ECBS collocation method, the basis functions
S_1,S0,--->Sm+1 do not vanish at the boundaries of the
spatial domain when Dirichlet-type end conditions are imposed.
Therefore, we need to redefine them so that the resulting set of
basis functions will vanish at the boundaries. For this, a weight
function ®(x,t) is introduced to eliminate £_; and &p;41 from
Equation (9) in the following manner [49]:

M
Vi t) = & 1) + Y En()Sn(x, 1), (12)

m=0

where the weight function ®(x,t) and the redefined ECBS
(RECBS) functions are given by

S—1(x,A) Sm1(x, 1)

O(x,t) = m%(t) + m‘%(t} (13)
and.
Sm(x,2) = Sml62) = FUES 1(62)  form =0,1,
S, A) = Sp(x, A) form=2:1:M -2,
S, 2) = S, 1) — %sm(m) form =M — 1, M.

(14)

2.4. Space Discretization
Using Equation (12) in Equation (8) at t = t,4;, we obtain

(Bpo + PV 4+ p VIt = 2Bpo V7 + B Y pr(V7 ! 5
k=1

_ zvr—k + Vr—k—l) _ ,Oz(VU)r _ ﬁpovr—l +fr+1_
ifx € [xm—2,%Xm—1),

if x € [Xpm—1,%Xm)»
(10)
ifx € [xm, Xma1)s
ifx € [Xm+1> Xm+2)s
otherwise.
Discretizing at x = x;, we get

,
B+ POV ™+ (Ve[ = 28V + B Y pe(V; ™ — 27
k=1
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VD) = (V) = BV = 0,12, M),
(16)
Using (12), the last expression takes the form
M
(B+ p1) |:<D;+l + Z g-‘;’lsm(xj,,\)] +p [(¢xx);+l
m=0
M
+y° s,;“sm(xj,x)}
m=0
.
=28V] + B pu(V] T —2vi R 4 v
k=1
o\ r—1 r+1
— (VoY — BV 4 f
(=01,2,...,M). (17)

Consequently, we get the following system of M + 1 equations in
M + 1 unknowns:

ay gt Yo
ay ay ay {*1 1
ap az ap .
= ., a8
a, a, a " :
ay a ap 51(2__11 YM—1
+
ay 17 M
where
i 12p(% +2) . (B + p1)(h —4) + 12000 + 2)
VT 2o —ay 0 T 24h?
KB+ p)(+8)—120(A +2)
12h2 ’
r
—k+1 —k —k—1
¥ =28V] + B Y pe(viEH —2vi kg viE )
k=1
= (V)i — /3Vf‘1 + \If]“,

=f/ — B+ p)P] — p(Pr).

To start the numerical procedure, we use the given initial
conditions to obtain the set of equations

(V)0 =y (xm)  form=0,
(V)% = @1 (xm) form=1:1:M—1, (19)
VY, =<p/1(xm) for m = M.
The matrix representation of (19) is
bi* by* 9
b1 by by 0
b1 by, by .
S (20)
b1 by by .
by by b SMO—I

(@10 — (@)
(p1)1 — ®°

(p)m—1 — DY,

(@Dum — (DY,
where b1* = h(4 K) and by* = % We solve (20) to obtain
[Sg,élo, . ,SM] . The &; values are then substituted into (12) to

get VY. Now we can use (18) forr = 0,1,2,...,R — 1. However,
for r = 0 the term involving V! appears in Equation (18). This
issue is resolved by using the following substitution derived from
the velocity condition given in (2):

V= v0 — Atgr(x).

3. STABILITY ANALYSIS

We use the Fourier method to study the stability of the proposed
numerical method. Let ¢/, and &), denote, respectively, the exact
and approximate growth factors of the Fourier modes. The error,
0> is given by

ro__ .r ~r
Om =€m — Em>

m=1:1:M—1, r=0:1:R, (21)

where 0" = [¢],¢},..., e}, 1T
For the sake of simplicity, we shall investigate the stability of
the proposed scheme with f = 0. The equation for the round-off

error is derived from Equations (8) and (21) as

(Bb1 + p1b1 + pba)ol !l + (Bb2 + p1ba + pbs)ol,™
+ (Bb1 + p1b1 + Pb4)Q:n+4:1

=2B(b10},_; + bao}, + b10},11) — B(broh, | + baohy
+ blgm-H)
—ﬂzpk[bl it =200 + oY)

+b2(rk+1 2@ r—k—1

“+0
+ by (Qm+1nf - 2Qm+1 + Q::cffl)]' (22)
The error equation satisfies the end conditions
00 = ¢1(xm), m=1:1:M, (23)
and
ob =ws3(ty), oy =walty), r=0:1:R (24)

We define the grid function as

r_Jom

—l—%,form:l:l:M—l,
oh <y < b,

ifxm—%<x§xm

ifa<x< 2“2—+hor
(25)
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Now, ©"(x) can be written in the form of a Fourier
series as follows:

oo
2minx
o'(x) = Z e(net-a, r=1:1:R, (26)
r=—00
where
1 b —2minx
e (n) = —/ o' (x)e b-a dx. 27)
b—al,
Taking the || - |2 norm, we get
R—1 2
"z = (D hleyl?
n=1

1
2

(1+% R-1 xn+% b
[ et [ gt [ 1 as
a x,— I p—h
n=1 n=—3 2
\ :
f o' dx) .
a

From Parseval’s equality we have [ ab lo"(n)|? dx=3"" len(m)|?,
so the above expression can be written as

where ¢ = /=1 and v = 22, Using Equation (29) in Equation

_a'
(22) and then dividing by e™*" gives
(Bb1 + p1b1 + pba)errie” M + (Bby + p1by + pbs)eri
+ (Bby + piby + pba)erie”
= Zﬁ(bls,e_‘”h + bye, + blarei”h) — ,B(blgr_le_“’h
+baer_1 + 518r—1eth)

,
- B Zpk |:b1 (Sr—k-f-leﬂl)h — 28+ gr—k—lew}l)
k=1 + b2(£r—k+1 — 28k + gr—k—l)

+ b (8r7k+le_lvh - 2‘L:rfkewh + Srfkflew}l)j|- (30)

We know that ¢ 4+ ¢~ = 2 cos(vh), so after collecting like
terms, the following useful relation is obtained:

1 r
Ery1 = E[Z&—Er—l =Y pelEr—ke _2(b1+b2)5r7k+8r7k71):|’
k=1
(31
12p(2+v) sin?(vh/2) s .
B 6.1 (d) s (oh/D)] Now it is obvious that

where n = 1+%}+
n>1lforv>—2.

TABLE 2 | Absolute and relative errors for Example 5.1 with M = 100,
At =0.001,and a = 1.6.

SCCM [42] Proposed method
o0 t x Lo L, Lo L,
2 2
le" 3= lem)I*. (28) 04 93726x 1074 1.3282x 102  1.6174x10° 1.2207 x 10-5
r=—0o0 0.4 0.6 9.4592 x10™* 1.6950 x 1072 6.3939 x 107®  1.1035 x 10°©
0.8 6.5448 x 107* 1.4462 x 107! 51612 x 107® 3.2573 x 107
Next, we consider the solution in terms of Fourier series,
0.4 1.7359 x 107* 8.6999 x 10~* 2.4030 x 107°  9.1532 x 10°©
0.8 0.6 1.2080 x 10~* 1.6683 x 102 6.7766 x 1076 2.8126 x 107
—4 -2 —6 -7
le — 8rewkh’ (29) 0.8 2.4657 x 10 1.9263 x 10 3.5003 x 10 9.0128 x 10
TABLE 1 | Absolute errors for Example 5.1 with M = 100, At = 0.001, and different values of «.
SCCM [42] Proposed method
X oa=15 o=17 o=1.9 a=15 oa=17 a=1.9
0.1 8.7105 x 10~* 4.3675 x 10~ 5.0452 x 104 1.0827 x 1076 4.6777 x 1076 9.5482 x 1076
0.2 8.7781 x 1074 9.8359 x 1074 7.5328 x 1075 9.2126 x 1076 1.1035 x 1076 3.6308 x 107°
0.3 6.2089 x 1074 4.8897 x 107° 1.1241 x 1074 2.9024 x 10-° 1.2573 x 107° 9.1646 x 1076
0.4 5.7015 x 10~ 7.6534 x 1074 1.6772 x 1074 3.6966 x 10~° 8.1441 x 1076 7.0990 x 1076
0.5 5.1476 x 10~ 9.3043 x 10~ 2.5022 x 1074 8.3386 x 107° 2.5203 x 1077 2.3918 x 10°°
0.6 4.8948 x 10~ 9.4248 x 10~ 2.5022 x 10~ 1.0128 x 107° 7.3829 x 1076 9.8467 x 107°
0.7 51671 x 1074 7.5585 x 107° 2.5022 x 104 8.9851 x 106 7.1672 x 106 7.1855 x 106
0.8 5.3919 x 1074 5.2006 x 10~* 25022 x 104 5.3467 x 106 7.2518 x 106 3.2774 x 10~
0.9 6.0660 x 1074 5.4848 x 104 2.5022 x 10° 1.7505 x 10~/ 9.7572 x 1076 2.8528 x 1076
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Lemma 3.1. Let &, be the solution of Equation (31). Then |&,| <
leo| forr =0:1:R.

Proof: Forr = 0in (31), we have

1
le1] = ;|£0| <|eg| forn>1.

Suppose that the result is true for r = 1:1:R. Then, from

Equation (31) we get

1 1 «
lors1l < Jlerl = > k(e = 2leril + ler—k—1l)
k=1

IA

1 1 4
~leol = =leol = Y _ pi(I€0l — I2ol)
n n —1

< leol-

Theorem 1. The implic it collocation technique presented in
Equation (13) is unconditionally stable.

Proof: Using Lemma (3.1) and Equation (28), we obtain

lo"ll2 < 1% r=0:1:R.

4. CONVERGENCE OF THE SCHEME

To investigate the convergence of the proposed scheme, we follow
the approach in Khalid et al. [50]. Before proceeding, we state the
following useful theorems [51, 52].

Theorem 2. Let I1 = {a = x¢,x1,...,xp = b} be a partition
of [a, b] with x,, = mh form = 0,...,M, and let v € C*[a, b]

TABLE 3 | Comparison of absolute errors for Example 5.1 using three different
methods with M = 100, At = 0.001, and o = 1.4 or 1.6.

o (x, 1) VIM [34] SCCM [42] Proposed method
(0.1,0.1)  9.2852 x 102 8.4385 x 10~* 3.6460 x 1077
(02,02  2.2201 x 1072 1.1433 x 104 3.0191 x 1077
(0.3,0.3)  3.5651 x 1072 5.3780 x 1073 1.1558 x 1078
(0.4,0.4)  4.9628 x 1072 1.5545 x 1074 1.6174 x 107°

1.4 (0505)  6.4449 x 1072 5.3227 x 1074 8.4214 x 107
(0.6,0.6)  7.9514x 1072 1.3268 x 1072 6.5725 x 1076
(0.7,0.7)  9.1443 x 1072 1.9159 x 1078 3.6215 x 107°
(0.8,0.8)  8.7942 x 102 2.0414 x 1073 35112 x 107
(0.9,09)  9.2321 x 10~* 1.8996 x 102 5.7354 x 1078
(0.1,0.1)  4.1518 x 10~* 1.1685 x 1074 7.3256 x 1076
0.2,0.2) 1.0319 x 1073 2.5887 x 107* 2.3576 x 107°
(0.3,0.3 1.7757 x 1072 2.8863 x 107° 2.1107 x 107°
(0.4,0.4)  2.6987 x 1072 2.3912 x 10~* 1.6174 x 107°

16 (0505  3.8327 x 1072 1.7692 x 1075 8.3440 x 107
(0.6,0.6)  5.0993 x 102 1.4174 x 1074 6.9744 x 1077
(0.7,0.7) 6.1379 x 102 1.4334 x 107° 3.5898 x 1076
(0.8,0.8)  5.6577 x 1072 1.6653 x 1074 3.5003 x 107
(0.9,09)  3.8618 x 1072 1.7449 x 1075 5.5205 x 1078

and f € C*[a, b]. Suppose V(x, t) is the spline that interpolates the
solution curve of this problem at the knots x,, € Il. Then there
exist constants - ,, not depending on h, such that

1€/ (v, ) — V(3 0)lloo < Fjh* VE=>0, j=0,1,2. (32)

Lemma 4.1. The extended B-splines in (10) satisfy the inequality
M

D S M) <175 for0<x <1 (33)

m=0

Proof: By the triangle inequality we have

M M
Y Sme W) = D ISmx AL,
m=0 m=0

For any knot x,,,, we have

M
D 18m e M) = [Sm1 (s )] + 1S Ctms )]

m=0

7
FISmr1(xm A =1 < 7

From (11) we obtain

1 1
Sm(Xm» A) = E(8 +A4), Suo1(xm—1,A) = E(S +A),

1 1
Sm+1(xm,)\) = ﬂ(‘l - )‘-)) Sm—Z(xm—lx)L) = ﬁ(4 - )")'

Then, for x € [xu—1,%m], Sm(x, A) and S;,,—1(x, A) are bounded
above by %(8 +A).

Similarly, S,,4+1(x,2) and S,,—2(x,1) are bounded above
by (4 — 1)

— t=15
— t=25
— t=35
— t=45
— t=55

FIGURE 1 | Numerical solution of Example 5.1 with At = 0.001, M = 100,
and o = 1.5 at different time stages.
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For any point x,,,—1 < x < X,,, we obtain

M
D 1Sm M = 1Sm-166 W] + [Sm(x M|+ [Sm1 (6, 1)]

m=0

1
HiSm—2(6 M) = - (& + 20).

Since A € [—8,1], wehave 1 < % + A < 1.75. Hence,

M
Z 1Sm(x, A)| < 1.75.

m=0

Theorem 3. The extended cubic B-spline approximation V(x, t)
for the analytical exact solution v(x,t) of problem (1)-(3) exists,
and iff € C*[0, 1] then

[v(x,t) — V(x, D)llee < FH* Vit >0, (34)

where h is reasonably small and | > 0 is a constant not depending
on h.

Proof: Let Vix,t) = an/lzo dm(t)nm(x) be the calculated spline
for the approximate solution V(x, t) and the exact solution v(x, t).

Let Lv(xy, t) = LV(xp, t) = (X, t), with m = 0:1: M, be
the collocation conditions. Then

LV(x, 1) = y(xm,t), m=0:1:M.

Now, at any time step, the problem can be expressed in the form
of a difference equation L(V(xp,, t) — V(x, 1)) as
(Bb1 + p1bi + pba) i + (Bby + piby + pbs)™ (35)
+ (Bby + p1by + pba)g)Y
= 2B(b1¢),_y + bagy, + bigpa) — B(bigs ) + bag !

r
+hig ) - B> pk[bl(c;‘_ﬁ“ — ¢k gkl
k=1
+ bz(;rr;l—k—H _ Zé.r;—k + ;r’;'l_k_l)

1
—k —k k-
+ (i =200+ o 1)] + ﬁ'l:n+l~

The boundary conditions can be rewritten as

bt + bagt + bigt =0, m=0,M,
Absolute error
0.00001
8.x107¢
6.x106
4.x10°
2.x10°¢
0.2 04 06 038 10 "

FIGURE 3 | Absolute error for Example 5.1 when M = 100, « = 1.50, and
At = 0.001.

V(x)

— a=15
— a=16
— a=17
— a=18

— a=1.95
— a=2

x
02 04 06 08 10

FIGURE 4 | Approximate solution of Example 5.1 with M = 100, t = 0.5, and
different values of «.

A Exact

FIGURE 2 | Exact and approximate solutions of Example 5.1 with M = 100, At = 0.001, and « = 1.50. (A) Exact. (B) Numerical.

B Numerical

Frontiers in Physics | www.frontiersin.org

September 2020 | Volume 8 | Article 288


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

Amin et al.

Numerical Treatment of TFKGE Using RECBS

where
ep=8&n—d,, m=0:1:M,
and
n, =h, =, m=0:1:M.

From (32) we have

Inpl = B2ly,, — ) < F R

We define n” = max{|n),|:0 < m < M}, e, = |¢,| and
e" = max{lel,|:0 < m < M}.
For r = 0, Equation (35) transforms into the

following relation:

(Bb1 + p1bi + pba)th_y + (Bba + p1ba + pbs)E .,
+ (Bb1 + p1by + pba)h iy

1
=B+ ,01)(1715,?4_1 + bagp + bigpi) + ﬁﬂ}w
Using the initial condition ¢® = 0, we obtain

(Bba + p1by + pbs), = (Bbr + pba)(Coyy — Cmy)

1
+plb1(§r1n+1 - §r1y1_1) + ﬁﬂ}w

Taking absolute values of 1}, and ¢,, and with adequately small A,
we have
g 6 h*
e
T BRE(A 4 2) +12(=2 — A)p + p1h2(2 + 1)

TABLE 4 | Experimental order of convergence (EOC) for Example 5.1 with
a =1.3and At =0.001.

using the boundary conditions, from which we conclude that

el < ik, (36)

where £ ; is independent of the spatial grid spacing.
Using the induction technique, we assume that E}r‘n < F khz is
truefork=1:1:r.
Let / = max{f ;:0 < k < r}; then Equation (35) becomes
(Bby + p1by + pba)ef™ + (Bby + p1ba + pbs)e)
+ (Bb1 + p1b1 + pba)Ct
=2B(b1g,, 1 + ol + b1gpn) = B(016,7 + baty "+ bag )
+ B[(po = 291+ p)(b1&y + bah, + big)
+ (p1 = 2p2 + p3) (b1, Y + bag t + bigY)
+ ot (Prea = 2pr—3 + pr—2)(b1¢p_q + b2l

1
+ blf;,_H) +Pr71(b1{3,_1 + bZ{,% + bl(y?,+1):| + hin:n+1~

Again, taking absolute values of ], and ¢/, we have

é‘r+1 < 6Fh2
T BR2Q2 4+ A) +12(=2 = M)p + o122+ 1))

[zﬁ(blg,:ﬂ + bagl, + it

r—1

—BY (pkr1 —2pk — pr-DF I + th}.
k=0

TABLE 6 | Absolute and relative errors for Example 5.2 when M = 100,
At=0.001and @ = 1.6.

SCCM [42] Proposed method
t X Lo L Ly L

0.4 3.1780 x 107% 9.0475 x 10~° 1.1769 x 1077 9.1321 x 108
M Lo EOC L EOC 0.4 0.6 3.1780 x 107% 9.0475 x 10~° 1.0126 x 1076 8.0841 x 1077
10 3.1950 x 102 - 2.9355 x 102 — 0.8 2.1040 x 107° 9.6921 x 10~* 7.2740 x 107 1.2573 x 106
20 9.0451 x 1078 1.8206 8.7109 x 108 1.7527 0.4 58118 x 10~* 7.6534 x 10~* 1.8278 x 107° 8.9616 x 10°°
40 2.4778 x 1078 1.8680 2.2128 x 1072 1.9769 0.8 0.6 2.4754x10°* 58118 x 10~ 1.2788 x 107® 7.8014 x 1077
80 6.3842 x 1074 1.9564 5.9376 x 1074 1.8979 0.8 4.7365 x 10™* 1.7994 x 1072 1.0951 x 107% 9.5597 x 10°°
TABLE 5 | Absolute errors for Example 5.2 when M = 100, At = 0.001 using different values of «.

SCCM [42] Proposed method

X a=15 a=17 a=1.9 a=15 a=17 a=1.9
0.1 1.6396 x 1073 1.5471 x 1078 1.4380 x 1078 2.6129 x 106 8.4422 x 106 9.8439 x 106
0.2 1.2808 x 10738 1.1272 x 1078 9.4914 x 104 3.0564 x 10~° 1.4959 x 10~7 6.7965 x 106
0.3 1.0869 x 102 8.9663 x 104 6.7913 x 10~ 9.7609 x 1076 2,7610 x 107 1.0853 x 10°°
0.4 8.4196 x 1074 6.3348 x 1074 3.9687 x 1074 1.9015 x 107 5.8360 x 1076 7.0990 x 1076
0.5 7.8252 x 1074 5.6868 x 1074 3.2651 x 1074 3.2181 x 1076 7.1727 x 1078 3.1898 x 107°
0.6 8.4196 x 1074 6.3348 x 104 3.9687 x 1074 1.9015 x 107° 5.8360 x 106 41207 x 1078
0.7 1.0869 x 1073 8.9663 x 107 6.7913 x 107 9.7609 x 1076 2.7610 x 107° 8.6781 x 107°
0.8 1.2808 x 1078 1.1272 x 1078 9.4914 x 107 3.0564 x 1075 1.4959 x 1077 6.7965 x 107°
0.9 1.6396 x 1073 1.5471 x 1072 1.4380 x 1072 2.6129 x 1076 8.4422 x 1076 9.8439 x 106
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Using the boundary conditions, we have

et < Fh
Hence, for all values of n,
< I, (37)
Now,
M
Vo t) = V) =Y (dmt) = &m(8)S(x).
m=0

Taking the infinity norm and applying Lemma (3.1), we obtain

1V(x, ) — Vix, Olloo < 1.75F h. (38)

Making use of the triangle inequality, we get

v, )= V(% B)lloo < V(% )= V(% )lloo + IV (%, £) = V(X )| oo
(39)
Using the inequalities (32) and (38) in (39), we obtain

[v(x, t) = V(x, oo < Foh* + 1.75F k> = F 12,

where [ = Foh* + 1.75F .

Using the above theorem with expression (5), it is
easy to conclude that the numerical approach converges
unconditionally. Therefore,

[v(x,t) — V(x, B)lloe < Fh*+ (A,

where F is a constant and « € (1,2]. Hence, theoretically, the
proposed scheme is O(h? + At?>~%) accurate.

5. NUMERICAL RESULTS AND
DISCUSSION

To examine the accuracy of the proposed method, we conduct
a numerical study of some test problems. The Lo, and L, error
norms are calculated as [53]

Loo = max |V(xu, t) — v(xXm, t)],
0o<m<M

M
YV G £) = v, DI,

m=0

L=

Also, the experimental order of convergence (EOC) is computed
by the following important formula [54]:

BOC = log[M]_
log2 Loo(m)

All  numerical computations
Mat henat i ca 9.0.

were  performed using

Example 5.1. Consider the non-linear time-fractional KGE [42]

9%y 92
TSP ) = fn ),

27 0<t<1l 0<x<1, (40)
ot*  9x?

TABLE 7 | Absolute errors for Example 5.2 when M = 100 and At = 0.001.

4 (x, 1) VIM [34] SCCM [42] Proposed method
(0.1,0.1)  3.9211 x 10° 2.3809 x 1075 1.9749 x 1076
(02,020 61713 x 1074 5.2644 x 105 1.7326 x 107°
(0.3,0.3) 2.1989 x 1073 6.0187 x 1076 5.2839 x 107
(0.4,0.4)  2.5545x 1073 6.6640 x 107° 9.9062 x 1076

14 (0505 5.3405x 1072 4.0011 x 10°° 1.3396 x 1078
(0.6,0.6)  3.1409 x 1072 1.5837 x 10~ 1.8557 x 107°
(0.7,0.7) 80092 x 1072 91922 x 107*  9.6832 x 107
(0.8,0.8) 1.3528 x 107" 2.9084 x 1073 3.5290 x 10~°
(0.9,0.9) 1.4272 x 107" 3.8732 x 102 9.0059 x 106
(0.1,0.1) 1.0402 x 107° 2.3809 x 105 1.4963 x 1076
(0.2,0.2) 1.4424 x 1074 5.2644 x 105 1.5765 x 10°°
(0.3,0.3) 67115 x 107 6.0187 x 1076 2.1699 x 1077
(0.4,0.4)  3.0493 x 1073 6.4440 x 105 1.1769 x 1078

1.6 (0.5,05) 1.6350 x 1072 4.0011 x 107° 1.2375 x 1078
(0.6,0.6) 4.9599 x 1072 1.5837 x 107%  2.1232 x 10
(0.7,0.7)  1.0675x 10" 91922 x 107%  1.8721 x 107
(0.8,0.8)  1.6942 x 10" 2.9084 x 107 1.0951 x 10
0.9,09) 17521 x 10"  3.8732x 108  2.2989 x 10°

TABLE 8 | Experimental order of convergence (EOC) for Example 5.2 with
a =1.5and At = 0.001.

M Lo EOC L EOC
10 2.0835 x 102 - 1.8459 x 1072 -

20 5.2813 x 1078 1.9760 47833 x 1073 1.9482
40 1.3057 x 1078 2.0161 1.1406 x 108 2.0688
80 3.2509 x 104 2.0059 2.8172 x 1074 2.0174

Vix)

08

— t=0.2
— t=04
— t=0.6
— t=0.8
— t=1.0

06

04

02

g 9 899 00 0 0 0 0 0 o ¢ ¢ o 2

0.2 04 0.6 0.8 1.0

FIGURE 5 | Numerical solution for Example 5.2 with At = 0.001, M = 100,
and o = 1.5 at different time stages.
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A Exact

FIGURE 6 | Exact and numerical solutions of Example 5.2 with M = 100, At = 0.001, and « = 1.5. (A) Exact. (B) Numerical.

B Numerical

5
where f(x,t) = 3t
2

The initial/end conditions can be extracted from the analytical

(1—x0)372 =11 —x)i3 4 (1—x)°F.
. 5.3
exact solution (1 — x)2¢2 7%,

For Example 5.1, the piecewise-defined approximate
solution obtained using the proposed method with « = 1.25,
0 < x < 1,n = 100, and At = 0.01 is given by

Vix) = 1

The absolute numerical errors at different grid points of the
RECBS solution for Example 5.1 using At = 0.001 and M = 100
are reported in Table 1. It can easily be seen that our scheme is
more accurate than the SCCM [42]. In Table 2 the absolute and
relative numerical errors are listed for our method with M = 100,
At = 0.001, and ¢ = 1.6 at x = 0.4,0.6,0.8 when t = 0.4,0.8.
We can see that the computational results are superior to those
obtained from the SCCM [42]. Table 3 compares the absolute
errors of the proposed method, the variational iteration method
(VIM) [34], and the SCCM [42] under different values of «.
Figure 1 shows the behavior at different time stages of numerical
solutions obtained using « = 1.5, M = 100, and At = 0.001.
The 3D visuals of exact and numerical solutions with « = 1.5

0. + x(297.276 + x(—29930.4 + x(993222. + 225927.x)))
0.999999 + x(—2.49738 + x(1.82587 + (1.38305 — 27.8749x)x))
0.99999 + x(—2.49605 + x(1.75961 + (2.48215 — 27.7432x)x))
0.99996 + x(—2.49308 + x(1.66094 + (3.57055 — 27.6103x)x))

—0.118298 + x(6.72761 + x(—26.6775 + (38.9565 — 20.3042x)x))
—0.201484 + x(7.21369 + x(—27.5747 + (39.3734 — 20.1068x)x))

—2.7339 + x(13.6165 + x(—24.3154 + (18.715 — 5.28228x)x))
—1.89304 + x(10.2593 + x(—19.2941 + (15.3811 — 4.45319x)x))
—0.518579 + x(5.07656 + x(—12.0155 + (10.8746 — 3.41708x)x))
4.86293 + x(—13.1733 + x(10.3424 + (—0.616646 — 1.41541x)x))

and M = 100 are shown in Figure 2. The comparison between
the exact and approximate solutions using M = 100 is plotted
in Figure 3. Figure 4 depicts the absolute error between the exact
and numerical solutions when o = 1.3, M = 100, and At =
0.001. The values of the EOC along the spatial grid, using At =
0.001 and a = 1.5, are given in Table 4. The experimental rate of
convergence of the proposed method is found to be in line with
the theoretical results.

if x € [0.00,0.01],
if x € [0.01,0.02],
if x € [0.02,0.03],

]

if x € [0.03,0.04],

if x € [0.49,0.50],
if x € [0.50,0.51],

if x € [0.96,0.97],
if x € [0.97,0.98],
if x € [0.98,0.99],
if x € [0.99,1.00].

Example 5.2. Consider the fractional KGE [34, 42]

o 2 3

2??v(x, f) — %v(x, ) + v(x, t) + EVS(X’ t) = f(x 1),

0<x<1 0<t<1, (41)

where the forcing term f(x, t) on right-hand side is given by

flot) = %m + a) sin(mx)t? + (1 + 72)27 sin(7x)

30 .
+ E[sm(nx)t”"‘]?’,

Frontiers in Physics | www.frontiersin.org

September 2020 | Volume 8 | Article 288


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

Amin et al.

Numerical Treatment of TFKGE Using RECBS

Absolute error

0.00003
0.000025
0.00002
0.000015
0.00001

5.x1078

0.2 0.4 0.6 0.8 1.0

FIGURE 7 | Absolute error for Example 5.2 when M = 100, « = 1.5, and
At =0.001.

For Example 5.2, the piecewise-defined numerical solution
obtained using the proposed method with = 1.5,0 < x < 1,
n = 100, and At = 0.01 is given by

8.71156 x 1071% + x(3.13867 + x(2.8549 x 10714 + (—4.97167 — 11.4015x)x))
—1.14461 x 107° 4 x(3.13904 + x(—0.041176 + (—3.14329 — 34.194x)x))
—0.0000194466 + x(3.14196 + x(—0.205754 + (0.51013 — 56.9551x)x))
—0.000112001 + x(3.15183 4 x(—0.575584 + (5.98188 — 79.6639x)x))

The EOC in the spatial direction, using At = 0.001 and o = 1.50,
is tabulated in Table 8. The experimental rate of convergence of
the proposed scheme is found to be in line with the theoretical
prediction. Figure 5 shows the behavior at different time stages
of numerical solutions obtained using @ = 1.5, M = 100, and
At = 0.001. The 3D plots of exact and numerical solutions with
a = 1.5and M = 100 are displayed in Figure 6. The absolute
error between the exact and approximate solutions using = 1.3,
M =100, and At = 0.001 is plotted in Figure 7.

6. CONCLUSION

In this work we have conducted a numerical investigation
of the time-fractional Klein-Gordon equation by applying
the redefined extended cubic B-spline collocation method. A
finite central difference formulation is employed for temporal
discretization, while a set of redefined extended cubic B-spline
functions is used to interpolate the solution curve in the spatial
direction. The unconditional stability of the proposed scheme is
established, and the orders of convergence along the space and

if x € [0.00,0.01],

0.01,0.02],
0.02,0.03],
0.03,0.04],

ifx €
ifx €

—_— — — —

ifx €

V(ix) =

—40.7681 + x(339.328 + x(—1039.38 + (1422.21 — 733.23x)x))
—44.2829 + x(360.934 + x(—1083.83 + (1453.18 — 733.97x)x))

—71.1059 + x(298.709 + x(—460.613 + (312.674 — 79.6639x)x))
—53.5088 + x(223.56 4 x(—340.406 + (227.31 — 56.9551x)x))
—34.2394 + x(143.149 + x(—214.635 + (139.919 — 34.194x)x))
—13.2345 + x(57.3823 + x(—83.3239 + (50.5776 — 11.4015x)x))

if x € [0.49,0.50],
if x € [0.50,0.51],

if x € [0.96,0.97],
if x € [0.97,0.98],
if x € [0.98,0.99],
if x € [0.99,1.00].

The initial/boundary conditions can be extracted from the
analytical exact solution v(x,t) = sin(mrx)t?*®. The absolute
numerical errors at different grid points of the RECBS solution
for Example 5.2 using At = 0.001 and M = 100 are listed
in Table 5. Again it can be observed that our scheme is more
accurate than the SCCM [42]. Table 6 reports the absolute and
relative errors in our numerical computation with M = 100,
At = 0.001, and @ = 1.6 at x = 0.4,0.6,0.8 when t = 0.4,0.8.
It is clear that the results are better than those obtained by the
SCCM [42]. Table 7 compares the absolute errors of the proposed
method, VIM [34], and SCCM [42] under different values of «.
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